ANALYSIS OF FINITE ELEMENT DISCRETIZATIONS OF
AN OPTIMAL CONTROL FORMULATION OF
THE IMAGE REGISTRATION PROBLEM*

EUNJUNG LEE! AND MAX GUNZBURGER?

Abstract. The goal of image registration is to determine a transformation of an image so that
the resulting image is close to another image. We use an optimal control approach to determining the
transformation. We precisely define the optimal control problem that solves the image registration
problem, and state the optimality system corresponding to that control problem. We then define
finite element discretizations of the optimality system and derive error estimates for the approximate
solutions. We also define and prove the convergence of a gradient iterative method for the solution
of the discrete optimality system.
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1. Introduction. Image registration is one of the fundamental tasks in image
processing [15] and is widely used in various applications [1, 8, 11, 14]. Given two
images R(x) and T(x), referred to as the reference and template images, respectively,
the goal of image registration is to find a reasonable geometric transformation which
minimizes the dissimilarity between the reference image and the transformed template
image. This paper continues the work in paper [12] in which the grid deformation
method is used to define an optimal control formulation for the image registration
problem. Then, the Lagrange multiplier rule is used to derive an optimality sys-
tem, i.e., a system of partial differential equations, whose solution yields the desired
transformation.

The grid deformation method constructs a vector field u that satisfies a div-curl
system of the form

V-u=f—1 in the image domain
Vxu=g in the image domain (1.1)

n-u=0 on the boundary of the image domain.

The vector field u is used to generate a transformation ¢ to move the grid in a desired
way by solving the nonlinear ordinary differential equation

—(t,x) =u(t,(t,x)) 0<t<1 (1.2)

at every point in the image domain.

Once the transformation ¢(t, x) is obtained, one use it to evaluate some measure
of the difference between the transformed template image T(¢(1, x)) and the reference
image R(x). Our goal is to determine right-hand side “controls” f and g so that the
dissimilarity measure between the reference and transformed template images is made
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as small as possible. To this end, in [12], an optimal control problem is formulated in
which a dissimilarity measure is defined and then minimized with respect to f and ¢
in appropriate function spaces, with the differential equations (1.1) and (1.2) acting
as constraints. The existence of optimal solutions is proven, as is the existence of
suitable Lagrange multipliers that are used to convert the constrained optimization
problem into an unconstrained one. In addition, and optimality system consisting of
(1.1) and (1.2), adjoint equations for the Lagrange multiplier variables, and optimality
conditions for the controls f and ¢ are rigorously derived.

In Section 2, we precisely define the optimal control problem that solves the
image registration problem and state the optimality system corresponding to that
control problem. For details, see [12]. Then, in Section 3, we define finite element
discretizations of the optimality system and derive error estimates for the approximate
solutions; first, in Section 3.1, we separately consider the components of the optimality
system and then, in Section 3.2, we put it all together to derive error estimates for the
fully-coupled discretized optimality system. Solving the coupled discretized optimality
system is a formidable task so that, in Section 4, we also define a gradient iterative
method for its solution in which the different components of the optimality system, i.e.,
the state and adjoint equations and the optimality conditions, are solved sequentially
at each iteration. We also prove, under suitable hypotheses, that the gradient method
converges. In this paper, we do not provide computational examples because several
such examples are already provided in [12].

2. Optimal control problem. In [12], an optimal control problem for image
registration was introduced and analyzed; the approach is based on the grid deforma-
tion method [3, 13, 16] and seeks to minimize an objective functional that measures
the difference between the transformed image and the reference image. The existence
of an optimal transformation is proved as is the applicability of the Lagrange multi-
plier method. Then, an optimality system from which optimal transformations can
be obtained is derived. In this section, we recall the results derived in [12].

Let Q C R? denote a bounded domain that is a convex polygon or that has a
CH! boundary T'; usually, 2 is a rectangle. Let || - || denote the L2?(2)-norm, || - ||«
the L*>°(Q)-norm, and || - ||, the standard norm in the Sobolev space H™ (). For
domains other than 2, we explicitly indicate the domain in the norm notation; for
example, || - || z2¢-) denotes the L*(7)-norm. Let || - [/ 00 denote the standard norm
for the Sobolev space W2(Q) = {u : D% € L>®(f2), 0 < |a|] < m}. Let (-,) denote
the L?(Q) inner product or the duality pairing based with L?() acting as the pivot
space. We use the same norm and inner product notations for spaces of vector-valued
functions. Also, we have the scalar curl operator V x u = d,us — dyu; and the vector-
curl operator V+tu = (9,u, —0,u)’. Assume that the reference image R(x) and the
template image T(x) belong to at least [H?+°(Q)]? with § > 0.

