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ON THE CONVERGENCE OF KRYLOV SUBSPACE METHODS FOR
MATRIX MITTAG-LEFFLER FUNCTIONS*

IGOR MORET!T AND PAOLO NOVATI#

Abstract. In this paper we analyze the convergence of some commonly used Krylov subspace
methods for computing the action of matrix Mittag—Leffler functions. As is well known, such func-
tions find application in the solution of fractional differential equations. We illustrate the theoretical
results by some numerical experiments.
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1. Introduction. Krylov subspace methods represent nowadays a standard ap-
proach for approximating the action of a function of a large matrix on a vector, namely
y = f(A)v. For a general discussion on the computation of matrix functions we refer
the reader to the book [16]. The convergence properties of Krylov methods have been
widely studied in the literature. Among the more recent papers, we cite [21], [13], [6],
[2], [19], [10]. Particular attention has been devoted to the exponential and related
functions involved in the solution of differential problems. Such functions belong to
the large class of entire functions which take their name from Gosta Mittag—Leffler. A
generalized Mittag—Leffler (ML) function is formally defined, in relation to two given
parameters o, 8 € C, Rea > 0, by the series expansion

zk

(11) EQ)B(Z) = kZ:O m, FAS (C,

where I' denotes the gamma function. The exponential-like functions, involved in
certain modern integrators for evolution problems, correspond to the case of a = 1
and B =k =1,2,..., that is, Ey 1(z) = exp(z) and

Vi

k-2
1
Eik(z) = g exp(z) — g for k > 2.
Jj=0

We have to point out that, until a few years ago, even the computation of a ML
function in the scalar case was a difficult task. Only recently efficient algorithms
have been developed [28], [30], and nowadays we are able to treat the matrix case
at a reasonable cost, at least for small matrices. This clearly suggests the use of
Krylov projection methods for the treatment of larger matrices. To the best of our
knowledge, until now there have not been any results in literature concerning the
convergence of such methods for generalized ML functions. In our study we want to
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KRYLOV METHODS FOR MATRIX MITTAG-LEFFLER FUNCTIONS 2145

make a contribution in order to fill this gap. Precisely we consider here two methods.
The first is the standard Krylov method (SKM) which seeks approximations in the
Krylov subspaces generated by A and v. The second is the one-pole rational method,
here denoted as RAM, sometimes called the SI-method, since it works on the Krylov
subspaces of a suitable shifted and inverted matrix. For the matrix exponential, it
was introduced in [24] and [11]. Further results and applications can be found in [22],
[26], [29], [15], [23], [20].

Our investigations are mainly motivated by the fact that the ML functions are
related to the solution of fractional differential equations (FDEs) arising in fractional
generalizations of several mathematical models (see, e.g., [27] for many examples).
Considering real values of the parameters o and 3, in our analysis we will try to
emphasize the features of the examined methods in view of their application to such
problems, with particular attention onto the case 0 < v < 1, which is the case that
most frequently occurs in this context.

The paper is organized as follows. In section 2 we recall the basic properties of
the ML functions, pointing out their connections with fractional differential problems.
In sections 3 and 3.1 we study the convergence of the SKM and RAM, respectively.
In section 4 we present some numerical experiments.

2. Mittag—LefHler functions and fractional differential equations. Here
we outline some basic properties of the ML functions. Throughout the paper, «, 5 €
R. First we notice that an ML function possesses some integral representations. For
our purposes we consider the following one. For any ¢ > 0 and 0 < p < 7, let us
denote by

C(e,p) = Ci(e, 1) U Cale, 1)

the contour in the complex plane, where
Ci(e, ) = {A: A= cexp(ip) for — p < p < p}
and
Cae,p) = {A: A =rexp(Lip) for r > ¢}.

The contour C(e, ) divides the complex plane into two domains, denoted by
G~ (g, p) and G (g, ), lying, respectively, on the left and the right of C(e, u). Ac-
cordingly the following integral representation for E, g(z) holds (cf. [27, p. 30]).

LEMMA 2.1. Let 0 < a < 2, and let B be an arbitrary complex number. Then for
every € > 0 and p such that

an .
- <K < min[m, an],

we have
1-8

1 exp(Aa A= -
2.1 Eog(?) = —— TR T 1)
(21) 0= [ R o ce6en)

Given a square matrix A we can define its ML function by (1.1). If the spectrum
of —A lies in the set G~ (g, ), for some £ and p as in the previous lemma, then by
(2.1) and by the Dunford-Taylor integral representation of a matrix function, we have

1 11—
(2.2) Eop(—A) = / exp(AT)AT (A + A)~LdA.
Cl(e,p)

2ammt
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2146 IGOR MORET AND PAOLO NOVATI

By means of ML functions we can represent the solution of several differential
problems. In particular, they are a basic tool dealing with fractional differential
problems. In order to emphasize the importance of the ML functions in this context,
we briefly outline some facts on fractional calculus.

Caputo’s fractional derivative of order a > 0 of a function f with respect to the
point ¢y is defined by [3]

to Dy f(t) = ﬁ/t £ (@)t — )T du,

where ¢ is the integer such that ¢ — 1 < o < ¢. Similarly to what happens for the
Grinwald-Letnikov and the Riemann—Liouville definitions of fractional derivative,
under natural conditions on the function f, for & — ¢ Caputo’s derivative becomes
the conventional gth derivative (see [27, p. 79]) so that it provides an interpolation
between integer order derivatives. As is well known, the main advantage of Caputo’s
approach is that initial conditions for FDEs take the same form of the integer order
case.

