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Abstract. We present in this note a unified approach on how to design
simple, efficient and energy stable time discretization schemes for the
Allen-Cahn or Cahn-Hilliard Navier-Stokes system which models two-
phase incompressible flows with matching or non-matching density. Spe-
cial emphasis is placed on designing schemes which only require solving
linear systems at each time step while satisfy discrete energy laws that
mimic the continuous energy laws. We construct the time discretization
schemes in weak formulations so that they can be used with any consis-
tent Galerkin type spacial discretization schemes such as finite element
methods and spectral/spectral-element methods.
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1. Introduction

The interfacial dynamics of two-phase immiscible fluids have attracted
much attention for more than a century. A classical way to study the mov-
ing interfaces is to employ a mesh that has grid points on the interfaces
and deforms according to the motion of the boundary. However, keeping
track of the moving mesh may cause computational difficulties such as
mesh entanglement for large displacement or deformation of internal do-
mains. Typically, sophisticated remeshing schemes have to be used in these
cases. As an alternative, fixed-grid methods that regularize the interface
have been highly successful in treating deforming interfaces. These include
the volume-of-fluid method [43,44], the front-tracking method [24, 25] and
the level-set method [53, 9]. Instead of formulating the flow in two domains
separated by an interface, these methods represent the interfacial tension
as a body-force or bulk-stress spreading over a narrow region covering the
interface. A single set of governing equations can be written over the entire
domain, and solved on a fixed grid in a purely Eulerian framework.

In recent years, the diffuse interface approach, i.e., the phase-field model,
whose origin can be traced back to [61] and [71], has been successfully
used to model two-phase incompressible fluids under various situations (cf.
[35,2, 50,38, 48, 78] and the references therein). The phase field model can
be viewed as a physically motivated level-set method. Instead of choosing
an artificial smoothing function for the interface, the diffuse-interface model
describes the interface by a mixing energy. In particular, the energetic vari-
ational phase-field approach leads to a well-posed nonlinear coupled system
that satisfies an energy law, making it possible to design numerical schemes
which satisfy a corresponding discrete energy law that automatically en-
sures their numerical stability (cf., for instance, [23,45,4, 63, 64]).

Most of the analysis and simulation of the phase-field model for two-
phase flows have been restricted to the matched density case or with a
Boussinesq approximation when the density difference is small. The stan-
dard energetic phase-field model was derived from a variational procedure
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with a matched density, so a direct extension to the case of variable density
does not lead to an energy law, making it difficult to carry out mathe-
matical and numerical analysis. For problems with small density ratio, a
common practice is to use a Boussinesq approximation where the variable
density p is replaced by a background constant density py while an external
gravitational force is added to model the effect of density difference (cf., for
instance, [48]). While using the Boussinesq approximation leads to a well-
posed dissipative phase-field system, its physical validity is based on the
assumption that the density ratio between the two phases is small. Hence,
it can not be used for two-phase flows with large density ratio. In this case,
one approach is to view the mixture as a compressible fluid in the mixing
layer with a mass-averaged velocity [50]. Another approach is to assume
that the two components mix by advection only (i.e., without diffusion)
and remain solenoidal. In [63], we took the second viewpoint and proposed
a physically consistent modification to the momentum equation such that
the modified phase-field system, in the case of variable density, admits an
energy law.

The coupled phase-field system for two-phase incompressible flows
presents formidable challenges for algorithm design, analysis and implemen-
tation, particularly so when the density ratio is large. Some of the numerical
difficulties associated with this coupled nonlinear system include:

e the coupling of the velocity and pressure though the incompress-
ibility constraint;

e the stiffness of the phase equation associated with the interfacial
width 7n;

e and in the case of variable density, the equation to update the
pressure becomes difficult to solve when the density ratio is large.

Some simple, efficient and energy stable schemes for the Allen-Cahn and
Chan-Hilliard phase-field models have been constructed recently in [63] and
[64]. These schemes are designed by combining the following approaches to
deal with the aforementioned difficulties:

e A common strategy to decouple the computation of the pressure
from velocity is to use a projection type scheme as in the case
for Navier-Stokes equations (cf., for instance, a recent review in
[32]). However, most of the numerical analysis for projection type
schemes are limited to problems with constant density and vis-
cosity. The few exceptions which deal with variable density are
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[28, 56, 29], which serve as inspiration for the numerical schemes
we present below.

e To alleviate the difficulty associated with the stiffness caused by the
thin interfacial width, a stabilizing term in the phase equation was
introduced in [77,46] (see also [75]). This stabilizing term allows us
to treat the nonlinear term in the phase equation explicitly without
suffering from any time step constraint. Alternatively, one can also
use the so called convex splitting approach [21] which leads to un-
conditionally stable scheme with a nonlinear system whose solution
is the unique minimizer of a convex functional (cf. [74, 73]).

e A typical projection type scheme will lead to an elliptic equation
with density as a variable coefficient for the pressure. The numerical
solution of this elliptic equation could become very expensive as
the when the density ratio is large. We shall consider a pressure
stabilized formulation to avoid solving a pressure elliptic equation
with density as a variable coefficient (cf. [29]).

The main purpose of this note is to present a unified approach for the
design and stability analysis of simple, efficient and energy stable schemes
for the Allen-Cahn and Cahn-Hilliard phase-field models. While many of the
schemes and results to be discussed here have appeared in several recent
papers [65,63,64], the presentation is essentially self-contained and in a
uniform style.

The rest of this note is organized as follows. In the next section, we
present the Allen-Cahn and Cahn-Hilliard phase-field models for two-phase
incompressible Newtonian flows, first with the case matched density afol-
lowed by the case of variable density. We emphasize that these phase-field
models admit an energy law. In Section 3, we provide a brief overview
for some projection type schemes for the Navier-Stokes equations that we
shall use to decouple the computation of the pressure from that of the ve-
locity. In Section 4, we present two classes of energy stable schemes for
the Allen-Cahn and Cahn-Hilliard equations. In Section 5, we consider the
phase-field models with matched density and viscosity, and construct en-
ergy stable schemes by combining the ideas presented in Sections 3 and
4. In Section 6, we extend the results to the case of variable density and
viscosity. We discuss briefly the extension to complex fluids in Section 7
and conclude with a few remarks in the last section.
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2. phase-field model for two-phase incompressible and
immiscible flows

We consider a mixture of two immiscible, incompressible Newtonian fluids
with densities p1, po and viscosities p1, po. In order to identify the regions
occupied by the two fluids, we introduce a phase function ¢ such that

1 fluid 1
1) = ) 2.1
ol 1) {1 fluid 2 @1

with a thin smooth transition layer of thickness 1 connecting the two fluids
so the interface of the mixture can be described by the zero level set of the
phase function: {z : ¢(z,t) = 0}. Let F(¢) = #((bz —1)2 be the Ginzburg-
Landau double-well potential, and define the mixing energy functional

W(o.96) = [ (5IV6 + Fle) ) o (2:2)

where A is the mixing energy density and 7 is the capillary width of the in-
terface thickness. The above represents the competition between the hydro-
philic and hydro-phobic properties of the two-phase flow. The mixing energy
density A can be related to the traditional surface tension coefficient ¢ in
the sharp interface limit [78]. Indeed, consider an one-dimensional interface
and assume that the diffusive mixing energy in the region equals to the
traditional surface energy:

oo (1 (dg\?
= | — F . 2.
- /\/00{2<dx)+(¢) de (2.3)
Let us further assume that the diffuse interface is at equilibrium, and thus
has zero chemical potential,
oW d%¢

5 =~ Mg rFe) =0 (24)

Since lim,_, 4o F(¢) = 0, that is, ¢ = +1 for unmixed components, and
limg 400 % = 0, multiplying the above equation by Z—i and integrating

over (—o0, +00), we get
1 [(do\*
2(@) — F(9), (2:5)

which implies equal partition of the free energy between the two terms at
equilibrium. Equation (2.5) can be solved together with the boundary con-
dition ¢(0) = 0 for any given F'(¢) by direct integration. For the potential
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F(¢) = #(1 — ¢?)?, (2.5) leads to ¢, = f%n(l — ¢?) whose solution, with
the condition ¢(0) = 0, is:

é(z) = tanh <\/f”§n> . (2.6)

Thus, at the equilibrium, the capillary width 7 is a measure of the thick-
ness of the diffuse interface. Substituting (2.6) into (2.3), we arrive at the
following matching condition:

o= &i (2.7)

3.1

Therefore, as the interfacial thickness 7 shrinks toward zero, so should the
mixing energy density parameter A; their ratio gives the surface tension
coefficient in the sharp interface limit.

Obviously, the correspondence between the diffuse- and sharp-interface
models is meaningful only when the former is at equilibrium. During the
relaxation of the diffuse interface, one cannot speak of a constant interfacial
tension. Although one may view this as a deficiency of the diffuse-interface
model, it in fact reflects the reality that the interface has its own dynam-
ics which cannot be summarized by a constant o except under limiting

conditions.
The dynamics of the phase function ¢ can be determined by a gradient
flow:
ow
Gt + (u- V) = e (2.8)

One can take the variational derivative % in H=! and set f(¢) = F'(¢),
leading to the (conserved) Cahn-Hilliard phase equation,
b1+ (u- V) = —yA(A¢ — f(9)); (2.9)

or take the variational derivative 65% in L?, leading to the (non-conserved)
Allen-Cahn phase equation

¢+ (u-V)o = (A0 — f(9)). (2.10)

For immiscible two-phase flows, we can introduce a non-local Lagrange
multiplier £(¢) in the Allen-Cahn case to enforce the volume fraction con-
servation (cf. [77]), namely:

¢+ (u- V) =v(A¢ — f(d) +£(1)),

d (2.11)
E/Q(bdx = 0.
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Note that the right-hand side of the dynamic equation (2.9) or (2.10) dic-
tates the relaxation of the phase-field variable ¢, with a relaxation time
proportional to 1/+v. In the limit of v approaching zero, we recover the
kinematic condition for the interface. Moreover, as n approaches zero, the
dynamics of ¢ will preserve the profile of the transition, a key advantage of
the phase-field approach.

