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Thin film limits for Ginzburg—Landau with strong applied magnetic fields
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Abstract. In this work, we study thin-film limits of the full three-dimensional Ginzburg-Landau model for a super-
conductor in an applied magnetic field oriented obliquely to the film surface. We obtain I'—convergence results in
several regimes, determined by the asymptotic ratio between the magnitude of the parallel applied magnetic field and
the thickness of the film. Depending on the regime, we show that there may be a decrease in the density of Cooper
pairs. We also show that in the case of variable thickness of the film, its geometry will affect the effective applied
magnetic field, thus influencing the position of vortices.
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1. Introduction

In this paper we consider superconducting thin films subjected to an external magnetic field, using the
Ginzburg-Landau model. We assume the superconductor occupies a domain Q. C R3 of variable but small
thickness, which projects to a smooth planar domain w C R?,

r=(2,23) €Q. <= 2 Cuw, ef(z)) <3 <eg(x),

for given smooth functions f,¢g : w — R with inf, (¢ — f) > 0. Here, and throughout, we denote the
projection of z € R3 to the plane by 2’ = (r1,22) € R%. The state of the superconductor is described by a
complex-valued order parameter, u: . — C defined inside the sample, and the magnetic vector potential
A : R? — R3 which determines the magnetic field h = V x A. We assume that the superconductor is
placed in a constant magnitude, externally applied magnetic field h¢*, which may be oriented obliquely with
respect to the plane of w. With these choices, the Ginzburg—Landau energy functional is given by

1/1 2 1
I..(u,A):= 6(2/Q (|vAu|2+’;(1—|u|2)2) dx+§/]RS h—th|2dx>,

We note that the factor 1/ which multiplies the energy is not traditionally present, but is useful here since
the energy of minimizers will be order-one with this normalization.

Motivated by recent work on the Lawrence-Doniach model ([ABS08|, [ABS]) we are particularly inter-
ested in the behavior of the thin film superconductor in applied fields which are parallel (or nearly parallel)
to the plane of w. In order to see the effect of strong parallel fields, we allow the parallel component of the
applied field h®™’(€ R?) to depend on the thickness parameter e,

he* = (ph™', hEY), (L.1)
We will identify different T'-limits, in the sense of De Giorgi (see [DGTHIGE75IDM93IBra02]), depending

on the magnitude of p.. The limiting behavior of minimizers of I, . with applied fields of fixed magnitude
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(pe = 1) was studied by Chapman, Du & Gunzburger [CDG96]. By means of an asymptotic expansion using
the Euler—Lagrange equations and estimates on the minimum energy they show that the vertical averages
of the order parameters u. and potentials A. converge (weakly in H') to a solution of a simplified two-
dimensional Ginzburg—Landau model, in which the limiting vector potential produces the vertical component
h§* of the applied field. Our results (below) reproduce this outcome as part of a more general I'-convergence
setting, in the appropriate (“subcritical”) regime. The critical case, p. = O(¢~!), and supercritical cases
produce very different and interesting results, which we will describe below.

In preparing this manuscript we have learned of very recent work by Contreras & Sternberg [CS] on
I-limits for thin film superconductors, but with a very different point of view. They consider thin shells
based on fixed closed manifolds in R3, with magnetic fields independent of .

To identify the correct scales in the problem, we introduce the following rescaled coordinates:

X
T = ($17$3) = (9017%2,%3) = <X1,X2, ;)

Az) = (A1, A, cAs) <x1,x2, X;)
u(z) = u(x).

In the new coordinates, the magnetic field h = V x A transforms in a straightforward way,
1 1 1
h=VxA= (5(82A3 — 0345), g(83A1 — 01 43), (0142 — 82A1)> = <€h’, h3> ,

and similarly for h®* = (%he"’, th) . Note also that the divergence free condition V - h = 0 is preserved
under this rescaling.
Denote the rescaled domain

Q=0 ={(z/,23) €R3: f(2)) <3 <g(a), 2’ €w}

Then, the Ginzburg—Landau energy becomes:

1 AN 12 1 . ? K2 2\2
I o (u, A) == 3 ), (V' —iADul® + g(azg —iA3)u| + ?(1 —ul*)” ] de
1 ex|2 1 / ex/|2
+ = lhs — h§*|* + = |b — eph™|" ) do. (1.2)
2 R3 9

In keeping with our notation above, V' = (91, 02).

We must also define function spaces for our configurations (u, A). This is complicated both by the fact
that A is defined in the whole space R?® and the gauge invariance of the energy. The natural space for the
order parameter is u € H'(Q;C). To define a space for the vector potential A we must essentially fix an
appropriate gauge, which also captures the behavior of the field at infinity. First, we fix a representative for
the constant effective external field, (ep-h™', h§¥),

1 1
A = S(epehi™ 1) x (01,w2,5) = 5 (peh§ias — Wwz, 5w — epohia,ep. (hF' — W), (1.3)

Then, we assume A — A% € H 4 (R3;R3), defined as the completion of the space of smooth, compactly
supported, divergence free vector fields C§°(R3;R?), in the Dirichlet norm, ||F|| . = [fan |[DF|? dz]/2.
(See Giorgi & Phillips [GP99].)

With the energy of the form (1.2)), we may now identify the different limiting regimes as ¢ — 0. We
identify the subcritical regime with ep. — 0, the critical regime corresponds to ep. — L # 0, and ep. — oo
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in the supercritical regime. We prove a I'-convergence result for each regime: Assume &, — 07 is any
sequence, and (un, A,) with u € H'(Q;C) and A, — AZ € Hy, (R3;R?) is a sequence with bounded energy
sup,, Li.e,, (Un, Ap) < 00.

The critical regime

By adjusting the constant values of h®*’, we may simplify our condition to ep. — 1, and neglect the &
dependence of A®*. This is the most interesting case, as it leads to two new phenomena in the limiting
energy.

First, we obtain a compactness result: there exists v € H!(w;C) and b € L?*(w; C) so that

z3
up — u=v(z") exp (z/ AS(t) dt) in H'(Q;;C)
0
A, — A =0 in HY, (R%R?)

’

1 g(z")
s — iAns)un das — b(@') in H (@;C).
i) /f(a:’) (03 — i Ap3)uy, das (') in (w; C)

Here d(z') := g(2') — f(a'), the rescaled thickness of the film. We observe that the limit u(x) is gauge-
equivalent to a function v(z’) defined in the 2D domain w.
The functionals I, . I'-converge to the two-dimensional GinzburgfLandau functional,

Leo(v,b) = /d ( z’Be"’vl2+\bl2+d | [of? + (1—|v| ) ) dz’,

with fixed magnetic vector potential

ex hex + ex ex
B 1= 25—, ) - <f29> (~h5*, hSY) . (1.4)

The quantity b measures the deviation of the gauge-invariant derivative of u,, in the vertical direction,
and plays the role of the “Cosserat vectors” in limits of elastic membranes (see [BEMO3|,[FFL07],[GaSM].)

