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Abstract

For a given nonnegative integer «, a matrix A, of size n is called a-Toeplitz if its entries

obey the rule A, = [ar,as]zgio. Analogously, a matrix A,, again of size n is called a-circulant
if An = [a(r—as) modn) :;0. Such kind of matrices arises in wavelet analysis, subdivision

algorithms and more generally when dealing with multigrid /multilevel methods for structured
matrices and approximations of boundary value problems. In this paper we study the singular
values of a-circulants and we provide an asymptotic analysis of the distribution results for the
singular values of a-Toeplitz sequences in the case where {ay} can be interpreted as the sequence
of Fourier coefficients of an integrable function f over the domain (—7, 7). Some generalizations
to the block, multilevel case, amounting to choose f multivariate and matrix valued, are briefly
considered.

Keywords: circulants, Toeplitz, a-circulants, a-Toeplitz, spectral distributions, multigrid meth-
ods.
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1 Introduction

A matrix A, of size n is called a-Toeplitz if its entries obey the rule A, = [ar_as]"_l where « is

r,s=0"
a nonnegative integer. As an example, if n =5 and a = 3 then

a a-3 G- A-9 a-12
ay a-2 a-5 a-g G-11
Apn=Tho=| a2 a_1 a_4 a_7 a_y
as a a_3 a_g A_9
a4 aq a_9 a_5 a_g
n—1

Along the same lines, a matrix A, of size n is called a-circulant if A, = [a(r_as) modn]m:o‘

For instance if n = 5 and a = 3 then we have
ap az a4 a1 as
ap az ap az a4
A, =Cha=1| as a1 a1 a3z ag
az ap az a4 a1
a4 ap a3z ap a2
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Such kind of matrices arises in wavelet analysis [6] and subdivision algorithms or, equivalently,
in the associated refinement equations, see [5] and references therein. Furthermore, it is interesting
to remind that Gilbert Strang [22] has shown rich connections between dilation equations in the
wavelets context and multigrid methods [12], 29], when constructing the restriction/prolongation
operators [9, [I] with various boundary conditions. It is worth noticing that the use of differ-
ent boundary conditions is quite natural when dealing with signal/image restoration problems or
differential equations, see [18| [15].

In this paper we address the problem of characterizing the singular values of a-circulants and
of providing an asymptotic analysis of the distribution results for the singular values of a-Toeplitz
sequences, in the case where the sequence of values {ax}, defining the entries of the matrices, can
be interpreted as the sequence of Fourier coefficients of an integrable function f over the domain
(—m,m). As a byproduct, we will show interesting relations with the analysis of convergence of
multigrid methods given, e.g., in [21] [I]. Finally we generalize the analysis to the block, multilevel
case, amounting to choose the symbol f multivariate, i.e., defined on the set (—7T,7T)d for some
d > 1, and matrix valued, i.e., such that f(x) is a matrix of given size p X q.

The paper is organized as follows. In Section 2l we report useful definitions, well-known results
in the standard case of circulants and Toeplitz that is when & = 1 (or @ = €, e = (1,...,1),
in the multilevel setting), and a preliminary analysis of some special cases. Section B deals with
the singular value analysis of a-circulants while in Section M we treat the a-Toeplitz case in an
asymptotic setting, and more precisely in the sense of the Weyl spectral distributions. Section
is devoted to sketch useful connections with multigrid methods, while in Section [l we report the
generalization of the results when we deal the multilevel block case. Section [1 is aimed to draw
conclusions and to indicate future lines of research.

2 General definitions and tools

For any n x n matrix A with eigenvalues \;(A4), j = 1,...,n, and for any m x n matrix B with
singular values o;(B), j =1,...,l, | = min{m,n}, we set

Eig(4) = {A(4), d2(A),... . A(A)},  Sgval(B) = {01(B), 02(B),. .., ou(B)}.

The matrix B*B is positive semidefinite, since 2*(B*B)x = ||Bz||3 > 0 for all z € C", with *
denoting the transpose conjugate operator. Moreover, it is clear that the eigenvalues A\ (B*B) >
Xo(B*B) > -+ > M\y(B*B) > 0 are nonnegative and can therefore be written in the form

\i(B*B) = o2, (1)

with 0; >0, j =1,...,n. The numbers 01 > 09 > --- > 0; > 0, | = min{m, n}, are called singular
values of B, i.e., 0; = 0;(B) and if n > [ then \;(B*B) =0, j =1+ 1,...,n. A more general
statement is contained in the singular value decomposition theorem (see e.g. [11]).

Theorem 2.1. Let B be an arbitrary (complex) m x n matriz. Then:

(a) There exists a unitary m X m matriz U and a unitary n X n matriz V such that U*BV =X
is an m X n “diagonal matriz” of the following form:

> = |:€ 8:|7 Dz:diag(alv"wO—?‘)7 0120_22“‘20_T>0'

Here ov,...,0. are the nonvanishing singular values of B, and r is the rank of B.



(b) The nonvanishing singular values of B* are also precisely the number o1, ..., 0p.
The decomposition B = UX V™ is called “the singular value decomposition of B”.

For any function F' defined on RS‘ and for any m x n matrix A, the symbol X, (F, A) stands for
the mean

1 min{n,m}

S(FA) = s Y FA) = e Y PO ©
) j=1 9

o€Sgval(A)

Throughout this paper we speak also of matriz sequences as sequences { Ay} where Ay is an
n(k) x m(k) matrix with min{n(k),m(k)} — oo as k — oco. When n(k) = m(k) that is all the
involved matrices are square, and this will occur often in the paper, we will not need the extra
parameter k and we will consider simply matrix sequences of the form {A4,}.

Concerning the case of matrix-sequences an important notion is that of spectral distribution in
the eigenvalue or singular value sense, linking the collective behavior of the eigenvalues or singular
values of all the matrices in the sequence to a given function (or to a measure). The notion goes
back to Weyl and has been investigated by many authors in the Toeplitz and Locally Toeplitz
context (see the book by Bottcher and Silbermann [4] where many classical results by the authors,
Szegd, Avram, Parter, Widom Tyrtyshnikov, and many other can be found, and more recent results
n [10} 13 23], 28], 26| 27]). Here we report the definition of spectral distribution only in the singular
value sense since our analysis is devoted to singular values. The case of eigenvalues will be the
subject of future investigations.

Definition 2.1. Let Co(Ry) be the set of continuous functions with bounded support defined over
the nonnegative real numbers, d a positive integer, and 6 a complex-valued measurable function
defined on a set G C R? of finite and positive Lebesgue measure x(G). Here G will be often equal to
(—m,7)% so that €’“ = T¢ with T denoting the complex unit circle. A matrix sequence {Ay} is said
to be distributed (in the sense of the singular values) as the pair (6,G), or to have the distribution
function 6 ({Ax} ~o (0,Q)), if, VF € C()(]R(")F ), the following limit relation holds

lim X, (F, Ag) = /F 10(t) t=(t1,...,tq)- (3)
k—o0
When considering 0 taking values in M,,,, where M, is the space of p x ¢ matrices with complex

entries and a function is considered to be measurable if and only if the component functions are,
we say that {A;} ~, (0, G) when for every F € Co(R]) we have

/zm@” F(o;(8(1))))

min{p, ¢}

lim X (F Ak dt, t:(tl,...,td),

k—oo

with 0;(0(t)) = /Aj(0()0*(t)) = \j(\/0(t)8*(t)). Finally we say that two sequences {Aj} and
{By} are equally distributed in the sense of singular values (o) if, VF € Co(R] ), we have

lim [X,(F, By) — X0 (F, A)] =
k—o0
Here we are interested in explicit formulae for the singular values of a-circulants and in distri-
bution results for a-Toeplitz sequences. In the latter case, following what is known in the standard
case of @ = 1 (or @ = e in the multilevel setting), we need to link the coefficients of the a-Toeplitz
sequence to a certain symbol.



Let f be a Lebesgue integrable function defined on (—m, 7)? and taking values in M, for given
positive integers p and ¢. Then, for d-indices r = (r1,...,74),7 = (J1,---,7d),n = (n1,...,n4q),
e=(1,...,1),0=(0,...,0), the Toeplitz matrix T,,(f) of size pi X gin, 1 = ny-ng - - ng, is defined
as follows

To(f) = [fr—slt 550

where f}, are the Fourier coefficients of f defined by equation

1

Ii = Ji i () = W/[ PRICES ta)e It dty g, =1 (4)

for integers jy such that —oo < jy < oo for 1 < £ < d. Since f is a matrix-valued function of d
variables whose component functions are all integrable, then the (ji,...,jq)-th Fourier coefficient
is considered to be the matrix whose (u,v)-th entry is the (ji,...,jq)-th Fourier coefficient of the
function (f(t1,...,ta))uw-

According to this multi-index block notation we can define general multi-level block a-Toeplitz
and a-circulants. Of course, in this multidimensional setting, o denotes a d-dimensional vector of
nonnegative integers that is « = (a1, ..., aq). In that case A,, = [ar_aos]zgio where the o operation
is the componentwise Hadamard product between vectors or matrices of the same size. A matrix

A, of size pn x gn is called a-circulant if A, = [a(r_aos) mod n] 71:;0’ where
(r—aos) mod n = ((r; —ays1) mod nq, (ro — agse) mod ng, ..., (rg — agsq) mod ng) .

2.1 The extremal cases where o =0 or a = e, and the intermediate cases

We consider a d-level setting and we analyze in detail the case where 0 < a < e and with < denoting
the componentwise partial ordering between real vectors. When « has at least a zero component,
the analysis can be reduced to the positive one as studied in Subsection 2.1.3]

2.1.1 a=c¢e

In the literature the only case deeply studied is the case of a = e (standard shift in every level).

