CONVERGENCE OF THE UNIAXITAL PERFECTLY MATCHED
LAYER METHOD FOR TIME-HARMONIC SCATTERING
PROBLEMS IN TWO-LAYERED MEDIA*

ZHIMING CHENT AND WEIYING ZHENG?

Abstract. In this paper, we propose a uniaxial perfectly matched layer (PML) method for
solving the time-harmonic scattering problems in two-layered media. The exterior region of the
scatterer is divided into two half spaces by an infinite plane, on two sides of which the wave number
takes different values. We surround the computational domain where the scattering field is interested
by a PML layer with the uniaxial medium property. By imposing homogenous boundary condition
on the outer boundary of the PML layer, we show that the solution of the PML problem converges
exponentially to the solution of the original scattering problem in the computational domain as either
the PML absorbing coefficient or the thickness of the PML layer tends to infinity.

1. Introduction. We propose and study the uniaxial perfectly matched layer

(PML) method for solving Helmholtz scattering problems in two-layered media:
(1.1) Au+k*u=f in Q=R?*\D,
(1.2) u=g on I'p,
) -
(1.3) (147)"1/2 (a—“ —iku)e L*(R*\ B(Ry)).
T

Here r = |z| and f € (H'(2))" has the support inside B(Rp) = {x € R? : |z| < Ro},
where (H'(Q))" is the dual space of H'(Q), D C R? is a bounded domain with
Lipschitz boundary I'p, and g € H'/?(I'p). We assume the wave number k is positive
and piecewise constant, defined by

. ki, ifzx GR?H
(1.4) k() = { ko, ifz €RZ,

where R3 = {(z1,22) € R?: £x5 > 0}. Without loss of generality we assume in this
paper that ky > k1 > 0. We remark that the boundary condition (2)) is not essential
for our results. In fact, (2] can be replaced by other boundary conditions such as
Neumann or impedance boundary conditions on I'p. We refer to Coyle and Monk
[12] and Monk [I8] for finite element methods solving scattering problems in layered
media.

The uniqueness of the Helmholtz scattering problems with two unbounded do-
mains is established in Odeh [20] and Kristensson [I5] under the following form of
Sommerfeld radiation condition

2
ds =0,

R—oo

(1.5) lim . ‘% —iku

where I'g, is the circle of radius R. (3] is another variant of the Sommerfeld radiation
condition introduced in Roach and Zhang [22] with which the existence and uniqueness
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of solutions to the wave propagation problem with two unbounded media are proved
by the method of limiting absorption principle. We shall briefly consider the existence
and uniqueness of (LI)-(L3) based on the results in [22].

Since the work of Bérénger [2] which proposed a PML method for solving the
time dependent Maxwell equations, various constructions of PML absorbing layers
have been proposed and studied in the literature (cf. e.g. Hagstrom [13], Turkel and
Yefet [25], Teixeira and Chew [24] for the reviews). The basic idea of the PML method
is to surround the computational domain by a layer of finite thickness with specially
designed model medium that absorbs all the waves that propagate from inside the
computational domain.

The convergence of the PML method for homogeneous background materials has
drawn considerable attentions in the literature. Lassas and Somersalo [16], [17], Ho-
hage et al [14] studied the acoustic scattering problems for circular and smooth PML
layers. It is proved in [14] [16, [I7] that the PML solution converges exponentially to
the solution of the original scattering problem as the thickness of the PML layer tends
to infinity. In the practical application of PML methods, the adaptive PML method
was proposed in Chen and Wu [4] for a scattering problem by periodic structures (the
grating problem), in Chen and Liu [5] for the acoustic scattering problem, and in
Chen and Chen [3] for Maxwell scattering problems. The main idea of the adaptive
PML method is to use the a posteriori error estimate to determine the PML parame-
ters and to use the adaptive finite element method to solve the PML equations. The
adaptive PML method provides a complete numerical strategy to solve the scattering
problems in the framework of finite element which produces automatically a coarse
mesh size away from the fixed domain and thus makes the total computational costs
insensitive to the thickness of the PML absorbing layer.

The purpose of this paper is to study the convergence of the uniaxial PML
(UPML) method for the scattering problem (LI)-(L3]). The UPML method is widely
used in the engineering literatures and has the advantage over the circular PML
method in that it provides greater flexibility and efficiency to solve problems involv-
ing anisotropic scatterers. The convergence result established in this paper constitutes
an important step in studying efficient numerical methods such as adaptive UPML
method for solving scattering problems in layered media. In Chen and Wu [6] the
adaptive UPML method is proposed for Helmholtz scattering problems with constant
wave number.

Since the background materials in the upper and lower half spaces are different,
the scattering waves will change their directions at the interface ¥ = {(x1,0) : x1 € R}
and split into reflective and refractive waves on two sides of ¥. The Green function of
the scattering problem in layered media becomes very complicated. Our convergence
proof is based on the Cagniard de-Hoop transformation of the Green function and the
idea of the complex coordinate stretching. By using the integral representation of the
exterior Helmholtz equation and some elaborated estimation of the modified Green
function, we show that the solution of the UPML problem converges exponentially to
the solution of (I)—(L3)) as either the PML absorbing coefficient or the thickness of
the PML layer tends to infinity.

The layout of the paper is as follows. In section 2 we study the Green function for
the scattering problem in the two-layer media. We recall the derivation of the Green
function by the method of Fourier transform and derive an alternative form of the
Green function which is crucial for the convergence analysis by using the Cagniard-
de Hoop transformation. In section 3 we prove an integral representation of the
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exterior Helmholtz equation in two-layer media. In section 4 we introduce the UPML
formulation for (LI)-(L3) by following the method of complex coordinate stretching
in Chew and Weedon [6], Collino and Monk [10]. In section 5 we study the stability
of the Dirichlet problem of UPML equation in the PML layer. In section 6 we study
the exponential decay estimate for the modified Green function in the PML layer. In
section 7 we prove the convergence of the UPML method.

2. Green function. In this section we study the Green function for the layered
media

(2.1) A,G(z,y) + k*G(2,y) = —6,(x) in R?

where 6, (z) is the Dirac source at y € R? or y € R?. We will first derive the formula
for the Green function by using the method of Fourier transform and the Sommerfeld
Integral Path. Next we will use the Cagniard-de Hoop transform to obtain a new
formula for the Green function which will be crucial for us to prove the exponential
decay of the PML extension in Section 6.

2.1. The method of Fourier transform. We first consider the case y € Ri,
that is, yo > 0. Let

~ 1 oo .
G(& w2) = \/ﬁ/ Gy(x1, z2)e =1 =¥1)8 g,

be the Fourier transform of Gy(x1,z2) = G(z,y) for the first variable. By taking the
Fourier transform of (2.I)) in the first variable, we obtain

*G
Ox3

1
V2T

Throughout the paper we will always assume that for z € C, z'/? is the analytic
branch of \/z such that Re (2!/2) > 0. This corresponds to the left half real axis as
the branch cut in the complex plane. For z = 21 + 129, 21, 29 € R, we have

(2.3) PRy M% + isgn(22)4/ M%Zl

For z on the left half real axis, we take 2/? as the limit of (z +i¢)'/? as e — 07.
Denote v; = eitl72=v21 where y; = (k3 — )12, 5 =1,2,. Tt is easy to see that

(2.2) + (K = )G = ——=0,,(z2).

2

1/2

2.
0%v;

(2.4) 7

+ (kF — €)v; = 2ip;6y, (22).
For y2 > 0, we write the solution of ([2.2]) as

i ip1|ze—y2| é i 50
G(§7$2) = L_ 2‘u16 + 1(§7$2) I T2 ,
o é2(€7x2)

if zo < 0.
Combining ([22)) and ([24]) we find that
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which has two fundamental solutions e#i%2 and e~1Hi%2 j = 1,2. By allowing only
bounded Fourier modes for the Green fqnction, we choose G7 = Ael*1?2 and Gy =
Be~ 272 By the continuity of G and g—i across the interface 3, we know that

i

Ao L T vz g — iz
2p1 p1 + po p 2
Therefore
Leiuﬂwz—yﬂ + Lweiuﬂwz'ﬂﬂ), if x5 > 0,
Glem) == e
1 T2) = :

V2T 1 ei(myz—uzﬂﬂz)7 if x5 < 0.