We note two features of the limiting energy. First, we may recomplete the square in the potential term,

P@) o2 e K 22 _ K E@E P e) &2 () 12\ ®
TR *lof? + 5 (=) 2([1W]|”) + <1W> —1|. (15)

Thus, the presence of a strong (order p. ~ ¢~ !) parallel applied field reduces the density of superconducting
electrons in the sample, even in the absence of a perpendicular applied field component. Assume for simplicity
that the sample has uniform thickness, d(z’) = 1. Then, a simple application of the maximum principle shows
that any solution of the Euler-Lagrange equations corresponding to the energy I, o must satisfy

hex!|2 2 0 if |hex’|? > 12K2
lv] < argmln 2|hex/\2 p°+ 5 (1 p ) = argmin {02 - (1— R )] = IR
1

2 hex’|2 .
p>0 12k _ |12Kl if |h8x/|2 < 12,%2

In particular, we conclude that the normal state v = 0 is the only solution to the Euler-Lagrange equations
for I o with h®™ > v/12k, that is h®™’ > @ in the original coordinates.

The second curious consequence in the critical case is the effect of the potential B®’. For films which are
appropriately bent (so that V'(f+g) # 0), the deflection of the film’s vertical center essentially converts the
horizontal component of the applied field to the vertical, creating a spatially dependent effective field. Thus,
even in the absence of a perpendicular applied field component (h§* = 0) we may observe (vertical) vortices
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in the thin film limit. For very special domain shapes and applied field strengths, we may even observe vortex
concentration on curves in the limit x — oo, as has been studied by Alama, Bronsard, & Millot [ABM)]. We
present some illustrative examples in section |[2] The proof of the compactness and I'-convergence results will
be presented in section

We note that a similar phenomenon, whereby inhomogeneities in a thin domain lead to a curious de-
pendence on the direction of an applied field, has been observed by Shieh [Shi08] in the context of thin
three-dimensional domains which shrink as ¢ — 0 to closed space curves. Shieh also considers I'-limits with
applied fields on the order of e ~!. The limiting functional is supported on a closed loop, and it contains a new
potential term determined by all three components of the applied field and the geometry of the underlying
curve.

The subcritical regime

The subcritical regime, ep. — 0, subdivides in two cases. When p. — p < 0o, we obtain I'-convergence
results along the lines of the model derived in [CDG96]. In this case, the magnetic field converges (weakly)
to (0,0, h§*), and through a “Cosserat vector” ¢ = (c1, ¢c2), we recover the deviation of the parallel magnetic
field, h & (ec1,eca, h§*). We note that these vectors depend on all three spatial variables, they retain some
of the effect of the actual thickness of the film on the deviation of the magnetic field from the vertical, inside
and nearby the sample. The resulting I'-limit is the two dimensional Ginzburg—Landau functional

2
17 (ube) = / d(a’) (!(V’ — i AT Y’ + b + 5 (1 - |u|2)2) &'+ 3 / (1, ¢2) = ph™ | da,
w R3
with fixed magnetic potential AT* = h§*(—%, %-,0).
In the case when p. — oo, the magnetic field also converges (weakly) to (0,0,h5*), but its parallel
deviation is of higher order: h = (epcc1,epeca, h§*), but it doesn’t contribute to the energy. In this case, the
functionals I,; . I'-converge to the Ginzburg-Landau functional

) 1 / I pexty, |2 2 K 2\2 ’
Im_(u,b)zi d(@) [ [(V" = iAT")u|™ + |b] +?(1—|u|) dx’.

Notice that when the external magnetic field is only applied parallel to the limiting plane (h§* = 0) we
recover the simple functional of Bethuel, Brezis, & Hélein [BBH94], but with natural (Neumann) boundary
conditions. A precise statement of the compactness and convergence results is in section [

The case p. — p < oo leads to an interesting auxilliary question about divergence-free vector fields:
given the first two components v’ = (vy,v3) € L?(R3;R?) of a vector field on R?, can it be completed
as a divergence-free vector field v € L?(R3;R3)? It turns out that the answer is no, and we provide an
example of a smooth compactly supported v’ which may not be completed to a divergence-free L? vector
field. Fortunately, to construct our upper bounds in the subcritical regime we do not require such a strong
result: it suffices that v’ be obtained as a weak limit of divergence-free L? vector fields, while allowing some
unboundedness in the third component. In section we show that any v = (v, v9) € L?(R?;R?) may be
obtained in this way.

The supercritical regime

In the supercritical regime, ep. — oo, the I'-limit is trivial:

2
K : — _ pex/
I ()In,e(uayAe): 1 Q] ifu=0and h=h

00 otherwise.
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This is consistent with the critical case, as taking ep. — L > 1 is equivalent to multiplying 2’ by a factor
L in the previous paragraph. As described above, when the parallel component of the field is too strong
(compared with ¢~1) only the normal state is admissible. A complete analysis of this case will be done in
section [

2. Minimizers of the limit energies

Before providing the details of the I'-convergence results, we discuss some interesting, and in some cases, sur-
prising, consequences for global minimizers of the thin-film limits of Ginzburg—Landau. The two-dimensional
Ginzburg-Landau model has been extensively studied, and so we present some relevant examples and indicate
where the pertinent results may be found in the literature.

First we observe that in this section the domains and functions are two-dimensional, and so we use
the usual notation V = (91,02), © = (x1,x2). The only exception is the applied magnetic field h®* which
is three-dimensional, but the energies yield effective magnetic fields that are vertical, although they may
depend on the parallel part of h®*.

Energy minimizers will (in the I'-limit) minimize a two-dimensional functional of the type
12
/ d(z {| — iAo)of? + % (Jof? - 73)2} da. (2.1)

In the subcritical case, we may take A = h§* and Ag = %(—!Eg, x1). For the critical case there are three free
parameters, so to reduce their number we fix the direction of the vector field h®* as follows,

heX:( g% hex)—)\(al,ag,ag),
for a constant vector a = (o, g, ag). In the critical case we thus write

f+ﬂ4—(x%m) (2.2)

2 2

AQ = )\_IB = (042, —041) |:
The constant v, = 1 in the subcritical cases, and is given by

d2($)|hexl|2
12k2

Te=1-
in the critical case. We will assume that the magnitude of |h®’|?> < k2 in the following discussion, and so
we may effectively think of v, = 1 in all cases.

We specialize to the case of applied fields on the order of the lower critical field, the value at which
vortices first appear in the minimizing configurations. As is well-known (see [SS07],) this occurs at fields of
order In k. In this section, we briefly indicate the characteristics of minimizers with vortices in the London
limit for general cases and for some interesting examples. We do not provide proofs, but refer the reader to
previous work which applies with few modifications.

Assume first that w is simply connected; multiply connected domains require different treatment. It is
possible to choose a gauge for G, o for which

div (d(l‘)Ao) =0 inw, Ap- V|8w =0.