Here for multilevel block circulants A;, = [a(,—aos) mod nlr.s—o the singular values are given by those
of

op(An) =Y aje?m Okt tidkaina g = (k)
i=0

for any k, such that 0 < ky <n,—1,¢=1,...,d. Of course when the coefficients a; comes from the
Fourier coefficients of a given Lebesgue integrable function f, i.e. f] =0 modn, J = —1/2,...,n/2
(n/2 = (n1/2,n2/2,...,n4/2)), the singular values are those of n/2-th Fourier sum of f evaluated
at the grid points

27Tk/n =27 (k‘l/nl, N ,kd/nd) N

0<kj<n;—1,j=1,...,d. Moreover the explicit Schur decomposition is known. For d = p =
q = 1 any standard circulant matrix can be written in the form

A, =C, =F,D,Fy, (5)



where

n—1

L[ _2mijk . .
F, = % [e n ]j,k:O’ Fourier matrix,
a = J[ag,a,... ,an_l]T, first column of the matrix A,,.

Of course for general d, p, g the formula generalizes as
Ap = (Fn ® Ip)Dn(F;Lk ® Iq)a

with F, = F,, ® Fp,, ® --- ®@ F,, Dy, = diag(\/ﬁ(F;{ ® I)a), where n = nj - ng---ng and a being
the first “column” of A,, whose entries a;, j = (j1,...,jq), ordered lexicographically, are blocks of
size p X q.

For multilevel block Toeplitz sequences {T},(f)} generated by an integrable d variate and matrix
valued symbol f the singular values are not explicitly known but we know the distribution in the
sense of Definition 2.1} see [26]. More precisely we have

{Tn(H)} ~e (£.QY), Q= (—m,m). (7)

212 a=0

The other extreme is represented by the case where « is the zero vector. Here the multilevel block
a-circulant and a-Toeplitz coincide when o = 0 and are both given by

ao “ e ao

n—e n—e __

Ap = [a(r—gos) mod n]r,s:Q = [@r mod n]r,s:Q = [GT]:‘LEEQ =

p—e " Op—¢

A simple computation shows that all the singular values are zero except for few of them given
by Vo, where it = ny - ng---ng and o is any singular value of the matrix (E?:_Qe a;faj)l/2. Of
course in the scalar case where p = ¢ = 1 the choice of ¢ is unique and by the above formula it
coincides with the Euclidean norm of the first column g of the original matrix. In that case it is

evident that
{An} ~o (07 G)7

for any domain G satisfying the requirements of Definition 2.1

2.1.3 When some of the entries of o« vanish

The content of this subsection reduces to the following remark: the case of a nonnegative o can
be reduced to the case of a positive vector so that we are motivated to treat in detail the latter in
the next section. Let o be a d-dimensional vector of nonnegative integers and let ' C {1,...,d}
be the set of indices such that j € N if and only if oj = 0. Assume that A is nonempty, let ¢ > 1
be its cardinality and d* = d — ¢t. Then a simple calculation shows that the singular values of the
corresponding a-circulant matrix A, = [@(;—aos) mod n]:f;ig are zero except for few of them given

by /7[0]c where

’FL[O] = H n;j, n[O] = (nj17--'7njt)7 N = {jly--- 7jt}7
JEN



and o is any singular value of the matrix

n[0]—e 1/2
eyl . (8)
Jj=0
Here Cj is a d*-level a™-circulant matrix with o™ = (ag,,...,ax,, ) and of partial sizes n[>
0] = (Mhyy -5 Mk ) NC ={ki,...,kg+}, and whose expression is

n[>0]—e
Oj = [a(r—aos) modn] s'=0

L = sk, i =1,...,d". Taking into account
the above notation, for the a-Toeplitz A, = [ay—qos); 5o the same computation shows that all the

where (r — aos), = jg for ap = 0 and r} = ry,, s

singular values are zero except for few of them given by 4/7n[0]c where o is any singular value of
the matrix

n[0]—e 1/2
S| (9)
Jj=0
Here T is a d*-level a*-Toeplitz matrix with a* = (ag,,..., o, ) and of partial sizes n[>
0] = (Nkyy -5k ), NC ={ki,...,kg+}, and whose expression is

n[>0]—e
Tj = [a(r—aos)]rl[;/ig s

where (r — a o), = ji for ay = 0 and r} = ry,, s, = s, i = 1,...,d". Also in this case, since
most of the singular values are identically zero, we infer that

{An} ~o (0’ G)7

for any domain G satisfying the requirements of Definition 2.1

3 Singular values of a-circulant matrices

Of course the aim of this paper is to give the general picture for any nonnegative vector a.. Since the
notations can become quite heavy, for the sake of simplicity, we start with the case d =p =¢ = 1.
Several generalizations, including also the degenerate case in which « has some zero entries is
treated in Section [6] via the observations in Subsection 2.1.3] which imply that the general analysis

can be reduced to the case where all the entries of o are positive, that is a; >0, j =1,...,d.
In the following, we denote by (n,a) the greater common divisor of n and a. i.e., (n,a) =
ged(n, ), by ng = ﬁ, by & = (n;“a), and by I; the identity matrix of order ¢.

If we denote by C,, the classical circulant matrix (i.e. with o = 1) and by C,, o the a-circulant
matrix generated by its elements, for generic n and « one verifies immediately that

Cn,a = CnZn,aa (10)

where

Zn,a = [57"—(15]:};;07 5k =

{ 1 if k=0 (mod n),

0 otherwise. (11)



Lemma 3.1. Let n be any integer greater than 2 then

Zn,a = Zn,a‘Zn,a’ o ’Zn,a ) (12)

(n,a) times

where Zy, o is the matriz defined in (I1) and Zn,a € C" e s the submatriz of Z, . obtained by
considering only its first no columns, that is

~ [na
Zoo=2Zna | Ty | (13)

Proof. Setting ZT(LO()) = Zma and denoting by Zr(f ()1 € C"*" the (j+1)-th block-column of the matrix
Zno for j=0,...,(n,a) — 1, we find

Zu = | 20, 20 |-+ 2l
—~— N~ N—_——
NXNag NXNg NXNg

Forr=0,1,...,n—1and s =0,1,...,n, — 1, we observe that

(Z82)rs = (Zna)rjnats:

and

(Zn,a)r,jna—l—s = 5r—a(jna+s)

— 5r—joma—as

5’!‘—0{3

—
o
N

7(0)

n,a)ﬁs = (Zn7a)7“757
n

where n, = e and (a) is a consequence of the fact that (n;“a) is an integer greater than zero

I
—~

and so jan, = j(n‘f‘a)n = 0 (mod n). Thus we conclude that ZT(L]()I = N,(L(,],)l = Zma for j =

0,...,(n,a) — 1. O

Another useful fact is represented by the following equation

Zn,a = Zn,(n,a)Zna,dv (14)

where Z,,, 5 is the matrix defined in (II]) of dimension n, X ny. Therefore

Inasa = [57«—@3 ’ Ok = 0 otherwise.

r,s=0

=~ }"a—l =~ { 1 if k=0 (mod ng),
Relation (I4]) will be used later.
Proof. (of relation ([I4).) For r =0,1,...,n—1and s =0,1,...,n, — 1, we find

(Zn,a)r,s = 57’—&5

5(7"—0:5) mod n»



and

Na—1

(Zn,(n,a)Zna,d)r,s - Z (Zn,(n,a))r,l(Zna,d)l,s
=0
Na—1

Z 5r—(n,a)lgl—ds
=0
6r—(n,a)-(6cs) mod na

5r—(n,a)- (ﬁs) mod na

—
2|

— 67“—(&5) mod n

|
=

5(r—(as) mod n) mod n

6(7“—043) mod n»
where

(a) holds true since there exists a unique [ € {0,1,...,n, — 1} such that [ — d&s = 0 (mod n,),
that is, [ = &s (mod n,) and hence 6,_ (5 0)1 = 0r—(n,a)-(as) mod na’

(b) is due to the following property: if we have three integer numbers p, €, and ~, then

p(0 mod ) = (pf) mod p.

O

Lemma 3.2. If a > n then Z,, o = Zn,ac where a° is the unique integer which satisfies o = tn+a°
with 0 < a® <n and t € N; Z,, , is defined in (I1).
Remark 3.1. One can define a® by: a° := amod n.
Proof. From ([III) we know that

Zn.a = [5r—ac]f;:10, 0 = { (1) ioftlkl:efw(zsg.n()d "

For r,s =0,1,...,n — 1, one has

(Zn,a)rs = Or—as = Or—(tnta°)s = Or—acs = (Zn,a)rs,

since tns = 0 (mod n). Whence Z,, o = Z, oc. O

The previous lemma tells us that, for a-circulant matrices, we can consider only the case where
0 < a < n. In fact, if @ > n, from ([I0) we infer that

Cn,a = CnZn,a = CnZn,aO = Cn,ao-
Finally, it is worth noticing that the use of () and (I0) implies that
Cr = FuDpF Zp o (16)

Formula (I6]) plays an important role for studying the singular values of the a-circulant matrices.



3.1 A characterization of 7, , in terms of Fourier matrices

Lemma 3.3. Let F,, be the Fourier matriz of order n defined in (@) and let Z,W € C" " be the
matriz represented in (I3). Then

~ 1
FnZn,a = 7In,aFnaZna,d7 (17)
(n,a)
where I, o € C" " and

I,
I,

Ino = ) (n,a) times,
I,

with I, being the identity matric of size n and Z,,, & as in (IJ).
Remark 3.2. n=mn,-(n,aq).

