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Abstract. In this paper, we study the Heston stochastic volatility model in a regime where the maturity is
small but large compared to the mean-reversion time of the stochastic volatility factor. We derive a
large deviation principle and compute the rate function by a precise study of the moment generating
function and its asymptotic. We then obtain asymptotic prices for out-of-the-money call and put
options and their corresponding implied volatilities.
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1. Introduction. Large deviations theory provides a natural framework for approximating
the exponentially small probabilities associated with the behavior of a diffusion process over a
small time interval. In the context of financial mathematics, large deviations theory arises in
the computation of small-maturity, out-of-the-money (OTM) call or put option prices or the
probability of reaching a default level in a small time period. The theory of large deviations
has recently been applied to local and stochastic volatility models [3, 4, 5, 6, 14, 23] and
has given very interesting results on the behavior of implied volatilities near maturity. (An
implied volatility is the volatility parameter needed in the Black—Scholes formula in order to
match a call option price. It is common practice to quote prices in volatility through this
transformation.) In the context of stochastic volatility models, the rate function involved
in the large deviation estimates is given in terms of a distance function, which in general
cannot be calculated in closed form. For particular models, such as the SABR model [13, 15],
approximations obtained by expansion techniques have been proposed (see also [9, 12, 18]).

Multifactor stochastic volatility models have been studied during the last 10 years by
many authors (see, for instance, [8, 10, 12, 19, 20]). They are quite efficient in capturing
the main features of implied volatilities known as smiles and skews. They are usually not
simple to calibrate, in particular with respect to the stability of parameter estimation. In the
presence of separated time scales, an asymptotic theory has been proposed in [10, 11]. It has
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the advantage of capturing the main effects of stochastic volatility through a small number of
group parameters arising in the asymptotic. The fast time scale expansion is related to the
ergodic property of the corresponding fast mean-reverting stochastic volatility factor.

In this paper, we study the Heston stochastic volatility model in the regime in which the
maturity is small but large compared to the mean-reversion time of the stochastic volatility
factor. This is a realistic situation where, for instance, the maturity is one month and the
volatility mean-reversion time is of the order of a few days. We derive a large deviation
principle and compute the rate function by a precise study of the moment generating function
and its asymptotic.

1.1. The Heston model. We consider the risk-neutral Heston stochastic volatility model
for the price Sy and its square volatility Y;:

(1.1) dS; = rSydt + Si/YidW},
(1.2) dY; = k(0 — Yy)dt + v /Y, dW2,

where W' W? are two standard Brownian motions with covariation d(W?!, W?2), = pdt, where
p is constant such that |p| < 1. The short rate r is constant, and throughout we assume
that 2k > 12, v,k,0,Yy > 0, so that the square-root (or CIR) process (Y;) stays positive
at all times (see, for instance, [17]). In this paper, we are mainly interested in small-time
asymptotics for S; when the stochastic volatility factor Y; runs on a fast scale.

1.2. Fast mean-reverting stochastic volatility scaling. By fast mean-reverting stochastic
volatility we mean that the rate of mean reversion « is large. In order to ensure that volatility
is not “dying” or “exploding” we also impose that the wvolatility-of-volatility parameter v be
large of the order of the square root of k. In order to achieve this scaling, we introduce a small
parameter 0 < ¢ < 1, and we replace (k,v) by (k/€?,v/e) in (1.1)-(1.2) so that the model
becomes

(1.3) dSy = rSydt + Sp/ YidW,!
K 14
(1.4) dY; = 6—2(9 —Yy)dt + Z\/YtdWE .

The small quantity e represents the intrinsic time scale of the volatility process (Y;), or, in
other words, its decorrelation time (we refer the reader to [10] for more details). Observe
that the condition 2 (E%) 0 > (%)2 is equivalent to 26 > v? and therefore independent of
e. Derivatives and implied volatilities have been studied extensively in [10] for a range of
maturities and for general stochastic volatility processes by means of singular perturbation
techniques around the Black—Scholes model. In this regime, as ¢ — 0 and fixed maturity, a
call option can be approximated by its Black—Scholes price at a constant effective volatility
plus a small correction of order € and proportional to p, involving the Delta and Gamma of
the leading order Black—Scholes price. In terms of the implied volatility surface, it turns out
that the skew is asymptotically affine in log-moneyness-to-maturity-ratio log(K/S)/T, which
leads to a particularly simple calibration procedure.
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1.3. Short-maturity scaling. Since here we are interested in short maturities, but long
compared with the volatility time scale €2, we rescale time by the change of variable t — et,
so that typical maturities will be of the order of €. This regime will be of practical use when,
for instance, the maturity is a couple of weeks and the time scale for the volatility to mean
revert is of the order of a couple of days.

