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Abstract. Every 3-graph in which no four vertices are independent and no four vertices span
precisely three edges must have edge density > 4/9(1 — o(1)). This bound is tight. The proof is a
rather elaborate application of Cauchy—Schwarz-type arguments presented in the framework of flag
algebras. We include further demonstrations of this method by re-proving a few known tight results
about hypergraph Turédn densities and significantly improving numerical bounds for several problems
for which the exact value is not known yet.
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1. Introduction. In the classical paper [14], Mantel determined the minimal
number of edges a graph G must have so that every three vertices span at least one
edge. This minimum is attained if we take an almost balanced function x : V(G) —
{0,1} and let E(G) consist of all x-monochromatic edges. In the paper [25] (that
essentially started off the field of extremal combinatorics), Turdn generalized Mantel’s
result to independent sets of arbitrary size. He also asked if similar generalizations
can be obtained for hypergraphs, and these questions became notoriously known ever
since as one of the most difficult open problems in discrete mathematics. But they
also became pivotal for its development.

To be more specific (many more details can be found in the survey [24]), let I} be
the empty r-uniform hypergraph (r-graph in what follows) on ¢ vertices. For r-graphs
Hy, ..., Hp, we let

e . min ;H 7~'~7H
Toin(H1, - Hy) % lim & (n; Hy n)

n 9
n—o0 (T)
where exmin(n; H1, ..., Hy) is the minimal possible number of edges in an n-vertex
r-graph not containing any of Hi, ..., Hp as an induced subgraph.

Remark 1. The standard Turdn density w(H,...,Hp) is defined analogously,
with the differences that we are looking for the mazimal number of edges, and that
we forbid all copies of Hy,..., Hp, not necessarily induced. In general, we only have
the relation

7T(H1,...,Hh) S 1 _ﬁmin(le--aHh),

where H; is the r-graph complementary to H;. But when the family {Hi, ..., Hy} is
closed under edge deletion, the difference between induced and noninduced becomes
inessential, and, in particular, we have

m(K7) =1 = mmin(1}),
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3-HYPERGRAPHS WITH FORBIDDEN CONFIGURATIONS 947

where K is the complete r-graph on £ vertices. In any case, we prefer the treatment
in complementary terms as it is more consistent with some of the relevant literature
and makes constructions look slightly neater.

We still do not know mmin (I7) (not even to mention the exact value of expin (1; I7))
for any pair £ > r > 3, although plausible conjectures do exist [24]. The simplest un-
resolved case that has also received the most attention is r = 3, £ = 4. Turdn himself
proved that mmin(I3) < 4/9 and conjectured that this is actually the right value. His
construction goes as follows: fix an almost balanced function x : V(H) — Z3, and
let E(H) consist of all those triples e C V(H) for which one of the following is true:

1. e is y-monochromatic;
2. there exists a € Zs such that x|. takes on the value a two times, and the
value a + 1 one time.

Brown [4] found another example attaining the edge density 4/9, and Kostochka
[12] significantly generalized both these constructions by presenting a “continuous”
series of examples witnessing the inequality mmin(I5) < 4/9. These are all currently
known “asympotically different” constructions achieving the edge density 4/9 (or, in
terms of flag algebras, all different homomorphisms ¢ € Hom™ (A%, R) with ¢(p) =
4/9).

Fon-der-Flaass [8] offered a very instructive interpretation of Kostochka’s exam-
ples. More precisely, he showed how to convert any simple digraph with no induced
Cy into a 3-graph with no induced I3; Kostochka’s examples can all be constructed in
this way from rather simple digraphs. References [6], Giraud (unpublished), and [7]
proved increasingly stronger lower bounds on 7y, (I3), with the current (to the best
of our knowledge) record

— V17
(1) Tomin(I3) > %— > 0.406407

held by [7].

Let G; be the uniquely defined 3-graph on 4 vertices with ¢ edges. An easy
inspection of Turdn’s construction reveals that besides I} (which is Gy) it also misses
G3 as an induced subgraph. Therefore, that construction also proves mmin (/] ff, Gs) <
4/9. The main result of this paper is that this bound is actually tight.

THEOREM 1. mmin(I3,G3) = 4/9. Or, in complementary terms, every 3-graph
on n vertices that does not contain complete subgraphs on 4-vertices, and in which no
4 wertices span ezactly one edge, must have < (3)(3 + o(1)) edges.

Our proof is the second application of the formalism of flag algebras developed
in [22], but this time we exploit features of this framework quite different from those
exploited in the first application [23]. In fact, we simply apply a Cauchy—Schwarz
argument (aka semidefinite method) similar to those that were many times applied in
this area in the past. However, the mathematical structure inherent in the theory of
flag algebras allowed us to computerize the search for “right” relations using Maple
and the CSDP package for semidefinite programming [3]. As the reader will hope-
fully be convinced below, this has endowed us with capabilities (in terms of the sheer
amount of routine work that becomes feasible) which can hardly be attained with any
non-systematic approach. And we would like to specifically acknowledge here the ear-
lier paper by Bondy [2] devoted to similar goals in the context of a different problem.

Finally, we applied the same semidefinite program to Turan’s original problem,
and our numerical computations suggest the following improvement of (1):

(2) Tmin(I3) > 0.438334.
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Ty 8

Regular 3-graphs

OOSh

Fra. 1. Admissible 3-graphs on 5 vertices.

We, however, did not feel motivated enough (there are 964 nonisomorphic 3-graphs
on 6 vertices without induced I}!) to try to convert this floating-point computation
into a rigorous mathematical proof.

The rest of the paper is organized as follows. In section 2 we recall the small frag-
ment of the theory of flag algebras that is needed for our purposes (mostly notational
system; in this paper we do not need its more sophisticated parts). Our account is
specialized to the concrete first-order theory (of 3-graphs without induced Gy or Gjs),
and we give plenty of examples as we go along. Section 3 contains the proof of our
main result. We deliberately present it first in the form of an ad hoc computation in
flag algebras. For a (loose) description of the heuristical process and some mathemat-
ics behind these calculations that might be useful in other situations, the interested
reader is referred to section 4. We finish with a few concluding remarks in section 5.