M1+ p2

The desired Green function should be obtained by taking the inverse Fourier transform
of G(§ ,x2). Unfortunately, one cannot simply take the inverse Fourier transform in
the above formula because the branch cuts for u; are the half lines (—oo, —k;] and
[kj,00), j = 1,2, in the complex {-plane. One way to solve the problem is to take the
Sommerfeld Integral Path (SIP) as the integral path for the inverse Fourier transform
(see Figure 2] for the SIP for the real wave number k; and ko). From Fig. 2] it is
clear that Re& - Im¢ < 0 for any £ € SIP which indicates that Impu; > 0, j = 1,2.
We refer to [9, Chapter 2] for more discussion on the Sommerfeld Integral Paths.

(&)

SIP

4 + N +
B K Ref)
SIP

F1c. 2.1. The Sommerfeld Integral Path.

Recall that the Green function for the Helmholtz equation with constant wave
number ky is ®(ky,z,y) = iHél)(kﬂx — y|) which satisfies (cf. e.g. [9])

i 1, .
2.5 O (ky,x,y) = —/ —el@—y)itimlza—ya|qe,
(2.5) (ky,2,y) = < I 3

By taking the inverse Fourier transform of G (&, z2) using the SIP, we obtain the Green
function G(z,y) for z € R3, y € RY,

i 1 .
2.6) G(x,y) = ®(k1,7,y) — ®(k1, 9y’ +—/ @ —vi) i (@atya) ge
(2.6) G(z,y) = ®(k1, 2, y) — ®(k1,2,y") 57 Jop T T 12 3
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where 3 = (y1, —y2) is the image of y = (y1,¥2), and for z € R%, y € R%,

i 1 . .

2.7 G = - 15(I1—y1)+1(u1y2—u212)d )
27 (®3) 2m /SIP e ¢
Similarly we can deduce the Green function for z € Ri, y € R,

i 1 . .

2.8 G ——— - 15(I1—y1)+1(u1w2—u2y2)d

(2 (r:9) 2 /SIP T &

and for z € R2, y € R2,

i 1 . .
2.9) G(z,y) = ®(k2,z,y) — ®(ka, 2, y') + —/ el@1—y)—ipz(@aty2) g¢
(2.9) G(z,y) (K2, 7,y) (k2,7,9") 27 Jaip i1+ 1o 3

In (20)-(27), the point source is located at y € RZ. The first term on the
righthand side of (2.6]) stands for the incident waves coming from the source, and the
other terms are the reflected waves by the interface. The righthand side of (2.7 stands
for the refractive waves below the interface. Similarly (2.9) represents the combination
of incident and reflected waves and (Z.8) represents refractive waves when the point
source is located at y € R2. It is clear that G(x,y) is smooth when x # y.

2.2. The Cagniard-de Hoop transform. Let h be a bounded analytic func-
tion in C\ ((—o0, —k1] U [k1,00)). For any a € R,b > 0, we denote

i h . .
(210) I(h7 a, b) — 1 / (5) elfa-‘rlpubdé-'
21 Jsip p + p2

It is easy to see that the Green function G(x,y) can be represented as follows: for
y € RZ,

(I)(klv'rvy) - (I)(klvxvy/) + I(l,Il — Y1, T2 + y2)’ if T2 > O’
T (ei(u1—p&2)12;xl — Y1, — T3 + y2) , if To < 0,

(2.11) G(x,y) = {

and for y € R%,

I (ei(”l"”)yz,xl — Y1, T2 — yg) , if xg >0,
(212) G(‘Ivy) = (I)(k27$7y) —(I)(kg,fﬂ,y/)
+1 (ei(Hl_MQ)(lE2+y2);xl — Y1, —To — yg) , ifxo <.

LEMMA 2.1. Leta € R, b > 0, p = Va2 + b2, and h be a bounded analytic

function in C\ ((—oo, —k1] U [k1,00)) satisfying h(§) = h(=E) and h(§) = h(€). Then

I 1 H1 > } ik1 pt
I(h;a,b) = — Re h e'MPrdt,
man =~ [ e | () ©
k1|a|t + iklb\/ t2 -1

and p; = (k]2 — {2)1/2, j=1,2.

P

Proof. Notice that the Sommerfeld Integral Path is symmetric with respect to
the origin of the complex &-plane (see Figure ). From ZI0) and h(§) = h(—£) we
find that

where £ =

i h . .
I(h;a,b) = I(h; —a,b) = i /S St fi@ eiélaltimbqe,
5



Without loss of generality we assume a > 0 in the rest of the proof.
We use the method of Cagniard-de Hoop transform to prove the lemma. Let
t' = £a + p1b. Then it is easy to see that

klat ,klb\/ t2 -1 tl
= +i , t

2.13 13 -
(2.13) p ; "
Let £ = & + 1o, &1,& € R, then

(2.14) b2e2 — a%€2 = k2a2b2/p?.

For t € [1,00), £(¢) is the right branch of hyperbola that intersects the real axis at
& = k1a/p. Tt is easy to see that

kbt Lk 2
kf—§2_<17¢i%a t2—1>.

Since Re (1) > 0, we have, for ¢ € [1, 00),

kbt K
(2.15) = 2 8 ST
p
d
and consequently d—f =4i \/tgl——l

Let T'4,T'— be respectively the parts of the hyperbola in the upper-half complex
plane and the lower-half complex plane. For any r > 0, denote C;, C;~ be respectively
the part of the circle {{ : |{| = r} that are bounded by the SIP and I'y or by the SIP
and I'_. The geometry is depicted in Figure

Im(g)

C+

SIP

Re(¢)

SIP

Fic. 2.2. Cagniard-de Hoop transform from the SIP to 'y UT'_.
For the integrals on C:¥ we have

/ Leiﬁa-ﬁmbdg —0.
cE H1 + p2

6
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We will postpone the proof of ([ZIG) at the end of the proof of this lemma. Now
notice that for b > 0, £y < k1, by using Cauchy integral theorem and letting r — oo,
we obtain

LY S
21 Jsip p1 + a2 2 Jrour_ pa+ p2
which by the transform (m) yields

T(h; a,5) 277/ \/— K#llﬁm >(§+)+ (M + p2 ) } —

This implies the desired formula by using the fact that £, = &, €. = ¢, and h(€) =

h(€).
Now we prove (ZI6). Let & = rei?. By the convention in (Z3), it is easy to check

that for r > ko > ki,
V2
1 + pal > - (\/TQ—kf—l—\/r?—k%).

Since h is bounded in C\ ((—oo,—k1] U [k1,00)) whose upper bound is denoted as
M (h), we obtain

eiEaJri,ulbdg7

9
/ h 1£a+1u1bd§’ 2 |h (5) | e~ Im (€a+p (f)b),r,de
cr Mt e o, 111(8) + p2(8)
02
< V2M(h) " e—Im (€atmb) gg

o /17— kT + /1% —

where & = rel?2 and & = el are respectively the intersection point of C;F with SIP
and I';.. We have 0 < 0; < 6 < 7.
If 6 € (1/2,602), we have Im (13) = Im (—r? sin 26) > 0 and thus

Im (a + p1b) > arsin® > arsinfs.

If 6 € (61, 7/2), we have Im (13) = Im (—r? sin 26) < 0 and consequently

k2 — 72e20| — (k2 — 12 cos 26) 1/217

m (§a + p1b) = arsind — 5 ,

which is an increasing function in [0y, 7/2] for r? > 2k2. Thus, for £ = rel? 0, <0 <
/2,

m (a + p1b) > Im (§1a + p1(€1)b) = k1pty,

i61 _ klatl _i_iklb\/t% —1
P

where ¢; € (1, 00) satisfies & = re
p

. It is clear that t; — oo

as r — oo. Therefore
h ieatipnb NG o2 r in o
1 a+ipy dé—’ < M e—arsintz jg
/ TR 72 /T2 — k4 \/r? — k3
/2

r
e
— 0, asr — oo.
7

+V2M (h) e Frtide




This shows (210) for the integral on C;". The proof for the integral on C, is similar
and we omit the details. This completes the proof. O

The new representation of the Green function based on the Cagniard-de Hoop
transform is useful in the convergence analysis of the PML method where the complex
continuation of the Green function plays a decisive role. In the literature for the
efficient computation of Green functions (cf. e.g. Paulus et al [2I]), on the other
hand, one deforms the integral path such that the integrand decays exponentially on
the new integral path. Then the integral can be computed numerically over small
intervals.