We define the subspaces and product Hilbert spaces

Hy(Q)={uec[HQ)]* : n-u=0onT}
HyQ={uc[H'(Q)]? : nxu=0onT}
A= ([ 2P N Hy(Q)) x [H((0,1); LX(Q))]* x H' () x H'(2)
HY(Q) x H'(Q) x [L*((0,1) x Q) x R x H () x L*(Q)
and then define the operator M : A — O as follows:

M(ua ¢>7f,g) =0 (21)
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if and only if
(V-u—f+1,8)=0 VeEe HHQ)
(Vxu—gn) =0 Vne H Q)

@f - u<¢>,¢> =0 Ve [L3(0,1) x ()

O'/Q(f—l)dxzo VoeR

(n-u,v)=0 VveL?(0,1); H 2(T))
((0,x) —x,pu) =0 VYpe[L*Q)%

Now, we define the objective functional
1
J(@li=1, £,9) = I T(#(1,%)) — R|? (2:2)
! o ! !
+ =N IP + IV + =2 gl + =V gl* — ﬁ/ log f dx,
2 2 2 2 0

where ay,, oy, ag,, and a4, are penalty parameters and 3 is a barrier parameter.
The first term is the object of optimization, i.e., finding a transformation ¢(1,x) such
that the transformed template image T(¢) is a “close” as possible to the reference
image R. The penalty terms are used to implicitly limit the size of the “controls”
f and g whereas the barrier term ensures that the additional constraing f > 0 is
satisfied. See [12] for details about the problem formulation.

The set of all admissible solutions is defined by

Awa ={(0, 0, f,9) €V | J(Pli=1, [, g) is bounded and (2.1) is satisfied}.
Then, the optimal control problem for image registration is given by:
find (u, ¢, f,g) € Agq that minimizes the functional (2.2). (2.3)

In [12], it is proved that an optimal solution exists as does a suitable Lagrange
multiplier that turns the constrained optimization problem (2.3) into an unconstrained
problem. In addition, a corresponding optimality system is rigorously derived. We
have that the optimal state (u,¢) € H?(Q) x L?*(H(I);Q), the optimal control
(f,g) € H*(Q2) x H'(£2), and the corresponding Lagrange multiplier (&, 7, %, 0,v, u) €
HYQ)x H1(Q)x L2(I; Q) x Rx L2(I; H~%(T")) x L%(2). The Lagrangian functional
is defined as

L(u’(ﬁ’f’g;g?n?’lp?O‘?V’u)
=J<¢|t:17f,g>—/<V~u—f+1>§dx—/<vxu—g)ndx
Q Q

/Q/I@‘fu(t,(p)).wdtdxafgfmx

—/F/I(n-u)udtdx—/g(d)((),X)—X)'Ndx-

The optimality system consists of the state system
Vu=f—-1 inQ
Vxu=g in Q (2.4)
n-u=0 on 0f)
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and
0 .
e u(¢) inlIxN (2.5)
¢(0,x) =x in Q,
the adjoint system
O - .
o Veu(@)y =0 inIxQ 26)
(1, x) = (T($(1,x)) — R(x)) - VoT'(¢(1,%x)) inQ
and
Vin - Ve = /|V¢_1(t,x)\1/}(t,¢_1(t,x))dt in Q
I (2.7)
n=0 on I,
and the optimality conditions
—OéflAf + Oéfof =0—¢ in
—Qg, Ag+ Qgog = =1 in (28)

n-Vf=0 on T’
g=20 on I

where o is defined by integrating both sides of the first equation in (2.8):

1
cr—an—O—lm/Qfdx.

Here, the Lagrange multiplier pair (v, pt) is omitted since it does not play any role in
determining the optimal state, control, and other Lagrange multipliers.

In Section 3, we derive error estimates for finite element approximations of the
solution of the optimality system (2.4)—(2.8) and then, in Section 4, we discuss how
to solve the discretized equations.

3. Finite element discretizations of the optimality system. Let 7} be a
partition of the domain Q = UreT, T into finite elements 7 € 7. Let h := max{h, :=
diam(7) : T € T, }. Assume that the partition 7j, is regular so that we can construct a
conforming finite element space that satisfies standard approximation properties; see
[7]. We also assume that there exists a constant p such that h < ph, for all 7 € 7p,.
Let P, denote the space of all polynomials of degree < k with respect to each variable.