A peculiar property which distinguishes the fractional derivative from the integer
one is that it is not a local operator; that is, the value of ¢, D§* f(t) depends on all the
values of f in the interval [tg,¢]. This memory property allows us to model various
physical phenomena very well, but, on the other hand, it increases the complexity in
the numerical treatment of the related differential problems, compared to the integer-
order case. We refer the reader to [7], [8], [14], [27] for discussions and references on
numerical methods for FDEs.

As a simple model problem, we consider here a linear FDE of the type

oD y(t) + Ay(t) = g(t), ¢ >0,
y(0) = yo,

where yo is a given vector, g(t) is a suitable vector function, and 0 < o < 1. The
solution of this problem (see [27, p. 140]) is given by

t
y(t) = Eq1(—t“A)yo + / (t —8)* ' Ey o(—A(t — 5)*)g(s)ds.
0
The above formula can be viewed as the generalization of the variation-of-constants
formula to the noninteger order case.

By means of the following general formula (see [27, p. 25]) concerning the inte-
gration of ML functions,

1 z
() / (2 = 5" Ea p(As®)s7 s = 2771 By g4, (A2)
for B > 0, v > 0, one obtains for k > 0
t
/ (t— ) B a(—(t — )" A)s¥ds = D(k + 1) B s (—° A).
0

Accordingly, if g(s) = ZZ:O sk, for some vectors vy, k=0,1,...,q, we get

q
y(t) = Eaa(—t*A)yo + Z L(k+ D)t* ™ By a1 (—t*A)vg, ¢ > 0.
k=0
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In the general case, provided that we are able to compute efficiently the action of a ma-
trix ML function on a vector, the above formula can be interpreted as an exponential
integrator for FDEs.

3. The standard Krylov method. Throughout the paper, given an N x N
complex matrix A, we denote its spectrum by o(A) and its numerical range by W(A),
ie.,

(z, Az)

(, )

wi) = { 25 a0 e},

where (-, -) represents the Euclidean inner product. The norm ||-|| will be the Euclidean
vector norm, as well as its induced matrix norm. We denote by Il the set of the
algebraic polynomials of degree < k. Moreover, we assume that for some a > 0 and
0<d9< 3

(3.1) W(A) C Syo ={AeC:|arg(A —a)| < 9}

From now on let v € C¥ be a given vector with ||v|| = 1. Given a suitable function
f, the SKM seeks approximations to y = f(A)v in the Krylov subspaces

K, (A, v) = span {v, Av, ... ,Am_lv}

associated with A and v. By means of the Arnoldi method we generate a sequence of
orthonormal vectors {v;};>1, v1 = v, such that K,,(4,v) = span {v1,vs,..., v} for
every m.

Setting Vi, = [v1,v2, ..., and H,,, = VE AV, we have

(3.2) AVi = VinHpy 4 Bp1 mVmg 16

In what follows, e; denotes the jth column of the m X m unit matrix, and the h; ;
are the entries of H,,. For every j, the entries h;,1 ; are real and nonnegative. For
m > 2, we have implicitly assumed that h;y;; > 0, for j =1,...,m—1. Accordingly,
the mth standard Krylov approximation to y is given by V,,, f(H.,)es.

Here we study the convergence of the method for approximating E, g(—A)v. In
this section, for m > 1 we set

Rm = EQ)B(—A)’U - VmEa”@(—Hm)el.

3.1. General error estimates.
ASSUMPTION 3.1. Let (3.1) hold. Let f > 0 and 0 < o < 2 be such that
S <n—19,e>0, and

(3.3) a_27r < p <minm,ar], p<m-—7.

If Assumption 3.1 holds, since W(H,,) C W(A) from the integral formula (2.2),
we get

1 11—
(3.4) Ry — / exp(AE )N 5, (A,
Cle,n)

2ammt

where 6,,(\) = (Al + A)"*v — V,,, (M + H,,) “tey. For each A € C(g, p), the following
inequalities can be proved, using (3.2), by some standard arguments (cf. [17, Lemma
1], and [6, Lemmas 1 and 2]):

(3-5) 18mNIF < [[(AL + A) " = Vin (ML + Hi) TV | [ (A
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2148 IGOR MORET AND PAOLO NOVATI

for every p,, € II,, such that p,,(—\) = 1 and

(3.6) o = et 2 [T+ A) o]

By these facts, below we give some error bounds, with the aim of investigating
the role of the parameters o and 8. In what follows, for A\ € C(e, ), we set

(3.7) D(\) = dist(\, W(—A)).

We observe that, under the previous assumptions, we can find a function v(y) such
that, for any A = |\ exp(Liy) € C(e, p), it holds that

(3.8) D(\) > v(p) || with v(p) > v > 0.