The momentum equation for the two-phase system takes the usual form:

plug + (u-Viu) =V -, (2.12)

where the total stress 7 = pD(u) — pI 4+ 7. with p being the dynamic
viscosity coefficient, D(u) = Vu + Vu” and that 7, is the extra elastic
stress induced by the interfacial surface tension.

2.1. The case of matched density

We consider first the case p1 = p2 = pp. Then, using the least-action-
principle and the mixing energy functional defined above, it can be shown
that 7. = —AV¢ ® Vo (cf. [34,48,57]). Using the identity

V- (Vo ®Vp) = AdVe + %V|V¢\2, (2.13)

and absorbing the gradient term into the pressure p, the momentum equa-
tion becomes:
po(ut + (u- V)u) =V - (uD(u) — pI = A(Vo @ V9))
=V (uD(u)) = Vp — AA¢Ve,
where, for notational simplicity, we still use p to denote the modified pres-

sure p+ % |V¢|%. Note that y is a slave variable of ¢ and can be determined,
for example, by

(2.14)

u(¢):“1;“2¢+”1;“2. (2.15)

Then, the Allen-Cahn phase field model for the case of matched density
and viscosity consists of (2.11), (2.14) and the incompressibility condition

V-u=0, (2.16)

together with the boundary conditions

9¢

%\39 =0, (2.17)

ulan = 0,
and initial conditions

uli=0 = uo, P1=0 = o. (2.18)
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By taking the inner product of (2.14) with u, and (2.11) with —A(A¢ —
(@) +£(¢)), we can derive the following energy law:

d  po A
Bl + SV + AP (6), 1)} (2.19)

= —LIVAD@)? ~ M|A6 ~ F(6) + W)

On the other hand, the Cahn-Hilliard phase-field model consists of (2.9),
(2.14) and (2.16) together with the boundary conditions

I(A¢ — f(9))
on

and the initial conditions (2.18). Similarly, by taking the inner product of
(2.14) with u, and (2.9) with —X\(A¢ — f(¢) +£(t)), we derive the following
energy law for the Cahn-Hilliard phase-field model:

P
_ — a0 = 2.2
ulan = 0, an|8§2 0, loo = 0, (2.20)

d poy p2, A 2
Gl el + SIV6IP + A(F (@), 1)} (2:21)

- _%||\//7D(u)||2 — M[V(Ag — f())]*

2.2. The case of variable density

When the density ratio is small, a usual approach is to use the Boussinesq
approximation, i.e., replacing (2.14) by

polus + (u- V)u) = V- (uD(w)) = Vp = AAGV + glpr,po),  (2:22)

where py = 21522

and g(p1, p2) is an additional gravitational force to ac-
count for the density difference. However, when the density ratio is large,
the above Boussinesq approximation is no longer valid. It is clear that the

momentum equation should now be
plug + (u-V)u) =V - (uD(u)) — Vp — APV . (2.23)

However, unlike in the matched density case, the mass conservation (which
was not included in the phase-field system in favor of the phase equation)

pr+ V- (pu) =0, (2.24)

is no longer a consequence of incompressibility (2.16). Therefore, the corre-
sponding Allen-Cahn (resp. Cahn-Hilliard) phase-field model (2.11) (resp.
(2.9)), (2.23) with the incompressibility condition (2.16) no longer admit
an energy law. In this case, one approach is to view the mixture as a com-
pressible fluid with V-u # 0 in the mixing layer, where u is a mass-averaged
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velocity [50]. Another approach [63] is to assume the two components mix
by advection only (i.e., without diffusion). Thus, the velocity at a spatial
point is defined as that of the component occupying that point; it is spa-
tially continuous and remains solenoidal. We then need to modify (2.23) in
a physically consistent way for the modified system to have an energy law.
To this end, we set 0 = ,/p. By using the mass conservation (2.24), we have

1 1
o(ou)y = pug + S P = pu — iv - (pu)u. (2.25)
Therefore, it is physically consistent to replace pu; in (2.23) by o(ou): +

1V - (pu)u, leading to the modified momentum equation [63]

o(ou)t + (pu - V)u + %V < (pu)u

(2.26)
— V- uD(u) + Vp+ AApVe = 0.
In the above p and p are slave variables of ¢, given by
— + — +
p(¢):P12P2¢+P12P27u(¢):H12M2¢+M12ﬂ2' (2.27)

Thanks to the property that
1
/ (pu - V)v - vdx + 3 / V- (pu)v-vde =0, if u-nlpg =0, (2.28)
Q Q

we can then derive that the Allen-Cahn phase-field model for the case
of variable density (2.11), (2.26), (2.16) with (2.17) satisfies the following
energy law:

&G IVaul> + JIV6IP + MF (), 1)

‘2
1
= —5IVED@W)I* = MllAd = f(9) + O]
Similarly, for the the Cahn-Hilliard phase-field model for the case of variable
density (2.9), (2.26), (2.16) with (2.20), we have
d 1
dt "2

(2.29)

IVaul? + JI61 + ACF(6), 1))
= 2 IVED@)I? = MV (86 — DI

It is a great challenge to design simple and efficient schemes for solv-
ing the coupled, nonlinear Allen-Cahn and Cahn-Hilliard phase-field sys-
tems described above. In the next two sections, we shall describe simple
and efficient schemes for solving the Navier-Stokes equations and Allen-
Cahn/Cahn-Hilliard equations, respectively. Then, we shall use the ideas

(2.30)



February 9, 2011 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in review

10 J. Shen

in the next two sections as building blocks to design simple, efficient and
energy stable schemes for the Allen-Cahn and Cahn-Hilliard phase-field
systems in Sections 7 and 8.

3. Some efficient time discretization schemes for
Navier-Stokes equations

We consider in this section the time dependent Navier-Stokes equations:
w+ (u-Viu=vAu—Vp+ f, (z,t)€Qx(0,T],
Vou=0, (z,t)eQx(0,T], (3.1)
ulon=0, ult=o = uo.

In the above, Q@ C R? (d = 2,3) is a bounded domain; v is the kinematic
viscosity coefficient, f is the external force; the unknown functions are the
velocity vector u and the pressure p.

To fix the idea, we assumed a homogeneous Dirichlet boundary condition
in the above, although other admissible boundary conditions can be treated
as well.

One of the main difficulties in numerically solving the Navier-Stokes
equations is that the pressure p is coupled with the velocity u through the
incompressibility constraint for u. The most effective way to decouple the
computation of pressure from that of the velocity is to employ a projection
type scheme which was originally proposed by Chorin [12] and Temam
[69]. Many improved versions have been introduced over the last forty
years (cf., for instance, [26,41,72,52,40,66,54,67,70,20,30,31,33,39]);
and an extensive literature has been devoted to the numeri-
cal analysis of these projection type schemes (cf., for instance,
[59, 66, 36,18, 19,67, 55,27,58,6,30,31,33,51,49]). We refer to the recent
review paper [32] for a detailed account on the various type of projection
schemes. Here, we shall describe two projection type schemes which will be
used later for the phase-phase model.

3.1. Pressure-correction schemes

The original projection method, proposed by Chorin [12] and Temam [69],
was motivated by the idea of operator splitting, its semi-discrete version

reads as follows: Find @**! by solving
attt — ot k+1 k k+1
- _ A" . = — t

ﬁ/k-‘rl |an — O7
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then, find (p**+1,u**1) by solving

k+1 ~k+1

utt -1
ot
V-uftt =0,

uk+1 . n|aQ =0.

+ Vprtt =0,
(3.3)

The above scheme is called a projection method because v in the second
step (3.3) can be interpreted as the projection of @"*! onto the divergence
free space

H={uec (L*():V-u=0, u-nlsg = 0}. (3.4)

By taking the divergence of the first equation in (3.3), we find that the
second step (3.3) is equivalent to

1 _ 8pk+1
ApFtt = av TR on loo = 0;
uk+l — ak+1 _ 5tvpk+1

(3.5)

Remark 3.1: The above scheme is computationally efficient, when com-
pared with a coupled discretization, since at each time step, one only needs

to solve a linear second-order equation for @*+!

k1
p
solver is available as in the case of finite differences or spectral methods,
to replace the semi-implicit treatment of the nonlinear term (u* - V)ak+!

in (3.2) by the explicit treatment (u”* - V)@*. Therefore, at each time step,
k+1

, and a Poisson equation for
. Furthermore, it is a common practice, especially when a fast Poisson

one only needs to solve a Poisson type equation for 4 and a Poisson
equation for p*t1.

On the other hand, this scheme has a poor accuracy due to the non-
physical boundary condition a%:rl oo = 0 in (3.5). It is shown in [66]
that this scheme is only %—order accurate for the velocity in L2(0,T; H')
and pressure in L%(0,7; L?), and first-order accurate for the velocity in

L2(0,T; L?).

The first significantly improved projection type scheme appears to be
the so called pressure-correction scheme introduced in [26]. Its first-order
version reads as follows:

Find @**! by solving

Gkl e
ot
"o = 0;

— VAT 4 (WP - V)aF + VpF = (i), (3.6)
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then, find (p**+1, u**1) by solving
k+1 _ ~k41

uttt — 4

s + V(@ —ph) =0,

V-ubt =0 (3.7)

uk'H . ’I”L|aQ =0.