This is proven in [DD02]: one replaces Ag by Ag — V’'n, and obtains a Neumann problem for 7. The resulting
magnetic field is unchanged, as well as the other gauge-invariant quantities of minimizers. By this gauge
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choice, it is possible to find & with V¢ = d(x)Ag, where V+ = (—0,,0;), and &yla., = 0. Indeed, & will
solve the Dirichlet problem,

— div <1vgo> = -Vt Ay, &€ H(w). (2.3)
d(x)

It is this auxilliary function &y which will determine the location of the first vortices. By writing d(z)A4, as a
curl, one may expand the square in the energy and integrate by parts to derive an asymptotic expansion of the
minimum energy in terms of the vortices, using the vortex ball construction of [SS07] and the compactness
of the weak Jacobian proved by Jerrard & Soner [JS02]. In particular, the value of the lower critical field
and the location of the first vortices will be determined by the maximum value of |y/d| and the point(s)
where it is attained.

In the subcritical case, Ag = A" corresponds to the constant vertical field ¥, and v, = 1. Numerical
simulations of this model have been undertaken in [CDG96ILDI7], and in the case of simply-connected
domains w, a study of global minimizers with vortices has been undertaken by Ding & Du [DD02IDD06], in
the limit x — oo. In this setting, V+ - Ay = 1, so by the maximum principle, £ < 0 in w. Assuming d(z)
is real-analytic, £ /d attains its global minimum at a finite number of points interior to w. In this case, the
lower critical field, the value of the vertical component of the applied field at which vortices first appear,

1
H. = Ink + O(1).
' e [/ O
Moreover, for applied fields sufficiently close to H.i, h§* = H. + Klnlnk, a finite number of vortices

(the number uniformly bounded in x) will concentrate as k — oo near the set of minimizers of &/d. (See
[AABOSIABOSIDDOGISS07], for example.)

The hypothesis that w be simply-connected is implicit in the arguments of [DD02/DD06], which no
longer hold for multiply-connected domains. As was observed in [AABO5S], in a multiply-connected domain
the holes act as “giant vortices” at bounded applied field strength h§*. To analyze the creation of vortices in
the interior of w the effect of the holes must be taken into account, modifying the choice of auxilliary function
which determines the critical field and the vortex locations. This analysis was done for a circular annulus
(in the context of Bose-Einstein condensates) in [AABO05], and extended to more general multiply-connected
domains and the full Ginzburg-Landau functionals (with or without inhomogeneities) in [ABO5JABO6]. In
these papers it has been observed that vortices may concentrate on curves in multiply-connected w as Kk — oo.
The asymptotic distribution of vortices along the limiting curve is studied in [ABM].

In the critical regime more interesting phenomena may be observed. As mentioned above, v, ~ 1, and so
the reduction of |v| by the modification of the potential is negligible for applied fields h®* = O(In k).
However, the effective vector potential (see ) yields some new, unexpected results for the London limit.
Indeed, the equation for £y now reads as:

0 15}
— div (d(lx)va)> -Vt dg=a- (8961 [f;g] o [f;g} ,—1> &€ Hiw).  (24)

Note that the effective magnetic field V+ - Ay coincides with the projection of the field direction o onto
the familiar area-weighted normal vector to the centroid surface z3 = %(f(z) + g()). In particular, notice
that if the film’s centroid is not planar the lower critical field and location of vortices will differ from the
subcritical case, due to the presence of the parallel field components h®*’.

Since the right-hand side of may not be sign definite, we cannot conclude from the Maximum
principle that & is sign definite, leading to the possibility that the maximum of [£y/d| could occur at a
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positive or negative value of &y. Denote by

A {pEW: £o(p)

d<p>“m3x }

In case the maxima of |£y/d| occur at finitely many points in w, an analysis similar to that of [SS07/DD06]
applies, and we may prove:

&
d

Theorem 2.1. Assume A consists of finitely many points, and there exist constants C, M > 0 for which

So(x) <&
d(z) d

for x in some neighborhood of A. Let

— Cldist (z, A)]M, (2.5)

~
w

K =aA(k) = Ink+ Klnlnk|,

1
ol
{maxw |€0/d|
with fized constant K. For any sequence k, — 00, let v, be the minimizer of the energy I, o, with Ag as in

(12.2). Then:

(1) there exists K. € R so that if K < Ky, v, has no vortices for all large n.

(2) for any K > K., v, has finitely many vortices, and the sum of the absolute values of their degrees is
uniformly bounded in terms of K.

(3) the vortices concentrate at points in A, in the sense that their distance to A is bounded by (Ink)™* for
a constant o > 0.

(4) if p € A and & (p) < 0, the vortices concentrating at p have positive degrees. If £o(p) > 0, the degrees are
negative.

The proof of this result follows that of [SS03], except it is necessary to treat points of A in two groups,
those with positive and negative values of £;. We note that hypothesis holds when d(z), f(x), g(x) are
real-analytic.

We note that in this context, it is possible (and natural) that the maximum of |£y/d| is attained at both
positive and negative values of £y, in which case minimizers would exhibit both vortices and antivortices.
This will be the case if we choose w = D;(0), the unit disk, with f(z) = 3|z[?, g(z) = f(z) + 1 (and
thus d(z) = 1.) Then, taking a horizontal field, « = (1,0,0), we may solve the equation for &, exactly,
&o(z) = gx1(1 — |#[?). The maximum absolute value is attained at z = (:l:%,()), giving positive degree
vortices concentrating at (—%, 0) and negative degree (anti-)vortices at (%, 0). The infinitesimal curvature
of the film thus engenders vertical vortex lines in response to a purely horizontal applied field!

Furthermore, it is also possible to find settings in which the maximum of |£y/d| is attained on a curve
inside w, either a closed curve or a collection of compactly contained arcs. For instance, if we again consider
the case of a disk w = D;(0), but now choose a different thickness profile f(z) = m% + 12—% ln(lxl‘%fz),
g(z) = f(z) + 1 (so again d(x) = 1), with applied field generated by o = (1,0, 0), we may again solve for &,
explicitly, obtaining:

&o(x) = ér(l —r?), =]zl

The maximum value is obtained on the circle 7 = |z| = 1/v/3. In this setting, we may apply the following
I'—convergence theorem of Alama, Bronsard, & Millot [ABM]: define

Je(v) := Gy o(v) — %/ d(x)|AAg|*.
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Then the following theorem follows from [ABM]:

Theorem 2.2. Assume A is a C? Jordan curve or embedded arc in w, [2.5)) holds, and

K =aA(k) = Ink+ B(k)|,

1
max,, |§o/d|
with 1 < B(k) < lnk. Let ky, — 0o. Then:

(1) for any v, with sup,, Jg*(bév’;) < 00, there is a subsequence and a nonnegative Radon measure y € H =1 (w)
supported on A so that

1
——curl (iv,, V'v,) — p strongly in Cot(w))*.
(2) The family 5+(K)JR of functionals T'-converges to

Tl =5 [ Gy du@lduto),

where G is the Dirichlet Green’s function of the domain w.