With this notation, we give the following result.
THEOREM 3.2. Let Assumption 3.1 hold. For m > 1 and for every M > 0, we
have

€
(3.9) [ R || <

xp(M) [T By (;L L exp(=M (|cos &] + 1))) |

AL metf—1 | o (ma—1+p)

Proof. Since |[(AM + A)~!|| < D(A)~'and W (H,,) € W(A), by (3.4) and (3.6) we
obtain

m 1 1-8
[L5: byt |exp()\i)/\ - |
1Bl < —==—— Do |9l
T C(e,p) ( )
Let us set
Ao\
I :/ [ 7| n)m ||d/\|
CI(E7M) D(A)
and

I = / [PV =]
Ca(e,p) D(/\)m—i-l

By (3.8) we get

and, by simple computations,

2 oo 157 exp(—ra |cos £])
IQ S Verl R ,rerl dT

2 20 exp(—s |cos £])
(310) = ym+1 ‘/Eé —Sma+ﬁ dS
(3.11) 2ovexp(—ea |cos £])

 (ma+ 8- 1)1/m+157ma35_1 '
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Setting e = M, the result easily follows. O

By the same arguments, below we derive a further bound, which seems to be more
suited for small .

COROLLARY 3.3. Let Assumption 3.1 hold. Let m > 1 be such that

ma+ 8 > 0;

then, for every M > 0, we have

exp(M) [T52, by

12 <
(3.12) e

K(M),

where

(3.13) K(M):‘lMl*ﬂ (ﬁ eXP(—M(|COS§\+1))>.

T « M|cos§|

Proof. With respect to the previous proof, we change only the last bound (3.11).
Taking again € = M“, we obtain

+oo 172 exp(—ra |COS§})d < anp(_M}COS%D
/ AN

Remark 3.4. We notice that, by a more precise evaluation of |det(A + H,,,)| in
(3.6), sharper a posteriori estimates could be obtained following the lines of the recent
paper [6], where exponential-like functions have been considered.

As expected, since for @ > 0 the ML functions are entire, from (3.9) (as well as
from 3.12) it is possible to recognize the superlinear convergence of the SKM, at least
for sufficiently large m. To do this, let us take in (3.9) M = ma + 8 — 1. We realize
that the bound depends essentially on the term

exp(1) " ) T
(314) T v th-i-l,j'

j=1

Clearly, such a term decays only for very large m if @ and v are small and the products
H;n:l hjy1,; are large. We recall that such products can be estimated by means of
the well-known inequality

H hiv1j < llgm(A)v|,

Jj=1

which holds for every monic polynomial g,, of exact degree m. Accordingly, taking
Gm as the monic Faber polynomial associated with a closed convex subset 2 such
that W(A) C Q, by a result of Beckermann (see [1]) and the definition of Faber
polynomials, we get the bound

(3.15) HFl hjp1y <29™,

where 7 denotes the logarithmic capacity of €. Recall that if Q = [a,b] C [0, +00),
then v = (b — a)/4. In conclusion we can say that the term (3.14), for m sufficiently
large, can behave as follows:

(=20)"
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2150 IGOR MORET AND PAOLO NOVATI

This predicts that the convergence of the standard Krylov method for ML func-
tions can deteriorate as « decreases as well as when W (A) increases. This fact is
confirmed by the numerical tests.

Beside the above general bounds, in particular situations sharper a priori error
estimates can be derived. Below we consider the Hermitian case. Since we are dealing
with any generalized ML function, following the lines of [17], we use formula (3.5),
choosing suitably the polynomials p,,. An interesting alternative approach could be
that based on the Faber transform, recently discussed in [2]. Such an approach should
be preferable in the treatment of specific ML functions when suitable bounds of such
functions are available.

For our purposes, we recall that if 2 is the above subset of the complex plane,
then there is a constant w(2), depending only on Q, such that for every polynomial
p, there holds

Ip(A)] < w($2) max p(2)].

We notice that if 2 is a real interval, then w(2) = 1. Bounds for sectorial sets can
be found in [5]. In the general case we have w(f2) < 11.08, as stated in [4]. We refer
the reader to that paper for discussions on this point. Therefore, the application of
formula (3.5) is related to the classical problem of estimating

3.17 m(;—2) = min max |pm
(3.17) Cm( ) e in e 23]

for —z ¢ Q. A general result, which makes use of the near-optimality properties of
the Faber polynomials associated with Q, can be found in [17].

3.2. The Hermitian case. We study the Hermitian case, assuming that Q =
[a,b] C [0,+00). Together with (3.5), we employ a result given in [12, Theorem 1],
(cf. also [21, Theorem 4.3]) that gives the bound

(3.18) Cm(§2—2) <

where

(3.19) O(u) =u+Vuz—-1

is the inverse Zhukovsky function and

B b+ 2| + |a + z|

(3.20) u(z) p—

Thus, from (3.4) and (3.5) we obtain the bound

1-8 |

1d)|.
T

2 | exp(A%)A =
(3.21) [ R || < —/C(W)W

Below we consider in detail the case, frequently occurring in the applications, where
0<a<1,B>a In what follows, for A = rexp(ip) € C(e, u), we set

(3.22) p(r, ©) = /a% + r2 + 2ar cos .
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THEOREM 3.5. Assume that A is Hermitian with o(A) C [a,b] C [0,400).
Assume that 0 < a <1 and B > a. Let us take p < 3, with 5~ < p < am. Then for
every index m > 1 and for every M > 0 we have