Performing the change of variable ¢ — et in (1.3)—(1.4) gives rise to the rescaled process
denoted by (Se¢, Ye+) and defined by

(1.5) dSes = 67“56 2dt + Se i /eYE AW
(1.6) dY;t = (9 Y;t dt + — \/ etth ,

where we have used that (WL, W2) = (/e W}, /e W?) in distribution, therefore preserving
the constant correlation p.
We will use the discounted price S, ; = e_”tSE,t which satisfies

(17) dge,t = Se,t\/ EY;tthl.

It will also be useful to consider the log-price X.; = log Sc; which satisfies
1
(1.8) Xy = redt — SeVedt + VY dW}E.

In both cases Y ; satisfies (1.6), and we note that

t t
(1.9) Set = zexp (—%/ Ye sds + \/E/ \/YE,SdW81> )
0 0

1.4. Main results. In section 2 we derive the following result, which describes the asymp-
totic behavior of X, ; as € — 0 for fixed ¢ > 0.

Theorem 1.1. Assume X = xg. For eacht > 0, {Xc; : € > 0} satisfies the large deviation
principle with good rate function

I(qa Zo, t) = A*(q — Z0; Oa t)a
where A* is the Legendre transform of A

A*(q;x,t) = sup{qp — A(p; z,1)},
PER

and A(p;x,t) : R x R X Ry — RU{+o0} is given explicitly by

(1.10) A(pyz,t) = zp+ 'z—it ((Fv —vpp) =/ (k — pvp)? — V2p2)
for S <p< _r )
v(l-p) v(1+p)

= 400 otherwise.
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The function A(p;x,t), and the rate function A*(q) given below, are plotted in Figure 1
in section 2.3 in the three cases p > 0, p =0, and p < 0.
Lemma 1.2. The rate function A* is given explicitly by

A*(q;0,t) = qp(q;t) — A(p(q; 1); 0, 1),

where p(q;t) is defined by

(1.11) p(g;t) =

K 4 qv + kOtp
v(l—p?) g V(qu + K0tp)? + (1 — p?)K26%¢2

€ int(Dom(4)) = <_V(1H— p)’ V(li p)> '

A*(q;0,t) is finite for all ¢ € R; it is strictly increasing for ¢ > 0 and strictly decreasing
for ¢ < 0; and A*(0;0,t) = 0.
A*(q;0,t) is continuous in (q,t) € R X R,.

Remarks.

1. A*(¢q;z,t) = A*(¢ — z;0,t) since the only x dependence in A is the linear term xp.

2. Note also the scaling property A(p;z,t) = t A(p; 7,1). In the following we choose to
keep the t-dependence.

3. In this asymptotic regime, the limiting quantities A and A* do not depend on the
starting level of volatility y, and they depend on the k (mean-reversion rate) and v
(volatility-of-volatility) parameters only through their ratio v/k.

4. The previous remark will also apply to asymptotic option prices and implied volatilities
described below. In this regime, therefore, the relevant features of the Heston model
are captured by just three parameters: the ergodic mean #, the correlation p, and the
ratio v/k. They control, respectively, the implied volatility skew’s level, slope, and
convexity.

The proof of Theorem 1.1 is the object of section 2 and is concluded after Lemma 2.4. The
proof of Lemma 1.2 is given at the end of section 2.

A practical application of this result is the following rare event estimate for pricing OTM
options of small maturity, derived in section 2.2.

Corollary 1.3. Suppose that log-moneyness is positive, log(SKO) >0, and t > 0 fized. Then

K
lim elog Ele™"(Set — K)[Sco = So, Yeo = yo] = —A* <log <S_> ;0,t>
0

e—0t
independently of the initial square-volatility level yg. Note that the maturity of the option is
T = et, which goes to zero in the limit. The discounting factor e~ "' plays no role in this
asymptotic result.
Moreover, the asymptotic implied volatility can be computed. Let o¢(t,z) denote the
Black—Scholes implied volatility for the European call option with strike price K, OTM so

that = log(K/Sp) > 0, with short maturity 7" = et for ¢t > 0 fixed, and computed under the
dynamics given by (1.3), (1.4). In section 2.3 we prove the following result.
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Corollary 1.4.
2

x K
Jlim 0l(t,2) = oG ¢ o8 (so> >0

Similarly, by considering OTM put options, one obtains the same formula for x < 0. The
at-the-money (ATM) volatility is obtained by taking the limit x — 0 (a precise statement is
given in Lemma 2.6).