By taking the divergence of the first equation in (3.7), we find that the

second step is equivalent to

1 ) A(pF+L — pk)
A+l — pFy — S . ght!

(p pr) =5 Vot B
bt = gh Tl — 5t (ph Tt — ph).

loa = 0; (3.8)
Taking the inner product of (3.6) with 26t@*+!, using the identity
(b—a,2b) = |b|*> — |a]* +|b—al? (3.9)
and the property
(u-Vo,v) =0, YueH, ve (HY(N)Y, (3.10)
where H is defined in (3.4), we find

[ — 2 4 |  2wat V2 4 26V )
= 20t(f(ter), @) < vtV H® + OOt f (tes) 13-
(3.11)
On the other hand, we rewrite (3.7) as
uF T 4 5tvphtt = aF 4 stvpk

and take the inner product of the above with itself on both sides, notice
that (Vp*+l ubtl) = —(ph+1 V. u**1) = 0, we obtain

[P 12+ ()2 [V P = (a2 + 20t (VpF, @) + (662 VRt
(3.12)
Summing up (3.11) and (3.12), we arrive at
™2 = @+ @ — w4+ vot| vat
+ (8% VP T2 = (66)2 VPP ||? < OOt f (trsn) I

Summing up the above inequality for £ = 0,1,...,n < %, we proved the
following result.
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Lemma 3.1: The scheme (3.6)-(3.7) is unconditionally stable in the sense
that

n
a2 06t 3 VA2 < )2+ AR o)
k=0

It is also shown that the above scheme is first-order accurate for the
velocity in L*(0,T;L?) N L*(0,T; H') and pressure in L2(0,T; L?) (cf.
[66,32]). However, second-order pressure-correction schemes can be easily
constructed. A popular second-order version reads:

3&16-{-1 _ 4’U,k + uk—l

20t
a1 pq = 0;

— vAGPT 4 (2uF — WYY VaER T £ VPR = f(t),

(3.13)

3uk+1 _ 3ﬂk+1

26t
V- uFtt =0,

uk“ . ’I’L|aQ =0.

+ Vet -pf) =0,
(3.14)

It can be shown, similar to the proof for Lemma 3.1, that the above
scheme is also unconditionally stable. The only complication is that the
term (3a*+! — 4uf 4wk~ GF+L) needs to be treated carefully, we refer to
[27, 33] for more detail on this matter. As for the error analysis, it is shown
(cf. [27,68]) that the above scheme is second-order for the velocity in the
L?(0,T; L?(2))-norm, but it is only first-order accurate for the velocity in
L?(0,T; HY(Q))-norm and the pressure in L?(0,T; L?(£2))-norm. The proof
is much more involved and we refer to [27, 32] for more detail.

The scheme (3.13)-(3.14) is only first-order accurate for the pressure
[68] due to the non-physical boundary condition

8pk+ 1
on

opk op
lo = ({%bn ==L 20 (3.15)

on
implied by (3.14). An improved second-order scheme, is proposed in [70]:

3kt — qyk k1
20t
it g0 = 0;

— AT (2uF — P Va4 VP = f(tya),

(3.16)
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3uk:+1 _ BﬂkJrl

vyt =0

557 + Vi ;
v.dt g (3.17)
uk+1 'TL‘@Q = 0;

pEHL = g+l g gk QVT&V gkt (3.18)

It is shown (cf. [33]) that the above scheme is still unconditionally stable
but its accuracy is improved to order %, instead of first-order for the scheme
(3.13)-(3.14), for the velocity in L?(0,T; H!(Q2))-norm and the pressure in
L?(0,T; L?(2))-norm.

3.2. Pressure-stabilization schemes

As we shall see later, for two-phase flows with variable density, the pressure-
correction schemes presented above will lead to a pressure elliptic equation
with variable coefficients which may become difficult to solve when the
density ratio is large. Hence, we shall present below a pressure-stabilization
scheme which will lead to a pressure Poisson equation even in the case of
variable density.

The idea behind the pressure-stabilization scheme is to replace the di-
vergence free condition by

Op
L — — - = 1
V. -u—eAp=0, an|ag 0, (3.19)
with € = §t or
Opy
Vou—eAp =0, Lo = 2
u—eAp; =0, an\ag 0, (3.20)

with e = (6t)2.
A first-order pressure-stabilization scheme based on (3.19) reads:

ubtt — ~k+1 ko, k+1 ko
—5 VAT + N, u"") 4+ Vp® = f(tky1), (3.21)
@ oq = 0;
StAPFTL = V. b+, 81;:1 oo =0, (3.22)
where
N(u* uPt) = (u - V)uP+ + 1(V uF )Rt (3.23)

2
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Note that in the above scheme, V-u* # 0. Hence, we don’t have the desired
property ((u* - V)uF+1 «**t1) = 0. By adding an additional term %(V -
uF)ukt1 we have (N(u¥,u*1),u**1) = 0 which is essential for proving
the stability of the scheme.

It is shown in [59] that the original projection method introduced in [12]
and [69] can be reformulated as the stabilized scheme (3.21)-(3.22). There-
fore, Its accuracy is comparable to the original projection method but not
as accurate as the first-order scheme (3.6)-(3.7). Namely, it is of first order
for the velocity in the L?(0,T; L*(2))-norm, but it is only of order 3 for the
velocity in L2(0,T; H'(2))-norm and the pressure in L%(0, T; L?(£2))-norm
(cf. [59]).

The computational complexity of the scheme (3.21)-(3.22) is essentially
the same as that of the scheme (3.6)-(3.7). However, as we shall see later,
it leads to a simplified scheme for two-phase flows with variable density.

A second-order pressure-stabilization scheme based on (3.20) is as fol-
lows:

3uk:+1 _ 4uk + ukfl
20t
ak-‘rllag _ 0,

—vATP 4 N(2uF — o uF ) 4 Uk = fty),

(3.24)

akarl
on

SEA(pM ! —p*) = V-t oo = 0. (3.25)

The accuracy of the second-order scheme (3.24)-(3.25) is essentially the
same as the second-order pressure-correction scheme (3.13)-(3.14) (cf. [67]).

Remark 3.2: For all the pressure-correction schemes, the pressure compu-
tation is decoupled from that of the velocity. Therefore, it appears that the
discretization spaces, X, for the velocity and M} for the pressure, do not
necessarily need to satisfy the so called inf-sup condition [3,5]. However,
it has been shown that the inf-sup condition is needed for the pressure-
correction schemes to achieve optimal accuracy (see, for instance, a detailed
explanation in [32]).
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4. Some efficient time discretization schemes for
Allen-Cahn and Cahn-Hilliard equations

We consider in this section the Allen-Cahn equation

G- D6+ f)=0,  (5,0) Qx0T

(4.1)
0
%QS'[?Q = 07
and the Cahn-Hilliard equation
1
o —A(-Ap+ 5 f(9) =0, (x,1) € 2 x(0,T],
< (4.2)

0 0 1
%éﬁlan =0, %(Aﬁb - ?f(ﬁb)”aﬂ =0,

with the initial condition ¢|;—g = ¢g. In the above, f(¢) = F'(¢$) with
F(¢) being a given energy potential, and n is the outward normal. In many
situations, it is more convenient to rewrite the fourth-order equation (4.2)
into a system of second-order equations:

0
¢t = A’LU, %w‘aﬁ = Oa

' ) (4.3)
w=-A¢+ 5f(9), 5 dloa=0.

We have introduced a parameter € explicitly in (4.1) and (4.2) in order to
highlight additional difficulties which may arise when ¢ < 1.

The Allen-Cahn equation was originally introduced by Allen and Cahn
in [1] to describe the motion of anti-phase boundaries in crystalline solids,
while the Cahn-Hilliard equation was introduced by Cahn and Hilliard
in [8] to describe the complicated phase separation and coarsening phe-
nomena in a solid. These equations have been used extensively in mate-
rials science as models for phase transition, pattern formation etc., and
have been the subject of extensive mathematical and numerical studies.
On the other hand, the Allen-Cahn and Cahn-Hilliard equations have also
been widely in phase-field models for multi-phase flows (cf., for instance,
[50,11,2,10,48,78,77,16]).

An important feature of the Allen-Cahn and Cahn-Hilliard equations
is that they can be viewed as the gradient flow of the Liapunov energy
functional

B@) = [ (3962 + 57@) o (4.0
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in L? and H™!, respectively. More precisely, by taking the inner product
of (4.1) with —A¢ + E% f(@), we immediately find the following energy law

for (4.1):
0 1
P00 == [ 1= 86+ 5 1(0)ds (4.5
and similarly, the energy law for (4.2) is
0 1
5EO0) == [ V(=80 + S 1(0)de. (1.6

Therefore, it is important to design efficient and accurate numerical schemes
that satisfy a corresponding discrete energy law, or in other words, energy
stable.