Proof. (of Lemma [3.3l) Rewrite the Fourier matrix as

1
Fn:%[fo‘fl‘.h"” | foe1 ],
where fr, k=0,1,2,...,n — 1, is the £ — th column of the Fourier matrix of order n:
— _ 27mik-0 E
e n
27kl
1 €
mikj 1M — 27ik-2
fp = [g%] — | e (18)
§=0
_27ril;-(n71)
| € n i
From ([I4]), we find
~ ~ 1
FnZn,a = FnZn,(n,a)Zna,ol = % [ fO ‘ fl-(n,a) ‘ f2-(n,a) ‘ T ‘ f(na—l)-(n,a) ] Zna,d € Crxme, (19)
Indeed, for K =0,1,...,no — 1, 7=0,1,...,n— 1, one has
n—1 n—1 il
~ ~ _ £mgt
(FnZn’(n’a)>j,k = ;(Fn)jJ(Zn,(n,a))l,k = ;51—(”@)’?6 "o (20)
and, since 0 < (n,a)k < n — (n,«), there exists a unique I € {0,1,2,...,n — 1} such that
Iy — (n,a)k =0 (mod n), so Iy, = (n,a)k. Consequently relation (20) implies
~  2mijly _ 2mij(n,a)k
<FnZn,(n,a))j & = 5lk—(n,a)ke n =€ n = (f(n,a)k)j s

forall0 <j<n-—1and 0 <k <n,—1, and hence

~ 1
FnZn,(n,oa) = —Tl [ fO ‘ fl-(n,a) ‘ f2-(n,a) ‘ T ‘ f(na—l)-(n,a) ] .



For k=0,1,2,... ,nq — 1, we deduce

_2m‘j(n,a)k]n—1 |: _2m‘jk]n—1
= |€

Fncok = [e " §=0

n
(n,o

and then, taking into account the equalities n = (n, @) y = (n, a)ny, we can write

r_ 2mikj]Na—1

€ na
L 1i=0
r _27rikj'£na_1
€ na
S =] * Jj=na , (21)
r 2mikj 7 (n,0)na—1
e na
L L 4i=((n,a)—1)na |
where
- _2mik0
e na
_ 2mike1
e ra
_ 2mikj 1 Na—1 _ 2mik-2
[e na } = e na (22)
Jj=0
_ 2mik-(na —1)
e na

According to formula (I8]), one observes that the vector in (22)) is the k — th column of the

Fourier matrix F,,_ . Furthermore, for  =0,1,2,...,(n,«a) — 1, we find
— _ 2miking - — 271ik-0 -
(& Na e_ Na
_ 2mik(Ing +1) _ 2mik-1
e No e N
_2mikj 7 (H1)na—1 2mik(Ine +2) ) _ 2mik-2 _ 2mikjNa—1
|:e ik ] _ e_niaa _ e—27r7,kl e~ na = [e na } (23)
j=Ina j=0
2mik(lnag+na—1) _ 27mik-(na—1)
e_ no (& Na
Using (23]), the expression of the vector in (2I]) becomes
[ 2mikjqNa—1]
e na
] lj=0
r 2mikj]Na—1
e na
e = | 1j=0 (n,a) times. (24)

r o 2mikj]Na—1
€ No

.
L
<.
Il
o

Setting f; = [e_W
form
1

Fao == | DAL R ] LR ] (25)

10



From formula (22]), the relation (24)) can be expressed as
I
fk .
Tk = : (n, ) times, k=0,...,n0 — 1,
Tk
and, as a consequence, formula (I9) can be rewritten as

JE) fl f2 ]Ena—l

1| fo|fi]fol| | fra—
FrnZpa=1FnZ J(n,0) £na,a % . A . n: Znad
fol ful Fo |-+ | Fran
Vol
B 1 Vatn, 7
V. :
\/naFna
_ o
1 Fog
= ——— |7 Znas
Vina) |
F,,
_ I,
1 Ina
= ﬁ . FTLaZTLa,d
n,o .
L Ina
1
= 7[n,aFnaZna,d-

V(n,a)
O

In the subsequent subsection, we will exploit Lemma [3.3] in order to characterize the singular
values of the a-circulant matrices C,, . Here we conclude the subsection with the following simple
observations.

Remark 3.3. In Lemma [33, if (n,a) = «, we have n, = ﬁ =2 and & = (aa) = 1; so the

matric Zn, a = Zng,1, appearing in ([I7), is the identity matriz of dimension % x

(7 becomes

n,
g. The relation

The latter equation with o« = 2 and even n appear (and is crucial) in the multigrid literature;
see [21], equation (3.2), page 59 and, in slightly different form for the sine algebra of type I, see
[8], Section 2.1.

11



Remark 3.4. If (n,«a) = 1, Lemma (3.3 is trivial, because n, = ﬁ =n, &=
Zma = Zn.o. The relation (I7) becomes
FnZn,a = FnZn,a = In,aFna Zna,d
= FnZn,on
since the matriz I, o reduces by its definition to the identity matrixz of order n.

Remark 3.5. Lemmal3.3 is true also if, instead of F;, and F,, we put F; and F};_, respectively,
because F) = F,,. In fact there is no transposition, but only conjugation.

3.2 Characterization of the singular values of the a-circulant matrices

Now we link the singular values of a-circulant matrices with the eigenvalues of its circulant coun-
terpart C,. This is nontrivial given the multiplicative relation Cy, o = CpZy, «-
Having in mind the definition of the diagonal matrix D,, given in ([l), we start by setting

(n,a)
DD, = diag(|D,|>; s =0,1,...,n—1) =diag(ds; s=0,1,...,n—1) = @ A,
’ l:].
Lo, | Iy | -+ | I,
Ina Ina . Ina )
Jin,0) @ Ina = Unallnal -+ nal = : : (n, @) times, (26)
(n,a) times Ina Ina Ina
where
ds = |Dp|?y = (Dn)ss - (Dn)s,s, Dy defined in @), s =0,1,...,n—1, (27)
d(1-1)nq
di—
A = (Stinadtt € Craxna [ = 1,2,... (n,q),
d(l—l)na—i-na—l
11 1
11 --- 1
Jnay=1. . . . (n,a) times. (28)
| 11 1
We now exploit relation (I2]) and Lemma B3], and we obtain that
FnZn,a = Fn Zn,a‘Zn,a’ ce ’Zn,a}
— [FnZn,a|FnZvn,a| e |Fn2vn,a]
1
= T [In,aFna Zna,dun,aFna Zna,d| T |In,aFna Zna,d]
V(n,a)
FnaZna,d
1 FnaZnayd .
= [In,a|In,a| e |In,a] . (n, Oé) times
V(n,a) '
FnaZna,d
1
= T [In,a|In,a| e |ITL,04] (I(n,a) @ Fnaand) ) (29)

V(n,a)
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where I, o) is the identity matrix of order (n, ). Furthermore,

CraCrna = (FaDnF} Zn o) (FaDnFy Zn o)
= 7% FuDiFiFyDyF Z
= 7' FuDiDyFi Z 0
= (FZno)*DiDyF Zy . (30)

From (29]) and (26]), we plainly infer the following relations

(FiZna) = ( s nallnal -l (T @ FiaZnM)
B (711, a) (In) @ FroZnaa)” (Jina) @ Ina)
= (7117 ) Lin,e) ® Znoo aFna) (Jine) @ Ing)
F'Zna = (;ﬂ) Unallnal +1nal (Ina) ® B, Zna.a)
_ (;7 = Ut @ 1) (U © B Zn)-
Hence
CraCna =Ina) ® Z3y aFna) (Jina) @ Ina) ﬁDiDn (Jn0) ® Ina) () @ Fl Zneca) -

Now using the properties of the tensorial product

n,a) ® Zp 6 Fne ) na) @ Fry Zng,a)
[(n,a)I(n,a) ® Z:La,dF Fy, Znoud

Na™ Ny

= lwalnw @ Zn, 6Znaa
= I(n,a)l(n,oc) ® In, = In,

and from a similarity argument, one deduces that the eigenvalues of Cy ,Cy, o are the eigenvalues

13



of the matrix

(Jne) ® Ina) 75

(n, )
[ I, | In, I, 1 [ At Lo | Ing | -+ | Ing
1 [na [na [na A2 [na [na Ina
() | 1] : e :
| Ina Ina Ina 1L A(n,oz) Ina Ina Ina
I | L, Lo 1T A | A A
1 [na [na [na A2 A2 A2
- () | : :
| ITLa Ina Ina J A(n,oz) A(n,oz) A(n,oz)
(n,o) (n,a) (n,)
Z A Z AVEEEE !
=1 =1 =1
(n,a) (n,a) (n,a)
1 AR DDAV DORAY
= o) |2 =1 =1
(n,) (n,a) (n,0)
Al > A DAY
L =1 =1 =1 E
[1 1 1 )
Ll 1 n.o
— A
(o) | ¢ ol
| 11 1
(n, @) times
Therefore, from (28)), we infer that
1 (n,a)
Eig(C;, ,Cn.a) = ——Eig | Jin.a) ® A, (31)
| ) 8 | T © 2
where
1
Ei = 1}. 2
(’I’L,Oé) lg(J(n,a)) {07 } (3 )

Here we must observe that (n—la)J(n,a) is a matrix of rank 1, so it has all eigenvalues equal to

zero except one eigenvalue equal to 1. In fact note that the trace of a matrix is, by definition,
the sum of its eigenvalues: in our case the trace is (n,a) - —— = 1 and hence the only nonzero

(n,a)
eigenvalue is necessarily equal to 1. Moreover
(n,a) (n,2)
A = ) diag(dg_iynatji 5=0,1,...,nq — 1)
I=1 =1
(n,a)
= diag | > dg_typets; 5=0,1,...,m0— 1
=1

14



(n,a)
Consequently, since > A; is a diagonal matrix, we have
I=1

(n,a) (n,a

Big ( Y A/ =
=1

where dj, are defined in (27).

Finally, by exploiting basic properties of the tensor product, we know that the eigenvalues of a
tensor product of two square matrices A ® B are given by all possible products of eigenvalues of A
of order p and of eigenvalues of B of order ¢, that is A(A ® B) = \;(A)A\(B) for j =1,...,p and
k=1,...,q. Therefore, by taking into consideration ([3IJ), (32]), and ([B3]), we find

)
d(l—l)na—i-j; ,] = 07 17 ceey N — 1 ) (33)
=1

(n,a)

)‘j(C:L,aCn,a) = d(l—l)na—i-ja J=0,1,...,n4 — 1, (34)
=1

Ai(CroaCna) = 0, j=nga,...,n— 1. (35)

From (34), (35) and (IJ), one obtains that the singular values of an a-circulant matrix C,,  are
given by

(n,2)

O-j(Cnpc) = Z d(l—l)na+j7 ,] = 07 17 sy N — 17 (36)
=1

0i(Cra) = 0, j=na,...,n—1,

where the values di, k =0,...,n — 1, are defined in (27]).