In fact, the results in Corollaries 1.3 and 1.4 hold for any fast mean-reverting stochastic
volatility model (other than Heston’s) which satisfies a large deviation principle, as in Theorem
1.1, provided the asymptotic rate function satisfies the following: A*(q;0,t) is finite for all
q € R; it is strictly increasing for ¢ > 0 and strictly decreasing for ¢ < 0; and A*(0;0,¢) = 0.
This last remark is easily justified by going through the proofs of these results given in sections
2.2 and 2.3.

2. Moment generating function and its asymptotic. Much of our analysis relies on an
explicit calculation of a moment generating function and evaluating its limit. First we define
the quantity

Ac(p) = Ac(p;z,y,1) = elog Ele | Xeo = 2, Yo = 9]
p
= elog E[S4[Seo = €*,Ye o = 9]
~P L
(2.1) = erpt + elog B[S 4[Seo = €*, Ye o = 1,

where Sc ¢, Ye 1, Xet, and Ss,t are defined in section~1.3. Using (1.9) and introducing a Brownian
motion W? independent of W2, the moments of S can be formally rewritten as follows:

~P
E[S&|Se0 =¢€"Yeo =y

t t
= P ple 8 o Youdst G Jo VYesdWiy

=]
_ o e b Yeudst U S YW B [ Nawy
= e%E[e_gon”dep Jo V/YesdW24 P S )IOY”dSIY 0=yl
p— 67 -
_ o Eleve fo‘/Yede2_Lones 5y p(p ©) fOYssds‘Y 0=1yl,

where we integrated with respect to the independent Brownian motion W3 and redistributed
the bounded variation terms. Using the Girsanov transform, one obtains that

~ P ~ €
(2.2) EIS5,|8c0 = €%, Yep = y] = € E BQ 5 Ji Zesds| 7, = ],

where, under the measure @), the process Z. ; satisfies the equation
1
(2.3) dZe; = - (kO — (k — vpp) Zey) dt + —\/ p tth ,

driven by a Brownian motion W&. The result (2.2)-(2.3) is given in Lemma 2.3 in Andersen
and Piterbarg [2] (with a proof in B.1 of their supplementary material). Note that the proof
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of (2.2) in Andersen and Piterbarg [2] allows the possibility of “+o00 = +00.” Although the
statement of their Lemma 2.3 is limited to the case of p(p — €) > 0, the proof is not limited
to that case, allowing p € R.

2.1. Explicit evaluation of A.. The following two inequalities play important roles:

(24) (pvp — K)* > p(p — e)V?,
(2.5) prp < K.

When (2.4) and (2.5) are both satisfied, then by results concerning exponential functionals
of CIR processes (see, e.g., Corollary 3 of Albanese and Lawi [1] or Theorem 3.1 of Hurd and
Kuznetsov [16]) we have

p(p—e)

EQ [e 2e f(f Z€;5d5|Z€ 0= y] = em(t)_n(t)y

9

where

/ﬁlet — 2/{9 l_)el_jt/Z
m(t) = me(t) = —(b—b) + —5log | = = — |,
v v bcosh(%) + bsinh(%)

B B sinh(%)
n(t) = ne(t) = — (bcosh(%) + bsinh(%t)> ’
b= %\/(ﬂ —vpp)? —v?p(p =€),

€

and consequently, A, defined in (2.1) is given explicitly by
(2.6) Ac(p;z,y,t) = erpt + zp + € (me(t) — ne(t)y) .

Note that when the limit exists as e — 0T, the only contribution from e (m.(t) — ne(t)y)
comes from the first term of m(t), which leads to formula (1.10) for A(p;z,1).