The next result is useful in several subsequent proofs.

LEMMA 3.1. Let (u, ¢, f,g) denote a solution of the optimality system (2.4)—(2.8)
belonging to the admissibility set Aqq so that || f||1, llgll1, and ||[ul|2 are bounded. Then,
ue W2 (Q), i.c., there exists a constant M, such that

|ID*u(x)] < M, for0<|a|<2 ae inf (3.1)

Proof. Suppose u &€ W2 (). Then, there exists a set U C € such that m(U), the
measure of U, is not 0 and |D*u(x)| > n for some 0 < |a| < 2 and for all x € U.
Then,

/Q > ID%u(x) de/U > ID%u)Pdx > n* - m(U) — oo

0< o <2 0<al<2
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as n — oo, which contradicts the fact ||ul|2 is bounded. O

This section is composed of two parts. In Section 3.1, we present several er-
ror estimates for the solutions of discretizations of the individual components of the
optimality system (2.4)—(2.8). Then, in Section 3.2, we define a fully discretized op-
timality system and show the convergence of approximate solutions of that system,
using the results obtained in Section 3.1.

3.1. Optimal error estimates for the components of the optimality sys-
tem. We denote by (u, ¢, f, g,%,&,n) a solution of the optimality system (2.4)—(2.8).

3.1.1. Error estimates for (2.4). We first use a least-squares finite element
method to solve the system (2.4) in the case where the exact controls f and g are
assumed known. To this end, we minimize the least-squares residual functional

Fvifog)=IV-v—=f+1P+[V xv—g|? (3.2)

by solving the corresponding first-order necessary conditions: for given f,g € H(Q),
determine u € H} (2) such that

(V- u,V-v) +{(VxuVxv)=(f—1,V-v)+{g,V X V) (3.3)

for all v.€ HY(£2). Note that it is known that the solution of this problem is actually
more regular, i.e., we have u € [H?(Q)]2 N HL ().
Next, define the finite-dimensional subspace

U ={uecc® ) : ul, € P(r), k=1,2}NnHA(Q) C Hy(Q)
and then pose the discrete least-squares problem

4" = arg min F(v"; f,g)

vheyh
whose solution can be obtained by determining G € U" satisfying
(V-0 Vvl 4 (Vx " V x v = (f =1,V - v + (g, V x v!) (3.4)

for all v € U".
PROPOSITION 3.2. Let u € H?(Q)NHx(Q) and 6" € U" satisfy (3.3) and (3.4),
respectively. Then,

J[u—a"|, < c¢h®>"|uls forr=0,1. (3.5)

Proof. This a standard result for least-squares finite element methods [2]. O

3.1.2. Error estimates for (2.5). Let {t,})_, be a partition of [0, 1] into equal
intervals At = 1/N with ¢t; = 0 and ¢ty = 1. Supposing the exact solution u of (2.4)
is known, to determine an approximation ¢y (t,, ) = @(t,,-) of (2.5), we apply the
forward Euler method, i.e., at time ¢t = ¢,,41,

ON(tnt1,X) = On(tn, x) + Atu(dn (tn, X)) with on(0,x) =x  (3.6)
so that

|¢(tn+17x) - ¢N(tn+17x)| ~ O(At) (37)
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We also define an approximation ‘E;]zlv of the problem (2.5) in which, instead of
the exact solution u, we use the approximate solution " from Section 3.1.1. That
approximation is determined from

% (tng1, %) = O (tn, ) + At (Pl (tn, %)) with @l (0,%) =x. (3.8)
Then, qg}]{, (tn+1,-) belongs to the finite-dimensional space
" ={¢ : ¢|, € Pa(r) for some 7 >0 ,Y7 € T} C L*(N).
Our goal is to estimate the error ||¢p — (E}}V I. By the triangle inequality,

lp — DIl < ¢ — D]l + ldw — B

Because of (3.7), we focus on the term ||¢n — QAS}&H For notational simplification, we
abbreviate ¢ (t,,x) to ¢, (x) and @{,(tn,x) to (ZZ (x).