3.3 Special cases and observations

In this subsection we consider some special cases and we furnish a further link between the eigen-
values of circulant matrices and the singular values of a-circulants. In the case where (n,«a) = 1,
we have n, = —= = n. Hence the formula (3@]) becomes

(n,a)
0j(Cna) =/dj, §=0,1,...,n—1.

In other words the singular values of C,, o, coincide with those of C), (this is expected since Z,, 4
is a permutation matrix) and in particular with the moduli of the eigenvalues of C,.

Concerning the eigenvalues of circulant matrices it should be observed that formula (6]) can be
interpreted in function terms as the evaluation of a polynomial at the grid points given by the n-th
roots of the unity. This is a standard observation because the Fourier matrix is a special instance
of the classical Vandermonde matrices when the knots are exactly all the n-th roots of the unity.

Therefore, defining the polynomial p(t) = Z;é are’* it is trivial to observe that the eigenval-
ues of C,, = F,, D, F; are given by

Aj<cn>=p<2ﬂ), PO n—.

n

The question that naturally arises is how to connect the expression in (B6]) of the nontrivial
singular values of C), o, with the polynomial p. The answer is somehow intriguing and can be resumed
in the following formula which could be of interest in the multigrid community (see Section [Hl)

x; + 2wl 25 .
Uj(on,a) = Z |p|2 <]7>7 $J =— J= 0717 sy N — 1. (37)
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In addition if « is fixed and a sequence of integers n is chosen so that (n,a) > 1 for n large
enough, then {C), o} ~» (0, G) for a proper set G. If the sequence of n is chosen so that n and « are
coprime for all n large enough, then the existence of the distribution is related to the smoothness
properties of a function f such that {ax} can be interpreted as the sequence of its Fourier coefficients
(see e.g. [20]). From the above reasoning it is clear that, if n is allowed to be vary among all the
positive integer numbers, then {C), o} does not possess a joint singular value distribution.

4 Singular values of a-Toeplitz matrices

For p = ¢ = d =1, we recall that the a-Toeplitz matrices of dimension n X n are defined as
Tn,a = [ar—ac]?;:l()a (38)

where the quantities 7 — aes are not reduced modulus n. In analogy with the case of @ = 1, the
elements a; are the Fourier coefficients of some function f in L(Q), with Q = (—x,7), i.e., aj = f]
as in () with d = 1. If we denote by T,, the classical Toeplitz matrix generated by the function
feL Q) T, = [ar—" L aj = f] defined as in (), and by T, o, the a-Toeplitz matrix generated

r,c=0’
by the same function, one verifies immediately for n and « generic that

Toa = ToalToa| = [TnZnalTual . (39)

where 7, na € CVHa g = {g], is the matrix T, o defined in (B8) by considering only the f, first
columns, 7y, o € Cr*(n—pa) ig the matrix T n,o defined in (B8) by considering only the n — p, last
columns, and Z, , is the matrix defined in (1) by considering only the p, first columns.

Proof. (of relation (39).) For r =0,1,...,n—1and s =0,1,..., s — 1, one has

(fn,a)r,s - (Tn)r,as ;
n

( ,a)r,s - 67“—0!87
and
(TnZn,a)r,s = Z(Tn)r,l( n,a)l,s
1=0
n—1
= Zél—as(Tn)r,l
=0
; (Tn)r,as
= (Toa)rs
where (a) follows because there exists a unique [ € {0,1,...,n — 1} such that [ — as =0 (mod n),
that is, [ = as (mod n), and, since 0 < as < n — 1, we obtain | = as. O

If we take the matrix fn,a of size n X (piq + 1), then relation (B39) is no longer true. In reality,
looking at the (uq + 1)-th column of the a-Toeplitz we observe Fourier coefficients with indices
which are not present (less or equal to —n) in the Toeplitz matrix T;,. More precisely,

(Th,0)0,p0 = G0—apa = G—apa and —ape < —n.

It follows that g, is the maximum number of columns for which relation ([B9)) is true.
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4.1 Some preparatory results

We begin with some preliminary notations and definitions.

Definition 4.1. Suppose a sequence of matrices {Ay}y of size dy, is given. We say that {{ By m}n :
m > 0}, By, of size d,,, m € N, is an approximating class of sequences (a.c.s.) for {A,}n if, for
all sufficiently large m € N, the following splitting holds:

Ap = Bym+ Rym + Ny for all n > nyy, (40)
with
Rank(Rp,m) < dnc(m), || Npmll < w(m), (41)
where || - || is the spectral norm (largest singular value), ny,, c(m) and w(m) depend only on m and,
moreover,
nlgnoow(m) =0, mlgnC>O c(m) =0. (42)

Proposition 4.1. [I4] Let {d,}, be an increasing sequence of natural numbers. Suppose a sequence
formed by matrices {An }n of size d,, is given such that {{Bpm}n: m >0}, m € NC N, #N = oo,
is an a.c.s. for {Ap}y in the sense of Definition [{.1. Suppose that {Bpnm}tn ~o (0m,G) and that
0., converges in measure to the measurable function 6 over G. Then necessarily

{An}n ~o (07 G)v (43)
(see Definition [2.1]).

Proposition 4.2. [14,[17] If {A,}» and {B,}, are two sequences of matrices of strictly increasing
dimension, such that {A,}n ~o (0,G) and {By}, ~» (0,G), then

{4, + Bp}n ~5 (6,G).

Proposition 4.3. [14] Let f, g € L'(Q%), Q = (—m,7), and let {T,(f)}n and {Tn(g)}n be the two
sequences of Toeplitz matrices generated by f and g, respectively. The following distribution result
18 true

{Tn(f)Tn(g)}n ~o (f97 Qd)

Lemma 4.1. Let f be a measurable complez-valued function on a set K, and consider the mea-
surable function \/m : K — RT. Let {Apm}, with Ay, € Cdnxdy d, < d,, be a sequence of
matrices of strictly increasing dimension: dy, < d;,_, and dn < dpy1. If the sequence of matrices
{AL mAnm}, with A}, Ap o € Clnxdn gnd d!, < d), .1, is distributed in the singular value sense as
the function f over a proper set G C K in the sense of Definition[2.1, then the sequence { Ay m} is
distributed in the singular value sense as the function \/m over the same G.

Proof. From the singular value decomposition (SV D), we can write A,, ,, as

o1
02
Ay =USV* =U v
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with U and V unitary matrices U € Cé*dn V e Cn*dn and ¥ e Ré*dn, oj > 0; by multiplying
A}, An,m We obtain:

Al Anm = VETU USRSV = VETSV* = VE@y*
oi
b

-V . v, (44)

2
o
dp,

with V unitary matrix V € C%*% and %2 ¢ Rén*dn, 0]2- > 0; we observe that (4] is an SV D for
A} An.m, that is, the singular values o;(A;}, ,,Anm) of A}, Ay m are the square of singular values
0j(Anm) of Ap . Since {A} , Apm} ~o (f,G), by definition it hold that for every F' € Co(Ry)

d/
) 1 n . B 1
fim g S F (i) = iy L Pasn a
a
— — [ H(JTFO)) &, 45
@ (Vo) (45)
where H is such that F' = H o/*; but, owing to 0;(Anm) = y/0;(A} ;,An,m) we obtain
! d, 1 dp
S g 3 () = Jim 3 (o)
1 &
= lim d—,Z;H(ai(An,m)) (46)
From (45]) and (6] we obtain
| & 1
fin g S H i) = i [ 1 (VIFOT) at (a7
for every H € Co(Ry), so {Anm} ~o (VIf(H)], G). O

Lemma 4.2. Let {A,}, and {Qn}n be two sequences of matrices of strictly increasing dimension
(Ap, Qy € Chnxdn g < d, 1), where Q, are all unitary matrices (Q,QF =1). If {A,}n ~o (0,G)
then {A,Qn}tn ~o (0,G) and {QnAn}n ~o (0,G).

Proof. Putting B, = A,Q,, assuming that
An = UnEnVny

is an SV D for A,, and taking into account that the product of two unitary matrices is still a
unitary matrix, we deduce that the writing

By = AnQn = Upn X0V QO = Upn S, Vi,

is an SV D for B,,. The latter implies that A,, and B, have exactly the same singular values, so
that the two sequences {4, }, and {B,}, are distributed in the same way. O
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Lemma 4.3. Let {A,}, and {Qn}n be two sequences of matrices of strictly increasing dimension
(Ap, Q€ Chxdn d < dyi1). If {Ap}n ~o (0,G) and ||Qy|| < M for some nonnegative constant
M independent of n, then {A,Qn}n ~o (0,G) and {QnAn}n ~o (0,G).

Proof. Since {Ap}n ~o (0,G), then {0,}, (sequence of zero matrices) is an a.c.s. for {4, },; this
means (by Definition (41])) that we can write, for every m sufficiently large, m € N

A, =0, + Rn,m + Nn,ma n > ngy, (48)
with
Rank(Rn,m) < dnc(m)a HNn,mH < w(m),
where n,, >0, ¢(m) and w(m) depend only on m and, moreover
Tr}gnoo c(m) =0, Tr}gnoow(m) =0.