Next, we show that if (2.4) or (2.5) is violated, then A, = +oo. First, we sort out (2.4)—
(2.5) more explicitly. The inequality (2.4) is equivalent to

Cle <p<cCoe,

where
(ev — 2kp) — \/(ev — 2kp)2 + 4r2(1 — p?)
Cl € — é 07
’ 2v(1 — p?)
(ev — 2kp) + +/(ev — 2p)2 + 4k2(1 — p?)
Coe = > 0.
’ 2v(1 = p?)
We denote the case € = 0 as follows:
K K
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Then in the limit ¢ — 0%, (2.4) becomes

(2.7) (pvp — k)2 > pP?r o e <p < e
Lemma 2.1. For € small enough,

(2.8) c1 <cre <0< e <cge.

Moreover, (2.5) always holds if (2.4) is satisfied for € small enough. In fact,

1L.if 0<p<1, thency <cge < piy;

2. if =1 < p<0, then p% <cr < Cle;s

3. if p=0, then (2.5) always holds.

Proof. Equation (2.8) follows from the definition by direct verification.

Assume that p > 0. Then (1+p)~! < p~!, and therefore ¢y = < piy, since ¢z < €2¢
and limeco e = ¢, c2 < e < p—’fj

The other case follows by a similar computation (note that if —1 < p < 0, then p~! <
—(1 - p)~!, implying o <c1). [ ]

We have the following result.

Lemma 2.2. Ac(p) is lower semicontinuous and convez in p. For e > 0 small enough, (2.6)
holds when c1 < p < ca..

Proof. The lower semicontinuity and convexity of A.(p) follow from its definition as a
logarithmic transform of moment generating function for X ;.

The other conclusion follows from Lemma 2.1. |

V(l’j-p)
when € is small enough.

Using the convexity of A., we conclude next that A (p) = +o0o whenever p & [c1, Ca,¢]
(again, when € > 0 is small enough). This is implied by the behavior of d,A, for p € (ci1,¢, ca.c)-
From (2.6), we get

OpAe = ert + o + e0pym — eyOpn
2%6 ((% t (9b)(1 + Lb) cosh(%) + (9b)(1 + Lb) smh(%)>

= ert [ =+=zap—
€r +ZE—|—EV2 b+2

N ((2p — ¢)sinh(8t) + (52 — pe)(Ib)
Y - = -

beosh(¥) + bsinh(%)

(1 + £b)(9b) sinh?(5t) + (9b)(1 + £b) sinh(5¢) cosh(gt)>

(beosh(%) + bsinh(%))2 '

— (p* — pe)

When p — CIE, or Cy ., then b — 01 and 81,13 — #+00. By Lemma 2.1, in both cases we have
lim, b > 0. Therefore, by the above expression for d,A., we conclude that, for € > 0 small
enough,

(2.9) lirri OpAc(p) = —o0,  lim OpAc(p) = oo.

p_>cl75 p—>62,5

Since A, is convex and lower semicontinuous, the limits (2.9) imply the following result.
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Lemma 2.3. For € > 0 small enough, A, is given by (2.6) when c¢1, < p < ca, and +00
otherwise.

Proof. The proof follows from Lemma 3.1 given in the appendix. |

The following result follows easily.

Lemma 2.4. The function A given in (1.10) is lower semicontinuous and essentially smooth
in p. Moreover, A(-;x,y,t) T'-converges to A(-;x,t) (see Definition 3.2). In particular, for
each x € R, y > 0, t > 0, we have the following:

1. For every p € R, there exists {p.} with p. — p such that
lm Ac(pe;z,y,t) = A(p; x,t).

e—0t

2. For every p € R and every p. — p,
liminf A¢(pe; z,y,t) > A(p; z,t).

e—0t

By Lemma 3.3, Theorem 1.1 follows.
We now give the proof of Lemma 1.2, where we derive an explicit formula for A*, the
Legendre transform of A defined by (1.10).

Proof of Lemma 1.2. By the essential smoothness property of A(p) = A(p;0,t) in p, the

equation

0

—(gp— A =0

o\~ A))
has a solution p € int(Dom(A)) = (—ﬁ, ﬁ), which equivalently solves

KOt (k — pvp)p+vp
2.10 =0A=—|—-p+ .
(2.10) q=0p V < p N T
If vg = —prbt, it follows from (2.10) that p = _u(lﬁ—pp2) and therefore that (1.11) is

satisfied.

If vq # —prbt, then (2.10) is a quadratic equation in p with the sign condition

kp +v(1—p*)p
vq + prOt

> 0.

One can easily verify that p given by (1.11) is the only root satisfying the sign condition.
Consequently, the expression of A*(g;0,t) follows.