As a consequence, energy minimizers in this setting will have O(3(k)) vortices concentrating near the
curve A, and their normalized weak Jacobians J(v,) = curl (iv,, V'v,) converge to a nonnegative Radon
measure j supported on A. The limiting measure minimizes J, the electrostatic potential corresponding
to the charge distribution p. Thus, the normalized limiting Jacobian (which measure the distribution of
the vortices for Kk — o00) solves a classical equilibrium measures problem from potential theory (see [Ran95
[ST97].) In the above example, A is a circle in the disk w = D;(0), and the measure y is normalized arclength.
Thus, the vortices will be asymptotically uniformly distributed on the circle.

’ 2 ’
Fig. 1. The centroid given by z3 = f(z') = |2 2'” + ‘%1 In ( ‘w‘g‘:‘m ), with external field directions o = (1,0, 0). Near the lower

critical field, the vortices concentrate near the circle shown.

3. Critical Case

We begin proving the I'-convergence results, starting with the critical case, ep. — L € (0,00). For sim-
plicity we assume p. = ¢~ !; for other limits L we incorporate the value of L in h®®’. Following [GP99),
we define the Hilbert space HL  (R? R3) as the completion of the space C5°(R?;R3) of smooth, compactly
supported divergence-free vector fields in the Dirichlet norm, ||F[|;z, = | Jan |IDF|? dz]'/2. 1t follows that
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F e I;Téiv (R?;R3) is divergence-free in the sense of distributions. We may not have F € L*(R?) (and so
Ffdliv (R3;R3) # HJ. (R3; R?)), but by the Sobolev embedding F € L5(R?; R?). We will require the following
useful result on HL  (R3;R3) from [GP99].

Lemma 3.1.

(1) Let g € L*(R%R3) such that divg = 0 in D'(R3). Then there is a unique F € H} (R3;R®) such that
V X F =g anddivF =0.
2) For any F € HL R3:R3), there exists a constant C with
div

|Flle < ClIFll gy < CIV x Fle.
Here and throughout the paper, we denote by V+ = (=0, 9;,0) and hence for a vector field F,
VY. F=0,F—0,F,
a shorthand for the third component of the curl of F'.
With our simplifying assumption ep. = 1, we consider vector potentials of the form A = B + A%, with

B € H}. (R3R?) and fixed (c-independent) external potential

1 1
AT = §hex x (1,22, 73) = §(h§X$3 — h§ e, 51 — hi*ws, hi*w2 — h3*xq).

We now state the complete I'-convergence result in three parts: the compactness of sequences of bounded
energy; the lower semicontinuity of the limit; and the existence of sequences e, (u,,Ay,) for which the
energies converge. The appropriate limiting space is:

Vo := H'(w;C) x L*(w;C), (3.1)

Theorem 3.2 (Compactness). Let e, — 07 as n — +oo and let u, € H'(Q;C) and A, — A™ €
H}, (R%R3), n €N, be such that

sup L., (tn, A,) < +00.
neN

Then there exist a subsequence {e,} (not relabeled) and (v,b) € Vo such that
Uy — u = ve 373 i HY(Q; C),
A, — A% —~ 0 in H}, (R%R3),

Up = e fo? (A")B(””/’t)d’tun — v in H(Q;C),

L *(wiC)
n = ———— O3v, dxs — b in L= (w;C),
€nd($/) fz)

where d(z') = g(z') — f(2').
Theorem 3.3 (I'-limit). Let (v,b) € L' (w;C) x LY (w;C). Then

S, 1e(w:)

1 2 / 2
5 / d(z') (\ (V' - z’BeX’)v]2 + [b)* + %yh“’ﬁm? + %(1 — |v|2)2> dr  if (v,b) € Wy,
0

otherwise,

where B 1= A% 4+ %(—hgx,h?‘,O) and AS* := }Ej(—xg,ml,O), so V x A = (0,0, h§¥).
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3.1. Compactness

Proof of Theorem [3.2l
Let K :=sup, ey Ie, (Un, An) < co. Then

1
/ (2 B!, — | + B — h§X|2> dr < K. (3.2)
R3 \&pn
In particular, Lemma [3.1] implies that
sup ||V(An — Aex)||L2(R3;R3><3) < 0.
neN

Thus, we deduce that {4,, — A} is bounded in H 1 and in LS(R3;R3), thus there exists a subsequence
(not relabeled) such that

A, —A—=0 inHY, (R%R?).

By weak convergence we have div A = 0, and by the uniform bound we may conclude that ||h], —
he®|| 12 — 0, and thus

V x A= (h$*,hS5, VE - A).
Since

divV x A =0 in D'(R?),

so we conclude that

5[Vt - Al =0 in D'(R?).

Also, V- A — h$* € L%(R3), which implies that V+ - A = h§*.
This means that V x A = h®*, hence by the uniqueness in Lemma we deduce that A = A®.
Moreover, we know that {u, }»en is bounded in L*(2; C), and because VA, is bounded in L?(R?; R3*3),

uy, is bounded in L*(;C),
Vu, is bounded in L?(;C?),
so there exists a further subsequence (not relabeled) such that
u, —=u in H(Q;C).
Also, if we define vy, () = up(z)e /o (An)s(@"0dt then we have
|Un| = |un|, which is bounded in L?*(Q;C),
Vo, is bounded in L*(Q;C?),
d3v, — 0 in L*(R3;C),
so we deduce that there is a further subsequence (not relabeled) such that
vy —v  in HY(;C)
with 93v = 0. We then have that

U = vé' 153 Ag(2 t)dt _ UeiA§Xm3 (3 3)

Let by (2') := — d ) fg(I ) O3v,,(2',t) dt € L?(w; C). Then, we know that b,, is bounded in L?(w; C), hence

there exists a subsequence (not relabeled) and a function b € L?(w;C) such that

b, = b in L*(w;C).



Thin film limits for Ginzburg—Landau 11

3.2. The I’ — liminf inequality

Proposition 3.4 (I' — liminf inequality).
Let (v,b) € Vo and consider sequences {e,} C R, {u,} € H(Q;C), and {A,, — A®} C Ffdliv (R3;R3)
satisfying

en — 0T,
Uy — u = e 5 jn HY(Q;C),
Uy = une_ifoxg' (Ap) (2’ t)dt vin Hl(Q; (C),
1 g(=") o
n 1= od) /f(z/) O30y, dzg — b in L*(w; C),
A, — A =0 in HY (R%R?).