(3.23) [ R || < k(M) exp(M)®*~™,
where
@ = D(u(M* explip)

and k(M) is given by (3.13).
Proof. Referring to (3.21), let us set

exp(/\é))\%
I :/ ———— | |d}|
Y Jes e | POV )™
and
exp(/\ﬁ)/\l%
I, — / EXPAT)A = |y
*= Jesten | DOV |1
Since p < 7, for A = rexp(ip) € C(e, u) we have

D) = p(r,p) =,
and by simple computations one easily observes that the function ®(u())) is increasing

w.r.t. 7 as well as decreasing w.r.t. |p|. Let us set ¢ = M“. Therefore we easily get

2M =B exp(M)
Prm :

(3.24) I <

Moreover,

+00 1128 oxp(—1+ |cos &
IQSQ/ r exp(—r |cosa|)

(3.25) o Bl explim)

Thus

(3.26) I < 20 /+OO s P exp (—s ‘cos ED ds
and

20eM P exp(—M |cos £])

Pxm |cos E|
(e}

2 <

Hence, from (3.21) and by (3.24), we obtain (3.23). O

In order to satisfy the assumptions of Theorem 3.5, if 0 < a < %, we can take
uw=amr. If % < a <1, then p = 7 is allowed. Below, for u = 3, we state further
formulae for x(M) in (3.23) when « is close to 1.

COROLLARY 3.6. Let the assumptions of Theorem 3.5 hold, and moreover assume

3<a<1landp=7%. Then (3.23) holds with
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2152 IGOR MORET AND PAOLO NOVATI

If in addition 8 > 1, then (3.23) holds also with

(3.28) k(M) = 2015 (é n Qexp(—i\?ﬁ(‘c_oi)g%| + 1))

Proof. With respect to the proof of Theorem 3.5 we modify only the bound for
I5. Observing that, for r > ¢,

4r
b—a’

D(u(ir)) =

from (3.25), setting again € = M®, we obtain

aMeP\/b—a [T°° exp(—s]|cos %Dd
@M vo—a i o S b7 VA 8

I, <
2= (I)*(m_%) M 83704
-5-B+1 /5 — M il
(3.29) < 2aM7E P~ a exp(— M Jeos £ )
or(m—1) Ba — 2)

Hence (3.27) follows.
If 8 > 1 from (3.26), now we obtain

1-8
I < 200 M

S5 1 O* ™ exp (—M‘COSL ),

2c

and hence (3.28). O
We observe that the well-known relationship

Eo5(2) = Ea,a+8(2)z + )

allows us to use formula (3.28) even when a +4 > 1.

In the practical use of (3.23), with (3.13), (3.27), or (3.28), one can take M that
minimizes the corresponding right-hand sides. In the theorem below we show that
suitable choices of the parameter M yield superlinear convergence results which can
be viewed as extensions of those given for the exponential function in [9], [17], and
[2].

For the sake of simplicity, below we assume a = 0. The notation «(M) refers to
any of the three formulae stated above.

THEOREM 3.7. Let the assumptions and notation of Theorem 3.5 and Corollary

3.6 hold. Assume % <a<l,andlet p= 7%, a=0.If, for c=0.98,

cmao a b G
3.30 M = < (= ,
@0 (%) =)
then
(3.31) Rl < gmr(M),
where

gm = exp(—M (V22" — 1))
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Moreover, if

(3.32) (m—\/g) s Z,
then taking
(3.33) M= <g>a <%)T

(3.31) holds with

Proof. Now, referring to (3.19) and (3.20), we have ®* = ®(u(iM*)), and we
realize that

[0}

M
(3.34) w(iM®) 21+ ——.

If we take M as in (3.30), then MTa < 1, and it can be verified (cf. [17, Theorem 2])
that this implies

(3.35) B(u(iM®) > exp <c 2E> .

Thus we find

exp(M) Me
< — [ =
Blu(iM o)) = exp (M cmy /2 5 Gms

and the first part of the statement is proved.
The second part follows from ®(u(:M®)) > %; that is,

D(u(iM®)) > % <m—\/§>_ .o

Remark 3.8. It is interesting to look at the case a — 0 for g = 1. We recall that
Eoi(=2) = (1+2)71,|2] < 1. From (3.23) and (3.13), setting u = ar and M = 1,
and letting o — 0, we find

(mexp(l) + exp(—1))

4
Ml < =gty

So we have retrieved the classical bound for the CG method, where the convergence
depends on the conditioning.
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2154 IGOR MORET AND PAOLO NOVATI

4. The rational Arnoldi method. Let Assumption 3.1 hold. Let h > 0 be a
given real parameter, and let us set

Z=(I+hA)""

Now we approximate y = f(A)v in the Krylov subspaces K,,(Z,v). We assume again
that such subspaces are constructed by the Arnoldi method. Accordingly, now we
get a sequence {u; }j>1 of orthonormal basis-vectors, with u; = v, such that, setting
Unm = [u1,us, . .., Up|, we have

(4.1) ZUp = U Sm + Smtt.mUmi1€h,

where S, = U ZU,,, with entries 54,5, is an m x m upper Hessenberg matrix. More-
over, we have W(S,,) C W(Z). The mth approximation to y = f(A)v is now defined
by ym = Vinf(Bm)e1, where By, satisfies

(I + hBp)Sm = I.
Here we call this the rational Arnoldi method (RAM). We notice that in general

By, # U,f{AUm.
Let us set

1
v==(1+ha)™?
2
and
Sﬂﬂ = 21970 N DW,

where D, is the disk of center and radius .
LEMMA 4.1. Assume (3.1). Then

(4.2) W(Z) C Sy,

and for every m,

(4.3) W(Bm) C Z.a-
Proof. From
(,Zz) (I +hA)yy)
(x,2) (w,z) L m Ao
we get
(2, 22) (1+ hm)
(4.4) (z,2) 1+2hRen+h2%

lAy|?

with 77 € W (A). Therefore, since || < i we obtain

2

{z, Za) < (1+hRen)"'Re

(z,z)
which, together with (4.4), gives (4.2).