It follows by direct verification that A*(0;0,¢#) = 0, and that A*(g;0,t) is continuous,
finitely defined for all ¢ € R.

Also by direct calculation, 9,A(0;0,¢) = 0 and

K30t
8PPA(p; 07 t) = ((K} - pr)2 - V2p2)3/2 > 0.

Therefore, for p € int(Dom(A)), 9,A(p;0,1) is negative when p < 0 and is positive when p > 0.
By a convex analysis result, ¢ = 0,A(p;0,t), p € int(Dom(A)) if and only if p = 9;A*(¢;0,1).
Consequently, A*(q;0,t) is strictly increasing when ¢ > 0 and strictly decreasing for ¢ < 0,
and it achieves its minimum (zero) when g = 0.
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2.2. Pricing. We now prove Corollary 1.3.
Recall that Sc; = eXet and Se,0 = So. For 6 > 0 we have

(2.11) El(Set — K)*] > ElLgs,, xosy(Set — K)]
> §P(Sey > K +6).

By Theorem 1.1, it follows that

limégfclog E[(Set — K)T] > liminf elog P(X ¢ > log(K + §))
e—

e—0T

K+5§
> — inf  A"(q—log Sp;0,t) = —A* (1 — ];0,t ).
o q>lolgI%K+5) (¢~ log So ) < o8 < So > >

The last equality follows from the fact that log(Sﬁo) > 0 and that A*(q;0,t) is nondecreasing
for ¢ in the region ¢ > 0 (see Lemma 1.2). Taking § — 0T, by continuity of A*, we obtain the
desired lower bound.

To show the upper bound, we note that for p, ¢ > 1 such that p~! + ¢~ =1,

E[(Se — K)*] < EVP[|(Ser — K)TIPIEY (L5, re>0)] -

Therefore
1
elog E[(Set — K)T) < glog E[(Set)P] + € <1 — 5) log P(Se+ > K)
1 1
<)+ (121 ) clog Pl 2 K).

Taking lim,_, { limsup,_,o+ on both sides and noting that lim, g+ Ac(ep) = 0, we deduce
(by Theorem 1.1) the desired upper bound

limsup elog E[(Se; — K)T] < —A* <log <£> ;0,t> .
e—0t y So

2.3. Implied volatility. We prove Corollary 1.4, which gives the asymptotic behavior of the
implied volatility o¢(¢,x). Throughout, we denote the log-moneyness by x = log(K/Sy) > 0,
and for simplicity o.(t,z) = o, t and z being fixed in the following analysis.

First, we show that

(2.12) lim o.Vet = 0.

e—0T

By Lemma 1.2, A*(z;0,t) > 0. Let 0 < § < A*(x;0,t). By the definition of o, and Corol-
lary 1.3, for € > 0 small enough

e—(A*(x;O,t)—(S)/e > E[(Se,t o K)+]

_ S, (—:17 + ret + %J?et) Ko <—:17 + ret — %0?675) 7

o et o et
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where we have used the Black-Scholes formula and denoted by ® the A(0,1) cumulative
distribution function. Since E[(Sc; — K)*] > 0, one deduces that the right-hand side must
converge to zero as € — 07. Let [ > 0 be the limit of o \/et along a converging subsequence;

then [ must satisfy
x x
So® <_7+§> — K¢<—7—5> =0,

with = = log(K/Sp) > 0. One can easily check that [ = 0 is the only solution, and therefore
(2.12) holds.

The following estimate on ® using its derivative denoted by ¢ is classical and will be useful
(we refer the reader to [21, section 14.8], for instance).

Lemma 2.5. Forxz >0,

-1
(2.13) <a: + é) () < 1—d(z) < %gb(a:).

Next, we establish the lower bound for the limit in Corollary 1.4. We will use the classical
notation

iy — log (%) + ret + 02—2675
Vet '

Let § > 0; by the definition of o(t) and Corollary 1.3, for € > 0 small enough, we have

A*(-T§07t)+6)/6 E[(Set - K)+]

e"So® (dy) = e"Sp (1 — @ (—dy))
e S <—Ld1> ¢ (—d1),

e_(

IN A

IN

where the last line follows from (2.13). By (2.12) and Sy < K, we know that lim,_,¢+ d; = —o0.
Taking (elog) on both sides, one sees that the leading order term on the right-hand side is
given by

(log(52))" a2
2Aoeet)2 202t

Therefore any limit point of o, along a converging subsequence (e,) will satisfy

2

(2.14) —(A*(z,;0,t) +9) <

e
2lim, 0+ 02 1

for all § > 0 and consequently the desired lower bound.