We introduce an interpolation error estimate. Let the interpolation operator
" e LOW2(Q) N H2(Q) : U"), with "v|, € Py(r) on each element 7, satisfy the
following error estimates for all integers r and s with 0 < r < 2 and 0 < s < 1,
respectively (see [4, Theorem 4.4.20] for details): for all v € W2 (Q) N H2(9),

1
2 —r
(X o =1"l3) " < e h2 e, (3.9)
TGIZ’h
max |[v — I"v]|y - () < e B 7o) (3.10)
7'6771 o

The following lemma is a well-known inverse estimate [4].

LEMMA 3.3. Let P be a finite-dimensional subspace of WL(K) N W™ (K), where
1<p<oo, 1 <qg< oo, and0<m <. Then, there exists a constant ¢ such that,
forallveP

melyd_d
[wllwiaey < ¢ h™ 5w ullwp ), (3.11)

where d is the dimension of K. R

In the next theorem, we derive the L?-error bound for ¢y — d)}](, at a fixed time
t=1t,.

PROPOSITION 3.4. Let At be sufficiently small. Then, at each fized time t = t,,
n=20,...,N, we have

Il = 1l < ¢ h* [lufo,cc- (3.12)

Proof. From (3.6) and (3.8), at time ¢ = t,,41 we have
Pri1(X) = By (%) = Dn(x) — Bl (%) + At(u(n (%)) — (A (x))).
First, at time ¢ = 0, we have ¢o(x) — @!(x) = x — x = 0. Then, at time ¢;, we have
P1(x) — Bl (x) = At(u(go(x)) — 8" (B (x))).
At time ¢ = to, we have

P2(x) — Ph(x) = 1 (x) — DL (x) + At(u(es(x)) — B" (P} (x)))
= ALY (u(ei(x)) — 0" (x))).
1=0
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If we repeat the above process inductively, we have

Prt1(x) — Bl (x AtZ — (e (x))).

=0

By the triangle inequality, we have
i1 — Bt P < eA? S (Julen) - @I + [7(80 — & @) (.13
=0

Consider " (¢;) — (") elementwise from

18" (d:) — 8" (B1)I1P = D 6" () — 0" () 72(r)-

TETH
If u" is piecewise linear, then
18" (:) = 8" (@) 172y < ¢ 8" 3]s — DL I72(r)- (3.14)
If G" is piecewise quadratic, instead of (3.14), some calculations yield
6" (1) = (@)1 7(r) < ¢ VR % bs = B 72 r)- (3.15)

Recall the interpolation operator I" satisfying (3.9) and (3.10). Then, the triangle
inequality, the inverse inequality (3.11) (with { = m = 0,p = 00, ¢ = 2), the regularity
result (3.5), (3.9), (3.10), and the Sobolev imbedding theorem yield

6" 1% < e(l@" — Tull, + [T"al) < e(h?[@" — ulf + [T"ul,)
< ch 2([@" — )l + [lu —T"ul*) + clu — T3, + [[ul%, < cllul?. (3.16)
Also, we use the triangle inequality, (3.11), (3.10), (3.5), and (3.9) to obtain

IV |oo < [|VT" — VI"ul|s0 + [[VI"u = VUl + [ VUl
< ch™H(|Va" — Vul| + |[Vu — VI"u|)) + ¢|ullz + [|[Vu|
< cllullz + [[Vul| . (3.17)

Therefore, we have
[6" (¢:) — " (&)II* < ¢ (Jull3 + IVullZ)llo: — o7 (3.18)
By combining (3.13) with (3.18), we obtain

Ibns1 = Gl < A2 D (Jlu(e) — & (90)2 + s = $112) . (3.19)
=0

where ¢g depends on |Jul|2 and ||Vul|cc. When n =0, (3.19) provides

g = GL1° < g AL [[ul¢o) — 6" (¢o)|*.
For n =1, (3.19) yields

1
o2 — @512 < e A (D luley) — @ ()] + § A [u(go) — & (o))
=0
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By induction, we obtain

s — @ ]? < c§ A" (1+ 2 A" [|u(ey) — 6" (¢:)]| % (3.20)
1=0

Now, we use a change of variables to calculate |[u(¢;) — " (¢;)||. Let ¢;(x) =y, then
| det(V;(x))|dx = dy which implies dx = |det V¢;(x)|"1dy. Recall (3.6) and take
gradients of both sides. Then, we have

det V| = |7 (1+At(Vou(gi1))')| - |det by
> 2= AtV - ullool| - | det Vi1 ]|

> 2= AtV - u|oo|' - [ det Vo| = |2 — AtV - ul|oo]’