3. The scattering problem. We start with the following uniqueness result
which can be proved by the method in Roach and Zhang [22] Theorem 3.1], [23]
Theorem 3.1].

LEMMA 3.1. The scattering problem (LIl) — (L3) has at most one solution u €
Hl{)c(Q)'

The existence of the solution to (LI)-(L3) can be proved by the method of
limiting absorption principle as in [22]. Here we briefly recall the argument. For any
z=A+ir € C, A >0, 7 >0, and f; € (H'(R?)), we consider the following problem

(3.1) Au, + zk*(z)u, = fi  in R%

It is easy to see by Lax-Milgram lemma that (3.I) has a unique solution u, € H!(R?)
when 7 > 0. For any domain U C R?, we define the weighted space L?¢(U), ¢ € R,
by

L22(U) = {v € Lioe(U) : (1 + |2])7v € L*(U)}
with the weighted norm ||v]lc.v = ([,(1 + |2z])*[v[*dz) /2 We also need the space
B*(U) which is a subspace of L2 _(U) such that

loc

1
||v||23*(U) = sup — lv(z)|?dz < +oo Yv e B*(U).
r>1 R Junpr)

The following key result in proving the existence is established in [22] Theorem 3.2
and (3.18)].
LEMMA 3.2, Let f; € L>G+HI/2(R?) 0 < § <1, and z = A+iT, 0 < Xg < A < Aq,

0<7<1 Let § —36 <o <1. Then

101z = 12" ks )| oo 2 + [lusll 5 g2y < Cllfill 346282
for some fized constant C' > 0, independent of T,u, f1.

THEOREM 3.3. For any f € (HY(Q))" with the support included in B(Ry) and
g € H'/2(T'p), the scattering problem (L) — (I3) has a unique solution u € H (Q)
that satisfies

(3.2) lull =) < C (IIfl @y + Ngllmrreer,)) -

Proof. By Lemma [B1] we only need to prove the existence. For any 7 € (0,1), we
consider the following problem

(3.3) Aw, + (1 +in)k*(2)w, = f  in Q,
(3.4) wr =g onlp.



It is easy to show by Lax-Milgram lemma that (3)-B4) has a unique solution
wy € HY(Q). Let x € C§°(R?) be the cut-off function such that 0 < x <1, x =0
in B(Ryp), and x = 1 outside B(Rp + 1). Let v, = xw,. Then v, satisfies B.I]) with
z=1+1ir and f1 = xf + Axw,; + 2Vx - Vw,. It is clear that f; has a compact
support and || f1l[(3+4)/2,r2 < Cllwr|| g1 (Q(ro+1)) for some constant C' > 0 depending
only on Ry. Here Q(Ro +1) = QN B(Ro + 1). By Lemma B2l we know that

[[Orvr —i(1+ iT)l/QkU‘FH70/2,1132 + lvrllB-®2) < Cllwe | @ro+1))-
This implies
(3.5) 0wy — (1 + i) 2kwy|| o2 B(Ro+1) + |0r | B=(2) < Cllwr]l 5 (R0t 1))

where E(Rg + 1) = R? \ B(Ryg + 1). Now let x1 € C§°(R?) be the cut-off function
such that 0 < x; < 1, x1 = 1 in B(Ryp + 1), x1 = 0 outside B(Ry + 2). Denote
w, € H'(Q) as the lifting of the function g € H'/?(T'p) such that w, = g on I'p and
lwgller) < Cligllmzer,). By multiplying B3) with x7(w, — wy) and using the
standard argument we have

3:6)  wrllar @ro+1)) < C (Il y + Ngllmrzmy) + lwrll L2 @ro+2))) -

Now we claim that
(3.7) Jwrll 22 @ro+2y) < C (1)) + gl e )

for any f € (H'(Q)) with the support inside B(Ry), g € H/?(Tp), and 7 € (0,1).
The argument is similar to that in [22]. If (BI) were false, then there would be
sequences { f,,} C (HY(2))" with the support of f,, inside B(Ry), {gm} € HY/?(Tp),
{Tm} € (0,1), and {w;,, } the corresponding solution of (B3)-([B4) such that

(3.8) wr,, IL2Ro+2)) =1 and || fnll )y + Ngmll g2,y < 1/m.

There is a subsequence of {7,,}, which is still denoted by {7,,}, such that 7, — 7 €
[0,1]. Tt follows from the Rellich selection theorem and standard elliptic estimates
that there is a subsequence of {w, }, which is still denoted by {w,, }, such that w,,,

converges weakly to some w € H}L () which satisfies

(3.9) ||(9T’w—i(l+iT)1/2ka,g/21E(Ro+1) <C.

This implies that w satisfies (33])-B4) with f = 0 and g = 0. If 7 > 0, the uniqueness
of the solution in H!(Q) indicates w = 0. If 7 = 0, we know from (B.9) that w
satisfies the radiation condition ([3]) and conclude w = 0 by Lemma Bl However,
this contradicts to ([B.8]). Therefore, we have (3.1 and consequently

10wy — (1 + i) 2kw, | — 2, B(Ro+1) + lwrll B+ 0) < CUF Il )y + 9l iz @))-

Now it is easy to see that w, has a convergent subsequence which converges weakly to
some w in H{_(Q) that satisfies (II)-(I3). The desired estimate ([B.2)) follows from
the above inequality since L>~?/2(E(Ry + 1)) € L>~Y2(E(Ry 4+ 1)) for 0 < o < 1.
This completes the proof. O

The Green function G(x,y) introduced in Section 2.1 based on the Sommerfeld
Integral Paths is in fact the consequence of the method of limiting absorption principle
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[0, Chapter 2]. More precisely, for any z = A+ ir € C,A > 0,7 > 0, let G,(x,y) be
the Green function

A, G (w,y) + 2k (2)G. (2, y) = —by(z) in R,

Then G(z,y) is the limit of G,(z,y) as A = 1,7 — 0 for any z,y € R%, z # y. By
Lemma and the argument in the proof of Theorem [3.3] we can easily obtain

||3TG(',ZJ) - ikG('ay)||—a/2,E(R1) < C”G('vy)HHl/?(l“Rl)v

where o < 1 is defined in Lemma B2 E(R;) = R?\B(R;), and B(R;) is any fixed
circle that includes y. Therefore, for any fixed y € R%, the Green function G(z,y)
satisfies the radiation condition (L3).

Our next goal is to show the integral representation of the solution of the exterior
Dirichlet problem which plays an important role in our subsequent analysis for the
PML problem. The proof of the following lemma uses classical arguments (see e.g.
[11, Theorem 3.3, Page 10]) and is included here for the sake of completeness.

Let D and the support of f be contained in the rectangle By = {z € R? : |z1] <
L1/2,|xo| < L2/2}. Let T'y = 0By and ny the unit outer normal to I'y.

LEMMA 3.4. Any solution u of the exterior Dirichlet problem ([[LI)-([L3) satisfies
(3.10) u(z) = —¥sL(N)(z) + ¥pL(g)(z) in Q\ By,
where A = du/0n; € H_1/2(1"1) is the Neumann trace of uw on I't, ny is the unit outer

normal to 'y, and Ysr,, Yp1, are respectively the single and double layer potentials

(3.11) Ysr (M) (2) = g Gla,y)My)ds(y), YV Ae H V()

G (z,y)

r, Oni(y) g(y)ds(y), Vge HY*Iy).