Next, we justify the upper bound. To avoid confusion, we denote by P the measure under
which S, is defined in section 1.3 and by Pgg = Pps(o.) the measure under which S, follows
the Black—Scholes model with constant volatility o = o¢(t, z):

dSe s = Se s (rds + ocdWs)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/01/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

136 JIN FENG, MARTIN FORDE, AND JEAN-PIERRE FOUQUE

where W is a Brownian motion under Pgg (note that here ¢ is fixed and the maturity of the
call option is et). Then, using the classical notation

; log(KSi(;) + ret — 62—36t
2 oeet ’

one obtains

e~ (AT (@0 1) =) e > EP[(Se,t - K)"] = EPBS[(SGJ — K)7]
> 0Pps(Ser > K +6)
=0(1—®(—dy))

—dy
>0 ({5 ) o)

where the second inequality follows by (2.11). Arguing as above, in the case of the lower
bound, we know that lim,_,y+ do = —oo. Taking (elog) on both sides, the leading order term
on the right-hand side is given by

B (logb?ia))z

202t '
and therefore, along any converging subsequence,

(log(5))”

2 limen_>0+ O'e2 t '

n

—(A*(2;0,¢) — 6) >

Sending § — 0" gives the desired upper bound, which concludes the proof of Corollary 1.4.
To summarize, we proved that in this regime (fast mean-reverting volatility and short
maturity) the asymptotic implied volatility of an OTM call option (x > 0) is given by
2
x
tr)y=—"
o(t2) = S0t

where A* is given in Lemma 1.2. The same formula for x < 0 is derived similarly by considering
OTM put options. Using the explicit formula for A*(x;0,t), one can derive the ATM limit

lim o(t, 2)* = 6
z—0

by checking that near zero p(q;t) = 4 + O(q?) and A(p;0,t) = %p2 +0O(p?), and consequently
ot — o (DY O (AN sy L o
Ag:0.t) = q (et) 2 <9t> +0(@) = 55, +0l):

In fact, we can also derive the limit as € — 07 of the ATM volatility o.(t,0).
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Lemma 2.6. The asymptotic ATM volatility is given by

. 2 _ 1 2 _
51—1>%1+ oc(t,0)" = }:1_% o(t,x)*=10.

Proof. This is not a large deviation result but rather an averaging result of the type
studied in [10]. Since it involves convergence in distribution, it is more convenient to work
with put options whose payoffs are continuous and bounded. The ATM volatility is defined
by the unique positive number o, (0,¢) satisfying

E[(So = Se) "] = So®(—do) — " So®(—d1),
where here

r+10.(0)2)Ve
(2.15) dio = r= 20:((8)) )\/_t,

and we have denoted 0¢(0,t) = 0¢(0) since ¢ is fixed. Using (1.5) and dividing on both sides
by /€ Sp, one gets

(2.16) E

0

t g ts +
<—\/E/ r e,sds_ €,8 /—}/e,desl>
o S0 So
1
- NG (®(—ds) — "' ®(—dy)).

One easily obtains the convergence in probability to zero of the following integrals:
bt s trs
ﬁ/ r=—=%ds and / 1) Y dWl.
o S0 o \ S0 ’

The convergence of the quadratic variation of the martingale term, fg Y ds — &%t, implies
the convergence in distribution

t t t
Se Se
(—\/E / r S’sds — 578 \/Y;desl) — / FdW} =W},
0 0 0 0 0
where &2 is the ergodic average of the square volatility Y. ., that is,

2 too
o :/0 yI'(dy),

where T" is the invariant distribution of the ergodic process Y defined by (1.2). A complete
proof of this result involves introducing a solution ¢ of the Poisson equation

£¢(y) =Y _5-27

where L is the infinitesimal generator of the process Y, and using It6’s formula to show that

/ (Yes —0°) ds = / Lp(Yes)ds = € (¥(Yer) — ¢(Y0)) — \/E/ T (Yes) Ve s AW
0 0 0
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Implied Volatility in the small-epsilon limit
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Figure 1. Here we have plotted A, A*, and the implied volatility in the small-e limit as a function of
the log-moneyness © = log(K/So). The parameters are t = 1, ergodic mean 6 = .04, converity v/r = 1.74
(k =115, v = .2), and skew p = —.4 (dashed blue), p =0 (solid black), p = +.4 (dotted red).

converges to zero (we refer the reader to [10] for details).