2. Flag algebras. We call a 3-graph admissible if it does not contain induced
copies of Gy or i3 (recall that G; is the 3-graph on 4 vertices with i edges). Let H,
be the set of all admissible 3-graphs on ¢ vertices considered up to an isomorphism.

‘Hs consists of two elements: an edge and the empty 3-graph. We will denote the
first of them (the edge) by p.

H4 = {Gl, GQ, G4}

Hs has 9 elements. We depict them on Figure 1 using the following convenient

notation from [7]: a 3-graph on [5] dof {1,2,...,5} corresponds to the ordinary graph
with the same vertex set [5] in which e € [5]? is an edge if and only if {1,2,...,5}\eisa
(hyper)edge of the original 3-graph. This creates one-to-one correspondence between
Hs and the set of (ordinary) graphs on 5 vertices without vertices of degree 0 or
3 shown on Figure 1. The five 3-graphs in the shaded area will be called regular;
these are precisely those that actually appear in Turdn’s construction as an induced
subgraph.

|He| = 34. Since we do not know of any reasonable way to draw complicated
3-graphs, we list the elements of Hg in Table 1 by their edge sets. The eight regular
3-graphs are listed first and denoted in bold.

A type is a totally labeled admissible 3-graph o, i.e., an admissible 3-graph o with
V(o) = [k] for some k > 0 called the size of o and denoted by |o]|.
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TABLE 1
Admissible 3-graphs on 6 vertices.

(1,2, 3), (1, 25), (1,2 6), (1, 3, 5), (1, 3, 6), (1, 5, 6), (2, 3, 5), (2,3, 6), (2, 5, 6), (3,5, 6)
(1,2,3),(1,4,5), (1,4, 6), (1, 5, 6), (2, 4, 5), (2, 4, 6), (2, 5, 6), (3,4, 5), (3,4, 6), (3, 5, 6),

(1, 2, 3), (1, 2, 5), (1, 2, 6), (1, 3, 6), (1,5, 6), (2,3, 6), (2,5, 6), (3,4, 5)
(4, 5, 6)

(1, 2, 3), (1, 2, 5), (1, 3, 5), (1, 4, 6), (2, 3,5), (2, 4, 6), (3, 4, 6), (4, 5, 6)

(1, 2, 3), (1, 2, 5), (1, 2, 6), (3, 4,5), (3,4, 6), (3,5, 6), (4,5, 6)

(1,2,3),(1,25), (1,4,6), (2,4, 6), (3,4 5), (3, 5, 6)

1.2.3). (L 25) (1.2.6).(L.36). (2.3.6). (3. 4

)

, (4,5, 6

5)

3, 4, 5)

(1, 2, 3), (1, 2, 5), (1, 3, 6), (1, 4, 6), (2,4, 6), (2,5, 6),

, (3,4, 6)
(4, 5, 6)

)

5), (4,5, 6)

s

(1,2,3), (1,2,5), (1,2,6), (1,3,6), (1,4,5), (1, 5,06), (2,3,0), (2.4, 06), (2. 5,06), (3. 4 5)
(1,2,3), (1,2,5), (1,2,6), (1,3,6), (1,4,5), (1, 5,6), (2 3,06), (2. 5,06), (3. 4,5), (3, 4, 6)
(1,2,3), (1,2,5), (1,2,6), (1,3,6), (1,4,5), (2,3,6), (3, 4,5), (3. 4, 6), (3,5, 6), (4, 5, 6)
(1,2,3),(1,26), (1,36), (1,4,5), (1,4,6), (1, 5, 6), (2,3, 6), (2,4, 5), (3,4, 5), (4,5, 6)
(1,2,3),1,24,1,35), (1,4,6), (1,5,6), (2,3, 6), (2,4, 5), (2,5, 6), (3,4, 5), (3, 4, 6)
(1,2,3),(1,25), (1,26), (1, 3, 5), (1, 3, 6), (1, 4, 6), (1, 5, 6), (2, 3, 5), (2, 3, 6), (2, 5, 6),

(3, 5, 6)
(1,2,3),(1,25), (1,2 6), (1, 3, 6), (1, 4, 5), (1, 4, 6), (1, 5, 6), (2, 3, 6), (2, 5, 6), (3, 4, 5),

(4,5, 6)
(1,2,3),(1,2,5), (1, 2,6), (1, 3, 5), (1, 3, 6), (1, 4, 5), (1, 5, 6), (2, 3, 5), (2, 3, 6), (2, 4, 6),

(2, 5, 6), (3,5, 6)
(1,2,3),(1,2,4), (1, 2,6), (1, 3, 5), (1, 3, 6), (1, 4, 6), (1, 5, 6), (2, 3, 6), (2,4, 5), (2, 4, 6),

(3, 4,5), (3,5, 6)
(1,2,3),(1,2,4),(1,25), (1, 2,6), (1, 3, 5), (1, 4, 6), (2, 3,5), (2, 4, 6), (3,4, 5), (3, 4, 6),

(1, 2,3), (1, 2, 5), (1, 2, 6), (1, 3, 6), (1, 4, 6), (1, 5, 6), (2, 3, 6), (2, 5, 6), (3, 4, 5)
(3, 5, 6), (4, 5, 6)

(1,2,3),(1,25) (1,2 6), (1,3 6), (1, 5, 6), (2,3, 6), (2,5,6), (3,4, 5), (3,4, 6)
(1,2,3),(1,25) (1,2 6), (1,3, 6), (2,3, 6), (3, 4,5), (3,4, 6), (3,5, 6), (4,5, 6)
(1,2,3),1,25), (1,2 6), (1,3, 6), (1, 4,5), (2,3, 6), (2,4, 6), (3,4, 5), (3,5, 6)
(1,2,3),1,25) (1,2 6), (1,3, 6), (1, 4, 5), (2,3, 6), (2,4, 6), (3,4, 5), (4,5, 6)
(1, 2, 3), (1, 2, 5), (1, 3, 6), (1, 4, 5), (1, 4, 6), (2, 4, 6), (2, 5, 6), (3,4, 5), (3,5, 6)