(3.12) UpL(g)(x) =

Proof. For any R > 0 sufficiently large such that By C B(R), by the third Green
formula, we know that, for any = € B(R) \ By,

(3.13) we) = [ |Gy - Tty ast).

where I'r = OB(R) and n is the unit outer normal to the boundary of B(R)\ B;. By
the radiation condition ([3)), we know that

lim inf
R—o0 g

Thus there exists a sequence R; — oo such that

2

u ds =0.

or

2 _
+ k?[ul® 4 2kIm (u%>1 ds = liminf/ O ik
or R—o0 Tr or

ou

or

2 _
(3.14) lim + E?|u|® + 2kIm <u%> ds = 0.
Rj—o00 FRj (97‘

On the other hand, since D and the support of f are contained in B(Ry), again by
the third Green formula we know that for R; > Ry,

/ Im (u@) ds = / Im (u%> ds < co.
FRJ- or TR, or

10



Thus we know from (B.14) that |[ul[z2(ry. ) is bounded as R; — oo. Similarly, since

G(-,y) satisfies the radiation condition (L3]), without loss of generality, we may assume
that ||G(-,y)||Lz(pRj) is also bounded as R; — oo and [|0,G(-,y) —ikG (-, y)||L2(r,) — 0
as R; — oco. Now the lemma follows from (BI3), (314), and the fact that

/ S8 o) - Tty asto)

on(y) on(y)
- /er nggi - iku(y)) G(z,y) — (%@i’) - ikG(w,y)> U(y)} ds(y)

—0 as R; — oo.

This completes the proof. O

We conclude this section by introducing the equivalent weak formulation of the
original scattering problem ([I))-([T3)). We start by introducing the Dirichlet-to-
Neumann operator T : H'/?(Ty) — H~Y?(T';). Given ¢ € HY?(T';), we define
T¢ = g—rﬁ on I'y, where y is the solution of the following exterior Dirichlet problem

of the Helmholtz equation
(3.15) Ax+ K (z)x =0 in R\ By,

0
(3.16) x=¢ only, (1472 <8—’: - ik:x) € L*(E(Ry)),
where k(z) is piecewise constant defined in (L), E(R;) = R?\ B(R;) with R; > 0
sufficiently large such that By C B(Ry). By Theorem B3] T : H'/2(T'y) — H~'/2(T'y)
is well-defined and is a continuous linear operator.
Let a: HY(Q) x H*(Q1) — C, where ; = B1\D, be the sesquilinear form

(3.17) a(p, ) = /Q (Vo Vi - Koi) dz — (T, b)r,,

where (-,-)r, stands for the inner product on L?(I'1) or the duality pairing between
H~Y2(Ty) and H'/2(I'}). The scattering problem (LI)-(L3) is equivalent to the
following weak formulation: Given f € (H'(2))" with the support included in Oy and
g € HY?(I'p), find w € H*(Q;) such that u = g on T'p and

(3.18) a(u,) = (f,)a,, V€ Hp, (),
where (-, -)q, is the inner product on L?(£2;) or the duality pairing between (H (1))’
and H'(Q), HE (1) ={v e H'(Q1):v=0 onI'p}.

For the sesquilinear form af(-,-) we associate with a bounded linear operator A
Hi () — (Hf (91)) such that

(A% 1/})91 = a(@vw)v V%‘/’ S Hfl‘D (Ql)

By Theorem [B.3] A is surjective and one-to-one. Hence we know from the open
mapping theorem that A~! is bounded, which implies that there exists a constant
C > 0 such that the following inf-sup condition is satisfied

a 9
(3.19) sup AU S e, Ve e HL ().

0#pEHL () 19 1| 2 0
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4. The uniaxial PML equation. Now we introduce the absorbing PML layer.
Let By = {x € R? : |z1| < L1/2 + dy,|z2| < La/2 + d2} be the rectangle which
contains By. Let a;(t) = 14i01(t), as(t) = 1+1ioa(t) be the model medium property
which satisfy

UjZO, O'j(t)ZO'j(—t), and UjZO for |t|§Lj/2, j:1,2.

Denote by Z; the complex coordinate defined by

T
(41) fj = / O[j(t)dt, j = 1,2
0

Notice that Z; depends only on x; and for this reason the method is called the uniaxial
PML method. The complex distance is defined by

1/2

p(E,y) = (81— 90)° + (52— )]

We follow the method of complex coordinate stretching [8] [4] to introduce the
PML equation. We define

G(z,y) == G(Z,y), Va,y € R

From (ZII)@2I2) and @I, it is easy to see that G(-,y) € C(R*\{y}) and G(z,-) €
CY(R?\{z}). Now we can define the modified single and double layer potentials

(4.2) Usi(N(@) = | Gleyry)ds),  vreH (),
(4.3 o)) = [ G egast), ¥ e BV,

It is clear that Wsp,(\), Upy,(¢) are continuous in R?\ By, and
YHUsL(N) =7hUse(V), VA€ HVA(I),
(4.4) YHUpL(O) =7 ¥pL(Q), V(e HYA (),

where 7} : HL_(R?\B;) — H'/2(T'y) is the trace operator.
For any ¢ € H'/2(T'y), let E(¢)(z) be the PML extension given by

(4.5) E(¢)(x) = =Usp(T¢)(x) + ¥pr(()(z)  for z € R*\Bi.
By [@4) and (BI0) we know that, for any ¢ € H'/?(Ty),
HE() = =7 ¥sL(TC) + 7 ¥pL(¢) =vHpx =¢ on Ty

For the solution u of the scattering problem @BI8), let @ = E(u|r,) be the PML
extension of u|r, which satisfies ;& = ulr, on I'1. It is obvious that @ satisfies

0*u  0%u _
— + 7= +ku=0 in R*\B
853§+8§:§+ “ in RABy,
which yields the desired UPML equation by the chain rule
V- (AV’&) + 041042]€2’l~t =0 in RQ\Bl,
12



where A = diag(az(z2)/a1(x1), a1(x1)/az(x2)) is a diagonal matrix. The UPML

solution 4 in Q9 = Bo\D is defined as the solution of the following system
(4.6) V- (AVQ) + ajagk?*a = f in Qo
(4.7) =g onTp, =0 ons.

The well-posedness of the UPML problem (@6)-(@1) and the convergence of the
solution @ to the solution of the original scattering problem will be studied in next
sections.

5. The PML equation in the PML layer. In this section we consider the
Dirichlet problem of the PML equation in the layer:

(51) V- (AV’LU) + a1a2k2w =0 in Qpmi, = B2 \ Bl,

w=0 on I'y, w=¢q on Iy,

where ¢ € H'/?(T'3). Introduce the sesquilinear form ¢: H'(Qpy) x H(Qpymr) — C
as

(o, ) = /Q (AVi - Vi — arask®oi) dz, Ve,tb € H (Qpuir)-
PML

Then the weak formulation of (5.) — (5.2)) is: Find w € H*(Qpyr) such that w = 0
on I'y, w=gqon 'y, and

(5.3) c(w,v) =0, Vv & Hy(Qpmw).

Notice that, for any ¢ € H'(Qpm1),

140109 | Op 2 1+ o102 | Op ? 2 2
Re [c(p, = —_— | —— | =——| +k“ (o109 —1 dzx.
ool = [ SRR+ T |+ #eron — Dl
Since
1+ 0109 1 1+ 0109 1
> ) 2 b
1+02 ~ 1+02 1+ 03 1+02,
where 0, = max (o1(x1), o2(x2)) > 0, we know by using the spectral theory of

rellpmL
compact operators that for any given ks, (B.3]) has a unique solution for every real ky

except possibly for a discrete set of values of k; (see Collino and Monk [I0, Theorem
2] for a similar discussion on the PML equation in the polar coordinates). In this
section we will make the following assumption on the medium property

(H1) 0(t) =0 >0, V|t| > L;/2, j=1,2, where o is a positive constant.

This assumption which allows us to prove the coercivity of the sesquilinear form
c is not very restrictive in practical applications. In particular, our numerical expe-
riences with the adaptive uniaxial PML for Maxwell scattering problems [7] indicate
that the constant medium property leads to better preconditioning techniques for the
discrete PML problems as opposed to the continuous medium properties.