In this case, the invariant distribution is a Gamma with mean 6, and consequently 62 = 6.
Therefore, the left-hand side of (2.16) converges to E[(6W,)T] = 6vt/V2r = V0t/\/27. By
direct inspection of the right-hand side of (2.16) and the relation (2.15) between d; 2 and
o¢(0), one deduces that o.(0) must converge to 6 as e — 0. [ ]

In Figure 1 we show plots of the functions A and A* and of the implied volatility smile/skew
obtained in the limit € — 0F.
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3. Appendix.

3.1. A property of convex functions in R.
Lemma 3.1. Suppose A : R+ R is convex and for some c € R

liminf A(z) > —oo and lim OA(x) = +o0;

Tr—Cc— T—Cc

then A(y) = +oo for all y > c. Similarly, if for some ¢ € R

limsupA(z) > —oo and lim OA(z) = —o0,
z—ct z—ct

then A(y) = +oo for ally < c.
Proof. Let y > ¢ > x, and denote § =y — ¢ > 0. Then

Aly) =z M) + OA(z)(y — ).
Taking x — ¢~ gives

A(y) > liminf A(z) + limsup 0A(x)d = +o0. [ |

T—cT T—cC

3.2. Gartner—Ellis theorem via I'-convergence. We generalize the Gartner—Ellis theorem
(see, e.g., Theorem 2.3.6 in Dembo and Zeitouni [7]) for Euclidean space valued random
variables.

Definition 3.2. Let sequence A, A : R — R. We say that A, T'-converges to A (denoted

Ap 5 A) if, for all p € RY,
1. (limsup inequality) there exists a sequence of {pn} converging to p such that

A(p) > limsup Ay, (pn);

n—oo

2. (liminf inequality) for every sequence {p,} converging to p, we have

A(p) < liminf A, (pn).

n—oo

Let {X,, :n=1,2,...} be a sequence of R%valued random variables, and denote
1
An(p) = ~log E[e"*], pe R

Lemma 3.3. Suppose that the limsup property in I'-convergence holds for A, to a A :
R*— R. Then the large deviation upper bound holds for all compact F C R®:

(3.1) lim sup ! log P(X,, € F) < — inf A*(z).

n—oo N zeF

Furthermore, if 0 € interior(D(A)), then {X,} is exponentially tight and (3.1) holds for all
closed F C RY.
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In addition to the above, suppose that the liminf property in I'-convergence holds for A,
to a A: RY— R, and assume A(0) = 0. Then the following upper bound holds:

(3.2) lim inf — logP(X €G)>— inf A*(z), G open in R%

n—oo N zeGNF

where F is the set of exposed points of A* with exposing hyperplane in interior(D(A)), where
D(A) ={z: A(z) < o0}.

If A is lower semicontinuous and essentially smooth (see, e.g., Definition 2.3.5 in Dembo
and Zeitouni [7]), then infyegnr A*(z) = infyeq A*(z) for all G open, and A* is a good rate
function.

Proof. The upper bound (3.1) for compact set F' has been shown in Theorem 1.2 of
Zabell [22] for more general case. Under the condition 0 € interior(D(A)), the exponential
tightness follows (see, e.g., the proof on pages 48-49 of [7]).

We prove the lower bound (3.2) by highlighting the new ingredients needed to modify [7].
For each y € F and n € interior(D(A)) the exposing hyperplane for y, by the limsup inequality
of A, to A, there exists 1, — n such that A, (n,) < co. We define a new probability measure

Using the liminf inequality of A, to A, then, as in [7],

lim lim inf — logP(X € B(y,9)) > —A"(y) + lim liminf — log,un(B(y,&)).

d—0 n—=oo n J—0+ n—oo

Now let A(-) = A(- +n) — A(5). Then A(0) = 0 and 0 € interior(D(A)). Let

ot = L [ i),

Then A, L A. The rest of the proof follows verbatim that in [7], concluding that

lim inf — log,un(B(y,é)) =0.

n—oo

Hence (3.2) follows. [ |

REFERENCES

[1] C. ALBANESE AND S. LAWI, Laplace transforms for integrals of Markov processes, Markov Process. Related
Fields, 11 (2005), pp. 677-724.