Let us consider first a simple first-order semi-implicit scheme for the
Allen-Cahn equation (4.1):

SO M) = MG 16", S gn =0, (47)

In order to prove a stability result for the above scheme, we need to
make the following assumption on f(¢) = F’'(¢):

max|f(z)] < L. (4.8)

Note that the assumption (4.8) is not satisfied by the double-well potential
F(¢) = 1(¢* — 1)%. However, since the Allen-Cahn equation satisfies the
maximum principle and it is shown in [7] that for a truncated potential F'(¢)
with quadratic growth at infinities, the maximum norm of the solution for
the Cahn-Hilliard equation is bounded, we can replace F(¢) by

(¢ - 1)27 Qb >1
Flg)=q3(6*—1)?% oel-11], (4.9)
(¢ + 1)27 ()b < _17
which satisfies (4.8) with L = 2.
Under the assumption (4.8), it is not hard to show that under the con-
dition
2e?
ot < — 4.10
<z (4.10)
the scheme (4.7) is energy stable in the sense that

E(¢"™) < E(¢™), V¥n>0.
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Indeed, taking the inner product of (4.7) with ¢"*! — ¢™ and using the
identity (3.9), we find

1 1
slem T = @ 5 IV THIE = 1Ve™ g + V(6" = 6™)5)

1 (4.11)
+ S, = gm) =0,
For the last term in (4.11), we use the Taylor expansion
@) - Pe") = (o) (@ - )+ L e g an

Therefore, by using (4.8), we find

1 1
sllem =6 le + S UV TG = [IVe™lIe + 1V (6" = ¢™)][6)

1
@) - Fem. )
1 L
= @(f’(fn)(éf?nﬂ — "), " — ") < @H‘?nﬂ — ¢"[I3,

which implies the energy stability.
The condition (4.10) is quite restrictive when ¢ << 1. To remove this
restriction, an implicit treatment for the nonlinear term is usually necessary.
Following [17], a simple, yet unconditionally energy stable, second-order
scheme for the Allen-Cahn equation is as follows:
¢n+1 _ ¢n B A¢n+1 + ¢n
ot 2

+ 5 FE e =0,

9 (4.13)
Y n+l _
5,9 loa =0,
where
F(¢)—F )
) O-F&) .y
f(o.) = o= (4.14)
f() if ¢ =1
Similarly, the corresponding scheme for the Cahn-Hilliard equation (4.3) is:
¢n+1 _ Qz)n _ wn+1 4w o - _
5t - 2 ) anw |BQ - 07
w4 w” P 1 o 9 1
f——Af+?JC(¢ ") =0, %¢ loo = 0.
(4.15)

It is clear that the above schemes are second-order accurate since they
are based on a modified Crank-Nicolson scheme. To show that they are
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unconditionally energy stable, let us consider the scheme (4.13) and take
the inner product with ¢"t! — ¢, we find

1 1 1
5l =" P+ SV TP = Ve IP) + S (F(6"T) = F(¢7),1) =0,

which is exactly

B(g") = B(g") — 26" — 6" (116)

Similar result can be established for the scheme (4.15).

While the scheme (4.13) enjoys the second-order accuracy and uncondi-
tional energy stability, it is however not very convenient in practice since (i)
a non-linear equation has to be solved at each time step; (ii) the non-linear
equation may have multiple solutions; and (iii) the unique solvability can
only be guaranteed for 0t sufficiently small.

We shall present below two classes of schemes which are more suitable
in practice.

4.1. Convezx splitting schemes

The idea of convex splitting was first introduced by Eyre [21]. Recently, the
idea has been applied to various gradient flows (cf. [74, 73]). Assuming that
we can split F'(¢) as the difference of two convex functions, i.e.,

F(¢) = Fe(¢) — Fe(¢) with F/(¢), F/'(¢) > 0. (4.17)

Then, the first-order convex splitting scheme reads:

n+1l _ n
P A (6 ™) = 0, .
E%W“bﬂ =0,

where f.(¢) = Fl(¢) and f(¢) = F.(¢).

Theorem 4.1: The scheme (4.18) is unconditionally energy stable. More
precisely, we have

B < @) = 26 — " - IV - P (419)

Furthermore, the solution ¢"*1 of the nonlinear equation (4.18) is the
unique minimizer of the convex functional

1 1 1 .
Q0 = [ (108 + 5IV0P + SF0) ~g"o)dn, (120

where g" = — 56" — & f(6").
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Proof: Taking the inner product of (4.18) with ¢"*! — ¢", and using the
Taylor expansion

FL(6") — Fu¢™) = FL(6") (6" — ¢*) 4 T2 )

FA6™) ~ Fu(6) = FL)(@ — o) + Teii)

(¢n - ¢n+1)2,
(¢n+1 _ ¢n)27
thanks to (4.17), we find that

1 1
sllem T =6+ S UV = VO + V(6" — ¢™)]?)

+ Sl 1) = (F(e), 1)
- _T;(Fé’(fn) + F (), (67 = ")) <0,

which implies (4.19).
On the other hand, it is clear that (4.18) is the Euler-Lagrange equation
of minge g1 () @(¢). Since Q(¢) is convex, ¢+ is its unique minimizer. O

One can also construct second-order convex splitting schemes. However,
there does not seem to be a second-order convex splitting scheme for general
F(¢) = F.(¢) — F.(¢). Its construction depends on the exact form of F(¢).
For F(¢) = 1(¢? —1)? and f(¢) = F'(¢) = ¢* — ¢, a second-order convex
splitting scheme is as follows (cf. [37]):

¢n ! ¢n ¢n ! ¢n 1 n+1\2 n\2 n+1 n
5t -A 9 +T€2((¢ )7+ (")) (9 +¢")
1 n n—1
53 (3™ — ") =0, (4.21)
) (bn 1|BQ = 07

Theorem 4.2: The scheme (4.21) is unconditionally stable. More pre-
cisely, we have

1 1 1
E n+1 = a4t n 2<E n A =12 _ " antl_ n 2.
(") + 5 16m = 0" P < B(o")+ 56" — 6" P - = 97 -7
(4.22)
Furthermore, (4.21) admits a unique solution which is the minimizer of a
convex functional.
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Proof: We take the inner product of (4.21) with ¢"*! — ¢". Since

(36" —g"1, "1 = g7) = (¢ 4 9" — (6" = 29"+ ¢71), ¢ — 47)
= (") — (67 )
O L N e ]

we obtain

]‘ n+1 n(2 1 n 2 ni2
Slg = g7 + (Vg2 — Vg ?)
+ LY = (M) — 2@ — (7)), 1)

4e?
1 3 3 n n— 3 3 n—
b (6™ = g2~ 6 — 62 4 6 - 267 + 6 =
which implies (4.22).

Next, we show that the solution of (4.21) is the unique minimizer of a
convex functional. To this end, we rewrite ¢"*! as the solution of

1
% - §A¢ + Tn(d)) = gnv
(4.23)
9 hloa =0
an¢|aa— ,
where
1
r6) = 15 (60 + (6"))(6 + 0",
n_ 9" L L ogun gne
g =+ SAG" + (30" — "),

Setting R, (¢) = [ rn(¢)d¢ and

1
Qo) = [ (G + 7IVo + Ful0) - g" o)

we find that (4.23) is the Euler-Lagrange equation of minge g1 o) Q(9).
Since

10) = 3 2000+ 6" + 6+ (6)) = 15267 + (646" 20,

we conclude that Q(¢) is convex and ¢™*1 is its unique minimizer. |
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4.2. Stabilized schemes

Compared to the implicit schemes such as (4.15), the convex splitting
schemes admit a unique solution which is the minimizer of a convex func-
tional. Therefore, they are computationally more efficient than the implicit
schemes such as (4.15). However, they still need to solve a nonlinear equa-
tion at each time step.

The stabilized first-order semi-implicit method reads

1 S 1
(& + ;2)(925”“ —¢") — Ag" T + ;Qf(éf’") =0,

9 (4.24)
%¢n+1|89 =0,
where S is a stabilizing parameter to be specified.
The stabilizing term 5% (¢" T —¢") introduces an extra consistency error
of order %ut(fn). We note that this error is of the same order as the
error introduced by the explicit treatment of the nonlinear term which
is, (f(u(t™)) — flu(t™))) = g—gut(nn). Therefore, the stabilized semi-
implicit scheme (4.24) is of the same order of accuracy, in terms of dt and
€, as the standard semi-implicit scheme — (4.24) with S = 0, or the first-
order convex splitting scheme (4.18). However, we have the following result
for the stabilized scheme.

Lemma 4.1: Assuming that (4.8) holds. Then, for S > £ the stabilized
scheme (4.24) is unconditionally stable and the following energy law holds
for any t:

E(¢" ™) < E(¢™), Vn>0. (4.25)

Proof: Taking the inner product of (4.24) with ¢"*! — ¢, we obtain

1S 1
(5 + 26" = 88+ 5 (196" 3 — V6§ + V8™ — V" )
1 n n n
+ 3 (f(@),6" —¢") =0.

Using again the Taylor expansion (4.12) and (4.8), we find

(F(87),8 = 6) 2 (F(@™) = F(g),1) = 5 (" — g7, 6"*! — ).

We can then conclude the desired result from the above two relations. O
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We now consider the first-order stabilized semi-implicit method for the
Cahn-Hilliard equation (4.3):
n+1

L@ — ") — AwH =0, 29 |0 =0, (4.26a)
A S (M — ) + S f(9) = w28 |og = 0.(4.26D)

As in the Allen-Cahn case, the extra consistency error introduced by the
stabilization term is of the same order, in terms of dt and ¢, as the dom-
inating truncation error in the standard semi-implicit scheme, (4.26) with
S =0.