(x, Zx)

(z, )

)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



KRYLOV METHODS FOR MATRIX MITTAG-LEFFLER FUNCTIONS 2155

In order to prove (4.3), recalling that S,, = UZZU,,, for any z(# 0) € C™ we
have

V2 But) _ (Su)
(z, ) (Smy, Smy)
_ (ZUmy, Uny) 1
(ZUnmy, P ZUpy)
_ (ZUny, ZUny) + K(ZUpy, AZUny) 1
(ZUmy, PnZUpny) ’

-1

where P,, = U,,U is an orthogonal projection. Therefore

(2, B) _ (14 h) |20l

(4.5) =
<x,x> ||PmZUmy||2
for some 1 € W(A). Since
1ZUmyl|*
||PmZUmy||2 a

by (4.5) we get (4.3). O

4.1. General error analysis. Now let us set
Rm = Ea”@(—A)U - UmEa,B(—Bm)€1~

Let (3.1) hold. Clearly, by Lemma 4.1 we have o(—A) Uo(—B,,) C G~ (e, u) for
every m, and therefore

1

2mon

(4.6) Ru

/ exp(AF AT by (N)d,
Cl(e,p)

where
bin(N) = (M + A) "o — U (M + By,)  tey.
From now on, for each A € C(e, p) let us set

(4.7) w(\) = (hA —1).

Since (Al + A)™! = hZ(I + w(N\)Z)~t and (M + B,,) ™! = hSp (I +w(N\)S,,) 7L, for
every h > 0 and for every m > 1, by (4.1), one realizes that for ¢ € C™, with el ¢ = 0,

(M 4+ A7 = U (M + Bp) U 4 w(N) Z2)Upe = 0,
and therefore
(4.8) bn(\) = (M + A" — U (M + By) U p_1(Z)v

for every py,—1 € I, such that p,,_1(—w(\)~1) = 1.
In order to state a convergence result for the case 0 < o < 1, we set

d()\) = dist(—w(\) ", W(2)),
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2156 IGOR MORET AND PAOLO NOVATI

and we make use of the following lemma.
LEMMA 4.2. Assume (3.1). Then, for every h > 0 and for every 0 < p < Z,
setting

P = min[J, p
and taking
1
€= —7,
hcosp

there exists a positive constant dy such that, for A € C(e, ), we have
(4.9) d(X) > do [w(N) 7M.

Proof. The result follows by (4.2). In fact, at first one verifies that (4.9) holds
whenever Re(—w(\)™1) < 0. For A € C(e, 1), this condition is verified if p = p and,
moreover, when p = ¥, A = rexp(Fip),r > ¢, and Z cosp > cosd). Furthermore, in
all of the remaining cases when p = 1, one easily realizes that there is C' > 1 such
that [ D) > Ctand. D

THEOREM 4.3. Assume 0 < a < 1 and 8 > «. Then, there exists a function
g(h), continuous in any bounded interval 0 < hy < h < ha, such that, for m > 2,

g(h)
1B < 22
for every matriz A satisfying (3.1).
Proof. Since 0 < o <1 we can take - < pu < 3, u < ar. Let us take

em 1
~ hcosp’
with p = min[d, p] so that (4.9) holds. Let x > 0 be the logarithmic capacity of
W(Z). Let {Fy} k>0 be the sequence of the ordinary Faber polynomials associated
with W (Z). Then, by results in [1] and [24, Lemma 4.3], for —w(\)~! ¢ W(Z) and
for k > 1 one gets the bound
I~ Sx
[Ex(=w(X) D] kd(A)

By this inequality, from (4.6) and (4.8) and using (3.8), we have

8x exp(Aa )\ s
(4.10) [ Bl < 7/ |dA|.
(m—Dmav Joe Ad(A)
It can be seen that the integral in (4.10) is bounded by a continuous function of h.
Indeed, let
As N
I = / M |d)\|
Ciley | AV
and
ATINED
exp(A=) ).
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By (4.9), we obtain

s
2e7= "
(4.11) L < gd /0 exp (5% cos 2) c(p)de,

where

~ \/1+cos?p—2cospcosy
N cosp '

(i)

Therefore from (4.11) we get
2u(h cosﬁ)% exp ((hcos ﬁ)’é)c(u)

4.12 I <
(4.12) 1< a0

Furthermore, for A = rexp(%ip),r > ¢,

(4.13) lw(\)| = hr/1 + (hr)=2 — 2(hr) =L cos p < V/2hr.