Suppose At < 1/||V - u| so that [2—At||V -ul|o| ¢ < 1. Then, the regularity result
in Section 3.1.1 implies

[ (@)~ & @) Pax < e [ fuly) - @ )Py < e full (320
Q Q(y)
Now, assume that
1 1
At < min{ —— , —
= mm{||V~u||oo ’ co}’

where ¢o = ¢(||ull2 + || Vu|leo). We apply (3.21) to (3.20) and use At = 1/N to obtain

n

lpns1 — D al® < e GACH|ull3 Y (1 + Ar?)"
=0

2041274 2(1+C(2)At2)N_1_ 4 2 C% N
< ¢ AL |2 AT —ch||u||2{(1+ﬁ) _1}.

. N
Because limy .o (1+ %) = €7,

2 (N ; N ; N
U o _ o gico . ,—ico _
(1+N2> o <1+ N) (1 N) frombelowe € _1’

as N — oo. Hence, (1 + Jf,—?g)N — 1 < 2 and therefore we have

i1 = Dl < ch?|lull2.

3.1.3. Error estimates for (2.6). Let the partition {t,}2_, of [0, 1] be defined
as in Section 3.1.2. In this subsection, we consider the approximate solution of (2.6) by
employing an explicit backwards-in-time finite difference scheme, i.e., at time ¢t = ¢,,_1,

YN (tn-1,%) = YN (tn, X) + AtVgu(@n_1 (X)) PN (tn, X) (3.22)
d)N(laX) - (T(¢(1,X)) - R(X))V¢T(¢(17X )

Again, we have

[ (tn-1,%) = P (ta-1,x)| ~ O(AL). (3.23)
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We abbreviate 1y (£, X) to ¥, (x) and 9% (t,,%) to P’ (x).
Apply the approximations 6" and ¢ from Sections 3.1.1 and 3.1.2 to define the
approximation of ¥ at time t = ¢,,_1:

Pl (x) = Pl(x) + At VAT (@l (x)h (x), (3.24)
P'(1,x) = (I"T(@"(1, %)) — "R(x))VI"T(¢" (1,x)),

where V" is the discrete gradient since U is only continuous and a piecewise poly-

nomial on each finite element. Because of (3.23), we need pay attention only to
Y1 — Pl Because ||[¢,_1 — P! _,||* = Zrefh pn—1 — 1/)271”%2(,), we replace
the discrete gradient V” with the exact gradient V on each element.

Now we prove the L2-error bound for 1,y — " _;.

PROPOSITION 3.5. Suppose that At is sufficiently small. Then, for each fized
timet=t,, n=0,...,N, we have

[, — " < ch,

where ¢ depends of | 'T||1,00, B[|T[|2, [Rl[oc, hl[R2, [lull2, and [[Vul|o.
Proof. By (3.22), (3.24), and the Holder inequality, at time ¢ = t,,_1 we have

-1 — 9t | (3.25)
< g = Bl + At D IVpuldn 1) — Vi (Bl )Bhl3(r))
TE€TH
First, we consider
V(1) ¥Vt (@ _ )" = Vou(pn_1)hn—V et (dn_1)¢n (3.26)

(1)
Vot (hn1)tn — Vot (@ )thn + Vot (@l )by — Vi (@, )P
(ii) (iii)

term by term:
(i) Since T(¢(1,x)) —R(x) and V4T (¢(1,x)) are bounded, ¥y (x) = 9(1,x) is
bounded. Then, (3.22) and induction imply

9o < (14 248 Vulloo) ™" x| oo
Thus, we have
IV pu(pn—1)8n =Vt (dn1)tnll72() < | Vou(pn—1)=Veu" (dn-1)l72();

where ¢ is composed of ||y ||we™* with M, the constant from (3.1), under
the assumption At < 1/(2||Vu|oo)-
(ii) Because u" is piecewise linear (quadratic) on each element,

IVet" (fn-1) = Vot (dr, 1)l < cll VA" el dn-1 — dr -
Then, the boundednesses of 1, from (i) and (3.17) lead us to

/ V" (dn—1)thn — Vo (ol )9hn|?dx < flldn—1 — @)1 1172(1),

where ¢g = ¢(||ull2 + ||Vul|co)-
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(iii) By the bound on |V 40" (¢)| showed in (ii), we have
1968 @)~ Vot (@B i < s — B,

where ¢g = ¢(||ull2 + ||Vul|o)-
Gathering the results from (i), (ii), and (iii) yields