(1,2,3),(1,25), (1,3 6), (1, 4,6), (2,4, 6), (3, 4,5), (3,5, 6)
1,2,3),(1,25),(1,3,6), (1, 46), (2,4,6), (2,5, 6), (3,4, 5), (3,5, 6)

(1,2,3), (1,2,5), (1,2 6), 1, 3,6), (1,4,6), (2,3,6), (3, 4

(1,2,3),(1,2,5), (1,3,6), (1,4,5), (2,4,6), (2,5,6), (3,4, 5
(1,2,3),(1,2,5), (1,2,6), (1, 4 6), (3,4,5), (3,4, 6), (3,5, 6),

Hy
H>
Hs
Hy
Hs
He

[Name [ Edge set

Hy

Hiyo

Hi
Hia
His
Hiq
His
Hiz
His
Hig
Hazo
Hay
Hao
Hos
Hoy
Hss
Hse
Har
Hosg
Hag
Hso
Hsz1
Hso

iy

Fi1a. 2. Types.

For k = 0,1, 2, there is only one type of size k that will be denoted simply by k.

Except for these trivial types, we will need only two types of size 4 that are based

upon G1,Go and called 71, 79, respectively (Figure 2).

(H,0), where H is an admissible

3-graph and 6 : [k] — V(H) is an injective function defining an induced embedding

For a type o of size k, a o-flag is a pair F
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4 4 4 2 3
3/\ 2/\ 1/\ 1/\3 1/\2
*— *—o *—o *—o *—o

1 2 1 3 2 3 4 4
T1 T1 T1 T1 T1
F F F F] F
1 1 4 3 2
2/\3 2.&3 1 2 4 3 1
*— *—o
4 4 2 3 1 1
T1 T1 T1 T1 T1
Fy F; Fy Fy Fy
3 2 1 1 3
1 4 1 4 3(74 2(74 4 2
2 3 2 3 1
T1 T1 T1 T1 T1
Fij Fi3 Fi3 Fij Fis
3 2
4 14 1
2 3
T1 T1
Fs Fi;
Fic. 3. F7*.

of o into H. F7 is the set of all o-flags up to an isomorphism, and FJ C F? is the
set of all o-flags on /¢ vertices.

For any o, F7, consists of the only element (o,id), where id : ¢ — o is the
identity mapping. This special flag is denoted by 1, or simply by 1 when o is clear
from the context.

FP is simply H,.

F1 consists of two elements: an edge and an independent set on 3 vertices, with
one distinguished vertex each. We will denote the edge with one distinguished vertex
by e.

|72t = 17 and |F32| = 15. These flags are shown (using the same convention as
on Figure 1) on Figures 3 and 4; a flag is called regular (and placed in the shaded
area) iff its underlying admissible 3-graph is so.

Given F' = (H,0) € F{ and Fy € F7 with {1 </, the (key) quantity p(F1, F') €
[0,1] is defined as follows [22, Definition 1]. We choose in V(H) uniformly at random
a subset V7 of size ¢; containing im(#) and let p(Fy, F') be the probability that the
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3 4
3/\4 3A4 1 2 2(7 2(7
*— *—o
1 4 1 3

1 2 1 2 3 4
T2 T2 T2 T2 T2
Fi F, Fy Fy Fy
3 4
1(7 1(7 3(74 4(73 |
2 4 2 3 1 2 1 2 1 3
T2 T2 T2 T2 T2
Fy F; Fy Fy F5
3 4
2@ 4§3 BQZL Bﬁ |
1 4 1 2 1 2 1 2 1 2
T2 T2 T2 T T2
Fi Fi3 Fi3 Fi} Fis
Fic. 4. F72.

induced o-flag F|y, is isomorphic to Fy. The “chain rule” [22, Lemma 2.2] says that
whenever /1 < ¢ </, we have the identity

(3) p(Fi.F)= Y p(F, F)p(F.F).
ﬁerg

We consider the space RF of formal finite linear combinations of o-flags with
real coefficients; the elements f = > = azF should be thought of as “flag parameters”

mapping sufficiently large flags F' to p(f, F) et 2o aﬁp(ﬁ', F). Identities (3) then
suggest that it is natural to factor RF? by the subspace K7 of “identically zero flag
parameters” generated by all elements of the form

(4) Fl_ Zp(Flaﬁ‘)ﬁv
FeFg

where Fy € F7 with (1 < ?; denote RF?/K? by A?. We also let A7 be the subspace
in A7 generated by F7. A7 is naturally endowed with the structure of a commutative
associative algebra [22, Lemma 2.4]. We will give the exact recipe for computing Fy F5
only in conjunction with the averaging operator below, but the intuition behind this
definition is that although the flag parameter F' — p(Fy, F') - p(Fs, F') is in general
different from F' +— p(Fy - Fy, F), this difference becomes negligible when the size
of F grows to infinity [22, Lemma 2.3]. Therefore, the “idealized” function F
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p(F, 13) for “very large” F should be expected to represent an algebra homomorphism
¢ € Hom(A%,R). Taking into account also the non-negativity property p(F, F) > 0,
denote

4f £ % € Hom(A%,R) |VF € F7 $(F) > 0}.

Hom™ (A7, R)

Then it turns out that our intuition pays off and this object indeed captures

all asymptotically true relations in extremal combinatorics. Referring the interested
reader to [22, Corollary 3.4] for full details, in our particular situation we have

(5) 71—min(-[437 G3) = (b(p)

min
¢€Hom™ (A° R)

The linear operator [-], : A7 — A° [22, Section 2.2] corresponds to averaging.
In order to understand its intuitive meaning, let f € A%, and let H be a sufficiently
large admissible 3-graph. Generate a random injective mapping 6 from [k] to V(H)
uniformly at random, and compute the expected value of p(f, (H,0)), where we let
p(f,(H,8)) 41 0if @ does not define an embedding of o into H. Then the characteristic
property of the element [f], € A" is that this expectation must be equal to p([f]s, H)
for any (sufficiently large) H.