Thus, by (4.9) and (4.13) we get

2V/2h [T
s v2 / exp (—7“é cos—‘)rla dr
do J, o
2 2 +oo
< oz\/—h/ exp (—s‘cosﬁ}) 0B g
dO sé «
and finally
(4.14) I, < 20/2h% (cosp) 5" exp (— (hcosp)~= |cos £]) .
do |cos £

By (4.10), the last bound, together with (4.12), gives the thesis. O

Even if only qualitative, the above result is important since it points out that,
contrary to the SKM, the convergence of the RAM cannot deteriorate as W(A) in-
creases and, moreover, that it is uniform with respect to h in any positive bounded
interval.

Remark 4.4. As in Remark 3.8 let us consider the case g = 1 for a — 0. We
expect that by h — 1 the error vanishes. In fact, looking at (4.14) and (4.12) one can
realize that this actually occurs. Take, for instance, for small o, p = a7 and h = %,
and observe that ¢(u) — 0.

As for the SKM, more precise a priori error bounds can be obtained, taking into
account specific situations, as we show below dealing with the Hermitian case.

4.2. The Hermitian case. If A is Hermitian with o(A4) C [a,+00), referring
to (3.8) and (3.22), for A\ = r exp(ip) we have

(4.15) D(N) = plr¢) = ple.p) for 0< [p] <2
and
(4.16) D()) > rlsing| for g <yl <.
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THEOREM 4.5. Assume that A is Hermitian with o(A) C [a,+00), a > 0. As-
sume 0 < a < % and B > a. Then for every m > 1 we have

KiQmh™=* Koha ( h—é>
sexp | ——7= |,

(4.17) IRl < Tyt ¥ =) V2

where

Q= max exp (ifé coS f) (1 — cos np)mT_l,
0<p|< gz a

and K1, Ko are (small) constants.

Proof. At first we state a general bound that holds for 0 < a <1 and & < u <
am. Hence we will derive (4.17).

Let us take ¢ = h~!. In (4.8) we apply (3.18) with (3.20), with z = w(\)™1,
taking into account that, by Lemma 4.1, W(Z) C Q = (0,1]. So doing, referring to
(3.17), we get

2
(s —w\) 7 <
GO —u () ™) < g
where
JwN) + 1]+ 1
[w(A)
For A € Cy(e, i), we obtain
1
2 2
v (1 — cos go) '
Thus
(4.18) D(u)~t = ( vI—cosy ) .
V2 + v1+cosyp
Furthermore, for A = rexp(&ip), r > h™!, we easily get
" hr+1
lw(N)|”
and then
2n2 1—2 x
(4.19) <I>(u)_1 — ) = \/h %+ hr cos

Chr+1+ \/2hr(1 + cosp)
Therefore, combining (4.18) and (4.19), from (4.6) and (4.8) we obtain the error bound

4 (hﬂ—

11—«
@

(4.20) [ Bon| < Ly + ),

T

where

1 VI—esp \™H
wexp (h cosa)(iﬁﬁ/m) ;

(4.21) Iy = /0 D(h~1 exp(iy)) 7
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and

too el exp( r |cos ”‘) f(rym=1
Im :/ dr.
1 D(r exp(ip))

h

Now let 0 < a < %, and let us take pu = &?‘T’T. Since hr > 1, r > ¢, and since now
p < %, we have D(rexp(ip) > r and find that

flr) < <1+ #)1 with 7 = %

Accordingly,

m—1
+o0 1
Im < / 7‘1_37_& exp | — e hr
1 n+ hT
+oo 1-B—« Té )77
< r—e exp|——= dr
/l ( \/5 (n+vh

+oo 8 s
ga/ , s 7exp (—— 71> ds.
h V2 U+ n)(hse)

Now, one verifies that, for every ¢ > 0, for s > 0 it holds that

s~ exp(—cs—§) < (2>2exp(—2).

c

Therefore we get

g Lo o),
e mn2(m — 1)2 -1 sh—« ’

By this inequality and by (4.21) with (4.15), from (4.20) the result follows, with
Kl _3 K — 16\/_(1+77) exp(— 2) O

T

We notice that, bynthe arguments used above, bounds like (4.17) can be derived
from (4.20) also for % <a<l B>a.

We do not make here a detailed discussion on the choice of the parameter h in
the general case. We are convinced that, as it occurs for the matrix exponential, a
value working well in the Hermitian case should work well in most of the cases, at
least when the angle ¥ is not close to 5. In the Hermitian case a reasonable choice
could be that of minimizing the right-hand side of (4.17) (or of (4.20)). Below we
suggest a value, independent of 3, which ensures an exponential-type error bound.

COROLLARY 4.6. Let the assumptions and notation of Theorem 4.5 hold. For

any fized m > 2, taking, for any T > 2(1 — cos 39T,
T (0%

4.22 h=
(4.22) (:51) -
we have

K81 (m — 1)~ (B-D KorB -1

Rl < KD K (220,
(14 /2)m-1 (m —1)(5+2) 2
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Proof. Put the assigned value of h into (4.17) and observe that @,, < 1. 0

In the case 8 = 1, one could also take h by a heuristic criterion that often turned
out to be satisfactory in practice. We know that for 5 =1 and a« = 0, h = 1 is the
obvious choice. On the other hand, for the exponential case, i.e., § = a = 1, optimal
values of h are known; see [24], [11], and [29]. Thus it seems reasonable to adopt an
interpolation between these values.