Now consider the matrix A,Q,; from (@8] we obtain

AnQn = On + Rn,an + Nn,an: Vn > Nm,

with
Rank(R,, ,»Qr) < min{Rank(R,, ), Rank(Q,)} < Rank(R;, ) < dnc(m),
”Nn,an” < HNmm”HQn” < Mw(m),
where
W}i_n)loo c¢(m) =0, W%gnoo Mw(m) =0,

then {0, }, is an a.c.s. for the sequence {A, @y}, and, by Proposition 1] {A,Qn}n ~» (0,G). O

4.2 Singular value distribution for the a-Toeplitz sequences

As stated in formula (39), the matrix T, o, can be written as

Tn a = [TnZn,a’%,a}

- [Tnin,a\o]ﬂo\ma]. (49)

To find the distribution in the singular value sense of the sequence {7}, 4}, the idea is to
study separately the distribution of the two sequences {[1,,Z, 4|0]}, and {[0|7,.a]}n, to prove

{[0|7n.a]}n ~ (0,G), and then apply Proposition
4.2.1 Singular value distribution for the sequence {[TnZna|0]}n

Since Tnén,a € C™*He and [Tn2n7a|0] € C" ", the matrix [TnZ\n,a|0] has n— i, singular values equal
to zero and the remaining p, equal to those of T}, 7, »; to study the distribution in the singular value
sense of this sequence of non-square matrices, we use Lemma [£.I} consider the a-Toeplitz matrix
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“truncated” T, An a=Tn( f)Zn,a, where the elements of the Toeplitz matrix T),(f) = [ar_c]:‘;:lo are
the Fourier coefficients of a function f in L}(Q), Q = (—m, ), then we have

f;,afn,a = (Tn(f) n a) Tn(f)Zn a = Z* (f)*Tn(f)Z\n,a

= (f) ( ) n,a (50)

We provide in detail the analysis in the case where f € L?(Q). The general setting in which
f € LYQ) can be obtained by approximation and density arguments as done in [I4]. From
Proposition B3 if f € L*(Q) C LY(Q) (that is [f[* € L(Q)), then {T(f)Tu(f)}n ~o (If%, Q).

Consequently, for every m sufficiently large, m € N, the use of Proposition 1] implies
Tu(F)Ta(f) = Ta(lf2) + R + Noms > 1,
with
Rank(Rom) < ne(m), [Nl < w(m),

where n,,, > 0, ¢(m) and w(m) depend only on m and, moreover

mh—I>noo c(m) =0, nli_])ﬂloow(m) = 0.
Therefore (B0) becomes
T oToe = Zho(Tullf1P) + Rum + Nonm) Zn,a
To(|f1%) Zna + Zs 0 RnnZna + 2 o NoynZna
Z Tu(|f1) Zna + Ruma + Nomoa (51)
with
Rank(ﬁn,m,a) < min{Rank(Zn,a),Rank(anm)} < Rank(R;, ) < nc(m), (52)
[Nl < 201 Zn ol Nl < 20(m), (53)
and
lim ¢(m) =0, lim 2w(m) =0,

m—o0 m—0o0

where in (52) and (G3), Zn.o = [Zna|0] € C™". In other words Z,  is the matrix Z\ma supple-
mented by an appropriate number of zero columns in order to make it square. Furthermore, it is
worth noticing that HZWH = HEZQH = 1, because gn,a is a submatrix of the identity: we have
used the latter relations in (53). R

Now, consider the matrix Z; T, (| f|?)Zn,a € CFo*Fe, with ug = [2], f € L*(Q) € LH(Q) (so
If|? € LYQ)). From B9), setting T), = T,,(|f|?) = [dr_c]f;:lo, with @; being the Fourier coefficients
of |f|?, and setting 7T}, o the a-Toeplitz generated by the same function |f|?, it is immediate to
observe

TnZ\n,a = Tn,a S (Cnxuay with (Tn,a)r,c = ar—am (54)
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for r = 0 ,n—1and ¢ = 0,...,uq — 1. If we compute 2;7afn,a € ChHeXHe where Z; , =
[0c— ar]r 0 (5k defined as in (I1])) and Z*La € CHax" is the submatrix of Z; , obtained by consid-

ering only the ug first rows, for r,¢ =0,..., uq — 1, we obtain
ZnoTallP)ncdre = (2} aTno)re
n—1 R R
= Z(Z )r E( )5,6
£=0
(j) (Tn,a)ar,c
= Gor—aes
from@) ar—aoc
where (a) follows from the existence of a unique ¢ € {0,1,...,n— 1} such that £ —ar =0 (mod n),
that is, £ = ar (mod n), and, since 0 < ar < n — 1, we find ¢ = ar.
Therefore
Tn(‘f‘2)2n7a = [aar- acw(é_é
= T,,(f19),

where |?|(\2) € LY(Q) is given by

700 = —er12< *2”), (55)

fP(z) = j{: ape’*”. (56)

k=—o00

Proof. (of relation (55).) We denote by a; the Fourier coefficients of | f|(2). We want to show that
for r,c=0,..., 1o — 1, 8r_c = Gar—ac, Where @y are the Fourier coefficients of |f|?. From (@), (55)
and (B0), we have

a—1 +oo o
;v ‘rrj _
Ap_e = / E E apela e Hr=0)z g
- =0 k=—00
400 a—1 - "
i2mkj ikx
= E ag e o ea e =0Ty
27704 ,
J=0
Some remarks are in order:
i2mk a=l jorat
27kj 2matj
- if k is a multiple of «, k = at for some value of ¢, then we have that z e a =>e a =
a—1 . . a—1
Y e = Y1 = a.
i=0 i=0
i2mkj — i2nk \ J .
- if k is not a multiple of o, then e 75 1 and therefore Z e a Z ( a > is a finite
J=0 J=0
geometric series whose sum is given by
—1 . i2mka .
< NI 1—e o  1—e?mk 1-1
<€ * > 2wk = 2nk = 27k = 0
1 — € « 1 — € « 1 — € «
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Finally, taking into account the latter statements and recalling that % . e dy = {3 ge=0,
we find

iatx

A = — E Gorae o e =gy

In summary, from (5II) we have
T* Tna_ M(x(’f’(2) nma+Nnmaa
with {T,., (|f|®)}n ~o (|f|/(\2) Q). We recall that, owing to (IBE) the relation |f|?> € L'(Q) implies
1f|® € LY(Q). Consequently Proposition El implies that {77 Ana}n ~s (If]1®,Q). Clearly
|?|(\2) € LY(Q) is equivalent to write \/|f |(2 c L*Q): therefore, from Lemma Il we infer
{T\n,a}n ~o ( |f|(2)7Q)-

Now, as mentioned at the beginning of this section, by Definition 2.1}, we have
1 n

i S () = i oSS () i L3 £

Ko f: F <Uj([Tn,a‘O])>

= lim — + lim ——
n—oo M 4 1 Mo n—00 n
]:

_ é% _1F< \ﬂﬁ(@) da:—i—(l—é) F(0),

which results to be equivalent to the following distribution formula

{1200l 0]}n ~o (6,Q x [0,1]), (57)

where

O(x,t) = @) fort e [0,1],
0 fort € (é, 1].

4.2.2 Singular value distribution for the sequence {[0(7,]}n

In perfect analogy with the case of the matrix [T, nfn,a\O], we can observe that 7, . € Cnx(n—pa)
and [0]7,,q] € C"*". Therefore the matrix [0|7y,] has p, singular values equal to zero and the
remaining n — po equal to those of 7, ,. However, in this case we have additional difficulties
with respect to the matrix T, na =1, nZ\n,a, because it is not always true that 7, , can be written
as 1,2, o, where Z, , is the matrix obtained by considering the n — i, last columns of 7, .
Indeed, in 7, there are Fourier coefficients with index, in modulus, greater than n: the Toeplitz
matrix T,, = [ar_c]:f;:lo has coefficients a; with j ranging from 1 —n to n — 1, while the a-Toeplitz
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matrix T}, o = [ar_ac]f;:lo has a,,—1 as coefficient of maximum index and a_o(n—1) aS coefficient of
minimum index, and, if a > 2, we have —a(n — 1) < —(n —1).

Even if we take the Toeplitz matrix T,, which has as its first column the first column of
Tn,o and the other generated according to the rule (7),);r = aj_k, it is not always true that
we can write 7, , = T, P for a suitable submatrix P of a permutation matrix, indeed, if the
matrix T,, = [ﬁr_c]f;:lo has as first column the first column of 7y, o, we find that 5y = (Tn.q)0,0 =
(Th,0)0u0 = G—ap,- As a consequence, T}, has B_(,_1) = a_(,—1)—qpu, as coefficient of minimum
index, while 7, o has a_,(,,—1) as coefficient of minimum index. Therefore

—(n—1Da—-(—(n—-1)—au,) = (1—a)(n—1)+ auq néaua:a{g1§(n+a—l)
< l-a)n—-—1)4+n+a-1)
= l-a)n-1)+Mn-1)+a«
= n—-1H1l-a+1)+a«
= 2-a)n—-1)+a<0 for « > 2 and n > 4.

Thus, if &« > 2 and n > 4 we have —(n — 1)a < —(n — 1) — apiq and the coefficient of minimum
index a_q(p—1) Of Tna is not contained in the matrix 75, that has a_¢,_1)_qu, as coefficient of
minimum index.

Then we proceed in another way: in the first column of 7, € Crx(n—ha) (and consequently
throughout the matrix) there are only coefficients with index < 0, indeed coefficient with the largest
index of Tr.o i8 (Tn,a)n—-1,0 = (Tn,a)n—1,pa = Gn—1—ap, and n —1 —aps <n —1—n < 0 and the
coefficient with smallest index is (7n.0)0n—pa-1 = (Tha)on—pa—1+m = (Tna)on—1 = a_gm-1)-
Consider therefore a Toeplitz matrix Ty, , of dimension d;, o With dy, o > @ + 1, defined in this
way:

a_dn,a"l‘l a_dn,a a_dn,a_l a_2dn,a+2
a_d7l,a+2 a'_dn,a"l‘l a_2dn,a+3
. . . _ dn,a_l
Tdn,a = - [ar_c_d7l,a+1:|r7czo (59)
a_q a_9 a_dn’a
| Qo a—1 a_2 A—dpo+1 |

Since the coefficient with smallest index is a_aq4, , 12, we find

(n—1)

—2dn,a+2<—2<a 5 +1>+2:—a(n—1)—2+2:—a(n—1).