After this little bit of theory, let us look at the computational aspect. For F; €
Fg, F» € F7, the element [F1F>]o is computed as follows. Fix an arbitrary £ >
01 + £ — |o| (the relations (4) will ensure that the final result does not depend on
¢; see the example below) and let [FiFy]. fof > men, @ H, where non-negative
coefficients ay are computed as follows. Choose uniformly at random an injective
mapping 0 : [k] — V(H) and two subsets V1, Va C V(H) of sizes {1, {2, respectively,
subject to the only restriction V3 N Vo = im(f). Then ay is the probability that 6
defines an embedding of ¢ into H and o-flags (H|v,,0), (H|v,,80) are isomorphic to
Fy, Fy, respectively.

As an example, let us compute [(e—4/9)(1—e)]; (this element will really be used
in our proof). First,

[(e —4/9)(1 —e)]1 = [-4/9+ 13/9e — €?]; = —% + 1—93p — [€*]s.

Now we will express this element as a linear combination of hypergraphs in Hg. By
4), 1= Zfil H; and p = Zfil a; H;, where «; is the edge density of H;. And by
the above description, [e?]; = % Zfil a;H;, where a; is the number of unordered
pairs {e1,e2} C E(H;) with |e; Ney| = 1. The result of this computation is shown in
Table 2; the interested reader may readily check that we will arrive at the same result
if we first express [(e — 4/9)(1 — e)]1 as a linear combination of elements of H5 and
then lift this expression to Hg using relations (4).

For f,g € A%, we abbreviate V¢ € Hom™ (A%, R)(¢(f) > ¢(g)) to f > g. Thisis a
partial preorder on A°, and we need to prove that p > 4/9. What we know [22, pages
1259-1260] is that [f?], > 0 for every type o and every f € A?. This immediately
implies that

(6) [[Q(f1,~-~,fr)]]0207

where f1,..., fr € A% and @ is an arbitrary positive semidefinite quadratic form.
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TABLE 2

[(e =4/9)(1 — )1

[ Name | p | [ | [e=4/90 - [ Name | p [ [ | [e—4/90 -1 |

H, 3/10 | 2/15 —13/90 His | 9/20 | 8/45 1/36
H, 7720 | 1/10 —7/180 Hio | 9/20 | 1/6 7/180
H; 2/5 | 2/15 0 Hao | 9/20 | 19/90 —1/180
H, 2/5 | 2/15 0 Hor | 9/20 | 1/5 1/180
Hs 1/2 1/6 1/9 Hay | 9/20 | 4/15 —11/180
Hs | 11/20 | 3/10 1/20 Haz 1/2 | 11/45 1/30
Hy 4/5 3/5 1/9 Hoy 1/2 | 7/30 2/45
Hg 1 1 0 Hos 1/2 2/9 1/18
Hy | 7/20 | 1/9 —~1/20 Hag 1/2 2/9 1/18
Hiyo | 7/20 | 1/6 —19/180 Har 12 /3 —1/18
Hy, | 7/20 | 1/6 —19/180 Hos | 11/20 | 7/30 7/60
Hia 2/5 | 7/45 ~1/45 Hao | 11/20 | 5/18 13/180
His 2/5 1/5 ~1/15 Hso | 3/5 | 14/45 179
Hys | 2/5 | 13/90 —~1/90 Hy: 3/5 | 16/45 1/15
His 2/5 | 19/90 —7/90 Hz2 | 3/5 1/3 4/45
Hie 2/5 | 7/45 —1/45 Hss | 13/20 | 11/30 23/180
Hy; | 9/20 | 17/90 1/60 Hzs | 7/10 | 7/15 1/10

3. Proof of Theorem 1. The upper bound mmin(13,G3) < 4/9 is provided by
Turdn’s construction, so we only have to prove the opposite inequality mmin (I3, G3) >
4/9 or, in our terminology, that p > 4/9.

First note that

(M Le—4/90 -l = 3 — /911 — [le — 4/97Ts Suy 0 300 — 4/9);

therefore, it is sufficient to prove that [(e —4/9)(1 —e)]1 > 0. And, again due to (6),
it is sufficient to exhibit positive definite quadratic forms Q1(f1,..., f1) (fi € A:')
and Q2(9g0,91,---,95) (g; € AZ?) such that

(8) II(e - 4/9)(1 - 6)]]1 > [[Ql(fla .. '7f4)ﬂ7’1 T IIQQ(gOa BRI 795)]]7’2'

As promised in the Introduction, here we present the bare result, deferring a little bit
of intuition to the next section.
We let (cf. Figure 3)
def

fL S (FD 4 B+ F) — (F) + I+ F);
fo (P + FJ? + FJ*) + 2F] — F";
14
def T
f3 = Z Fi '
=9
dof 17
f4 :e Z FZ‘Tl'
1=15

The quadratic form @ is represented by the matrix

32 —4 —22 25

def 1 | =4 16 1 =131

VT og 22 1 1r -1t
25 —13 —17 27

its minimal eigenvalue is 0.01417... (note that the estimates on the eigenvalues of
M, and Ms are the only floating point parts of the entire proof).
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Q2 has the form 2g3+QF (g1, .., g5). The element gy is computed as ZFEJTSQ apF,
where ap is the number of edges in F' among {(1,3,v),(2,4,v)} minus the num-
ber of edges among {(1,4,v),(2,3,v)} (v is the only unlabeled vertex in F'). Thus,
go=—F?+F? + F? — F/> +2FJ* — 2F* + 2F¢ — 2F[#; the reader better familiar
with the language from [22] should also notice that go = 3. icqi.2y (—1)"Fimm2[03] (e*),

j€{s.4}
where e* € F7 is an edge with two distinguished vertices. But we do not need this

interpretation here.
Next,
o = FP - B

def 17y T2,
ge = Fl —F3 3

7
def .
gs = E Fy;
1=4

g1 = FJ 4 FJ;

95 < Fl3 + F3,
and Q7 is represented by the symmetric matrix

64 —20 6 —42 44
20 100 25 —a -9

MY — | 6 25 28 —55 -1
24| 49 41 —55 131 —18

44 —19 -1 —18 33

with the minimal eigenvalue 0.0325... .