Referring to the applications described in section 2, for the computation of
Eqp(—t*A), our arguments lead to taking h depending on t. However, for obvi-
ous computational reasons, we are interested in maintaining the same h for a (large
enough) window of values of ¢. This aspect will be the subject of future investigations.

We want to point out that, in many cases, as for instance dealing with discretiza-
tions of elliptic operators, the RAM exhibits a very fast convergence, and the a priori
error bounds turn out to be pessimistic. As is well known, this fact often occurs in
the application of Krylov subspace methods and is due to their “good” adaptation to
the spectrum (see [18]). Thus, in order to detect the actual behavior of the RAM,
a posteriori error estimates could be more suitable. For instance, working along the
lines of [24] and [6], for m > 2 one can consider in (4.8) the polynomial

det(Sy—1 — 21)
det(Spm—1 +w(A\)~1I)

Pm—1 (Z) =
Since, as is well known,

H?:_ll Sj+1,5
|det(Sm—1 +w(A)~1I)|’

[pm—1(Z)v]| =

taking into account (3.8) we obtain the a posteriori bound

m—1
Rl < M/ |eXp - |
Tav C(e,p) |)‘| |det( ( ) )|

|dA| .

We recall (cf. [25]) that in several important situations the products H?:l Sj41,j
have a rapid decay, thus producing a very fast convergence. Here we do not dwell
upon the implementation of such error bounds, to which we plan to devote a detailed
study in a future work.

5. Numerical experiments. In order to make some numerical comparisons
between the rational and the polynomial methods, we consider initial value problems
of the type
(5.1) oD7y(t) + Ay(t) = g(t), t>0,

y(0) = yo.

Here we report some results concerning the two simple cases of ¢g(t) = 0 and ¢(t) =
g # 0 that lead, respectively, to the solutions

(5.2) Y(t) = Ea1(—t“A)yo
and
(5.3) y(t) = yo +t“Eqar1(—tA)(g — Ayo)-
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Regarding the choice of the matrix —A we discretize the 2-dimensional Lapla-
cian operator in (0,1) x (0,1) with homogeneous Dirichlet boundary conditions using
central differences on a uniform meshgrid of meshsize § = 1/(n + 1) in both direc-
tions. In this case, (5.1) is a so-called Nigmatullin-type equation. In each example
we have set n = 30 so that the dimension of the problem is N = 900. Moreover we
set yo = (1,...,1)T/V/N.

In all of the experiments, referring to the rational method, we have taken h =
0.05. In Figures 5.1 and 5.2 we have plotted the error curves (with respect to a
reference solution) of the rational and standard polynomial Arnoldi methods for the
computation of y(t) at ¢ = 0.1 and ¢ = 1, in the case of ¢g(t) = 0 (i.e., with an exact
solution given by (5.2)) with & = 0.3 and a = 0.8.

—— polynomial
—6— rational

<«—alpha=0.8

ot

log10(norm2(error))
|
IS

5}

-6

7 . . . . . . . . )

0 5 10 15 20 25 30 35 40

iterations
Fi1G. 5.1. Approzimation of (5.2) at t = 0.1.
-1r
—— polynomial
o —&— rational

3l alpha=0.3
—4alpha=0.8

-5F

log10(norm2(error))

0 5 10 15 20 25 30 35 40 45
iterations

Fic. 5.2. Approzimation of (5.2) at t = 1.
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Figures 5.3 and 5.4 regard the approximation of y(t) defined by (5.3) with g =
Yo/2, again at t = 0.1 and ¢ = 1. In both cases we have set oo = 0.5.

Finally, in Figure 5.5 we compare the error of the RAM with the error bound
given by formula (4.20) for the computation of (5.2) in the case of & = 0.5 and ¢t = 1.
For this case, accordingly with Corollary 4.6 we choose h = 0.4, which approximates
the result of formula (4.22) when we set m = 10 as the expected number of iterations
for the convergence.

Remark 5.1. The numerical experiments have been performed using MATLAB.
In particular, for the computation of the projected functions of matrices, we have used
the classical approach based on the Schur decomposition, together with the MATLAB
function MLF .m developed by Igor Podlubny and Martin Kacenak available online (see
[28]).

—— polynomial
—&— rational

2+

log10(norm2(error))
&

_4t

-5F

. .
0 5 10 15 20 25 30 35 40 45
iterations

Fi1c. 5.3. Approzimation of (5.3) att = 0.1 with a = 0.5.

—— polynomial
—&— rational
2+

-3F

4t

log10(norm2(error))

6}

7t

-8

0 10 20 30 40 50
iterations

Fi1G. 5.4. Approzimation of (5.3) at t = 1 with o = 0.5.
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—O6— error

—>— error bound

6|

log10(norm2(error))

14 L L L L L L )
0 2 4 6 8 10 12 14

iterations

Fi1G. 5.5. Error and error bound for the rational Arnoldi method applied to (5.2) with a = 0.5,

t=1, h=04.
REFERENCES

[1] B. BECKERMANN, Image numériqgue, GMRES et polynémes de Faber, C. R. Math. Acad. Sci.
Paris, 340 (2005), pp. 855-860.

[2] B. BECKERMANN AND L. REICHEL, Error estimates and evaluation of matriz functions via the
Faber transform, STAM J. Numer. Anal., 47 (2009), pp. 3849-3883.