Lemma 4.2: For § > %, the stabilized scheme (4.26) is unconditionally
stable and the following energy law holds for any ot:

E(¢"™) < E(¢") Vn>0. (4.27)
Proof: Taking the inner product of (4.26a) with dtw"*! and that of
(4.26b) with ¢! — ¢", and using (4.12), we find
(6" =" W) + 5t VTG = 0,
and
1 n n n n
UV G = V™[5 + [V (@™ = ¢™)I[5)
S n n 1 n n
+ e =5+ S (P — F(e7), 1)

1 n 3 n 3 n n 3 n
- @(f/(f (@ = @), " = g") = (w9 — "),
On the other hand, taking the inner product of (4.26a) with v/25t(¢" ! —

¢™), we obtain
2
\/;H@i’”“ —¢" 1§ = —V25t(Vw" T, V(¢" T — "))

n 1 n n
<OtV G + SV (8™ = 6™

Summing up the above three relations and using (4.8), we arrive at

V87 = 603 + Sl — " + SVt B

1 1
+ 596 = 196" 3) + S (F (™) = F(6™), 1)
= S ()@ =), 6" — ")

L
11 2
< @Hfbn —¢"[5-
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We conclude that the desired result holds under the condition S > % O

A second-order semi-implicit scheme based on the second-order BNF
and Adam-Bash forth is as follows:

1 1
557 (30" = 40" +¢"7) = Ag™H 4 S (2f(6") — f(6" 1) = 0,
8¢n+1 (428)
on log = 0.
Its stabilized version reads:
1 S
ﬁ(3¢n+l _ 4¢n 4 ¢n—1) 4 72(¢n+1 _ 2¢)n _|_¢n—1) _ A¢n+1
€ (4.29)

1 n " ) n+1
+ @I~ ") =0, s =0,

The stabilizing term %(é"“ — 29" + ¢" 1) introduces an extra con-
sistency error of order Sff ust (&) which is of the same order as the error
introduced by replacing f(¢" 1) with 2f(¢") — f(¢"!). Therefore, the
stabilized semi-implicit scheme (4.29) is of the same order of accuracy, in
terms of 0t and ¢, as the semi-implicit scheme (4.28).

The following stability results for the scheme (4.28) and its stabilized

version (4.29) are proved in [65].

Lemma 4.3: Under the condition

2e?
< — .
ot < 3L (4.30)
the solution of the scheme (4.29) with S > 0 satisfies
" 1 S+L., .. "
E(¢") + (g5 + 5z ™ —6"G
46t 2e (4 31)
1  S+L 12 ’
< n no_ n > .
< B + (g + S0~ R, vn> 1

Remark 4.1: The above lemma is valid for all S > 0 which include in par-
ticular the usual second-order semi-implicit scheme (S = 0). The stability
condition (4.30) is only slightly more restrictive than the condition (4.10)
for the first-order semi-implicit scheme (4.7).

Unlike in the first-order case, we were unable to show theoretically that
the stabilized scheme (4.29) with S > 0 has better stability than (4.28),
which is (4.29) with S = 0. However, ample numerical evidences indicate
that the stabilized version (4.29) with a suitable S allows much large time
steps than that is allowed by the unstabilized version (4.28) (cf. [46]).
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Remark 4.2: Beside the two classes of schemes presented above, another
class of schemes, namely, the operator splitting schemes [76], are often used
to solve Allen-Cahn type equations. While a properly designed operator
splitting scheme can also be unconditionally stable and very efficient for the
nonlinear reaction-diffusion equations including the Allen-Cahn type equa-
tions [15,14], it is not particularly suitable for interface problems that we
are interested here, since the diffusion step in an operator splitting scheme
does not have any mechanism to keep an interface profile. Furthermore, the
operator splitting approach can not be efficiently applied to Cahn-Hilliard
type equations.

5. Numerical schemes for the case of matched density

In this section, we shall construct simple, yet energy stable numerical
schemes for the coupled nonlinear phase-field systems in the case of matched
density. To simply the presentation, we shall also assume in this section that
the two fluids have the same viscosity po and defer the treatment of vari-
able viscosity to the next section, although the schemes and results in this
section extend directly to the case of variable viscosity.

Hereafter, we shall assume that F(¢) takes the following modified form

#((ZS - 1)27 d) >1
F(@) =1 (¢ — 12, gel-1,1], (5.)
7%2(¢ + 1)27 qs < -1
which satisfies
, 2
max |f'(z)| < s (5.2)

5.1. Allen-Cahn phase-field model

We consider first the Allen-Cahn phase-field model consisting of the equa-
tions (2.10), (2.14), (2.16) with the boundary condition (2.17) and initial
condition (2.18).

To fix the idea and simplify the presentation, we shall consider the Allen-
Cahn phase equation (2.10), instead of (2.11) with the Lagrange multiplier
&(t), as the Lagrange multiplier does not introduce any computational or
analytical difficulties.

The term A¢pV ¢ in (2.14) is not very convenient in practice, particularly
if a finite element method is used. It also introduces additional difficulty for
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proving the discrete energy law, since the test function, A¢ — f(¢) we used
in the continuous case, is usually not in the discrete subspace. Therefore,
we shall reformulate (2.14) before constructing numerical schemes. Thanks
to (2.11), we can replace A¢ in (2.14) by %(qﬁt + u - Vo) after absorbing
the term (f(¢) — &(t))Ve = V(F(p) — £(t)¢) into Vp (but still use the
same notation for the modified p). Therfore, the reformulated Allen-Cahn
phase-field model reads:

¢t +u-Vo—y(Ad—f(¢) =0 (5.3a)
po(us + (u-V)u) — poAu+ Vp + %((bt +u-Vé)Vo =0, (5.3b)
V-u=0, (5.3¢)

together with the boundary condition (2.17) and initial condition (2.18).
Taking the inner product of (5.3a) with %qbt and that of (5.3b) with u,
we find that the above system satisfies the following energy law
d

1 2, A 2
pn Q(§P0|U| Jr§|V¢’| + AF(¢))dx

\ (5.4)
- (uoIVu2 gt W) d.
Q y

A first-order scheme for the system (5.3) based on the pressure-
correction method (3.6)-(3.7) and the stabilized scheme (4.24) is as follows:

Given initial conditions u® and ¢°, we compute (¢" 1, 4"+ "+ pntl) for
n > 0 by
(3 + )™ = ")+ (@1 - V)g" — (A" = F(¢")) = 0
5t n? (5.5a)
09" aq = 0;
ﬂn+1 _ un B 1 _ 1
po(——5—— +u" Vi) — po a4 vpr
)\ n+l _ n
$ 2t ggryvgn o, (55P)
¥ ot
" a0 = 0;
Tl — gntl
poT + V(anrl 7pn) — 0’
V.= (5.5¢)

n- Un+1|6Q =0.
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Remark 5.1: At each time step, the above scheme involves a weakly
coupled linear system for (¢"1, " *1). In fact, if we replace @1 by a"
in (5.5a), then ¢"*! and @1 are decoupled and can be obtained separately
by solving two elliptic equations.

We show below that the above scheme admits a discrete energy law.

Theorem 5.1: For S > v, the scheme (5.5) is unconditionally stable and
satisfies the following discrete energy law:

ot?
[po||un+1||2 + /\||V¢n+1||2 + 2/\(F(¢n+l)’ 1)] + p70|‘vpn+1”2

20t

+ 2400t VA" + IIWL“II2

5t2
< [pollu™|I* + AIIW"IIQ +2A(F(¢"), )] + 7va 12,

where

1
¢n+ (/j)" n+ 1

n+1
v oot

Vo (5.6)

Proof: Taking the inner product of (5.5b) with 26ta"*!, we derive

P = P = a7 + 2p00t [ Va2
2X6t

po(ll@

+ 2(5t(Vp” ~n+1) (¢n+1v¢n ~n+1) _ O

Taking the inner product of (5.5¢) with %Vp", we obtain

5t2 —n n
0 — (V"2 = [ Vp" | = [|[Vp™ Tt — Vp™|?) = 20t(a" T, Vp™). (5.8)

On the other hand, we derive from (5.5¢) that
5t2 n+1 2 n+l _ n+1 2
S V" = V|7 = polu 1%, (5.9)

and

||un+1||2 + HunJrl ~n+1||2 H~n+1H2 (5.10)

Combining the above inequalities, we find

a2+ a7+ = ™) + 2u088] Va2

5t2 NGt 3 (5.11)
+E(||vpn+1||2—||vp”||2) 5 Z—(ttvem, @t =0,

0 [
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Next, taking the inner product of the second equation in (5.5a) with
B (¢t — ¢™), we find

2/\6t n+1 ¢n+1 ¢n n+1 ni|2
22w T et )

+ AV = [V | + [V — Vo™ |?)
+2X(f(9"), 0" = 9") =0

We combine (5.11), (5.12) and (4.12) to obtain

(5.12)

po(luTHZ — [l + [Ja" ™ —u"|?)
~n+1)12 5t2 n+1|2 n|2
+ 2p00t || Va" |7 + p*(IIVp 17 = [1Vp™ (%)
2/\515
II%ZJ"HII2 P ||¢"+1 - o"|?
+ A(IIqu"“II2 —[IV™ 1 + [[Ve™ ! — Vo™ %)
+2M(F (") — F(¢"),1)
2\

SAS(E) (@ = 9™), 0" =) < nfgl\qﬁ’l“ - "%

We can then conclude from the above inequality. O

Remark 5.2: The above stability result and the argument in the proof
indicate that if we rewrite the first two coupled equations in (5.5) as a
linear system for the unknown (%(QZ)"H — ¢™),a" 1)t the matrix for the
linear system is then positive definite (but not symmetric). Therefore, the
coupled system can be efficiently solved by using an interative procedure
such as BICGSTAB (cf. for instance [62]). This remark also applies to all
other schemes presented below.

5.2. Cahn-Hilliard phase-field model

We now consider the Cahn-Hilliard phase-field model consisting of the equa-
tions (2.9), (2.14), (2.16).