The inequality (8) is checked by representing both sides in the form Z?il a;H; (H;
€ Hg) and comparing coefficients a;; our final Table 3 (in which the first column is
copied from Table 1) represents intermediate steps in this computation.

This completes the proof of Theorem 1.

4. Some reflections. Although the proof of Theorem 1 was mostly done on a
computer, still there are a few important mathematical principles that have simplified
both this work and the subsequent process of writing down its results. Like virtually
anything in the theory of flag algebras, these principles are nothing else but a some-
what cleaned and mathematically structured form of certain intuition well known in
the field.

Given a type o, let T, be its group of automorphisms (for example, I';, = S5 and
I, = Zo ® Zs). Then I', naturally acts on A% (by relabeling flags). This gives us a
decomposition of A% as a I',-module in the form

A7 = AT o AT,
where A% consists of all I',-invariant elements, and A%~ def {feA?| X cr 1 f=
0}. Tt is easy to see that [A>" A%~ ], = 0. Hence in any application of the Cauchy—
Schwarz method, we may always assume that the quadratic form @ in (6) is split into
the sum of its invariant part Q" (A% ") and “anti-invariant” part @~ (A%~). This
observation alone greatly reduces the dimension of the search space. In our example,
Q1 and QF are invariant, and g2 is anti-invariant.
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TABLE 3
Final computation.

[Name[[e = 4/9)(1 — OL[[R3],] (@i, [ [Qal, [Ie— /90 — ol — 31931, — (@7, — [Qalry)

H; —13/90 0 —7/30 1/45 0
H, —7/180 0 1/45 | —11/180 0
Hs 0 0 1/36 —1/36 0
Ha 0 0 —8/45 8/45 0
H, 1/9 0 /9 0 0
Hg 1/20 0 2/15 —1/12 0
Hy 1/9 0 0 1/9 0
Hs 0 0 0 0 0
Ho —1/20 0 | —77/720 | 19/360 17240
Hio —19/180 —1/30] —1/48 | —11/144 1/120
Hi, —19/180 —1/15] —9/160 | —1/30 5/288
His —1/45 1/45 |—103/14404]—19/2160 203/4320
His —1/15 —1/10] 17/240 | —41/360 19/720
Hi, —1/90 2/45 | —131/1440 | 73/2160 103/4320
His —7/90 —1/5 1740 —1/40 1/45
Hie —1/45 0 —1/360 | —1/45 1/360
Hiz 1760 0 1/15 | —23/432 7/2160
His 1/36 1/90 | 11/288 | —13/360 29/1440
Hio 7/180 0 —1/40 | 11/360 1/30
Hao —1/180 1/30 | 17/1440 | —7/180 7/1440
Ha, 1/180 4/45 | —23/480 | —7/1080 67/4320
Has —11/180 —3/5| 17/430 0 149/1440
Has 1730 1/90 | —1/48 |—43/1080 191/2160
Haa 2/45 2/45 | 1/144 | —43/1080 119/2160
Has 1/18 2/45 | —17/360 | 41/540 1/216
Hae 1/18 0 | —13/180 | 4/135 53/540
Har —1/18 —2/3 0 0 5/18
Has 7/60 0 a7/720 | 117240 1/180
Hao 13/180 0 | —17/1440 | 17/720 29/430
Hao 1/9 0 3/40 11/360 1/180
Ha1 1/15 2/45 0 0 2/15
Has 1/45 0 0 0 1/45
Has 23/180 0 9/160 19/360 3/160
Ha, 1/10 0 0 0 1/10

In order to reduce the dimension even further, suppose that our problem comes

equipped with a set ® C Hom™ (A, R) of “conjectured extremal homomorphisms” (in
our case consisting of the single homomorphism ¢ corresponding to Turan’s construc-
tion). Denote by A? the ideal in A? consisting of all relations that are “identically

true” on all ¢ € . For |o| > 0 this is rigorously defined (using the apparatus from

22, Section 3.2]) as A% ' {f € A7 | V¢ € B(¢(0) > 0 => P[¢p”(f) =0] = 1)}, but

in every individual case this should be intuitively clear. These ideals behave well
w.r.t. various operations on flag algebras; for example, [A], C A°. Then, since the
desired semidefinite relation like (8) should have no slackness when it is evaluated by
any extremal ¢ € ¥, the quadratic forms () must also be supported on the ideals A7.
And since the ideal A? itself is a I',-submodule, this observation combines well with

the one made above. Namely, A° = A% & A%~, where A%* df Ao A%* | and,
therefore, we may always additionally assume that Q7 is supported on A%+ and that
Q) is supported on A%,

Finally (as exemplified by the first eight entries in the last column of Table 3),
the inequalities we are looking for should not have any slackness on regular (meaning
dp € ®(¢(H) > 0)) models H.

In our particular setting these general principles were combined with a computer
search roughly as follows.

The choice of 7,75 comes entirely from computer experiments—the analogue of
(8) does not exist if we concentrate on 7,74 or T, 74.
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After the decision to restrict to 71, 72 has been made, the right-hand side of (8) will
necessarily vanish on the (regular!) complete 3-graph Hg, and, by the third principle,
so must the left-hand side. Introducing the term (1 — e) into it is the simplest way to
make it happen.

The choice of gy and the decision to avoid the anti-invariant part Q7™ ~ again
completely belongs to the computer.