As a consequence, we obtain that all the coefficients of T, o are “contained” in the matrix Ty, ..
In particular, if
dpo > (@—1)(n—1)+2,
(this condition ensures dy, o > @ + 1, that all the subsequent inequalities are correct, and that

the size of all the matrices involved are non-negative), then it can be shown that
Tno = [011]02] T, o Za,, o0 (60)

where Zg, ..o € Cdnax(n=ta) i the matrix defined in ([I]), of dimension dp, o X dp, o, by considering
only the n — pi,, first columns and [01|1,,]05] € C**%e is a block matrix with 0; € CnX(dn,a—apa—1)
and 0y € C*(@pa—n+1)
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Proof. (of relation (60]).) First we observe that:

forr=0,1,...,n—1and s =0,1,...,n — e — 1 we have
(ﬁz,a)r,s = (Tn,a)r,s—}—ua = Opr—as—ajia > (61)
forr=0,1,...,n—1and s =0,1,...,d, o — 1 we have
1 fs=r+4+dya—aps —1,
(101 11n]02])r.s = { 0 otherwise; (62)

forr,s =0,1,...,dyo — 1 we have
(Tdn,a)ns = ar_s_dn,a‘l'l;

forr=0,1,...,dpo—1and s =0,1,...,n — o — 1, we have

(Zdn,a,a)T,S = 57”—068'

Since Ty, , Zdy, 00 € Cdnox(n—pa) for r =0,1,... ydpo—1and s =0,1,...,n—pu,— 1, it holds
dn.o—1
(T 0 Zdnara)rs = (T o )ri(Zdy 0,05
=0
dn.o—1
= 5l—asar—l—dn,a+l
=0
=  Or—as—dy,o+1> (63)
(a)
where (a) follows from the existence of a unique [ € {0,1,...,dy o — 1} such that | — as =

0 (mod dy, q), that is, | = as (mod d, ), and, since 0 < as < dp o — 1, we have | = as. Since
[01|1,,|02] T4, o Zdp e € Crx(n—tia) for r =0,1,...,n—1and s =0,1,...,n — piq — 1, we find

dn,a—1

> (00114102 i(Ta 0 Zd s )is
=0
ar—l—dn’a—a,ua—l—as—dn,a—i-l

([01 |In |02] Tdn,a Zdn,ava)rvs

Qr—apg—as

= 7:7, a)r,ss
from(m) ( ’ ) ’
where (d) follows from (63), (T4, .2Zd,.q.0)l,s = G—as—dn.o+1, and from the following fact: using
©2), we find ([01]1,]02]),; = 1 if and only if | =7 + dp o — ot — 1. O

We can now observe immediately that the matrix Ty, , defined in (59) can be written as

T4, . =JHg (64)

n,o )

where J is the “flip” matrix of dimension d,, o X dy o:

1
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and Hy, , is the Hankel matrix of dimension dp, o X dpq:

ao a—1 a—2 Cr Qg 041
a_1 a—2 3 a A—dy o
Hg, .=
—dy o +2  O—dy o+1 a T A—2d, 043
| O—dpot+l  Q—dpo O—dpa—1 """ G-2d,,+2 |

If f(x) € LY(Q), Q = (—m, ), is the generating function of the Toeplitz matrix T}, = T,,(f) =
[ar—]" 72, in (39), where the k-th Fourier coefficient of f is ay, then f(—z) € L'(Q) is the generating

r,c=0
dn,a—1,

function of the Hankel matrix Hy,, = [a—r—c], 2o ; by invoking Theorem 6, page 161 of [7],
the sequence of matrices {Hg, .} is distributed in the singular value sense as the zero function:
{Hqg, .} ~o (0,Q). From Lemmal.2] by (64)), since J is a unitary matrix, we have {1y, .} ~» (0,Q)
as well.

Consider the decomposition in (60]):

7;’1704 = [01|In|02] Tdn,aZdn,aya = an,aTdn,a Zdn,ava'

If we complete the matrices Qq, , € C*¥dn.e and Zdnasa € Cdn.ax(n—ta) by adding an appro-
priate number of zero rows and columns, respectively, in order to make it square

Qi o xd
an,a — |: 0 N c (c n, o X n,a’

Zdn’a’a = [ Zdn,a,a ‘ 0 ] S Cdn’aXd”vQ7

then it is immediate to note that

Tna | O
Qapo T, Zdy 000 = [ 0 10 } =Ty € ChroXne,
From Lemma B3] since ||Qq, .|| = [|Z4, ..ol = 1 (indeed they are both “incomplete” permuta-

tion matrices), and since {7y, ,} ~o (0,Q), we infer that {T, o} ~ (0,Q).

Recall that T, , € Cn.oXdn.a with dna > (o —1)(n — 1) 4+ 2; then we can always choose d;,
such that an =d, o > (o —1)(n — 1) 4+ 2 (if n,a > 2). Now, since {T), o} ~» (0,Q), it holds that
the sequence {T,, o} is weakly clustered at zero in the singular value sense, i.e., Ve > 0,

#{j 1 0j(Th,a) > €} = 0(dp,o) = o(an) = o(n). (65)

The matrix T, , is a block matrix that can be written as

Tna |0 ] _ [ [Tnal0] | 0
0 [0] 0 [o0]’

Tn,a = |:

where Ty, o € Cn*(n=pa) and [Tn.«|0] € C**™. By the singular value decomposition we obtain

v [ Tel0l[0] (U] 0 ] [0 )[Z]o][Va]o]
e 0 [o] 0 |00V | | 0|Us 00 0[va|”’
that is, the singular values of T, o, that are different from zero are the singular values of [T, o|0] €

C™*™, Thus (65]) can be written as follows: Ve > 0,

{7 : 0j([Tn,al0]) > €} = o(dn,a) = o(an) = o(n).
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The latter relation means that the sequence {[7, «|0]}, is weakly clustered at zero in the singular
value sense, and hence {[7;,4|0]}n ~o (0,Q). If we now consider the matrix

~ 0 In—ua nxn
G_[O 0 }G(C ,

where I, is the identity matrix of dimension (n — pq) X (1 — pa), then [Tr.|01G
since |G|| = 1 and {[7,4/|0]}n ~o (0,Q), from Lemma 3] we find

{[0[Tnal}n ~o (0,Q). (66)

In conclusion: from the relations (49]), (57) and (66)), using Proposition 4.2 with G = @ x [0, 1],
we obtain that

[0[77,q], and

{Thatn ~o (0,Q % [0,1]),

where 6 is defined in (B8). Notice that for o = 1 the symbol 6(x,t) coincides with |f|(x) on the
extended domain @ X [0,1]. Hence the Szego-Tilli-Tyrtyshnikov-Zamarashkin result is found as a
particular case. Indeed 6(z,t) = |f|(x) does not depend on t and therefore this additional variable
can be suppressed i.e. {T}, o}n ~o (f, Q) with T}, o = T,,(f). The fact that the distribution formula
is not unique should not surprise since this phenomenon is inherent to the measure theory because
any measure-preserving exchange function is a distribution function if one representative of the
class is.

5 Some remarks on multigrid methods

In the design of multigrid methods for large positive definite linear systems one of the key points
is to maintain the structure (if any) of the original matrix in the lower levels. This means that
at every recursion level the new projected linear system should retain the main properties of the
original matrix (e.g. bandedness, the same level of conditioning, the same algebra/Toeplitz/graph
structure etc.). Here for the sake of simplicity the example that has to be considered is the one-level
circulant case. Following [I}, 21], if A,, = C,, is a positive circulant matrix of size n with n power of
2, then the projected matrix Ay with k = n/2 is defined as

Ay = ZL )Py Ay Py Zy o, (67)

where P, is an additional circulant matrix. It is worth noticing that the structure is kept since for
every circulant P, the matrix Ay is a circulant matrix of size k = n/2. The features of the specific
P, have to be designed in such a way that the convergence speed of the related multigrid is as high
as possible (see [9] [I] for a general strategy). We observe that the eigenvalues of Ay are given by

1
1 g 27
§§g<ﬂ%f£>,ag:%;,j:QL”wk—Lk:nﬂ, (68)
=0

where g is the polynomial associated with the circulant matrix P, A, P, in the sense of Subsection
B3l Therefore the singular values of (P AnPn)l/ 2Zn72 are given by

1
1 xj + 2ml o2mj
\/§ lz_;g< 9 >, Tj= —— ]:0,1,...,]{7—1’]{;:”/2. (69)



Notice that the latter formula is a special instance of (B7) for |p|> = g (g is necessarily non-
negative since it can be written a |q|?f where ¢ is the polynomial associated with P, and f the
nonnegative polynomial associated with A,), for a = 2 and n even number so that (n,2) = 2.
Therefore, according to (37), the numbers in (€9) identify the nontrivial singular values of the 2-
circulant matrix (P,’{AnPn)l/ 2 Zn,2 up to a scaling factor. In other words a-circulant matrices arise
naturally in the design of fast multigrid solvers for circulant linear systems and, along the same
lines, a-Toeplitz matrices arise naturally in the design of fast multigrid solvers for Toeplitz linear
systems; see [9] 1| [15].

Conversely, we now can see clearly that formula (87) furnishes a wide generalization of the
spectral analysis of the projected matrices, by allowing a higher degree of freedom: we can choose
n divisible by a with « # 2, we can choose n not divisible by «. Such a degree of freedom is not
just academic, but could be exploited for devising optimally convergent multigrid solvers also in
critical cases emphasized e.g. in [, [15]. In particular, if z( is an isolated zero of f (the nonnegative
polynomial related to A, = C,,) and also 7+ z is a zero for the same function, then due to special
symmetries, the associated multigrid (or even two-grid) method cannot be optimal. In other words,
for reaching a preassigned accuracy, we cannot expect a number of iterations independent of the
order n. However these pathological symmetries are due to the choice of o = 2, so that a choice of
a projector as P, Z, . for a different o # 2 and a different n could completely overcome the latter
drawback.