As in the Allen-Cahn case, the term A¢V¢ in (2.14) is not convenient
in practice. It is also more difficult to treat the fourth-order equation (2.9).
Therefore, we split (2.9) into a sequence of two second-order equations as in
(4.3), then replace ApV¢ in (2.14) by (—w + f(¢))Vd = —wV o + VF (),
and absorb the last term into Vp, we arrive at the following equivalent
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system:

¢t +u- Vo =yAw, (5.13a)

w=—A¢ + f(6), (5.13b)

po(uy + (u- V)u) — poAu + Vp — AwVe = 0, (5.13¢)

V-u=0, (5.13d)

with the boundary condition (2.20) and initial condition (2.18).

Taking the inner product of (5.13a) with Aw, that of (5.13b) with A¢y
and that of (5.13c) with 4, we find that the above system satisfies the
following energy law

d [ 1 5 A .
= z Z F
G [ Goolul® + 5IV0 + AP (6))da

(5.14)
= —/ (10| Vul® + My|Vw|?) da.
Q

The following first-order scheme for the system (5.13), based on the
pressure-correction projection method [32,68] with a stabilized treatment
for the Cahn-Hilliard phase equation [65], was proposed in [64]: Given initial
conditions u® and ¢°, compute (¢" 1wt gttt prtl) for n > 0 by

(61— ) + (@ V) = yhun,
wtl — %(¢n+1 — ") = _A¢n+1 + (™), (5.15a)

O™ Moa =0, Gpw™t|sn =0;

~n+1 _ ., n
po(% +u" - Va" ) — pe A" + Vpt — M TV " :(5015b)
an+1|8Q =0 .
un—i—l _ an—i—l
pOT 4 v<pn+1 _ pn) — O,
V.t =0, (5.15¢)

n- un+1|ag =0.

Remark 5.3: At each time step, the above scheme involves a weakly
coupled linear system for (¢"1 w1 4"*1). In fact, if we replace @"+!
by @™ in (5.15a), then (¢"*1 w"*t1) and @"*! are decoupled and can be
obtained separately by solving two elliptic equations/systems.
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The following result was proved in [64]:

Theorem 5.2: For S > 1, the scheme (5.15) is unconditionally stable and
satisfies the following discrete energy law:

ot?
[pOHU,nJrl”? + /\||V¢n+1||2 + 2/\(F(¢n+l)’ 1)] + pT"an+1||2

+ 2008t VAL + 200t | Vw2

< [pollu™|* + AIV" | + 2A(F(¢"), 1)] + %va I2.

Proof: The proof is similar to that of Theorem 5.1. For the readers’ con-
venience, we sketch the proof below.
Taking the inner product of (5.15b) with 26ta" !, we derive

po(la FHI* — [lu™|* + @™+ — u™[|*) + 2podt|| Va1

5.16
+ 26H(Vp™, @Y — 206t (w" TV ™, @) = 0. (5.16)

As in the proof of Theorem 5.1, we have (5.8), (5.9) and (5.10). Combining
(5.16), (5.8), (5.9) and (5.10), we find

ool 2 — 2 4 [ — ) + 200t V2
6t (5.17)

* ,T<va”“|\2 — V") — 225t (w1 V", @) = 0.
0

Next, taking the inner product of the first equation in (5.15a) with
2\6tw"™ L, we get

2)\(¢n+1 _ ¢n’wn+1) 4 2)\6t(an+1v¢n7wn+l)

5.18
+ 2\y0t || V™ % = 0. (5.18)

Then, taking the inner product of the second equation in (5.15a) with
2X\(¢" L — ¢™), we obtain

2AS . .
FIW g2

= MV = [IVe" |2 + [V — Vg ||?)
+2M(f(0"), " — ™).

2A(w" ¢t — ") —
(5.19)
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Combining (5.17), (5.18), (5.19) and (4.12), we obtain

po([luTHZ = flu™||? + la"t —u™||?)
ot?

+ 200t Va" | + E(IIW"“II2 = ve"I?)

25\
+ 203t | Vw12 — nT\WLH - "
FAVO TP = [V * + Vet — Vo' |?)
+2MF(¢" ) = F(¢™),1)

A
<AP(E) ™ — gm), ™ — gm) < %W“ e

We can then conclude from the above inequality. O

Remark 5.4: One can formally construct second-order stabilized schemes
for both the Allen-Cahn Navier-Stokes and Cahn-Hilliard Navier-Stokes
models. However, the second-order stabilized schemes do not seem to be
unconditionally stable but numerical experiments [77, 65] indicate that they
allow significantly larger time steps than the non-stabilized schemes.

Remark 5.5: For both the Allen-Cahn and Cahn-Hilliard phase-field mod-
els, one can also construct first-order and second-order schemes based on
the convex splitting approach for the phase equation and the pressure-
correction for the Navier-Stokes equations. It can be shown as above that
such a scheme is unconditionally stable. We leave the detail to the interested
readers.

6. Numerical schemes for the case of variable density and
viscosity

We consider in this section the phase-field models with variable density and
viscosity. As described in Section 2, we shall use the modified momentum
equation (2.26) which leads to desired energy laws.

6.1. Allen-Cahn phase-field model

The Allen-Cahn phase-field model for the case of variable density and vis-
cosity consists of (2.10), (2.26), (2.16) with (2.17). For the sake of simplicity,
we use the Allen-Cahn phase equation (2.10) instead of (2.11) with the La-
grange multiplier £(¢).
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As in the case of matched density and viscosity, the term A¢Ve¢ in
(2.26) is not suitable for numerical approximation. So we shall reformulate
it in a similar fashion and consider the following equivalent system:

¢e+u- Vo =7(Ad - f(¢)), (6.1a)
olou)s + (pu- V)u + %V “(pu)u — V- uD(u) + Vp

A
+;(¢t +u-Vo)Vo =0, (6.1b)
V-u=0. (6.1c)
Taking the inner product of (6.1a) with %(bt and that of (6.1b) with w,
we find that the above system satisfies the following energy law

d

1 2 A 2
G | Gloul* + §IV6 + AF(6))da

= —/Q (';|D(u)|2 + %|¢t +u- V¢|2) dx.

This coupled nonlinear system presents formidable challenges for algorithm
design, analysis and implementation, particularly so when the density ratio
is large. We shall present below numerical algorithms which admit a discrete
energy law and are easy to solve in practice.

(6.2)

6.1.1. A scheme based on the Chorin-Temam projection method

Unlike in the case of matched density and viscosity, it appears difficult
to prove stability for a scheme based on the pressure-correction scheme
for the case of variable density. Therefore, we shall first present a simple
scheme based on the Chorin-Temam projection method. While this scheme
lacks sufficient accuracy and is not recommended in practice, it embodies
most of the essential ideas in the more accurate schemes that we construct
subsequently.

Since the solution of a discretized phase equation does not necessarily
satisfy a maximum principle, we set

X b, lp| < 1;
= 6.3
’ {signw 6> 1, (63)
and shall use
p(¢):P1;P2$+P1;P27u(d)):/h;lwqg_km;ﬂz. (6.4)

to update the density and viscosity so as to keep their positivity.
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The scheme based on the Chorin-Temam projection and stabilization
reads as follows:
Given initial conditions u® and ¢°, we compute (¢"*1, 4"+ y"+ pnt1) for

n >0 by
1 S ~n n 7 n
(5 )@ = 0"+ (@ V)g" —y(A¢™ T = f(¢")) =0,
i Ui (6.5a)
afn¢"+1|m =0;
n+l-n+l _ _n,n 1
gnt1 2 U gu P (u™ - V)a" 4+ (V- (p"u™))a"

ot 2
S D)+ (56 6+ @ vVt — BY)

0" oq = 0;

with
ntl _ PL=P20n41  PLEP2 pn Bl T M2 g Bt 2
CrnJrl — anrl;
unJrl _ ,anJrl
pn+1 5t + vanrl _ 0’
V-u"t =0, (6.5d)

n- un+1|aQ =0.
Several remarks are in order:

Remark 6.1: From (6.3) and (6.5¢), we have p; < p"t! < py and py <
wtt < o, so o™t is well defined.

The equations (6.5a)-(6.5b) form a weakly coupled system, for if we
replace 4"t by 4" in (6.5a), then we can obtain ¢"*1 and @"*! by solving
two decoupled linear elliptic equations. The system is only weakly non-
linear through o™ *! in (6.5b). Thus, it can be efficiently solved by either
decoupling the weakly coupled system with a lagged velocity for the convec-

tive term in the phase equation, or using a simple sub-iteration process.

Remark 6.2: Equation (6.5d) is decoupled from the other equations. An
equivalent formulation is:
1 n 1 ~ T
(va +17Vq): &(u +17Vq)a quHl(Q),
1
pn+1

(6.6)

n+1 _ ﬂnJrl o 6t

u VpitlL,
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Thus, an elliptic equation with variable pn—lﬂ needs to be solved at each
time step.

We show below that the above scheme admits a discrete energy law.

Theorem 6.1: For S > ~, the solution of scheme (6.5) satisfies the fol-
lowing discrete energy law:

o™ a2 4+ AV 4 2A(F (6", 1)
ot (?W*” T w+lD<a”+1>||2)
< o™ 2+ AIVS" P + 2A(F(6"), 1),
where "1 is defined in (5.6).