Throughout the rest of the paper we will use the weighted H!-norm

1/2
el @) = (190130 + Ikelliew))
13



for any bounded domain U C R%. For any ¢ € H*(QpmL), we define an equivalent
norm on H'(Qpwr) by

1/2
12lle.cmm. = (|AVIZ 2@, + k0102032000, ) -

LEMMA 5.1. Let (H1) be satisfied. Then (B3) has a unique solution and it holds
that

c (p,¢ A
(5'4) Sup | ( )l > C”SDH*,QPMLv VSD € H&(QPML)v
0#YEHE (ML) |||1/)|||H1(QPML)

where

min(1, o3)

¢= 2(1+ 02)2 max(1, k2d2)’

d= max(d1 N dg)

Proof. 1t is clear that Qpumr, = Q. U QL UQo, where

QCZ{JJEQPMLZ |$1|>L1/2, |$2|>L2/2},
le{{EGQpMLI |ZE1|>L1/2, |I2|<L2/2},
QQZ{{EGQPMLI |I2|>L2/2, |I1|<L1/2}.

Since 01 = 02 = 0 in ¢, 09 = 0 in 4, and o1 = 0 in ), it is east to check that

1 1 ¢
—Im [c(p, ¢)] = a a e
g 2 L?(Ql) 1l L2(0,) =1 195 L2 (q;)
—2 ||k<P||L2(QC) - H]W’”U(Qlusb) :
The key observation is that
1
Rec(p, ¢)] = ~Tm [c(p, ¢)]
2 2 2
= ||VSD||L2(QC) +(1+07) ||k90||L2(Q 833
illL2(q, )
Therefore, for any +v > 0,
v—1
Oy 2—vy 880
Sz +7H |22 2
L 922 12 (0y) Ox1 || 2@, 1+ o2 = ij L2(9)
+(1+0% - 27)||80||L2(QC) - VHk@H%?(Qlusby
Since ¢ = 0 on I's, we deduce easily that
Bgo dp
2 <d?|| == 2 <d3|| ==
||90||L2(Ql) > o2y 521)’ ||<P||L2(Qz) =215, L2(Qg)7

14



which implies

—7||k80||2L2(91u92) = ”Y||k<ﬂ||i2(91u92) - 27||k80||2L2(91u92)
2

> kel 72(,00,) — 27k3d° Z

j=1

20 |°

al'j

3

L2(Qy)

where d = max(d;,ds). Substitute the above estimate into (5.5) we obtain

Re[c(p, )] + (v — 1)o ' Tm [c(p, ¢)]

Op 2 dp 2
> HV@HQN(QC) +7 H—a o
L2 || 12(0y) L1 |l L2(0,)
2 2
22—~ 2 2) ¢
+ — 2vk3d —
<1+02 b J; 0x; 20

+(140° - 27)”@”%?(@) + 7||k90||%2(521u522)~
Now we take v = 1/(2max(1,k3d?)(1 + 02)), then

1
2(1+ 02)

-7
1+ 02

— 2yk3d* > >, 1+0%—2y>0%

Thus

max(1,07")|e(p, )| = Re[c(p, )] + (v = D)o~ Im [c(p, ¢)]
> min(y, o) el (@pu)-

Since min(y, 0?)/ max(1,0~!) > ymin(1, 03), we have

cle V)l o (@)l

sup = > Vmin(L0'3)|||(p|||H1(QPML)
ozpe ) @pur) 10 @ean) — el (@pain)
min(1, 03)
> W”@”*,QPML'

This completes the proof. O

LEMMA 5.2. Let (H1) be satisfied and w be the solution of the PML equation in
the layer (I)~(E2). Then, for any v € H' (Qpwm) such that v=0 on Ty and v =q
on I'g,

ow R
: — <1+ C7 Y|l .
6.5 = < (14 ) ol e

H—1/2(I‘1)

Proof. Since w — v € H} (Qpm1), by (B4) we have

Cllw = vllugpue < sup A= UP
@eHé(slPML) |||g0|||H1(QPML)
c(v, @
sup O o

PEH (QpmL) |||90|||H1(QPML)

where we have used (5.3) and the fact that |c(v, p)| < [|v][+.Qpu @l H1 (Qpar)- This
proves [|wll« qpy, < (14 C_l)HU”*yQPML'
15



To show (5.6), we test (B.I) with any ¢ € H*(Qpmr) such that ¢ = 0 on I's and

obtain
8_w
on’ ¥ .

This completes the proof. O

= |c(w,<p)| < ”w' *7QPMLH|90H|H1(QPML)'

6. Estimation of the modified Green function. The convergence analysis
for the UPML problem depends crucially on the exponential decay estimate for the
modified Green’s function G/(x,y) which is the goal of this section. We start with the
following assumption on the fictitious medium property, which is rather mild in the
practical application of the UPML method.

%Jr(h %erz
(H2) / o1(t)dt = / o2(t)dt =: 3, & > 01is a constant.
0 0

We also remark that the result of this section does not depend on the assumption
of constant medium property (H1). The following elementary lemma is from [6l
Lemma 3.2].

LEMMA 6.1. For any z1 = a1 + iby and zo = as + iby with a1,b1,a2,b2 € R such
that a1b1 + asbs > 0 and a% + a% > 0, we have

b b
Im (22 + 22)1/2 > @01+ a2b2

Proof. Because the proof is short, we rewrite it here for the completeness. Since
Im (27 + 23) = 2(a1b1 + azbs) > 0, by ([2.3) we know that

\/m+a 1/2 _ \/m_a

(6.1) Re(a+ib)/? = 5 , Im(a+ib) 5

It is easy to check that Im (a +ib)'/? is a decreasing function in a € R. Let 27 + 22 =
a + ib, then

2
b b b1 — a1bs)?
a+1ib = \/a%+a§+i7all+a22 ——(a2 12 a122)'
vai+as ajy + a3

(agbl — a1b2)2

Let a' =a+
a? + a3

. Since a1by + azbs > 0, we have

a1by + azby
\/a% + a% .

On the other hand, since a’ > a, we know that Tm (a + ib)*/? > Im (a’ + ib)*/2. This
completes the proof. O

The following lemma is the complex counterpart of (ZI3)) and (ZI5)).
LEMMA 6.2. For any z1 = a1 + iby and z2 = ag + ibs with a1,b1,a2,bs € R such
that ay,az,b1,b2 > 0, define

Im (a’ +ib)"/? =

k
(6.2) e="1 (z1t+ iz0V/12 — 1) L o=+ 2DV el 0).
P

16



Then uq(§) = (k% — 52) 1/2 satisfies

_k i 2
(6.3) 1 = n (zzt— iz /12 — 1) , Vit e[l,00).

Proof. Forany t € [1,00), let p = ky (22t —iz1Vt? — 1) /p. Clearly p? = k¥ —€*> =
u3. By the convention in (Z.3)), the lemma follows from Re (1) > 0 which can be proved
by direct calculations. Here we omit the details. O

For £ given in (6.2). Let £ = & + i€ with &1,& € R. Tt is easy to check that

(araz + biba)(|z1|* + |22]?)
lp|*

(6'4) SISES k% fl(t)7 fl(t) =t — ﬁ(tz + tlz)v

2 o 1.5 1 2|Zl|4_|z2|4 2 2 ’
(6.5) 51—52:§k1+§k1Tf2(t)7 fa(t) ==+ —4ptt’,

where t/ = +/t2 — 1 and

albg — a2b1
6.6 =
00 PYREAPAL
Consequently, for p = (27 4 23)'/2,
(67) |p|4 = |Zl|4 + |ZQ|4 + 2(&10,2 + b1b2)2 — 2(&21)1 — a1b2)2.