Then
1 d2 / 2
liminf o, (un, An) > 5 / d(z") (\ (V' = iB™")o|* + |b|? + %W’“PW + %(1 — |v2)2) da’,

where B is as on Theorem[3.3

Proof.
Since v, — v in H(Q;C) and |u,| = |v,|, we know that v,, — v in L?(2;C) N L%(Q; C), hence
(2 ) (2 "2 12 "2 42 2
lim [ —(1— |up|?) dz = lim / — (1= |va]?) d:r:/ — (1= v?) dz.:/d(x’)—(lf|v| )" da’.
oo Jo 4 oo Jo 4 o 4 . 4

Then because b, — b in L?(w;C) and

liminfl/
n—oo 2 Q

2
dz’

1 2

(05 — i(An)3)un

dr > liminf 1/

n—oo

/g L (05— i(An)yun das
f

€n

—_

1
= liminf d(z")|b,|? da’ > f/d(x')\b|2dx’,

n—oo

[\

using Fubini’s theorem, Hélder’s inequality, and Fatou’s lemma.
Moreover,

V x A, —h®™ — 0 in L*(R%;R?),
so we write
(V) =i AL |” = [Vt + [Aun |* + 2R(AL T, - V'un).
Using the fact that V'u,, — V'u in L?(Q;C),

liminf/ |V’un|2da:>/ |V'u|? de,
Q Q

n—oo

: ex : 1
and since A, — A in Hj_,

and u, — u in L*(Q;C),

lim [ |ALu,|*dz = / | A" u|? da.
Q

n—oo
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Also A, — A'w in L?(Q;C), so

lim [ 2R(A,u, - V'u,) dz = / 2R(Au - V'u) da.

This yields

n—oo

lim inf/ | —iAl un{ de > / ‘ — iA%™) ‘ dzx.
To complete the proof, we write the last term in a different form:
(9 i)l = (97— (A7 + AT
V' (A AT 4 35T s o
VAT 0 AT i

2

VATl I Pl + 23((V - AT o (5 —h ), (3.4)

where we recall that Aj* = L(h§ w3, —h§ w3, h§*ze — hS*x1), so V X Aj = (h{*, hg*,0), and we recall that

AT = h'Tix(—xg, x1,0). Since we know that none of the terms in (3.4) depends on z3, and

g 2 _ r2 d g 3 _ r£3 d 2 2
/gj3d1‘3:g ff_dif+9) and /xgdx?’:g f7_df +fg+g)7
f 2 2 f 3 3

we deduce that

/‘(V’ — ZAT/)u|2dm — / _ ’LA/)'u,’leB dwl
? :
d( )(‘ (vl — iAT(I)"U|2 + 2%((V' — ’[:AT(I)U . (h;’: *h?x)@) <f‘2i‘g)

2 2
+ |h)2|v)? (f+f9+9>) da’

I
a\s\

3

= / d(iv/)(‘ (V' = iBex’)v]2 + RS2 |u]2 (f2 + J;g +9° (f _L_lg)z)> .
:/d(x/)(‘(vl—iBexl)v’2+d21(§l)heX'|2|U|2) da, .

where B™ = A%/ + %(—h%", h$*) and on the third equality we completed the square. This completes the
proof.
|

3.3. The I — lim sup inequality

Proposition 3.5 (I' — lim sup inequality).
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Let (v,b) € Vo and let {e,} € R be a sequence such that €, — 0F. Then, there erist sequences {u,} C
HY(Q;C) and {A, — A} C H},, (R*R3) such that
en — 0T,

Uy — U= ’uemgx"’c3 m Hl(Q; C),
U 1= et ot (An)s @ 0dt o) i, H'(9;0C),

1 g(z’)
by, = m /f(m') O30, dxz — b in L*(w; C),
A, — A% — 0 in H}, (R%R3).
and
Tim 1., (un, Ay) /d ( —iB* o + b + dQ( )\hc"’| lv|? + 22 (1—|v|2)2> dz’,

where B is as on Theorem[3.3

Proof.
Define

and
Up () = 437 (@) (v(z") + enb(a)a3).
We prove first that the convergences in the proposition hold. Note that
lp — | = ’snemgx(z')z?’b(z’)xg‘ = e, |b(z) 3]
so that
l|un — U||L2(Q ) S 5n||bHL2(w c) — 0.
Since {Vu,} is bounded in L?(Q;C3), we know that
U, — uin H'(Q;C).
The other convergences are trivial, since b, = b and A,, = A®**. Moreover,

1 2
I, (upn, An) = i/ﬂ <|(V — i A )unl? + b)* + 5 (1— [t | ) ) dx.

We know that

(1~ Junl?)® = (1 = 0?)* + Opi(en)

1
lim f/(l—\un| /d |U|2)2dx'.
n—oo 2 Jq

As for the remaining term, we follow an analogous reasoning as in (3.5)) to deduce

/Q|(vuiA;l)un|2dx:/wd(x') <|(v'iBeX’)v|2+d2( D e 2 |2> da’ + O(en).

so we have
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We conclude that

1

2( !
lim I, (tun, An) = 3 / d(a’) (I(V’ — B 4 [bf? + + L)

12

n—oo 2

2
Pl + 5 (- b))

This completes the proof.

4. Subcritical Case

This case, when ep. — 0, is itself split into two subcases, when p. — p € [0, 00) and p. — co. We recall the
definition of A% from (1.3)); note that in this regime A% — A% (in H}

loc

) with limiting potential
AT = %hg‘re} x (w1, x9,3) = h2, (f%, %,0) .
To capture the Cosserat vectors in the limit we must have some control on the order of ¢ at which the
vector fields are converging or diverging. We thus define the space
V_ = H'(w;C) x L*(w;C) x L*(R*R?). (4.1)
We consider sequences ¢, — 0, and write p, = p., and A7 = AZ* throughout.

Theorem 4.1 (Compactness). Let &, — 07 as n — +oo and let u, € H'(;C) and A, — A €
Hy, (R*R3), n €N, be such that

sup I, (un, Ap) < +00.
neN

(i) If pn — p, define
1
/ e

nis o (VxAp). (4.2)

C

Then there exist a subsequence {e,} (not relabeled) and (u, b,c — phexl) € V_ such that
Up — u in H'(Q;C),
Ay — A =0 in Hh, (R%RY),
1 g(z") —
1= m /f(x/) O30y, dzg — b in L*(w; C),
. — pnh®® — ¢ — ph®® in L*(R3;R?).
(i) If pe — oo, define

/ 1 /
= V x A,). 4.3
im = (V% Ay) (4.9

Then there exist a subsequence {e,} (not relabeled) and (u,b) € Vy such that

U, — u in H(Q;C),
A" - ATLX —01n [v{éiv (]R?);R?))’
o), o *(w; )
n = ———— v, drg — b in L*(w;C),
" End(itl) fz) "

), —he =0 in L*(R3R?).
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Note that in either case the magnetic fields h,, = V x A, — (0,0, h5%) in L?

loc*

Theorem 4.2 (I'-limit).
(i) Let p. — p, and let (u,b,¢’) € L1 (Q;C) x LY(Q;C) x LY(R3;R?). Then

1 / / - rex/ 2 2 I{z 2\2 /
3 d(@') [ [(V" = iAT")ul” + [b] +?(1—\u|) dx
. N v 1
= lim I(u,b,c) = +3 / | — ph*'|? da if (u,b, ¢’ — ph™') € V_,
RS
00 otherwise.