[2] L. ANDERSEN AND V. V. PITERBARG, Moment explosions in stochastic volatility models, Finance Stoch.,

1 (2007), pp. 29-50.

[3] M. AVELLANEDA, D. BOYER-OLSON, J. BUSCA, AND P. FRiz, Reconstructing the smile, Risk Magazine,
October (2002).

[4] M. AVELLANEDA, D. BOYER-OLSON, J. Busca, AND P. FRriz, Application of large deviation methods to
the pricing of index options in finance, C. R. Math. Acad. Sci. Paris, 336 (2003), pp. 263—266.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/01/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ASYMPTOTICS FOR A FAST MEAN-REVERTING HESTON MODEL 141

5]

H. BERESTYCKI, J. Busca, AND I. FLORENT, Asymptotics and calibration of local volatility models,
Quant. Finance, 2 (2002), pp. 61-69.

H. BERESTYCKI, J. BUscA, AND 1. FLORENT, Computing the implied volatility in stochastic volatility
models, Comm. Pure Appl. Math., 57 (2004), pp. 1352-1373.

A. DEMBO AND O. ZEITOUNI, Large Deviation Techniques and Applications, 2nd ed., Springer, New York,
1998.

D. DurFIE, J. PAN, AND K. SINGLETON, Transform analysis and asset pricing for affine jump diffusions,
Econometrica, 68 (2000), pp. 1343-1376.

M. FORDE, Small-time asymptotics for implied volatility under the Heston model, Int. J. Theor. Appl.
Finance, 12 (2009), pp. 861-876.

J.-P. FouQuE, G. PApANICOLAOU, AND R. K. SIRCAR, Derivatives in Financial Markets with Stochastic
Volatility, Cambridge University Press, Cambridge, UK, 2000.

J.-P. FOuQuE, G. PApPANICOLAOU, R. SIRCAR, AND K. SOLNA, Multiscale stochastic volatility asymp-
totics, Multiscale Model. Simul., 2 (2003), pp. 22-42.

J. GATHERAL, The Volatility Surface: A Practitioner’s Guide, Wiley, New York, 2006.

P. S. Hacan, D. KuMAR, A. S. LESNIEWSKI, AND D. E. WOODWARD, Managing smile risk, Willmott
Magazine, September (2002), pp. 84-108.

P. HENRY-LABORDERE, A general asymptotic implied volatility for stochastic volatility models, in Pro-
ceedings “Petit déjeuner de la Finance,” 2005; also available online from http://ssrn.com/abstract=
698601.

P. HENRY-LABORDERE, Combining the SABR and LVM models, Risk Magazine, October (2007).

T. R. HURD AND A. KUzNETSOV, Ezplicit formulas for Laplace transforms of stochastic integrals, Markov
Process. Related Fields, 14 (2008), pp. 277-290.

D. LAMBERTON AND B. LAPEYRE, Introduction to Stochastic Calculus Applied to Finance, Chapman &
Hall, London, 1996.

A. LEwis, Option Valuation under Stochastic Volatility, Finance Press, Orange County, CA, 2000; also
available online from http://www.optioncity.net/publications.htm.

B. LEBARON, Stochastic volatility as a simple generator of apparent financial power laws and long memory,
Quant. Finance, 1 (2001), pp. 621-631.

J. PERELLO, J. MASOLIVER, AND J.-PH. BOUCHAUD, Multiple Time Scales in Volatility and Leverage
Correlations: An Stochastic Volatility Model, http://ssrn.com/abstract=381780 (2003).

D. WILLIAMS, Probability with Martingales, Cambridge University Press, Cambridge, UK, 1991.

S. L. ZABELL, Mosco convergence and large deviations, in Probability in Banach Spaces, 8 (Brunswick,
ME, 1991), Progr. Probab. 30, R. M. Dudley, M. G. Hahn, and J. Kuelbs, eds., Birkhduser Boston,
Boston, MA, 1992, pp. 245-252.

J. Zuu AND M. AVELLANEDA, A risk-neutral stochastic volatility model, Int. J. Theor. Appl. Finance, 1
(1997), pp. 289-310.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


http://ssrn.com/abstract=698601
http://ssrn.com/abstract=698601
http://www.optioncity.net/publications.htm
http://ssrn.com/abstract=381780