It is easy to check that po(€) = (k% — 52)1/2 satisfies

2
(aras 4+ bibo)? ki (J21]? + |22)?
(6:8)  Ipal" = (ks = k3hD) === +f( ol* L (it - 207,

where

_ 2]{}% — k% |Zl|2 — |22|2

6.9 M : .
(09 R [l [P

LEMMA 6.3. For any z1 = a1 + iby and zo = as + iby with a1,b1,a2,b2 € R such
that ay,as, by, by > 0, define p = (22 4 23)Y/2. Assume that

(6.10) b2+ b2 > a? +al.
Then for any p;(§) = (ka — {2)1/2 with € given in [62), j = 1,2, we have
Im (1 — p2)z2] < 0.
Proof. Denote p; = p; +ig; with pj,q; € R, j = 1,2. Since p3 — pu3 = k3 — ki,
we have

P — a5 =k3 —kI+pi —p3, prar = Dp2ge.
17



We recall (Z3)) and find

1/2
2
\/(kg — ki +p}—q?) +4piqi + (k3 — k7 +pi — qi)
2 )

1/2

2
| VR = k2 402 — )+ 4p3¢3 — (k3 — k2 + 1% — ¢2)

(6.12) g2 =sgn(q 5

Direct calculations show that

(6.13) p2>p1 >0, |g2| < ail,

where we have used p; > 0 from Lemma Since

(6.14) Im [(p1 — p2)22] = aa(qr — q2) + b2(p1 — p2),

the lemma now follows obviously for ¢; < 0. The rest of the proof is devoted to the
case of ¢1 > 0.

By the assumption (6I0) we know that Re(z? + 22) < 0. Thus (23] implies
p1 < pa2, where p; = Rep, po = Im p. By Lemma [6.2] we know that

k

(6.15) p1 = ﬁ [t(prag + p2bz) +t'(p1by — p2ay)],
k

(6.16) Q= ﬁ [t(p1be — p2az) —t'(pra1 + pab1)] .

This yields

k
P1L—q1= ﬁ{f[@(m + p1) + ba2(p2 — p1)] +t' [bi(p2 + p1) + a1 (p1 — p2)] }
kit! —
> M(a2+b2+b1—a1)20-

ol?

Since ¢1 > 0, (GI0) implies that p1ba > poas, which together with p; < po implies
b2 > as. Therefore, by (6.14), 1 > 0, and p1g1 = p2¢o,
1 a9
Im [(p1 — p2)ze] = a(qz —q1)(bep2 — az2q1) < a(qz —q1)(p2 — q1)
a
< a(qz —q)(p1 —q1) <0,

where we have used (6I3]). This completes the proof. O

LEMMA 6.4. For 21,2z, € C and p = (22 4 23)Y/2. Suppose kyImp > 1 and let
h(t) be a bounded function in [1,00). Then the function

1 [ h(t)
(s R O
iz z) =50 | ==
satisfies the estimate
|1 (h; 21, 22)| < CM(h)e Fr1me,
18



where M (h) is the upper bound of |h| and C is independent of ki, z1, z2.
Proof. Since k1 Imp > 1, we have

|i1(h;2’1,22)|<CM / *kllmpt]t
\/—
—t

< CM (h)e~ Imp-“/ ———dt
1 2 -1

= CM(h)e~*1me,
This completes the proof. O
In the following we will always denote
- 1/2 - 1/2
617) 2= [(@—y)2]"?, 2 =[2)2" +lyal, Voels yely.

Let z; = a; + ibj,a;,b; € R,j = 1,2. Then a;,b; > 0. By Lemma 61} p(Z,y) =
(22 + 23)'/? satisfies

Im p(Z,y) > it "o (t)dt‘
\/|$1 = y1? + (|z2] + |y2])?
[w2] + Iy - ag(t)dt‘ .
\/|$1 —y1? + (|z2] + |y2/)?

Now by (H2) we have, for any z € I'y and y € I'y,

min(d1 ,do + L2/2)
VI +di)? + (Ly +d2)?

(6.18) Imp(Z,y) > %0, Y=

The following lemma on the estimate of the modified Green function G will play
an important role in the following analysis.

LEMMA 6.5. Let (H2) and oG > max(k; ', min(dy, da+L2/2)) be satisfied. There
exists a constant C independent of k;, L;, and d;, j = 1,2, such that

|G(Iay)| < Oﬂyleikl’m&? Vze FQ} Yy e Fla

2_ 1.2
where ;= eP2VF2 /2,

Before we prove the lemma we remark that the condition
Y06 > max(ky t, min(dy, dg + L2/2))

in the lemma is rather mild in practical applications because one achieves the ex-
ponential convergence of the PML method by enlarging & which can be realized by
either enlarging the thickness of the PML layer d; or enlarging the medium property
;. Moreover, the condition 405 > min(dy,ds + Lo/2) implies b3 + b3 > a? + a3 which
is the condition (GI0) in Lemma [6.3]

Proof. We only prove the case for y € Ri, the proof of the other case y € R? is
similar. By (Z3]) and the method of Cagniard-de Hoop transform (cf. [9]) we know
i Hél)

the Green function ®(ky,x,y) = (k1| — y|) satisfies

P(ky,z,y) Qﬁ/ \/_ elfilz=vlt gy,
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Thus by 2II) and Lemma 21l Lemma [6:4] we know that, for x5 > 0,

(619) G(‘Ivy) = (1)1 (15 21, Zé) - (1)1(13 21, 22) + (I)l(h’lv 21, 22)7

where 21, 29 are given in ([617), 25 = T2 — y2, and

(6.20) hi(t) = Re (i) .

M1+ 2

Since Im (p%) = Im (p3), by @Z3), sgn(Im 1) = sgn(Im u2). Recalling the con-
vention of choosing the analytic branch of \/z, we know Rep; > 0,Reps > 0. Tt
follows that

o
1+ 2

(6.21)

<1,

which yields |h1(¢)] < 2. Then using (6.19), Lemma [6.4, and ([6I8), we have
|G(z,y)| < Ce™F1707 " for 5 > 0.

Now we consider the case z € R?2. By (2.11), Lemma 21l and Lemma [6.4] we
know that

(6.22) G(z,y) = @1 (ho; 21, 22) ,

where

hs = Re (iei(ul—M2)(52—y2)6iy2(l$1—Hz)) .
p1 + p2

Let pu; = p; +1ig; with pj,q; € R, j = 1,2. By the remark after this lemma we can
use Lemma and (621 to obtain

|h2(t)| < 9¢elar—azllyzl

Since ¢; and ¢» have the same sign, we deduce that

BoR Bk _ Bk
w1+ p2] ~ o+ 2| T o — g2l

g1 — q2| < | — pol| =

Then
lho(t)] < eVKE—Filval < oLaVRE=R/2 - yy e 1y,

This completes the proof by ([6:22)) and Lemma [6:4. O

To estimate the derivatives of the modified Green function, we need to estimate
the lower bound of ps(€) for all € in (62) with 21, 29 in ([E17). We distinguish several

cases.

1°) If by = 0, we have |z1] < L1/2. Then (H2) and the fact x € I'; indicate that
by = 7. It follows from 95 > min(dy, d2 + L2 /2) that & > \/(Ll +d1)? + (L2 + d2)2.
Thus

|22] >0 >di + L1 > |xy —y1| = |21], Vaeelzyeli.
20



Since |B] < 1/2 by Cauchy-Schwarz inequality, we have f(t) > 0 for any ¢ € [1, 00)
and consequently we deduce from (6.3) that

1 1
: >4/ 2 ¢2) >\ [k2 — Zk2 > —k.
(6.23) lno| = \/Re (k3 — €2) = 4/ k3 2k _\/§k2

2°) If by > 0 and by > 0, then
either |$1| = L1/2+d1, |£L'2| > L2/2 or |$2| = L2/2+d2, |£L'1| > L1/2

Thus ag — |$2| + |y2| Z L2/2 If |$1| = L1/2—|—d1, a1 = |I1 —y1| Z dl for any
y € T'1. In the other case, |z2| = La/2 + d2 and hence by = &. If |22] < |21|, then
a3 + b3 < a? + b? and consequently a? > a3 + b3 — b? = a3 + 3% — b? > a3. That is
a1 > ag > La/2. From (6.8) we have

ol 2 (o — gy s Ve L/ D)L

lpl
On the other hand, if |z2] > |z1|, we obtain as in ([623)) that |uz| > %kg. In summary
we have
1 min(d1 L2/2)L2
6.24 > —ky or > (k3 — k2k2)V/4 ’ ,
(6.24) |M2|_\/§2 2| = (k3 — k3kt) 7

The trickiest case of by = 0 is the objective of next lemma.
LEMMA 6.6. Suppose by = 0 and b? + b3 > a2 + a3. Define

(t—1t9)2 a3
R=y/— %Y 22
212 2

where to = ko/k1. Then

vV a1b1
o]

Proof. For by = 0, we note that (6.8) becomes

2| > \/ k3 — ki

min (1, \/ﬁ) , Vte|l,00).