(ii) Let p. — oo, and let (u,b) € L*(Q;C) x L*(;C). Then

} / I sopexty, |2 2 ’12 1,12)2 ro
I— lim L(ub) = 2/wd(x)(}(v AT ul "+ b1+ S (U= [uf)” ) da’ i (u,0) €V,

00 otherwise.

Corollary 4.3.
Theorem[{.2, in all three cases, implies that the Ginzburg-Landau model in 3D
min I (u, A)

u€H (Q;0)
A€Hg;, (R3R?)

converges, in the thin-film limit, to the model
. 1 R S 2
min s [ (1097 =il + B0 = uf)?) a

where we let b= 0 in w and ¢ = h*' in R3.

4.1. Compactness

Proof of Theorem [4.11
Let K := sup,,cy I, (un, An) < 00. Then

]‘ ex 2 ex
/RSE—2|h;l—5npnh "I+ [hg — hS*|? dz < K, (4.4)

This implies that V x (A, — A%) is bounded in L?, and by Lemma we conclude that (A, — A%) is
bounded in I?dliv (R3;R3), and therefore there exists a subsequence (not relabeled) such that

B, := (A, — A%) =~ B in H} (R R?).

Let A := B+ AY*. Then, by weak convergence, div A = div B = 0, and by the estimate (4.4) we conclude
that V x B = (0,0, V* - B). This implies that 8;[V* - B] = 0 in D’(R?). Also, from Fatou’s Lemma in (4.4)),
we deduce that V+ - B € L*(R3), thus V+ - B = 0, that is V* - A = h§*. Because V x (A — A%) = 0, the
uniqueness in Lemma implies that A = A,

This means that in the thin film limit, the magnetic field is vertical. The Cosserat vector for the magnetic
field should give the direction which the magnetic field takes to get vertical in the limit.
Case (i): If p, — p € [0,00), then we know that

e — pph® ? dx =
| n — P
R3 R3

1 2
—h, — pnh®™'| dr < K
€n

)
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which implies that we can find a further subsequence (not relabeled) such that
C:L *pnhem' N lephez/ in LZ(RS;RQ).

case (ii): If p, — oo, then we know that

Ty
R3 R3

which implies that we can find a further subsequence (not relabeled) such that

2

1
dr < K,

h/ _ hex/
Enpn "

en —h™" =0 in L*(R%R?).

For both cases, we know that {u,}nen is bounded in L*(Q;C), and because VA, is bounded in
L2(RS.R3><3)

Uy, which is bounded in L?(;C),
Vu, is bounded in L?(£; C?),

so there exists a further subsequence (not relabeled) such that
u, —u in H'(Q;C).
Also, if we define vy, (z) = uy(z)eJo (An)s(@ 0 dt then we have

|vn| = |un|, which is bounded in L?*(9;C),
Vu,, is bounded in L?(Q;C?),
d3v, — 0 in L*(R3;C),

so we deduce that there is a further subsequence (not relabeled) such that
v, —v in HY(Q;C)
with 93v = 0. We then have that

u = et fo ! AT @0t — (4.5)

Let b, := m%(m’) ]‘?((j,/)) 03v,, dxz € L*(w; C). Then, we know that b,, is bounded in L?(w; C), hence there

exists a subsequence (not relabeled) and a function b € L?(w; C) such that

b, = b in L*(w;C).

4.2. The T — liminf inequality

Proposition 4.4 (I' — liminf inequality).
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(i) Let (u,b,c'—ph®™") € V_ and consider sequences {e,} C R, u,, € H'(Q;C) and A, — A% € ﬁjiv (R3;R3),
n € N, satisfying

en = 0%, pu—p,

Up — u in HY(Q;C),

1 g(z") oz ,
by = m /f( , 03 (une_l Jo? (An)s(e ’t)dt> dxsz — b in L*(w;C),
Ay — AZ 0 in Fl, (R%RY),
C,,,L _pnhew/ N CI _pheml in L2(R3;R2),
with ¢/, as in (4.2). Then

liminf I,

} / I sopex/ 2 2 Ki _ 2\2 / } /o ex/|2
(un, Ap) = 5 d(z") |(V iAT )u| + [b]° + 5 (1—[ul*)” ) da’ + 5 |c" — ph™'|* dux.
n—oo w R3

(it) Let (u,b) € Vo and consider sequences {e,} C R, u, € H'(Q;C) and A,, — A% € HL._ (R3R?), n € N,
satisfying

en — 0%, pp — 00,
up — u in H(Q;C),
1 g(z") o ,
by, := W A( : 63 (une_Z Jo 2 (An)s(z :t)dt> dxs — b in LQ(W;(C),
n x!
A, — A —~ 0 in HY;, (R*R?),
¢, —h®" — 0 in L*(R*R?),
with ¢, as in (4.3). Then

2
liminf I, (un, A,) > %/ d(z') <|(V’—iA‘I")u|2+|b|2+2(l— |u2)2) da.
Proof.

Since u,, — u in H(Q;C), we know that u,, — u in L?(Q;C) N L%(Q; C), hence
2

2 2
lim H—(l - |un|2)2 dr = / H—(l - |u\2)2d:c = / d(:c’)i(l - |v\2)2d:c’.
n—oo Jo 4 0 4 . 4
Then because b, (z) — b in L?({;C) and

liminfl/
n—oo 2 Q

using Fubini’s theorem, Holder’s inequality, and Fatou’s lemma.
For the covariant term, we write

205 — (A

1 1
dx>1iminf§/d(x')|bn|2dx> /d(x’)|b|2dx’,

(\}

(V' = iAL)un|” = [Vt + [ Al | + 2 R(AL Ty - VVun).
Using the fact that V'u,, — V'u in L*(Q; C),

liminf [ |V'un|*de > / |V'ul? d,
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iy ex 1
and since A, — A in H;__,

and u, — u in L*(Q;C),

lim |A;un\2dm:/‘AT'u|2dx.
Q Q

Also A, — A%t in L*(Q;C), so
Jim 2R(A! Ty, - V'uy,) dz = / 2R(ATu - V'u) da.
This yields ) )
nnnliogf/ﬂuv' A Y|P de > /Q\ (V' — i A )u o = / d(a")| (V' — 1A% Yul* da.

Finally, in case (i) we apply Fatou’s Lemma to the last term,

1
liminff/
n—oo 2 R3

This completes the proof.

1 2

. (V x A,) — pph®™

dx > 1/ ’c'—phexl‘2 dzx.
2 Js

4.3. The T" — lim sup inequality

As mentioned in the Introduction, the Cosserat vectors in the case p, — p are the rescaled limit of the
z’-component of the internal magnetic field. More specifically, by the compactness result, Theorem |4.1} in
case p, — p > 0,

1

wl = —(V x Ap) — pph® — ¢ — ph®’ = ',

En
and w’ € L?(R3;R?). In order to construct upper bound sequences we need to recover sequences w, €
L2, (R3;R3) whose first two components converge to w'.