Proof: Taking the inner product of (6.5b) with 26¢ta"*!, using (2.28) and
the fact that

26t(u" D@+, Vart) = st/ D@ 12, (6.7)

we derive
o™ a2 = ™ 2 4 o™ 7 — omu |2 ot/ T DG
+ %&(w”“vw, "t = 0. (68)
Taking the inner product of (6.5d) with 26tu*! | we obtain

||0,n+1un+1||2 + H0_n+1(un+1 _ an+1)”2 — Ho_n—O—l,&n+1H2. (6'9)

Combining the above inequalities and using (5.2), we find

||Un+1un+1||2 _ HanunHQ + Han-',-l(un—i-l _ an-‘,—l)HZ + ”O,n—i-lan-i-l _ O,nunHZ

20t 6.10
0t D@E T+ == (T Vet atth) = 0. (10
Taking the inner product of (6.5a) with %(qﬁ)"“ — ¢™), we have
NG, AL, T .
P = = A Vo) + [l — 0"
v v n
(6.11)

F AV = [V |2 + Vot — Vor %)
+2M(f(¢"), 9" — ") = 0.
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For the last term in (6.11), we combine (6.10), (6.11) and (4.12), to obtain

2)\6t

lo™ T = flo™ ™ |2 + ot/ pn D (a | + THW“W
+ e =P AV TP = IV + [Vt = Vo)

+2A(F(6™HY) - F(6"), 1)
A
SA(EM (@™ — ¢m), ¢t — ) < %llcb"“ — 2.

We can then conclude from the above inequality. O

6.1.2. Schemes based on pressure stabilization

As discussed in Remark 6.2, any scheme with a projection step would result
in an elliptic equation with density as the variable coefficient. Therefore,
we shall construct efficient schemes based on the pressure stabilized formu-
lation (3.20) (cf., for instance, [59, 68, 55, 32]).

The following first-order scheme, originally proposed in [63], is inspired
by the incremental pressure stabilization scheme for the Navier-Stokes equa-
tions presented in [29].

Given initial conditions ¢%, p® = 0, u® and set p = min(p, p2). We
compute (¢" Tyt pntl) for n > 0 by

(5 + )@ = ")+ ()" (A6 (67) =0,
n (6.12a)

0
%éf’nﬂ |8Q = 0;

%(pn+1 +pn)un+1 _ pnun

1
+ pn(un . V)un+1 + *(V . (pnun))unJrl

ot X X 2 X
n+ n+ n n—
) f ';;;HJ ?(;Ln ) :—&-T(Qp nﬁ ’ n ) (612b)
u"tHoq = 0;
with

T2 s H T 9

oot 1 — P2Q;n+1 o TP a1 M *,u2qgn+1 e + H2
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At —pr) = Ly oyt
(6.12¢)

9 a1
—p" =0.
7P lo

The above scheme involves a weakly coupled system for (¢"+!, u™+1)
and a Poisson equation for the pressure increment. So the scheme is par-
ticularly attractive for problems with large density ratios.

Theorem 6.2: For S > v, the solution of the scheme (6.12) satisfies the
following energy law:

5t?
lo" a2 + 7||Vp”“||2 F AV TP + 20 (F(¢"11), 1))
2)\ n+12 n+1 n+1\12
+ 6t 7||w 17+ (" D" )|

5t?
< flomu|* + ?vanlﬁ F AV + 20 (F(¢"), 1),
where o = \/pk and "t is defined in (5.6).
Proof: Taking the inner product of (6.12b) with 26tu™*1, from

1 n+1 n n+1 n. n 1 1 1112 2
= + p")u — p"u™, 2u" ) = ||e" T T2 — ||
G+ o = p =1 =l

+ o™ (T =),
and using (2.28), we have
lo™ a2 — o™ ™| + [lo™ (™ = u™)[|? + 6t/ D (|2
4 25t(pn+1 o 2pn +pn717 AV unJrl)

2
_ 2(5t(pn+1, v . un-i—l) 4 A(St (,(/}n-l-lv(bn7un+1) =0.
Y

(6.14)

Taking the inner product of (6.12¢) with %(p"+1 —2p"™ +p"~1), we obtain
5t?

F;
— 25t(V . un+1,pn+1 _ 2pn _‘_pnfl)

(IVE™ T =pM)I? = IVE™ =" DIP+ V" —2p" +p"H)|?)

Taking the inner product of (6.12¢) with fﬁpnﬂ, we obtain
6t2 n+12 n|2 n+1 n (2
— (V"I = IVP 17 + IV (" = p"(I7)

= —26t(V -u™t pnth)



February 9, 2011 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in review

Modeling and numerical approzimation of two-phase incompressible flows 37

Adding the above two equalities together, we get

25t(pn+1 _ 2pn +pn71’ \vaR un+1) _ 25t(pn+1, AV un+1)

_6t2 vn+12 vnQ 6t2v n n—1y2
—7(” PP = Vel )+7|| @ —p" ) (6.15)

5t2 n+1 n n—1\12
—7“V(P =2p" +p" )"

Taking the difference of (6.12c) at step n + 1 and step n, we derive

5t?
?Hv(pn-&-l _ 2pn +pn—1)||2 S ﬁHun—i-l _ unHZ S ||0_n(un+1 _ un)HQ

Combining the above inequalities together in (6.14), we derive

o™ a2~ o™ |2 + St/ D)
6t2 n n 5t2 n 77—
+ (Ve U= V") + S IVG" —p ol
2X6t
+ == (Ve u) <0
v

Taking the inner product of (6.12a) with %(gb”“ —¢™) and using the same
procedure as in the proof of Theorem 5.1, finally we obtain

lo™ a2 — flo™u™|[* + ot]| v/ D (u |2

ot? n n ot n n—
+—(Ivp HE = Vet ?) + 5 IV -» DI
2)\6t

+ TIWJ"“II2 + AV = [V |7 + [V — Vo™ |?)
+2N(F("FY) = F(¢"),1) 0. -
We can also construct a second-order version of the scheme (6.12). More

precisely, denoting, for any sequence {a*}, a**+1 k-1
order version of (6.12) reads:

= 2a* — a*~1, a second-

3¢n+1 _ 4¢n + ¢n71
20t

+ (un+1 . v)¢*,n+1 + %(¢n+1 o 2¢n + ¢n71)

— (AP = 2£(6™) + F(¢™)) =0, (6.16a)
8n¢n+1|8§2 = 0;
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pn+1
55 (3un+1 — 4"+ un—l) 4 pn—i-l(v . u*,n+1)un+1
4 1
-V Mn+1D(un+1 + V(pn + 71/)71 . *’an_l)
) 303 (6.16D)
A1
+- ((3¢"+1 — 49" + ") + (u V)qﬁ’“"“) Ventl =,
~v \ 20t
U"+1‘8Q =0;

with

ntl _ P17 P2 tnq1 p1+ p2 ntl _ M1 7 M2 g M1+ p2
p — ¢ t—s ok — o e

ntl _ 9P n+1
Ayt = T +
anwrﬂrlbQ — 07 (6.16(‘,)
p7l+1 _ pn + ,(/Jn—&-l _ ’un—HV A u7z+1_
We note that the numerical procedure for the above scheme is exactly
the same as the scheme (6.12). However, it appears much more difficult to
prove that the above scheme satisfies a discrete energy law.

6.2. Cahn-Hilliard phase-field model

As in the case of matched density and viscosity, the term A¢pV¢ in (2.26)
is not suitable for numerical approximation. So we shall reformulate it in a
similar fashion and consider the following equivalent system:

o1 +u- Vo =~vAw, (6.17a)
w=—A¢+ f(9), (6.17Db)

1
o(ou); + (pu- V)u + §V ~(pu)u =V - pD(u) (6.17c)

+ Vp - AwVe =0,
V-u=0. (6.17d)

Taking the inner product of (6.17a) with Aw, that of (6.17b) with A¢,
and that of (6.17c) with 4, we find that the above system satisfies the
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following energy law

d 1

& [ GlouP + 5196 + AF(6))d
@ (6.18)

_ _/Q (51D()P + 29| Vwl) dz.

Since schemes based on the Chorin-Temam projection method are not
sufficiently accurate and efficient, we shall concentrate on constructing
schemes based on the pressure-stabilization formulation (cf., for instance,
[59, 68, 55, 32]), namely, the divergence free condition is replaced by (3.20).
The following first-order scheme, similar to (6.12), was proposed in [64] for

(6.17):
Given initial conditions ¢°, p° = 0, u®. We compute (¢"1, u™*t pntl)
for n > 0 by
n+l _ in
¢ 5 ¢ + (un—i-l . v)d)n _ "YAU)”+17
n S n n i n .
w*l—?(¢+1—¢):—A¢+l+f(¢ )’ (619&)

an¢n+1|89 =0, anwn+1|89 =0;

1o+l ny, n+l n,n
ES + _ 1
Q(p P (;ZL pu I pn(un . v)un-H + §(V . (pnu"))un'H
S v Mn+1D(un+l) +V(2p" — pn—l) - )\wn+1v¢n -0, (6.19b)

1
u" | oq = 0;
with

—p2 + — p2 ; +
bl PL P2 g PAED2 g 2 g P T

P 2 9 2 2

Apn+1_pn :&V'Un+l,
( )= 5 (6.19¢)
anpn+1|89 =0.

The above scheme only require solving a Poisson equation for the pres-
sure increment, and a weakly coupled system for (¢"T1, wn+! yn*1). So it
is particularly suitable for problems with large density ratios.

Theorem 6.3: For S > 1, the scheme (6.19) is unconditionally stable and
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satisfies the following discrete energy law:
ot?
lo" a2 4 7||Vp"+1||2 F AV THZ + 20 (F(¢"1), 1))
1
0t (229 V 2 4+ |/ TD()|2)

< lo"™u ||2+;HVp 12+ AV [ + 2A(F(¢™), 1),

where o = +/pk.