_ 1 2
(6.25) ki tlpl*ua(t)* = 4(t5 — t5)aTas + 1 (121 + [22*)" (f2(t) = M)?.

By ([6X5) we have

2
- M=o — 22— 26ut') + 222 - )12
f2() ( 0 ﬁ ) ( 0 )|Zl|2+|22|2
Note the elementary inequality
(6.26) (X+B?>(1-e)X*+(1 - HB?* Ve>0.
2% — 1)|22|?
By taking X =2 —t3 — 26tt', B = (2t = Dlz|” we know from (626) that

NP

s

30 =007 2 (=)~ =20+ (=08~ )P

21



Again using (6:26) with € = 1/2, we have, for 1 <t < tg, that

(2 — 12 —2Btt)2 > = (12 —12)2 — 4827 > (t — to)® —

4 2
(|Zl|2 4 |2’2|2)2 (to - tO).

N | =

Now since bs = 0, 8 < 0 by ([6.6). The above inequality is also valid for ¢ >t > 1
because t2 — t3 — 26tt' > 12 —t2 >t —tg > 0 for t > to.
Using (6.28) we have
kel = (1= e) (|21 + |22*)? (¢ = t0)® + (1 — e7)(26F — 1)%a3
+az(ty —16) [af — (1 - £)b7] .
By the assumption b% + b3 > a3 + a3 and by = 0, we have b3 > a?. Therefore we can
set e = 1 —a?/(2b?) > 0 in above inequality to obtain

_ a? a3
B ol al* > oL (a2 4 |=a 2 200 — t0)? + adad | 2008 — 1) — 2 (23~ 177
1 1
where we have used the fact that 1 —e~! = —a?/(2b% — a3) > —a?/b3.

2
If tg — 3 > %(2153 — 1), since |21 |2 + |22|? > b2, we have
1

kol > G203 0 + adad(e} — ) = a2} - 1R

N =

2 4 _ 42

tg—t
If ty — t2 < a—§(2t3 —1)? which is equivalent to a3 > ——5——
by (25 — 1)

(©25) that

- (14 — 12)?
(6.27) kol e (0)|* > 4(tg — t3)a? ﬁ b > (15— 1)%afbi.
0

b2, we deduce from

This completes the proof. O

LEMMA 6.7. Let (H2) and oG > max(k; ', min(dy, da+L2/2)) be satisfied. There
exists a constant C depending only on ~yo, ka/k1, La/L1 but independent of kj;, L;,
and dj, j = 1,2, such that, for any x € 'y and y € I'y,

(6.28) %;;y) < Cyiky (1 + k11/31> e ko7,
(6.29) %ﬂzy) < Cykram (1 + k11/:1> —
Here o = maxgeqpy, (|oa(z1)], |a2(z2)]), 11 is defined in Lemma[6.3.
Proof. By the symmetry of the Green function G(z,y) we know that % =
j
_a(xj)%j’y). Thus we only need to prove ([G.28) which will be given only for
j

T,y € Ri. The proof for other cases is similar.
In view of ([6.19)), we have, for any x,y € Ri,

0G(z,y)

y;

0P,
+ ’8—%—(1’21’22)

22

|2

(923' (1;21725)

0P,
+ ’a—zj(hl,zl,zz)




0d 0d
Since the estimation for 8—1(1; 21, 25) and 8—1(1; 21, z2) is simpler, we consider only
g Zj
0d
8—1(h1; 21, 22) in the sequel.
Zj
From the definition of ®1(hq; 21, 22) in Lemma and 9p/0z; = z;/p we know
that
8‘131 8h1

—(h1;21,22) = &1 <— +ikihy jt;zl,z2> j=1,2.

z
(6.30) 5 5, -

Since the remark below Lemma[G.5] we know that the assumption of the lemma implies
b? + b3 > a? + a3, by (6I8) and the fact that |b;| < & for z € s,y € 'y, we know
that

Z
p

a? + b2
TN V3

6.31
( ) Yoo Yo

<

Recall Lemma for the expressions of £ and p;. There exists a constant depending
only on vy but independent of k;, d;, L;, j = 1,2, such that

8€ (9,&1 kit .
6.32 — — | <C— =0,1,2.
( ) azj + 6,2] — |p|‘7 Y ] P
. 8;@ N M1 (9,&1 . . .
By the chain rule =— = ———, we deduce by direct calculation and using ([6.32])
8zj 1253 62’]‘
that
oh - 7] kyt
(6.33) Oh | ’M ‘ﬂ <o Mt
0z; pa(pr + p2) | | 0z; |pl|p2]
where we have used @ < 1. Then by using (€30)-(@31) and Lemma [6.4] we
H1 T K2
have that
6@1 —k 5 & te_t
—(hl;Zl,Zg) < Ckie ¥ (1+K1), Klz/ —dt.
‘ 0z L lpllpe VIR =1

To estimate K7, notice that under the assumption vo& > min(dy,ds + Lo/2), ¢ >
V(L1 + d1)? + (La + d2)?. Thus |p| > 79 > CL;. Now by (6.23)-([6.24) and Lemma
we have

|pllp2| = CkiLymin(1, /|t —to|),
which implies easily |K1| < C/(k1L1). Thus

0P 1 )
1(h1;21722) <Ck |1+ e~ k1705
k1L,

8zj

This completes the proof. O

LEMMA 6.8. Let (H2) and oG > max(k; ', min(dy, do+L2/2)) be satisfied. There
exists a constant C' depending only on o, ka/k1, La/L1 but independent of k;, L;,
and d;, j = 1,2, such that, for any x € Ty and 1 < p < 4/3,

1 2 & 2
< CyikiLy” <1+ ) <1 ) e k7,

PG, ) Lo
k1L Ly

6:101- 6yj

Lr(T1)
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G
Proof. We start by estimating W(m, y) for any x € T's and y € T'y. We first
Xr; yj

consider the case when z,y € R2. In view of (619), we have, for any z,y € R?,

O?G(z,y) R R R
— ) <oy —(1; ! — (1 hy; .
udy, | = 1 < mdz, L)+ g (L 2) |+ 5o (i, 22)
2P 2
Since the estimation for ;Ta,; (1; 21, 24) and ;Ta; (15 21, 29) is simpler, we only
consider ! (h1; 21, 22) in the sequel.
zi0Z2;5
It is easy to see that
82(1)1 82h1 8 Z5
6.34 hi; = ikt — (h 22
(6.34) 8zi82j( 1521, 22) 1<8zz-8 -+ ik 621-( 1p>,Z1,22>
h i
—|—‘I)1 <<b + lklhl—t> ikltz—;zl,22> .
0z p p
Opz _ pn Opa

By the chain rule —= and (632), there exists a constant C' depending only

0z; 2 8z
on 7o, ko/k1 but mdependent of k; and dj;, j = 1,2, such that

‘ 9’ <‘ 1 — iz ‘ 9% ‘2u2+u1 ‘ O || O
0zi0z; | — | pa(p1 + p2) | | 02:0z; 13 M1 +u2 dzi | | 0z
343
|pI?| 12| Pl | 2|
H1 — f2
where we have used P < 1 and |ua| < ko + |p1| < Ckyt for t > 1. By the
M1 T H2
assumption vo& > min(dy,ds + L2/2), k1|p| > k1Im p > k1v5 > 1, we then have
‘ 0?hy kit k33| p|
020z pllpzl —  |pl3[p2l?

Similarly, by using (633 we can obtain

ikit— 4 (h1 >} < Ckit? —— 1
0z p Ipllpal’

oh zi 1
‘(—1 + lklhl—t> ikt=] < Ck3t? (1 + —) .
9 p p |pl|p2]

Zj
By Lemma [6.4],
82(1)1 2 —kivoo
(635) az’az*(hl;ZhZé) SCkle 170 (1+K1—|—K2+K3),
CadiadV)

where K is defined in the proof of last lemma, and

oo t?e? < kit3ple~t
(6.36) Ko ::/ Ks ;:/ _ katTlple”
1 |P||M2|\/152 1 plBlpelPvitr — 1
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The estimate (6.38) is also valid for the other cases when 2 and y are not both in RZ.
if the constant C is replaced by Cn;.