AY contains all singular o-flags by definition. The remaining (regular) part of
AT is generated by fi, f2, and the regular part of A™7T is generated by g1, ¢gs.
Therefore, both [(AI**)2],, and [(AZ2F)2],, (AT* €° A% 0 A7) have dimension
< 3 modulo the ideal AY C AY generated by singular admissible 3-graphs. It turns
out that these subspaces have dimension exactly 3 each, and that moreover they are
in general position mod AY. This completely determines the upper left (2 x 2) minors
in the matrices My, Ms, since, once more, (8) must turn into an equality mod AY.

The rest of the proof entirely belongs to the computer; in particular, all other
entries in M7, M5 are simply sufficiently close rational approximations to the outcome
of a numerical SDP computation.

5. Conclusion and open problems. It immediately follows from definitions
that f > 0 (f € A?) implies that for any e > 0 there exists £ > 0 such that all the
coefficients in the expansion

(f+e) =Y p(f+eF)F
FeFy
are positive and, thus, inequality f > —e possesses a trivial proof in any reasonable
sense. The complexity of this straightforward proof, however, grows when e decreases.

The most interesting (in our opinion) general open question about asymptotic
extremal combinatorics is whether any true relation f > 0 can be itself proved using
a “finite amount of manipulation with finitely many flags.” In [22, section 6] (see
also [13, Problem 17]) we tried to present several precise refinements of this question.
The current work gives one more example of an argument that can be formalized
within the weakest of these refinements [22, Question 0 on page 1280]. This also
solves Problem 19 from [13].

That would be very nice to give a purely combinatorial proof of our result, e.g.,
by finding an inequality like (8) with a combinatorial (as opposed to brute-force)
verification algorithm.

Is Turédn’s configuration ¢7 the only element of Hom™ (A%, R) attaining the ex-
tremal value ¢(p) = 4/97 Note that since all entries in the last column of Table 3
corresponding to singular 3-graphs are strictly positive, we have also proved that any
extremal ¢ must satisfy VH € Hg(¢pr(H) = 0 = ¢(H) = 0). This makes our
uniqueness conjecture even more plausible.

And, of course, the problem of proving (or disproving) that mmin(If) = 4/9 re-
mains one of the greatest challenges in the area.

6. Recent developments.

6.1. Other papers. After this paper was disseminated, Pikhurko [21] com-
pletely proved the uniqueness conjecture stated above. In fact, his methods allowed
him to obtain a complete characterization of all extremal graphs for sufficiently large n.

Hladky, Kral’, and Norine [11] used the theory of flag algebras in their work on
the Cacceta—Haggkvist conjecture. They showed that every digraph on n vertices with
minimum outdegree 0.3465n contains an oriented triangle that significantly improves
upon all previously known bounds.
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TABLE 4
Admissible 3-graphs on 7 vertices.

[Name[Edge set

H: [(L 2 3), (L 2 4, (L 2 5), (L2, 6), (12, 7), (1, 3, 3, (1. 3,5), (L £ 6), (L, 5, 7), (L, 6, 7).
(2,3, 4), (2.8,5), (2, 4,6), (2,5, 7). (2, 6, 7). (3, 4, 7). (3. 5, 6). (3, 6, 7). (4, 5., 6). (4, 5, 7)

Hy [(1,2.3), (L, 2, 4), (1, 2, 5), (L, 2, 6), (1, 3, 4), (1, 3, 5), (1, 3, 7), (1, 4, 6), (L, 5, 7), (2, 3, 4);
(2,3, 5), (2,4,6), (2,4, 7), (2,6, 7), (3,5,6), (3,5, 7), (3,6, 7), (4, 5, 6), (4,5, 7), (4, 6, 7),
(5, 6, 7)

Hs (1, 2,3), (1, 2, 4), (1, 2, 5), (1, 2, 6), (1, 2, 7), (1, 3, 4), (1, 3, 5), (1, 3, 6), (1,4, 5), (1,6, 7),
(2, 3, 4), (2,3, 5), (2,3,6), (2,4, 5), (2,6, 7), (3,4,5), (3,4, 7), (3,5, 7), (4, 5, 6), (4, 5, 7),
(4,6, 7), (56, 7)

Hy |(1,2,3), (1, 2, 4), (1, 2, 5), (1, 2, 6), (1, 2,7), (1, 3, 4), (L, 3, 5), (1, 3, 6), (1, 4, 5), (1, 4, 6),
(1,5, 7), (23, 4), (2, 3,5), (2, 3, 6), (2, 4, 5), (2, 4, 6), (2,5, 7), (3,4, 5), (3, 4, 6), (3,4, 7),
(3,6, 7), (4,6, 7), (56, 7)

Hs [(1,2,3), (L, 2, 4), (1, 2, 5), (L, 2, 6), (L, 2, 7); (L, 3, &), (L, 3, 5); (1, 3, 6), (L, 3, 7); (L, & 5,
(1,6,7), (2 3,4), (2,3,5), (2,3,6), (2,3, 7), (2,4, 5), (2,6, 7), (3,4, 5), (3,6, 7), (4, 5, 6),
(4,5, 7). (4. 6, 7). (5, 6, 7)

He [(1,2.3), (L, 2,4, (1, 2. 5), (L, 2, 6), (1, 2, 7); (1, 3, &), (L, 3, 5), (1, 3, 6), (L, 3, 7); (L, & 5,
(1,4, 6), (1,5, 7), (2, 3,4), (2, 3,5), (2, 3,6), (2,3, 7), (2, 4, 5), (2, 4, 6), (2,5, 7), (3, 4, 5),
(3,4,6), (3,5 17), (4,6, 7), (56, 7)

H7 (1, 2,3), (1, 2, 4), (1, 2, 5), (1, 2, 6), (1, 2, 7), (1, 3, 4), (L, 3, 5), (1, 3, 6), (1, 3, 7), (1, 4, 5),
(1, 4, 6), (1, 5, 6), (2, 3, 4), (2, 3, 5), (2, 3, 6), (2,3, 7), (2,4, 5), (2, 4, 6), (2, 5, 6), (3, 4, 5),
(3, 4, 6), (3,5, 6), (4,5,6), (4,5, 7), (4,6, 7), (5,6, 7)