As a first attempt, we may ask whether a given w’ may be extended to w = (w’,w3), a divergence-
free L?(R3;R3) vector field. It turns out that this is not possible, even for smooth compactly supported
w' € C(R3;R?). Consider the following example: let ¢(z) € C°(R3) with

z)=1, for max |z;|<1
pla) =1 for max [a[ <1,

-0, f 1>9
o(x) or max |lzj| =

p(z) >0, inR?,

and w'(z) = (w1,72)p(x). Assume that we can find ws(x) so that w = (wy,wq, w3) € L*(R3R3) with
divergence zero. In that case, we calculate Oy, w3 = —2¢ + (x1,22) - V. For (x1,22) = (0,0) we conclude
Ozsws = —2¢ < 0 for all 5 € R, and 0,,ws = —2 for 3 € [—1,1]. In particular, ws(0,0, z3) has distinct
limits as 23 — +oo, and thus w ¢ L?(R3; R3).

Fortunately, we do not require w’ € L?(R?; R?) to be the restriction of a divergence-free L? vector field,
and we may indeed recover any w’ € L?(R3;R?) as a limit of divergence-free vector fields in the sense
described in Theorem (.1}

Lemma 4.5. Let w' € L*(R3;R?). Then there is a sequence {B.}.~o C HL  (R%R3) such that (V x B.) —
w’ in L2(R3;R?) and eV x B. — 0 in L*(R3;R3).

Proof. We divide the proof in three steps.
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Step 1. w’ is the characteristic function of a compact set.
Assume that w'(z) (1,1)xx(x) where K C R? is a compact set. Then, for all § > 0, define

wy = w' * b5 where 5(z) = (%) and ¢ € C°(R?) is the standard mollifier. Consider (ws)s(z) :=
— 572 (01 (ws)1 (2", t) + O2(ws)2(2’, 1)) dt € C>(R3;R?), and divws = 0.

Consider the function x,, € C*(R) such that x,(t) = 1 for [t| < n and x,(t) < Cexp(—(t? — 772)2),
Xy = 0, and [|x} |l < C. Now we define W, 5(x) := ws(x)xy(x3) — Vo 5(x), where @, 5 € H'(R?) is the
solution of Ay, s(x) = (ws)4(x)x) (23)-

Since div W, 5 = 0, by Lemma we find B, s € HL, (R%R3) such that V x B, s = W, 5.

On the other hand, since ws € L>(R?; R?), we have that Ap, s — 0 as n — oo in L*(R?), and

[Veonsl®de=— [ (ws)3x;(23)ens dr < [[(ws)sxy ¢ o l0nsll Lo (re) — 0 as 7 — oo.
R3 R3 n TUL5 (R?)
Thus ¢, s — 0 as n — oo in H'(R?), which means that (V x B, 5) — wj as n — oo in L*(R3; R?). Then we
can find 15 — oo as § — 07 such that
H(V X Bné’g)/ — U/:;”LQ(]R%]RQ) < 6.

Denote Bs := By, s and Ws := W, s. Then,

/ |V><Bgfw'|2dx<2/ |V><B37w3|2d:c+2/ lwf —w'|? da
R3 RS RS
g 252 + 2||’UJ(/5 — ’LU,H%z(Rs;RZ) i O as (5 — O+,

so (V x Bs)' — w' in L*(R3;R?), which implies that ¢(V x Bs.)" — 0 in L?(R3; R?) for all §. — 0%,
For the third component of the curl, we may choose §. — 07 as ¢ — 0% such that

e
This yields eWs, — 0 in L?(R3; R3).

Step 2. w’ is a simple function with compact support.
Since these functions are just a finite sum of characteristic functions of compact sets, the proof follows
immediately from Step 1.

Step 3. General case.

Let w’ € L?(R3;R?). Then, we can find a sequence of simple functions with compact support {w/,} such
that w!/, — w’ in L*(R3;R?).

Then, following the construction in Step 1, we can find a sequence B,, ; € H} (R3; R?) satisfying

(V x Bps) — wl, as 6 — 01 in L*(R3;R?).
Hence we can find §,, — 07 such that

(VX Bps,) —wyllL2msre) <

1
ﬁ’
thus (V x By, 5,) — w' in L*(R% R?). We write B,, :== B, s,. Then £(V x B,,_)’ — 0 in L*(R?*;R?) for all
ne — 0.
As above, we choose n, — oo as ¢ — 0% such that

1
|(Wa)sllL2rsrs) < 7
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and thus eW,,. — 0 in L?(R3;R®). Write B. := B,,. and the proof is complete.

Proposition 4.6 (I" — lim sup inequality).

(i) Let (u,b,c’ — ph™') € V_ and let {e,} € R be a sequence such that e, — 07 and p, — p. Then, there
exist sequences {u,} C H'(;C) and {A,, — A%} C HY,, (R R3) such that

Up — u in H(Q;C),

1 !J(ﬁ/) Lz ,
n 1= end(@) /( : 03 (uneﬂfo3 (An)g (e ’t)dt) dxs =b a.e. inw,
n f(z’

A, — AT — 0 in Hy, (R%R?),

C;L _pnhem/ N c/_phez/ in LQ(R3;R2),
with ¢, as in (4.2)), and
. 1 /! - qex/ 2 2 H2 2)2 / 1 ex/|2
lim I, (up, Apn) = 5 [(V =i AT Yu|™ + [b]* + ?(1 —|ul*)”) da’ + 3 lc — ph®'|” da.
n—oo w RS

(ii) Let (u,b) € Vo and let {e,} € R be a sequence such that e, — 0% and p, — oo. Then, there exist
sequences {u,} C H (Q;C) and {A, — A%} € HL. (R3;R®) such that

Up — U N Hl(Q;C)’
(") .
n = % /9 03 (une_i Jo? (A")3(zl’t)dt) drs =b a.e. in w,
EndiT) J f(ar)
Ay — A 0 in , (R%RY),
c, =h* a.e. in R3,

with ¢, as in (4.3), and

lim I, (un, An) =

n—oo

2
[ (1= a2 50 )

N =

Proof.
We divide the proof in two parts.

(i) Applying Lemmato w' = ¢ — ph®’, we find a sequence of potentials B, € HL_(R3;R?). We define
Ap(z) = A (z) + en B (),
so that
= i(V X Ap) = pnh®™ + (V x By,

En

and (V x B,,) — w' = ¢ — ph®®’. Then define
Uy () = etn 0P (Br)s (@0t (4 (31) 4 e b(a')as).