From the proof of last lemma we know that | K| < C/(k1L1). Similarly we can
prove |Ks| < C/(k1L1). It remains to estimate K5. For |za| > La/2 we have by > 0
and by ([6.23)-(624) we know that |p||u2| > CkiL; and thus K3 < Ckq|p|/(k1L1)?

which yields
1/p _
1 g 1/
<C — ) Ly".
T RPLE (Ll) '

For |x2| < La/2 we know that by = 0, by = 7, and a1 = |1 —y1| > d1 > *yo_lLl,
az = |xa|? + y3 > y3. Thus by Lemma [6.6]

plla] > ChyV/Iio min(1, V), 7= /(t —t)? +43/52.

Thus, since |p| < C7, 5 > /(L1 + d1)? + (L2 + d2)?,

1/17 1
<(C——
KLY </r
Notice that

2 \*? to+1 3tg — 1
P32 < < wie o2zt o),
to— 1 2 2

An application of Holder’s inequality yields that

J,

[ 1maasty
IS

| K3 [Pds(y)

pds(y))l/p.

o t3eft
dt
/1 min(1,73/2)V/t2 — 1

IS}

3tg—1

/ 2 t3et
3/2. /12
ot p3/24/12 -1

3tg—1

<CL;+C / i r_%pdtds(y).

p

dt| ds(y)

ds(y) < CLy + C/
Iy

o] t3€7t
——dt
s

On the part of the boundary of I'; where |ya| = La/2, we have r—! < &/Ls, thus

oo 3 ¢ » o 3e Ly 3tg—1
/ / e | dsy) < CLy +CL <U>2 +C/2 C o Fdidy
= 1 i 2
r 1 V=1 Ly 0 Jrog
_ 2
<CL, +CL, <Li> v O, ifp<4/3.
2

This completes the proof. O

7. The convergence. In this section, we are going to show the exponential con-
vergence of the solution of ([@LG)—([7T) to the solution of the original scattering prob-
lem (LI)-(T3). We first introduce the approximate Dirichlet-to-Neumann operator
T: HY?(T')) — H~Y/2(I';) associated with the UPML problem. Given ¢ € HY/?(T';),

let T{ = % ’F , where ¢ is the solution of the following Dirichlet problem in the PML
1

layer:
(71) V- (AV(b) + 011012]{32(25 =0 in Qpmr,
(7.2) ¢=¢ on I'y, ¢p=0 on I's.
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From (5.4) we know that (ZI)(Z-2) has a unique solution and thus 7" is well-defined.
Then ([A6)-(@7) is reduced to the following weak formulation: Find 4@ € H'(;) such
that 4 = g on I'p and

(7.3) a(a,v) = (f,v), Vv € Hp (1),

where the sesquilinear form @ : H(€21) x H'(Q1) — C is defined by
d((pu dj) = /Q (VQO ’ V& - kQWL)de - <T907¢>F17 V(pu dj € Hl(Ql)

We are in the position to estimate the error 7'¢ — TC for any ¢ € H1/2(1"1). It is
obvious that

. ow
(7.4) To-Te= 3l

where w € H'(Qpwmr) is the solution of the Dirichlet problem (EI)-(E2) with ¢ =

E(Q).
For any ¢ € H'/?(T;), denote

X(@¢):={ve H' (QpmL): v=0 on I't, v=E(¢) on I's}.
By Lemma we know that

(75) 7€ = TClrroeyy < (L4 €7 i0E o]

We introduce the weighted H1/2(I‘j)7norm, 7 =12,

3 1/2
(76) ooy = (01 oldey + 0B 5 ) Voe HYAT)),
where
[o(@) — v(@')?
(77) |’U|2%,F]‘ ::/F /F st(x)ds(xl)

LEMMA 7.1. Let (H2) and vo5 > max(k; ', min(dy, do+La/2)) be satisfied. There
exists a constant C' depending only on o, ka/k1, La/L1 but independent of k;, Lj,
and dj, j = 1,2, such that, for any ( € HY*(T'y),

_ 2
. 3 o
80 el < O (R o (142 ) clmece,
Proof. By definition
012 s, = | AVD [ + 1 501020 2y

2 _
< C(1+ kL) i (V0 23y + D120 Bx@pan) )
which by the trace inequality implies that
inf [Jv]lc e < C(1+kiLy) ap [E(O] g2 (ry)-

veX(C)
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The definition of the H'/2-norm shows that

. 2
06 e, < O (UKL 0, (IOl + D B e )

On the other hand,
IE(Q)| =] — ¥sL(A) + TpL(Q)]
9G(, y)

= ’ — /F1 Gz, y)\y)ds(y) + /Fl WC(y)dS(y)‘

< ClIG(@, gzl M2,y + 110G (@, ) /001(y) | ooy 1€ 2 ry)-

Since || Al g-1/2(r,) < Cl ¢l gr/2(r,), We then obtain
[E(Q)] < O+ kL) ma (|G e, )| + LalVy Gl ) ) 1€ mvaers):
which implies by Lemmas and Lemma that

IE(C)| < Cy1(1 + kyLy)2e k1707

Similarly, for any 1 < p < 4/3, we know from the embedding theorem that W1P(I'y)
is embedded to H'/2(I';) and H'/2(I';) is embedded to L¥'(T';), where 1/p+1/p’ = 1.
Then

IVLE(Q] < IVaG@ Marzwy M 12wy + 1V VoG, o IS e )
< CLT P (V2 G (@, ) oqrs) + Ll VaVy G, Mol ry)-

This implies by using Lemmas [6.7H6.8 that

— N\ 2
o _
L1|VIE(<)| < CO&m(l + lel)Q (1 + L_1> €7k1700||<||H1/2(F1).

This competes the proof. O

Now we are ready to present the main result of this paper.

THEOREM 7.2. Let (H1)-(H2) and vo& > max(k; ', min(dy, dz 4+ L2/2)) be satis-
fied. Let u be the solution of (L) — (L3). Then for sufficiently large &, the UPML
problem ([@6l) - (@) has a unique solution G. Moreover, there exists a constant C
depending only on o, ka/k1, La/L1 but independent of kj, L;, and d;, j = 1,2, such
that

o

2
(18) Ju =l o < CO+C O+ bLPad (144 ) e fallpa,,

Proof. We prove the estimate (Z.8)) first. Suppose the solution @ of ({6]) — (4.1
exists. By BI8) and (73], simple integration by parts implies

a(u—1a,9) = (@, ) —a(t, @) = (Ta— T, o)r,, Vo € H (Qpmr).

Using (3.19) and Lemma [T1] we obtain (Z.8]).
Now we turn to the well-posedness of the UPML problem. By the Fredholm

alternative theorem we only need to show the uniqueness of the UPML problem (Z.6))
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— [@™). For that purpose we assume (6] — (A7) has a solution @ for f = 0 in (6]
and g = 0 in (7). By the uniqueness of the scattering problem we know that the
corresponding scattering solution v = 0 in ;. Thus (Z8)) implies

o

2
— k105 || ~
Z) et il

”ﬁHHl(Ql) <C (1 + é_l) 11+ k1L1)3a§n (1 +

Thus for sufficiently large & we conclude that @ = 0 on ;. That @ also vanishes in
Qs follows from Lemma [5.1] since 4 satisfies the PML equation in the PML layer with
homogeneous boundary conditions. O

8. Concluding remarks. In this paper we have proved that the solution of the
UPML problem converges exponentially to the solution of the Helmholtz scattering
problem in two-layer media. The convergence can be realized by either enlarging the
thickness of the PML layer or enlarging the PML absorbing coefficients. The proof is
based the method of complex coordinate stretching and a new representation of the
Green function which is essential for the estimate for the modified Green function.
We will extend the results of this paper to design an adaptive UPML method and
report the numerical examples in a forthcoming paper.
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