IV gu(¢n—1)tp—Voi" () 1)¢hIIL2(T> < cllVou(dn-—1)-Vot" (dn-1)ll(r)
+CO||¢TL—1 n 1||L2(-r +COH¢7L ’lpn”%Z(T)' (327)

We apply the same change of variables used in the proof of Proposition 3.4 to obtain

3 IV su(dn 1) — Vo (Gn 1)l (3.25)
T€TH
<e X [ 1Vuly) - Va ) Py < ol Vu - VAP < e 2 ul?

T€TH )

and apply (3.12) to obtain
Do llpn = br_iliay = ln1 — Sh_illiz() < c h*ull3. (3:29)
T€T

Thus, by (3.27)—(3.29), the inequality in (3.25) becomes
lehn1 = Ph_1 || < (1+ cot)|[ehn — P2 + 1 hAHul]s. (3.30)

In order to determine the bound for ||, — ¢h|| the bound for ||3p(1,x) — @h(l,x)H
needs to be considered first. From the definition of '¢h(1 x), we have

P(1,%) " (1,x) = (T(¢n)-R) - VoT(on)—1"T(p)-1"R) - VuI"T(}).

Then, on each element T,
[ (3 = B (1) P
< o[ (IT(6(1,%) R-("T(@(1x)1"R)F) [VoT(@(Lx)Pdx  (331)

+ o[ IPT((1, %))~ "R (" (1,x))-T"R) PV T(p(Lx)Pdx  (3.32)

T

+ o[ IPT(@"(1, %)) — "R IVLT($(1,%)) - VoI"T($(Lx)Pdx  (3.33)

T

+o[ [I"T(@"(1,%))-T"RP|V4I"T((1,x))-V4I"T(@" (1,x)Pdx.  (3.34)

T

We consider (3.31)—(3.34) term by term.
(3.31): Because VT € C° V4T (¢(1,x)) is bounded and then the triangle inequality
implies, with ¢ = 2||VT||%,

(3:31) < e(IT($(L )T TG X)[Fe(r) + IR -T'RIlE()).  (3.35)
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(3.32): By the boundedness of VT, the property I"T € Py (7) with (3.14) and (3.15),
and (3.10), we have, with ¢y depending on h||T||2 and || T|1,c0,

(3.32) < VT2 / TPT((1, %)) — TT("(1, x)|2dx
< VTR [T / (L, %) — G (1, ) 2dx
<o / (1, %) — B*(1, %) dx. (3.36)

(3.33): Similarly to the above, the property of T being a piecewise polynomial on
each 7, the definition of ¢"(t;,x), and (3.10) result in

/IIhT(ah(LX))*IhR\QdX < 20/ I1"T|% + IT"R[1Z, )
< e (1T + RT3 + IRIE + 2R3 ). (3.37)
(3.34): By the inverse inequality (3.11) and (3.10), the following holds:
IVI"Tloe < ¢ A 1" Tlloe < ¢ A1 (|| Tllos + hI|T]l2). (3.38)

Because I"T is piecewise linear or piecewise quadratic on each 7, (3.37) and
(3.38) result in

(3.34) < ¢ (| T|I3, + h2\|TH§)/ |B(1,%) — " (1,%)dx. (3.39)
From (3.35)—(3.37) and (3.39), we conclude that

19 (1,%) — 9" (1,x)|* < 0(||T(¢(1,X)) —I"T(e(1,%))|3
HIR = TRJ? + A2 (1,%) — 6" (1, %) ).
Recall the change of variables so that (3.9) and Proposition 3.4 yield
(1, %) — 4" (L,x)||* < ¢ B*(| T3 + RIS + [[ull3)- (3.40)
Let Crry = | T2 + ||R]]2 + ||ull2 and assume
1 1
A wn{ L1y

2||Vulleo ' o

where ¢g = ¢(||lullz + [|[Vul|s). Now, we apply the result in (3.40) to (3.30): by

induction, we obtain

[$n—1 — )|
N—n
< e h(1+ coA)N "M Crpy + crhAtfullz > (14 oAty
7=0
(14 coAt)N—n+l 1
1+ COAt -1
S h(C + Cl/CQ)ecoAt(N_nJrl)CTRu S he° (C +c /CO)CTRu~

< e b1+ coA)N T Crpy + crhAt[ul2
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0
REMARK 1. The assumptions on the time step At given in Propositions 3.4 and
3.5 are consistent. We can summarize both assumptions into

At < mi { ! ! }
> min ’ ’
2[[Vulles ™ c([lull2 + [[Vul[s)
where ¢ does not depend on u nor any other optimal solution variables or Lagrange
multipliers.