6 Generalizations

First of all we observe that the requirement that the symbol f is square integrable can be removed.
In [14] it is proven that the singular value distribution of {T},(f)7T,(g)}n is given by h = fg with
f, g being just Lebesgue integrable and with h that is only measurable and therefore may fail to
be Lebesgue integrable. This fact is sufficient for extending the proof of the relation {7}, o}n ~o
(6,Q x [0,1]) to the case where f(x,t) is defined as in (58] with the original symbol f € L.

Now we consider the general multilevel case. When « is a positive vector, we have

{Tn,a}n ~o (97 Qd X [07 1]d)7 (70)
where
0 — \7\(\2) (z) forte [0, é], 71
(1) { 0 for t € (é,e], ()
with

Q
j=0

Bw = 1y (). (1)

and where all the arguments are modulus 27 and all the operations are intended componentwise
that is ¢ € [Q, é] means that ¢ € [0,1/a], k=1,...,d, t € (é,e] means that t; € (1/ag, 1], k =
1,...,d, the writing % defines the d-dimensional vector whose k-th component is (x;+27j) /o,
k=1,...,d,and & = ajas - - - .

6.0.3 Examples of a-circulant and a-Toeplitz matrices when some of the entries of «
vanish

We start this subsection with a brief digression on multilevel matrices. A d-level matrix A of
dimension 7 X 7 with n = (ny,n2,...,ng) and 7 = nyny---ng can be viewed as a matrix of
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dimension nq X n1 in which each element is a block of dimension nong- - - ng X ngng - - - ng; in turn,
each block of dimension nons---ng X ngng---ng can be viewed as a matrix of dimension ny X ng
in which each element is a block of dimension ngng---ng X ngng - --ng, and so on. So we can say
that nq is the most “outer” dimension of the matrix A and ng is the most “inner” dimension. If
we multiply by an appropriate permutation matrix P the d-level matrix A, we can exchange the
“order of dimensions” of A, namely PT AP becomes a matrix again of dimension 7 x 7 but with
n= (np(l),np(g), o Np(d)) and = Ny Np(9) < Mgy = Mang -+ g (where p is a permutation of d
elements) and n,;) is the most “outer” dimension of the matrix A and nyqg) is the most “inner”
dimension.

This trick helps us to understand what happens to the singular values of a-circulant and a-
Toeplitz d-level matrices, especially when some of the entries of the vector a are zero; indeed,
as we observed in Subsection 212 if o = 0, the d-level a-circulant (or a-Toeplitz) matrix A is
a block matrix with constant blocks on each row, so if we order the vector o (which has some
components equal to zero) so that the components equal to zero are in the top positions, o =
(0,...,0,az,...,0a4), the matrix PTAP (where P is the permutation matrix associated with p)
becomes a block matrix with constant blocks on each row and with blocks of dimension ny - - - ng X
ng - - - ng; with this “new” structure, formulas () and () are even more intuitively understandable,
as we shall see later in the examples.

Lemma 6.1. Let A be a 2-level Toeplitz matriz of dimension n X i with n = (ny1,ny) and i = ning,

B na—1 ny—1
A= [[a(j1—k1,j2—k2)]j27k2:0] j1,k1=0

There exists a permutation matrix P such that
T e . . nl_l nz_l
PTAP = |:[a(]l—kl,]2—k2)]j1,k1:0}j27k2:0'

Example: Let n = (ny,n2) = (2,3) and consider the 2-level Toeplitz matrix A of dimension 6 x 6

a0,0) 40,-1) @0,-2) | 4-1,0) O(-1,-1) U-1,-2) ]
a0,1) 40,0  40,-1) | 4-1,1) 4-1,0) (-1,-1)
A= |Mo2) %0n %00 |%-12) %11 #=10)
a1,00 41,-1) 21,-2) | %00  %0,-1)  40,-2)
a1y o) A1,-1) | %o, 40,0  40,-1)
L 4(1,2)  A(1,1) a(1,0) a(0,2) a(0,1) ao,0) J

This matrix can be viewed as a matrix of dimension 2 x 2 in which each element is a block
of dimension 3 x 3. If we take the permutation matrix

OO OO o
OO = O OO
[lelolNell =)
o= O O OO
[l alell S =)
_ o O o oo
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then it is plain to see that

a(0,0) A(-1,0) | @(0,~1) A(-1,-1) | 4(0,~2) C(~1,-2) ]

4o %00 |%-1 90-1 |%01-2 40.-2)
prap = | M0 4-=11) | 400  A-10) |0,-1) 4-1,-1) :

a1, %01 | 21,0 20,0) | *(1,-1) 90,-1)

a0,2) -12) | ¥o,1)  A=11) | %00 -1,

L Q(1,2)  4(0,2) a(,1) a(0,1) a(1,0) ao,0)

and now PT AP can be naturally viewed as a matrix of dimension 3 x 3 in which each element
is a block of dimension 2 x 2.

Corollary 6.1. Let A be a d-level Toeplitz matriz of dimension n X 1 with n = (n1,ng,...,ng)
and 1 = ning - - - Ny,
ng—1 ]n2—1 :|n1—1

A= H . [a(jl—k17j2_k27---7jd_kd)]jmkd:() e

J2:k2=01 5y k1 =0

For every permutation p of d elements, there exists a permutation matrix P such that
Np(2)—1 rpu)—l

Ip(2)-kp(2)=0

TAP = | |- [agi 4 ‘ mp@-l
PTAP = H [a(]l—kl7]2_k27---7]d_kd)]jp(d%kp(d):(] ]

JIp(1)-kp(1)=0

Remark 6.1. Lemma 61 and Corollary [6.1 also apply to d-level a-circulant and o-Toeplitz ma-
trices.

Now, let @« = (ag,a9,...,a4) be a d-dimensional vector of nonnegative integers and ¢t =
#{j : oj = 0} be the number of zero entries of a. If we take a permutation p of d elements
such that apq) = ape) = ... = app = 0, (that is, p is a permutation that moves all the

zero components of the vector « in the top positions), then it is easy to prove that formulas
®) and (@) remain the same for the matrix PTAP (where P is the permutation matrix asso-

ciated with p) but with n[0] = (ny1),7p(2), - - - 7p)) and where C; and T; are a d*-level af-
circulant and o"-Toeplitz matrix, respectively, with a™ = (ap(tﬂ),ap(t”),...,ap(d)), of partial
sizes n[> 0] = (Np41)s Mp(t+2), - - - » Mp(d))> and whose expressions are
-1
-1 Np(t+2)—1 "p(tt1)
Cj = |:|: e [a(r—aos) mod n] :p((:)) 5p(d)=0 o ] :| )
nen T2 52 =0 g ) s 041)=0

Np(t+1)—1

T, = H"'[a(r—aos)]n”(‘i)_l '“]"p(wz)—l ] ’

r ,S =0 _
P T2 St =0 s 40)=0

with (rp(1), 7p(2)s - - - Tp(r)) = J- Obviously Sgval(A) = Sgval(PT AP).

We recall that if B is a matrix of size n X n positive semidefinite, that is B* = B and z*Bz > 0
Va # 0, then Eig(B) = Sgval(B). Moreover, if B = UXU* is a SV D for B (which coincides with
the Schur decomposition of B) with ¥ = ; Sliagn (0;), then

BY? = ux/?y~, (73)

where X1/2 = .filiag (/75)-

We procee({_vv’ifﬁl two detailed examples: a 3-level a-circulant matrix with o = (o, ag, a3) =
(1,2,0), and a 3-level a-Toeplitz with o = (a1, a9, a3) = (0, 1,2), which helps us to understand
what happens if the vector « is not strictly positive. Finally we will propose the explicit calculation
of the singular values of a d-level a-circulant matrix in the particular case where the vector « has
only one component different from zero.
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Example: Consider a 3-level a-circulant matrix A where o = (a1, a9, a3) = (1,2,0)

g1 na—1 ni—1
r3,53=0

A = |:|:|:a‘((7“1—1'81) mod n1,(re—2-s2) mod na,(r3—0-s3) mod ng)]

nz—1 n2—1 m-l
= [[a((rl_sl) mod ni,(rg—2s2) mod n2,7‘3)] T3:0:|

r2,52=0 1,51=0

r2,52=0 .. o —0

If we choose a permutation p of 3 elements such that

(r(1),p(2),p(3)) = (3,2,1),
(ap(1) p(2)s ap(3)) = (0,2, 1),

(Mp(1)s Mp(2), Mp(3)) = (13,12, 11),
and if we take the permutation matrix P related to p, then

n3—1

T . 1 no—1
P AP = A= |:|:[a((r1—51) mod n1,(re—2s2) mod n27r3)]f11,31:0] ro 52:0:|

r3=0
Now, for r3 = 0,1,...,n3 — 1, let us set

ni—1 ]ng—l

CT’3 = [[a((rl—sl) mod n1,(r2—2s2) mod n27r3)]r1751:0

r2,52=0

As a consequence, C,, is a 2-level a™-circulant matrix with a™ = (2,1) and of partial sizes
n[> 0] = (n2,n1) and the matrix A can be rewritten as

C’O C’O . CO
. C C C
A= .1 .1 : .1 ;
Cn3—l Cn3—1 te Cn3—1

and this is a block matrix with constant blocks on each row. From formula (), the singular
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values of A are the square root of the eigenvalues of A*A:

[ G5 Cf a1 Co Co Co
A A Co Cf na—1 C1 C1 Cy
L Cg Cik ;;3—1 CW/3—1 Cng—l Cng—l
[ nz—1 nz—1 nz—1
> C;Cj > C;Cj > C;Cj
=0 =0 =0
n3—1 nz—1 nz—1
Z C’;‘C’j Z C’;C’j > C’;‘C’]
Jj=0 j=0 j=0
nz—1 n3—1‘ nz—1
> CjC] > C;Cj > CjC]
| j=0 Jj=0 J=0
11 --- 1
11 --- n3—1
= | . . . | ®) GG
Do : : =0
11 - 1
n3 times
nz—1
= Jn® Y CiCj
=0
Therefore
nz—1
Eig(A*A) = Eig | Jo, ® ) C;C; |, (74)
=0
where

because J,, is a matrix of rank 1, so it has all eigenvalues equal to zero except one eigenvalue
equal to tr(J,,) = n3 (tr is the trace of a matrix). If we put

n3—1

M= | Y crc ], k=0,...,ning—1,
j=0

by exploiting basic properties of the tensor product and taking into consideration (74 and

([75) we find
k‘:O,...,’I’LlTLQ—l, (76)

k= ning,...,ninang — 1. (77)

’I’L3)\k,
) = 0,

From (76), (77) and (), and recalling that Sgval(A) = Sgval(A), one obtains that the singular
values of A are given by

O'k(A) \/ng)\k, k:O,...,nlng—l,
O'k(A) = O, k= ning,...,N1N2N3 — 1,
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nz—1
and, since »_ C7Cj is a positive semidefinite matrix, from (73]) we can write
j=0
O'k(A) = \/Tlggk, k::O,...,nlng—l,
ox(A)

0, k:nlng,...,nlngng— 1,

1/2
nz—1

where o, are the singular values of ( > C’;C}) .
j=0

Regarding the distribution in the sense of singular values, let F' € C’O(Ra' ), continuous function
over ]R(J{ with bounded support, then there exists a € R such that

|F(x)] <a VreR]. (78)
From formula (2]) we have
1 ningns—1
Yo (F,Ay) = F(\/n3ox)
ninans
k=0
-1
7”L1712(7’L3 — 1)F(0) 1 M ~
= F(\/
ninang ninang kzzo (vnad)
nins—1
= 1-— | F(0 F(\/n3op).
(1- o) For+ > P
According to (78], we find
ning—1
—aning < Z F(\/n3ok) < anjne.
k=0
Therefore
a 1 et a
—— < F(\/nsor) < —
ng — ningng — (Vns9) < n3’
so that . )
(1 - —> FO) - L <3, (F A) < <1 - —> F0) + —.
ns ns ns ns

Now, recalling that the writing n — 0o means min<;j<3n; — 0o, we obtain
F(0) < lim %, (F, 4,) < F(0),
n—oo

which implies
lim 3, (F, A,) = F(0).

n—oo

Whence
{An} ~o (07 G)7

for any domain G satisfying the requirements of Definition 2]
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Example: Consider a 3-level a-Toeplitz matrix A where o = (aq, a2, a3) = (0,1, 2)

_ ni—1
A = |:[[a(r1—0vsl ro—1-s2 r3—2v53)]n3_1_ }nz ' :|
y , r3,53=0 r2,50=0 r1.81=0
nz—1 n2—1 m-l
= |:|:[a(r1,r2—52,r3—2s3)]r3,33:0]r2732:0:| =0

The procedure is the same as in the previous example of an a-circulant matrix, but in this
case we do not need to permute the vector « since the only component equal to zero is already
in first position. For r; = 0,1,...,n1 — 1, let us set

nz—1 ]n2_1

Tr = |: a — 2
1 [ (r1,r2—s2,r3 s3)]r3753:0 7"2752:0’

then T, is a 2-level a*-Toeplitz matrix with a* = (1,2) and of partial sizes n[> 0] = (ng, n3)
and

TO TO . TO

Tl Tl . Tl

A= ) ) .
TTL1—1 TTL1—1 e TTL1—1

The latter is a block matrix with constant blocks on each row. From formula (1), the singular
values of A are the square root of the eigenvalues of A*A:

[Ty T - T To o - To
A | TETE e T T T
_CTOA< Tl* :;1—1 Tn1—1 Tn1—1 Tn1—1
[ n1—1 ny—1 ny—1 T
EIEID S e AR S e
Jj=0 j=0 j=0
ni—1 ni—1 ni—1
| S S S
= 7=0 7=0 =
ni—1 ny—1 ni—1
ST ST e YT
| j=0 j=0 j=0 ]
[1 1 1
11 I
- : ®ZTJ‘TJ
: =0
11 1
ni times
ni—1

I ® 3T
j=0

Therefore
ni—1

Eig(A"A) = Eig | Jo, ® Y_T;T; | | (79)
§=0
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where
Elg(Jnl) = {0,711}, (80)

because J,,, is a matrix of rank 1, so it has all eigenvalues equal to zero except one eigenvalue
equal to tr(Jp,) = ny (tr is the trace of a matrix). If we put

ni—1
Ne=Xe [ DY TrTy | k=0,... ngnp— 1,
7=0

by exploiting basic properties of the tensor product and taking into consideration (79) and
([B0) we find
)\k(A*A) = ’I’Ll)\k, k= 0, Loy n3ng — 1, (81)
A (AT A)

0, k= nsna,...,nN3naNn1 — 1. (82)
From (&T), (82) and (), one obtains that the singular values of A are given by

O'k(A) = \/’I’Ll)\k, k‘:O,...,’I’L3TL2— 1, (83)
or(A) 0, k =nsng,...,ngnan; — 1. (84)

ni—1
and, since ) 7T} is a positive semidefinite matrix, from (73) we can write
j=0
ox(A) = /niok, k=0,...,n3n0 — 1,
ok (A)

0, k= nsna,...,N3nNaN1 — 1,

1/2
ni—1

where o, denotes the generic singular value of ( > T;‘Tj> .
j=0

Regarding the distribution in the sense of singular values, by invoking exactly the same
argument as in the above example for a-circulant matrix, we deduce that

{An} ~o (07 G)7
for any domain G satisfying the requirements of Definition 2.1l

Example: Let us see what happens when the vector « has only one component different from zero.

Let n = (nq,n9,...,nq) and a = (0,...,0,a4,0,...,0), ap > 0; in this case we can give an
explicit formula for the singular values of the d-level a-circulant matrix. For convenience and
without loss of generality we take o = (0,...,0, ag) (with all zero components in top positions,
otherwise we use a permutation). From 2.1.3] the singular values of A, = [a(,—a0s) mod nlrs=o
are zero except for few of them given by \/n[0]c where, in our case, n[0] = ning---ng_1,
n[0] = (n1,n2,...,n4-1), and o is any singular value of the matrix
n[0]—e 1/2
> GG
Jj=0
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where Cj is an og-circulant matrix of dimension ng x ng whose expression is

ng—1 ng—1
Cj = [a(r—aos) mod n] r:,sdzo = [a(rl,rz,...,rd,l,(rd—adsd) mod nd)]T’Z,SdZO
_ TLd—l
- [a(j,(rd—adsd) mod nd)] ra,5q=0"
with (r1,79,...,7q-1) = j. For j =0,...,n[0] —e, if C,(LQ is the circulant matrix which has as
its first column the vector a9 = [a ;005 a(] Vs s Qjng— 1)] (which is the first column of the
matrix C}), C,(LQ = [a(j,(r—s) mod nd)]m =5 D( )F,’{d, with ng) = diag(,/ndF;fda(j)), then,
from (B0), (I0), and (6], it is immediate to Verlfy that
n[0]—e n[0]—e '
Z C]*CJ = (FndDT(ld)F;dan7ad)*(FndDﬁi]d)F;danvad)
Jj=0 J=0
n[0]—e ' .
= (F:;d anvad)* (D’Sljd) )* D?S,]d) (F:;d anvad)
J=0
n[0]—e '
= (F;danyad)* (D(])) Dr(z]d) (F;danﬂd)'
Jj=0
Now, if we put ngqo = (n:id) and
qgj) = ’Dr(zjd) g,s = (D7(7:7;i))575 ’ (Dn];i))&& s=0,1,...,ng — 1,
[ n[0]—e . T
(4)
2 =Dnaa
n[0]—e
()
Al — ];0 q(l_l)nd,a“rl c (Cnd,axnd,a’
( )nd,a+nd,a_1
for I = 1,2,...,(ng,aq), then, following the same reasoning employed for proving formula
1)), we infer
TL[O 1 (nd7ad)
Eig Z i | = e | Jonwan © ; Al
where
11 1
11 --- 1
J(ndvad) = . . . : ’
11 1

(ng, aq) times

LI — (0,1
(ng, aq) i8(Jnas) (0.1},
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and

(ndvad) (ndvad) 77/[0} € ()
_ : J _
Z A = Z diag U1y o+ kE=0,1,...,n94—1
=1 =1 =0
(TLd,Qd)TL 0}_6
I B (4) _
= diag Z 412 1)ng o4k k=0,1,...,n9q—1
=1 j=0
(ndvad)
Consequently, since Y. A, is a diagonal matrix, and by exploiting basic properties of the
=1
tensor product, we find
n[0]—e (ng,aq)n[0]—e
DI I S ST SRR
Jj=
0] e
Ak Z c;C = 0, k=nga,...,ng—1.
Now, since En[o C7Cj is a positive semidefinite matrix, from (Z3) we finally have
n[0]—e 1/2 (ng,aq)n[0]—e
(X)) | = L S s #=00sa
=1 j5=0
nf0]—e 1/2
Ok Z C* = 0, k=nga,...,nqg— 1.

7 Conclusions and future work

In this paper we have studied in detail the singular values of a-circulant matrices and we have iden-
tified the joint asymptotic distribution of a-Toeplitz sequences associated with a given integrable
symbol. The generalization to the multilevel block setting has been sketched together with some
intriguing relationships with the design of multigrid procedures for structured linear systems. The
latter point deserves more attention and will be the subject of future researches. We also would
like to study the more involved eigenvalue/eigenvector behavior both for a-circulant and a-Toeplitz
structures.
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