Hs (1, 2,3), (1, 2, 4), (1, 2, 5), (1, 2, 6), (1,2, 7), (1, 3, 4), (1, 3, 5), (1, 3,6), (1,3, 7), (1,4, 5),
(1, 4, 6), (1,4, 7). (L, 5, 6), (2, 3, 4), (2,3, 5), (2, 3, 6), (2,3, 7), (2, 4 5), (2, 4, 6), (2, 4, 7),
(2,5, 6), (3,4, 5), (3,4,6), (3,4, 7), (3, 5, 6), (4, 5, 6), (5,6, 7)

Hy [(1,2,3), (1, 2, 4), (1, 2. 5), (1, 2, 6), (1, 2, 7), (1, 3, 4), (1, 3,5); (1, 3, 6); (L, 3, 7); (L, & 5,
(1, 4, 6), (1,4, 7). (1, 5,6), (1,5, 7). (2, 3, 4), (2, 3. 5), (2, 3, 6), (2, 3, 7). (2, 4, 5), (2, 4, 6),
(2,4, 7),(2,5,6), (2,5 7),(3,4,5), (3,4, 6), (3,4, 7), (3,5, 6), (3,5, 7), (4, 5,6), (4,5, 7)

Hio [(L 2,3), (1, 2, 4), (1, 2,5), (L, 2, 6), (1, 2, 7). (L 3, 4), (1, 3, 5), (L. 3, 6), (L, 3, 7), (L, 4, 5);
(1, 4, 6), (1,4, 7), (1, 5, 6), (1,5, 7), (1,6, 7), (2, 3, 4), (2, 3,5), (2,3, 6), (2,3,7), (2, 4, 5),
(2,4,6),(2,4,7),(2,5,6), (2,5, 7), (2,6, 7), (3, 4,5), (3,4, 6), (3,4, 7), (3, 5,6), (3,5, 7),
(3,6, 7). (4, 5, 6), (4.5, 7), (4,6, 7). (5. 6,7)

6.2. Mubayi challenge. Dhruv Mubayi (personal communication) compiled a
list of a few other exact results, both known and new, about the density of 3-graphs
similar to the one considered in the main body of our paper. As it has turned out,
all of them can be re-proved with our method.

We utilize all our previous notation, with the exception that the notion of “ad-
missible” will depend on the context.

We also let E, N be the types of size 3 based on an edge (nonedge, respectively).
We adopt the following enumerating scheme for FJ (o € {E,N}): for S C [3],
Fg € Fy is obtained from o by adding a new vertex  with the link {[3]\ {i}|i € S}.

We let Hs; € Hs (1 < i <9) denote the ith 3-graph on Figure 1. Hs 7 will be of
particular interest to us; it will be denoted by C5 and called the pentagon.

We begin with one old result by Frankl and Fiiredi [9]. Even if the structure of
admissible graphs in this case is very restrictive, for some unclear reasons it requires
substantially more computations than the others. We include our proof for the sake
of completeness anyway, but the reader who does not want to get a wrong impression
may want to skip to Theorem 3.

THEOREM 2 (Frankl-Fiiredi). mmin(I3,G1,G3) = 13/18.

Proof. For the lower bound see the original paper [9].

There are only 10 admissible graphs on 7 vertices listed in Table 4. We have

[(e — 13/18)(1 — €)(e + 5/18)]4
1

~ 11340

(—835H,

—378Hy — 313H3 — 92H, — 300H5 — 247Hs
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01 02 g3

Fic. 5. Some types of size 5.

There are three ways to turn the pentagon Cs into an N-flag (differing only by
permuting labels), and we denote by ul(Cs) their sum; this notation is borrowed
from [22, Section 4.3]. Let

On & (1) (C5) —1/6)

then

1
[[QNHN = %(25];[1 +112Hy — 3H3 — 28H, + 12H5 — 19Hg + 9H; + 8 Hg + 5H9)

Let now o071, 02,03 be the types of size 5 obtained from 3-graphs on Figure 1 as
shown on Figure 5. Let F' € F¢' be the flag obtained from o by adding a new
vertex z with the link {(1,2),(1,3),(2,3),(1,4),(1,5), (4,5), (2,5)}. The cyclic group
Z <T,, acts on Fg' by rotating the labels around the pentagon; let def (12345) be

its generator. This gives us four more flags Fy', Fy', Fy', FY', where F} def ~LE.
We now consider the quadratic form

def
Qo 2N (F 2+ N FrFM -3 Y FOED.
1€[5] |i—j|=1 mod 5 |i—j|=2 mod 5
It is straightforward to check that @, is positive semidefinite, and

1
[Qeiloy = 557 (~21H — 12H; + 4H + 12H;).

Fg? is shown in Figure 6; the bold edge between ¢ and j corresponds to the
element (z,14,7) of the link of the newly added vertex x. We let

Qoy S (F7? + FY? — F? — B 4 250 — 2F0°);

then
1

[[Qm]]m = 315

(5H; — THy — 8Hs — 10H, + 12H — 36 Hy + 24Hs).
Fg?® is shown in Figure 7. Let
Qf, = (F —1/3)%
then

1
[QE oy = Tagg (3H + THy + 6Hs — 4Hy + 4H; — 15Hs + 6Hy — 16Hs + 40Hy).
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And finally we define

hi & FP - FYe 4 B — FJ® 4 FO® — FE9,

hy %' Fos — F73,

_ def 143,, 85 8 ,

= —hi{+ —hihs + =hs.

Qag 27 1+1812+32
Then @, is positive semidefinite, and

1
[[Q;g]]g3 = ——(—715H, — 1001Hy + 31H3 + 255H, — 288 H5 — 72H¢ + 432H7).

5670
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Finally, combining pieces together, we get
[(e — 13/18)(1 - e)(e + 5/18)];
19 49 1 3 1
= 3 [Ony + Qo Jor + 3[Q0a]o: +2[Q7,]os + [Qc,Jo + 1555

Similar to (7), p > 13/18 follows by summing this inequality with
fe(e — 13/18)2]; > 0. a

THEOREM 3 (Mubayi, unpublished). mmin(13,G1,G3,C5) = 7/9.