3.1.4. Error estimates for (2.7). First, we take a closer look at (2.7) which
we express as

tp—Veé=F, inQ
{v n—VE=F, in (3.41)

n =20, on T,

where F = [, [V~ 1 (t,x)[p(t, 7" (t,x))dt. In [12], we showed that F € L*(2). For
given F € L%(Q), it is easy to see that there exists a unique (1, &) € H () x H}(Q)/R
satisfying (3.41). We apply the FOSLL* method introduced in [5]. The basic idea
of FOSLL* can be explained by considering the dual of a linear system of equations
Ax = b. Least-squares methods minimize |Ax — b||? and the dual of this method
involves the system AA'y = b with x = Aly and the minimization of the functional
(Aty, Aly) — 2 (b,y) which is equivalent to minimizing ||A'y — x||?.

For a given first-order system Lu = f, the least-squares method requires H'-norm
equivalence of || Lul|?. In (3.41), we can easily see that ||VLtn—VE||2 ~ ||In]|2+]/£]|2. So
the least-squares approximation exists. However, we do not obtain any convergence
of the approximate solution in finite-dimensional subspaces by minimizing ||Lu —
f]|. Therefore, we use FOSLL* for (3.41) because the FOSLL* approach minimizes
|IL*w — ul|? which provides an L?-approximation of u and an L2-error estimate for
the approximation.

We write (3.41) as

n
£
and define the domain of £ as D(£) = H}(Q) x H'(Q)/R. Now, we consideer the
corresponding dual problem

E*w:[vx}w:[n} (3.43)

L&' =]Vt =V ] [ } =F (3.42)

V- £

with the domain of £L*, D(L*) ={w € H(VX)NH(V:) :n-w =0 on I'}. Lemma
2.1 in [5] yields that there is a unique w € D(L*) satisfying (3.43).

By [9, Proposition 3.1 ], we have ||[L*w| ~ ||w]|; which guarantees the existence
of a least-squares approximation. The FOSLL* method minimizes the least-squares
functional ||£*w — (1,£)!||? in the weak sense, that is, we look for the solution of the
corresponding variational formulation as follows: find w € D(L*) such that

(Lrw, L) = {((n,&)", L*v) = (L(n, &), v) = (F,v) VveDL. (3.44)

This equation shows that we only need the original right-hand side F to solve the
variational formulation of the least-squares problem.
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Now, we substitute (3.43) into (3.42) to obtain

V x

c[”]:zcm:[vL —v][ iy

3
For a given F € L?(Q2), w in fact belongs to [H?(2)]%.
Define V' = {w € C°(Q) : w|, € Pu(7), k> 1} C H(Q) and let

~h __ . *h t
W = arg_min |1£°%" — (€)' (3.46)

} w=—Aw=F. (3.45)

Then, we have an L?-error estimate for (n,£) in the next theorem.
PROPOSITION 3.6. Let w and W" satisfy (3.45) and (8.46), respectively. Let

(ﬁh,@)t = L*W". Then, we have
(n,€) — @, €M)l < ¢ hllwll2.

Proof. Using the H'-norm equivalence of the £*-operator and standard regularity
properties, we have

107, €) = @, &) = 1£*w = LW"| < ¢ h[w]o.

3.1.5. Error estimates for (2.8). The system (2.8) can be rewritten as the
equivalent first-order systems

p—Vf =0 in
_1ly. - 1 (5_ i
Bl - e i o)
EVXP =0 in
n-p =0 onI'
and
q—Vg = 0 in
1 _ 1 :
-5, V-a+ Beg = ag B, 0 Q (3.48)
[%ngq = in
nxq=0, g=0, onI'

by introducing fluz variables, p, q, and scalings By = \/ay, /oy, and By = \/ag, /oy, -
The third equations in (3.47) and (3.48), i.e., V.x p = 0 and V x q = 0, respectively,

are auxiliary equations introduced to improve the regularity of p and q, respectively.
The least-squares method minimizes the residual functionals