Then, we prove first that the convergences in the proposition hold.
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First, note that

|un _ U| _ ‘u( ien [o2 (Bn)s(z’,t) dt 1) + Eneisn J3 3 (Bn)s(2',t) dtb(l‘/)ng

< Juf

gien o (Bn)s(a t)dt _ 1’ +ep [b(a)]

so that

|y, —u| — 0 a.e. in Q,
|, — u|* < 4|u| + Ce,, which is integrable in Q.

Using Lebesgue’s Dominated Convergence, we deduce that u,, — u in L?(2;C). Since {Vu,, } is bounded
in L2(Q; C?), we know that u,, — uin H*(Q;C), and b,, = b. Also, £,B,, — 0 in Iﬁiv (R3;R3), s0 A,, — A —
0 in H} (R3;R?).

By convergence of B, we have that

lim —/ | — enpnh®’)? = lim |c — pnh®™' |2 dx

n—oo

= / | — ph®™'|? dz,
and because £,V x B, — 0 in L?(R3;R?), we have that

lim [ [(V x A,)3 — k> dz = 0.

n—00 Jgs
Moreover, we know that
Jun (@) = [u(a) + nb(a)s|” = ul* + Opi (en)
thus
(1= Junl?)? = (1= [u]?)* + Opi(en) — (1 = [uf?)® in L}().

By Lebesgue’s Dominated Convergence Theorem, we obtain that

lim 1 (1- \un\2)2d:c = 1/(1 - |u|2)2dx’

n—oo 2 Jq 2
As for the covariant term, we have
. 2 . 2
|(V' - ZA;L)U,"| = ’(V’ - zAEf/)u| + Ori(en),

hence

lim 7/| V' —iA]) un| d$—7/|(v/*iz46f’)u|2dx'.

n—oo

This completes the proof for part (i).
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(i%) In this case, when p,, — oo, we define
Ap(z) == AT(2') + enpn A (2),
and
un () o= &P S AT (01 e (o))

Then, we prove first that the convergences in the proposition hold. As in the previous case, we deduce
that u, — u in H'(£;C), and b, = b. Also, 4, — A% — 0 in H} (R%R3), and ¢, = h™' in L*(R3;R?).
Moreover,

1 2
I, (un, Ap) = 7/ <|(V' — A Yun >+ b? + i(l — |un|2)2> dx.
2 Jq 2
Following the same reasoning as in the other case, we obtain
1 2
lim I, (up, 4,) = 5/ (|(V' — iA'jf")u|2 + b + %(1 - |u2)2) dz'.
n—oo w

This completes the proof.

5. Supercritical Case

Theorem 5.1 (Compactness). Let g, — 0 as n — +oo and let {un, A, — A} ey € HY(Q;C) x
H}. (R3R3) be such that

sup I (un, Ap) < +00.
neN
Then there exist a subsequence {e,} (not relabeled) such that
u, — 0 in L*(Q;C),
1

EnPn

A, — Aﬁx —0in ﬁéiv (R3;R3),

Theorem 5.2 (I'-limit). Let (u, A) € L'(Q;C) x LY(R3;R3). Then
2

r ) = J— ex
T — lim I(u, A) = T2 ifu=0and A= Aj

+ .
e=0 00 otherwise.

5.1. Compactness

Lemma 5.3. Let {f,}, {gn} C L?(Q;C?) be such that
fn = 0 in L*(Q;C?),
gn — g in L*(;C?).

Assume further that f, — g, — 0 in L*(Q;C?).
Then
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Proof of Theorem [5.1l
Let K :=sup, ey Ic, (un, An) < 0o. Then define

1
Wp 1= ——Un,
EnpPn
1
B, :=——A,,
EnpPn
1
én =V x BTL = hn,
Enpn

[ )\;1(671)3 = (hn)g-
Then
/ (pi |6, = B+ [ ()5 — hgxﬁ) dz < K,
]R?)

This implies that V x (B,, — A®*) is bounded in L2, so since div B, — 0 we know that

Sup [V (B — A%) | aoszacs) < o0,

neN
and (£,,); — 0 in L2(R3).

By Lemma we deduce that {B, — A®} is bounded in H}
relabeled) such that

thus there exists a subsequence (not

iv >

B, — A —~ B— A% in H. (R*R?).
and
divB=0, VxB=(h h,0).

Moreover consider B — AJ*, which satisfies V' x (B — A‘ﬁx) = 0. By the uniqueness in Lemma w we
deduce that

B= AT"X.
On the other hand, we know that {u, },en is bounded in L*(Q; C), that VB, is bounded in L?(; R3*3),
and
1 2
/ <|V’un — iA’nun|2 + E—@gun —i(Ap)3un, ) dr < K,
Q n
S0

2
+

103( Un ) — i(Bn)3tin

n EnPn

2
(anpn)2/ <’v’( tn > —iBlu, ) do < K.
Q EnPn

This yields that {w,} is bounded in H'(Q2; C), so we may extract a further subsequence (not relabeled) such
that

wy, — w in H(Q;C).

On the other hand, we know that {u,} is bounded in L?(£2;C), so we can extract another subsequence
(not relabeled) such that

u, — uin L?(Q;C),
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which implies that w = 0. So
w, — 0in H'(Q;C).
We now know that
V'w, — 0in L?(Q;C?),
iBlu, — iA‘ﬁX/u in L?(Q; C?),
V'wy, — iBLu, — 0 in L*(Q;C?),
so by Lemma we deduce that
iBlu, — 0in L?(9;C?).
Since B u, — iAﬁ"’u pointwise, and A‘ﬁ"' # 0, we conclude that u = 0, so we know that

u — 0 in L*(;C).

|
5.2. The I — liminf inequality
Proposition 5.4 (T' — liminf inequality).
Consider sequences {e,} C R, {u,} C H'(;C), and {A, — A} C HL (R3;R3) satisfying
en — 01,
u, — 0 in L*(Q;C),
1 ¥
Ap — A =0 in Hj;, (R%R?).
EnpPn
Then
(2
liminf I, (un, An) > Z|Q\
Proof.
Since u, — 0 in L?(£2;C), we have
2 2
liminf I, (un, An) > K—liminf/ (1 — |un|2)2 dx = K—|Q\
n—oo 4 n—oo Jq 4
This completes the proof.
|

5.3. The I" — lim sup inequality

Proposition 5.5 (I" — lim sup inequality).
Let {e,} € R be a sequence such that &, — 07. Then, there exist sequences {u,} C H'(Q;C) and
{A, — A} C H},, (R%R3) such that

u, — 0 in L*(Q;C),

1
—— A, — A =0 in H'(R%R?),
EnPn



Thin film limits for Ginzburg—Landau 25

and
)2
lim I, (un, Ap) = —|
i Le, 4
Proof.
First, define
Unp, (:’L‘) == U,
An(l‘) = 5npnAﬁX + AT(
Then
1 ex o
Bn - Aﬁx = 7An - Aﬁx = — = 0 in Héiv (R37R3)
EnPn EnPn
Moreover,
2
K
Isn (una An) = Z|Q‘

This completes the proof.
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