Proof. For the lower bound (Mubayi) fix again an almost balanced function
X : V(H) — Zs3 and add to Turdn’s example all remaining hyperedges e that are
not properly colored by x (i.e., those e for which x|. assumes twice some a € Z3, and
once the value (a — 1)).

As to the upper bound, Hs = {Hs4, Hs 5, Hs 9}, and

[(e = 7/9)(1 = e)]1 = [(1 — €")(2/3 — e")*]2 > 0,

where e* € F3 is a labeled edge. O

Since Turan’s construction does not contain induced pentagons, we still have
Tmin (I3, G3,Cs) = 4/9. The situation, however, changes if we forbid not only pen-
tagons but also all of its subgraphs (in the complementary setting of Remark 1, this
corresponds to the “hybrid” restriction in which we forbid induced copies of Gy and
all copies of G4, C5). More precisely, let 55 def {Hs,1,Hs6, Hs7}.

THEOREM 4 (Mubayi, unpublished). mmin (I3, G3, C5) = 5/9.

Proof. For the lower bound (Mubayi), let x : V(H) — Z3 have the same meaning
as before, and let E(H) consist of those e € [V (H)]? for which |e N x~1(0)] # 1.

For the upper bound, let

ho > 0.

def

f=

and f; = v*~1f1, where v = (1,2, 3) € 'y is the cyclic permutation of labeled vertices.
Then the quadratic form

N N
Fiiy = 2F 5

def

Qn =

is positive semidefinite and

BT+ 5+ 13)+ (fr+ fat f3)?

[0 - e)e —5/9) = s lQnly + 15 Hss 0.

So far our constraints always involved induced subgraphs. This is not the case in
the rest of the paper, so we switch to the dual notation 7w(Hy, ..., Hy) that is probably
more customary to many readers anyway.

THEOREM 5 (see [10]). n(Hs2) =4/9.

Proof. m(Hs2) > 4/9 is implied by the 3-graph with a 1/3,2/3 partition of the
vertices and all edges with exactly two vertices in the larger part [10].

As for the upper bound, in this case Hg consists of 426 different 3-graphs, and
we do not attempt to list all of them. We let (recall that E is the type of size 3
corresponding to an edge)

def

fir =

def

fo =

def

fs =

Fly + Fiy — Fliay — Fiap
2F(ly — Flasy

Fi 23y,
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and let the quadratic form Q(f1, fa, f3) be defined by the positive semidefinite matrix

L (57 -2 -4
M 5|26 18 6
41 6 56

Then Theorem 5 follows from

8 2 4 1 2
[e(4/9 = e)l1 = 3 HF{%} (P~ £l ﬂN +3 HF£,3} (F{LI} - §F{L§,3}) ﬂ
E

4 2
+35 |[Fﬁ} <(2F§} —2F() + F{i 5 — Fﬁ,g}) +Q(f1, f2 f3))ﬂ - 0
E

6.3. Some other computations. In this section we present, in the style of (1),
the results of a few other computations that do not achieve a tight result but still give
a significant numerical improvement over previously known bounds.

De Caen [5] proved that m(G3) < 1/3, and this was improved to 1/3 — 10719 by
Matthias [16]. Mubayi [17] showed that 7(G3) < 1/3 — (0.45305 x 10~°). Markstrém
and Talbot [15] improved this to m(Gs) < 0.3291.

This time we have 106 admissible graphs on 6 vertices, and the corresponding
semidefinite program gives

(9) 7(Gs) < 0.2978.

This should be compared with the best known upper bound
2
(10) m(Gs) > - ~ (0.2857

from [9] that is conjectured to be tight.

One of the motivations for studying w(G3) [17] was the conjecture attributed
in [9] to Erdés and Sés that 1/4 is the maximal edge density in a 3-graph in which all
links are bipartite. In these terms, 7(G3) corresponds to forbidding triangles in links.
If we also forbid cycles of length 5, that is, the 3-graph Ls def {(123), (134), (145), (156),

(162)}, then we can significantly improve (9) to
7T(G3, L5) S 0.266

(98 admissible 3-graphs on 6 vertices). Note that in combination with (10), this
implies 7T(G3, L5) < 7T(G3).

Mubayi and Rodl [19] studied 7(Gs,C5) and proved that 7(G3,Cs) < 12 <
0.3223. Our analysis on 92 admissible 3-graphs with 6 vertices shows that

7T(G3, 05) S 0.2546.

This also beats (10) and implies 7(Gs,C5) < m(Gs). It is worth noting that since
(G, Cs) < w(C5) also follows from (11) below, the pair {G3, C5} makes yet another
example of a nonprincipal pair of 3-graphs [1, 18].

Reference [15] also studied the version m2(G3) when the Gs-free 3-graph must
also be 2-colorable; that is, its vertex set can be represented as the union of two
independent sets. They showed 0.2573 < m3(G3) < 0.291.
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For our improvement of their upper bound, we look at the first-order theory (cf.
[22, section 2]) of 2-colored, as opposed to 2-colorable graphs. In other words, the
models consist of pairs (H,y), where H is a Gs-free 3-graph and x is its (explicit)
2-coloring. There are 1059 admissible models on 6 vertices, and the corresponding
semidefinite program gives

72(G3) < 0.2621.
The authors of [19] were also interested in m(C5), and they proved that
(11) 0.4641 < 2v/3 — 3 < 7(C5) < 2 — V2 < 0.586.
There exist 835 admissible 3-graphs on 6 vertices, and our calculation shows that
m(C5) < 0.4683.

This value is pretty close to the lower bound in (11) which brings about an interesting
possibility that perhaps the construction from [19] is optimal and, in fact, 7(C5) =
2v/3 — 3 is an irrational number. While such examples have been recently discovered
for 2-colorable 3-graphs [20], to the best of our knowledge they are still unknown for
3-graphs without an additional structure.

Acknowledgment. My thanks are due to Dhruv Mubayi for his permission to
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