[3] M. CapuTo, Linear models of dissipation whose Q is almost frequency independent, 11, Fract.
Calc. Appl. Anal., 11 (2008), pp. 4-14. (Reprinted from Geophys. J. R. Astr. Soc., 13
(1967), pp. 529-539.)

[4] M. CrROUZEIX, Numerical range and numerical calculus in Hilbert space, J. Funct. Anal., 244
(2007), pp. 668-690.

[6] M. CrROUZEIX AND B. DELYON, Some estimates for analytic functions of strip or sectorial
operators, Arch. Math. (Basel), 81 (2003), pp. 559-566.

[6] F. DIELE, I. MORET, AND S. RAGNI, Error estimates for polynomial Krylov approzimations to
matriz functions, SIAM J. Matrix Anal. Appl., 30 (2008), pp. 1546-1565.

[7] K. DIETHELM AND N. J. FORD, Analysis of fractional differential equations, J. Math. Anal.
Appl., 265 (2002), pp. 229-248.

[8] K. DIETHELM, N. J. ForDp, A. D. FREED, AND YU. LUCHKO, Algorithms for the fractional
calculus: A selection of numerical methods, Comput. Methods Appl. Mech. Engrg., 194
(2005), pp. 743-773.

[9] V. DRUSKIN AND L. KNIZHNERMAN, Two polynomial methods for calculating functions of sym-
metric matrices, U.S.S.R. Comput. Math. and Math. Phys., 29 (1989), pp. 112-121.

[10] V. DRUSKIN, L. KNIZHNERMAN, AND M. ZASLAVSKY, Solution of large scale evolutionary prob-
lems using rational Krylov subspaces with optimized shifts, SIAM J. Sci. Comput., 31
(2009), pp. 3760-3780.

[11] J. v. D. EsHOF AND M. HOCHBRUCK, Preconditioning Lanczos approzimations to the matriz
exponential, STAM J. Sci. Comput., 27 (2006), pp. 1438-1457.

[12] R. W. FREUND, On conjugate gradient type methods and polynomial preconditioners for a class
of complex non-Hermitian matrices, Numer. Math., 57 (1990), pp. 285-312.

[13] A. FROMMER AND V. SIMONCINI, Matriz functions, in Model Order Reduction: Theory, Re-
search Aspects and Applications, Math. Ind. 13, W. Schilders and H. van der Vorst, eds.,
Springer, Berlin, 2008, pp. 275-303.

[14] L. GALEONE AND R. GARRAPPA, On multistep methods for differential equations of fractional

order, Mediterr. J. Math., 3 (2006), pp. 565-580.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



2164

[15]

[29]

[30]

IGOR MORET AND PAOLO NOVATI

V. GRIMM AND M. HOCHBRUCH, Rational approzimations to trigonometric operators, BIT, 48
(2008), pp. 215-229.

N. J. HiGHAM, Functions of Matrices: Theory and Computation, STAM, Philadelphia, 2008.

M. HoCHBRUCK AND C. LUBICH, On Krylov subspace approzimations to the matrixz exponential
operator, SIAM J. Numer. Anal., 34 (1997), pp. 1911-1925.

L. KNIZHNERMAN, Adaptation of the Lanczos and Arnoldi methods to the spectrum, or why the
two Krylov subspace methods are powerful, Chebyshev Digest, 3 (2002), pp. 141-164.

L. KNIZHNERMAN AND V. SIMONCINI, A new investigation of the extended Krylov subspace
method for matriz function evaluations, Numer. Linear Algebra Appl., 17 (2010), pp. 615-
638.

S. T. LEg, H.-K. PanG, AND H.-W. SuN, Shift-invert Arnoldi approrimation to the Toeplitz
matriz exponential, SIAM J. Sci. Comput., 32 (2010), pp. 774-792.

L. LoPEZ AND V. SIMONCINI, Analysis of projection methods for rational function approxima-
tion to the matriz exponential, STAM J. Numer. Anal., 44 (2006), pp. 613—-635.

I. MORET, On RD-rational Krylov approzimations to the core-functions of exponential inte-
grators, Numer. Linear Algebra Appl., 14 (2007), pp. 445-457.

I. MORET, Rational Lanczos approzrimations to the matrix square root and related functions,
Numer. Linear Algebra Appl., 16 (2009), pp. 431-445.

I. MORET AND P. NOVATI, RD-rational approzimations of the matriz exponential, BIT, 44
(2004), pp. 595-615.

O. NEVANLINNA, Convergence of Iterations for Linear Equations, Birkhauser, Basel, 1993.

P. NovATI, On the construction of restricted-denominator exponential W-methods, J. Comput.
Appl. Math., 221 (2008), pp. 86-101.

1. PODLUBNY, Fractional Differential Equations, Academic Press, New York, 1999.

1. PobLUBNY, Mittag—Leffler Function, http:www.mathworks.com/matlabcentral /fileexchange/
8738 (2009).

M. PopPOLIZIO AND V. SIMONCINI, Acceleration techniques for approximating the matriz expo-
nential operator, SIAM J. Matrix Anal. Appl., 30 (2008), pp. 657-683.

J. A. C. WEIDEMAN AND L. N. TREFETHEN, Parabolic and hyperbolic contours for computing
the Bromwich integral, Math. Comp., 76 (2007), pp. 1341-1356.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