Proof: The proof follows essentially the same procedure as in the proof of
Theorem 6.2. We sketch the main steps below. For a more detailed proof,
we refer to [64].

Taking the inner product of (6.19b) with 26tu™ !, using (6.13) and (6.7),
we derive

lo™ a2 = Jlo™ ™[ + o™ (u™ = u™)[|* + 8t]/ pr D (|12
+ 20t (p" Tt — 2p" + p" T V- u™ ) (6.20)
—26t(p" T,V - T) — 206t (w" T V", um ) = 0.

Observing that the relations (6.14)-(6.16) for the scheme (6.12) are also
valid here, we combine (6.20) and (6.16) to obtain

o™ P T2 — (o™ a2 + 6t/ pr D (") |12
at? at?

+— IV P = IV 1) + — V(" = p™)|? (6.21)
P1 P1

— 2\0t(w" V", um ) < 0.

Finally, taking the inner product of the first equation in (6.19a) with
22\5tw™ 1 and the second equation in (6.19a) with 2A\(¢"T! — ¢™) and
using the same procedure as in the proof of Theorem 5.2, we can obtain
o™ 2 — g™ |2 4 8t/ D ()|

ot?

T T 6t2 T T
+ — (Ve 2 = VD" 1?) + — IV (" = p™)|1?
P1 P1

+ 2090t [ V" T2 + A([Ve" TP — [[Ve" | + [VerT! — Vo)
+2N(F(¢"T) — F(¢"),1) < 0. H
As in the Allen-Cahn case, we can construct a second-order version of the

scheme (6.19). Still denoting, for any sequence {a*}, a***1 = 2a% — aF~1,
a second-order version of (6.19) reads:
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3¢n+1 _ 4¢n + ¢n—1
26t

v n%(cb"“ = 20" 4+ ") = —Agm - 2f(¢") — f(onH0-22)

+ (un+1 . V)¢*,7L+l —_ ’YAU)TH_l,

O™ oo =0, Opw"tsa = 0;

n+1
102?(3un+1 — Ay 4 unfl) + pn+1(v . u*,n+1)un+1 N v ’uanrlD(unJrl)
4 1
+ v(pn + gwn _ gwnfl) _ )\wnJrlv(bn _ O, (622b)

u"toq =0,
with
pL— P2 2 p1+ p2 H1 — H2 - M1+ 2
pn+1 ¢n+1 + Iun+1 ¢n+1 + :

2

2 7 2 2

3p1

n+l _ 2FL . n+1

Ay = 251 V-u"T

anwn—i-lbﬂ _ 0, (622C)

pn+1 — pn 4 wn+1 _ ‘un+1v ) un+1'

Once again, the numerical procedure for the above scheme is exactly
the same as the scheme (6.19).

7. Phase-field models for complex fluids

The Allen-Cahn and Cahn-Hilliard phase-field models for Newtonian two-
phase fluids can be extended to deal with various type of complex fluids.

Consider for instance an immiscible blend of a nematic liquid crystal
and a Newtonian fluid. There are three types of free energies: mixing energy
of the interface, bulk distortion energy of the nematic, and the anchoring
energy of the liquid crystal molecules on the interface. As in the Newtonian
case, we introduce a phase-field variable ¢ such that the concentration of
the two components is (1 + ¢)/2 and (1 — ¢)/2, respectively.

The mixing energy density is still expressed in the Landau-Ginzburg
form:

_ A 2 A 2 2
Fnia(6,V6) = §IVOP + 4567 =177 (7.1)
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The orientation of the nematic liquid crystal is described by the director
field n(xz). The Frank distortion energy expresses the energy penalty for
distorting the orientation [13]:

1 (In[> — 1)
fbulk =K §V’n : (VTL)T + T )
where K is the elastic constant. The second term on the right-hand side
regularized the original Frank energy to allow defects [47]. The nematic
prefers to orient on the interface along an easy axis [13]; any deviation

(7.2)

from it is penalized by an anchoring energy. Here we assume that the easy
axis is any direction in the tangential plane, and write the anchoring energy
as
A

fanch = E(n . v¢)27 (73)
with the positive constant A representing the anchoring strength. This is
the diffuse-interface counterpart of the Rapini-Popoular energy [60]. Unlike
in the sharp-interface picture, both fp,;. and funcn are volumetric energy
densities. Finally, the total free energy density for the two-phase material
is written as:

f(@:n, Vo, Vn) = frniw + L ; ¢fbulk + fanch (7.4)
where (1+¢)/2 is the volume fraction of the nematic component, and ¢ =1
in the purely nematic phase.

Variation of the system’s action functional with respect to the phase-
field variable ¢, the nematic director n and the displacement leads to evo-
lution equations for ¢, n and the momentum equation. Augmented by the
dissipative effects, the governing equations of the system are:

96 _,0F

aJrv-V(;S—'ylV 7 (7.5a)

0

8—7; +v-Vn = yoh, (7.5b)
V-v=0, (7.5¢)

p (86: +ov- Vv) =-Vp+ V- [u(Vo+ Vo) + 7], (7.5d)

where ~; is the interfacial mobility and 7, determines the relaxation time
for the director field n. F = [ fd 2 is the total free energy of the system,
whose variations produce

2 _
(;—Z =) {quﬁ + ¢(¢621)] + %fbulk — AV -[(n-Ve)n], (7.6)



February 9, 2011 Lecture Note Series, IMS, NUS — Review Vol. 9in x 6in review

Modeling and numerical approzimation of two-phase incompressible flows 43

and the molecular field

L {—v- (1;%71) et —nl 4 veve.

n 2 02
(7.7)

The last two terms in equation (7.6) represent coupling between the
phase field and the Frank distortion energy and anchoring energy. When the
interface is thin, fy,, is dominated by the mixing energy near the interface
and therefore negligible. The last term may have an effect on the interfacial
¢ profile for strong anchoring. But it is a lower order effect, negligible if
the effects of interfacial tension and surface anchoring are assumed to be
additive (cf. equation (7.8) below). Thus for simplicity, the last two terms
on the right-hand-side of equation (7.6) can often be neglected.

As in the Newtonian case, the elastic stress tensor 7¢ can be derived as
part of the variational procedure (cf. [78]), and in this case takes the form
1+¢
2

™ =-ANVopaVe) — K (Vn)-(Vn)T —A(n-Vo)n@Ve. (7.8)

One can show that in the case of matched density, a solution to the above

2
) o

(7.9)
where f is the system’s potential energy density. In the case of variable

governing equations obeys the following energy law [78]:

d
— (8\u|2+f> dQ:—/ uVu s Vul + 4
2 Q

2
+ 72

oF

OF
Ve

on

dt Jg

density, we can modify the momentum equation (7.5d) as in (2.26) so that
the above energy law still holds for the modified system.

Although the system (7.5) appears to be much more complicated than
its Newtonian counterpart, it is derived using the same energetic variational
procedure and satisfies a similar energy law. Thus, one can also design
efficient, unconditionally stable coupled energy stable schemes for (7.5) by
following the designing principles in the Newtonian case. Alternatively, one
can take a decoupled semi-implicit approach where only the principal linear
differential operators are treated implicitly while all nonlinear terms are
treated explicitly (cf. [46]). In this case, one only needs to solve a sequence
of Poisson type equations at each time step. The price for this simplicity is
that the scheme is only stable for sufficiently small time steps.

8. Concluding remarks

We discussed in this note the phase-field models for two-phase incompress-
ible flows and their numerical approximations.
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The phase-field approach enjoys many advantages as well as suffers from
some shortcomings. The notable advantages include: (i) the interface is
represented by the level set {¢ = 0} so there is no need to track the interface;
(ii) no special treatment needed for topological changes; (iii) unlike in a
level-set approach, the interfacial thickness is preserved by the dynamics
of the phase-field models; (iv) it is derived from a energetic variational
procedure which ensures that an energy law is available. On the other hand,
the main challenges and shortcomings of the phase-field model are: (i) The
interface is represented by a smooth curve with a sharp gradient across
the interfacial region of thickness O(n). A numerical mesh needs to resolve
the interfacial region, making it potentially very expensive for n < 1. This
difficulty can be alleviated to some extent by using an adaptive mesh or
moving mesh method. (ii) The choice of the numerical parameters, such as
the interfacial thickness n7 and the time relaxation parameter -, is a delicate
matter. While it is theoretically more accurate to choose 1 and v as small as
possible, but it comes with added numerical costs as decreasing 7 requires
more refined mesh to resolve the thinner interfacial region, and decreasing
~ leads to longer relaxation time scales. We refer to [22] for a more detailed
account on these issues.

While we have only discussed the two-phase fluids, the phase-field ap-
proach has been extended to treat multi-phase flows with three or more
phases (see for instance [42]).

We presented a unified approach on how to design simple, efficient and
energy stable time discretization schemes for the coupled nonlinear Allen-
Cahn and Cahn-Hilliard phase-field systems. We placed special emphasis
on designing numerical schemes which require solving only linear systems
while satisfying discrete energy laws that mimic the energy laws satisfied
by the exact solution. Since all of our time discretization schemes can be
cast in a weak formulation, they can be used with any consistent Galerkin
type spacial discretizations such as finite element methods or spectral-
Galerkin/spectral-element methods. In fact, the schemes in Sections 5 and
6 have been implemented with a spectral-Galerkin method and used suc-
cessfully to simulate the dynamics of an air bubble rising in water [63,64], a
particular challenging situation as the density and viscosity ratios are very
large.

It is hoped that this note will be useful for researchers interested in
modeling and simulation of multi-phase incompressible flows.
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