PU D50, ) = o= VI 41l = 5V b+ Bef = 50— P + 2V x ol

and

QAg.ain) =lla—Vol* + 1 = V- a+Byg+ gl + 5V x all?,

ag, By
respectively. The corresponding weak formulations are given by: find (f,p) €
HY(Q)/R x H}(Q) satisfying
(= Vi —Vr)+ (= £V p+ B~V v+ Byr)

(3.49)
3 (VX P,V xx) = (~ by (0 = =3V o+ Byr)
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for all (r,r) € H'(2)/R x Hx (), and find (g,q) € H}(Q) x H},(Q) satisfying

(q—Vg,s—Vs)+ <—év-q+ﬁgg,—ﬁigV~s+ﬁgs
3 (Vxq Vxs) = (—tym — 4V s+ s

i (3.50)

for all (s,s) € H}(Q) x H}(Q), respectively.

Define finite-dimensional subspaces X" x X" ¢ H1(Q)/Rx H} () and V" xYh C
H(Q) x HL(). Then, we consider the finite-dimensional approximate solutions
(f",p") € X" x X" such that

(" = VFhxh = W) 4 (= EV Bt 4 By~ LV x4 gyt
)=

. . ., (3.51)
+ﬁ2 (Vxp" Vxr afﬁ, g_g)’_mv.r + Byt
for all (r",r") € X" x X" and (3",q") € Y"* x Y such that
q- Vg st —vsh) + —1Vq+ﬁg,——vS + By
( Y+ {4 ! 45") (35

+%<quh7V><s > <—%lﬂgn,—ﬁ—gv-s +ﬁgs >

for all (s",s") € Y* x Y". The next result is well known.

PRroOPOSITION 3.7. Let (f,p), (g,q), (P‘,ﬁh), and (g, q") satisfy (3.49), (3.50),
(8.51), and (3.52), respectively. Then, we have

If =Pl +lIp=8" < chllo—¢l and g—3"1i+lla—a"l < ehlln|.

3.2. Error estimates for the fully-coupled discrete optimal solution. In
this section, we use the results of Section 3.1 to treat a fully discretized optimality
system. The goal is to study the convergence of the approximate solution.

Let (u”, @, ol & nl) f1, g") e U x (®7)2 x VI x X" x PP satisfy

(V" V-v") +(Vxu", Vx vy =(f"—1,V-v") + (¢", V xv")  (3.53)
for all v € U*,

N , X = X,

forn=0,---,N -1,

Whltn1x) = B0 x) + A Tou @t Bty
PR (tn,x) = (I"T(Ph(tn, %)) — "R(x))VoI"T (Pl (tn, x)), '
forn=1,---,N, (n,&")* = L*w" such that w” satisfies
(Crwh, vy = ((n,©)F, V") = (Fl,v") Vv e Vi, (3.56)

where Fh = At Zg:0|det Vor' (te, x) |9k (t, ¢y (tn,x)) with ¢ from (3.6) and
(n,€)* € D(L) satisfying the L?-decomposition (see [9] for details)

Vin - VE=
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<ph_thﬂ,h_Vrh>+<_%v.ph+6ffh7_%v_rh+ﬁfrh>

(3.57)
(9 0V ) = (L (o = -9 rh
for all (r",r") € X" x X" and
q—Vgh,s" —Vs") + (—FV-q" + Byg", — £V - s" + Bys"
< ) < Bs B ! > (3.58)

1 h R\ _ 1 h 1 h h
+F§<V><q ,Vxs >_<_a91ﬁg77 ,—ﬂ—gv-s + Bgs >7

for all (s",s") € " x Y where

1
Uh:af0+@Afth.

Now, we present several results in order to show the convergence of the above
discrete approximation (u”, @% % " n", fi, g") to the optimal solution (u, ¢, 9, &,
71, f,g) of the optimality system (2.4)—(2.8).

PROPOSITION 3.8. Let u and u® satisfy (3.3) and (3.53), respectively. Then, we
have

lu—u"lly < ¢ hlull +c (If = £l + g = g"ID)-

Proof. By the triangle inequality and Proposition 3.2, we have
lu—u"lly < [lu—@" + 8" —u"|y < chllulz + 8" —u”
We subtract (3.53) from (3.4) to obtain
(Vv-a"-v-u" v .v") +(Vxi" -V xu" Vxvh)
=(f— "V -v"y+{g—g", vV xv").

h

Setting v = 4" — u” yields

cfa" —u"[ <[V @" —u")| + |V x @ —u")[| < [If = £ + g = o",

where the first inequality holds because n - (" — u") = 0 on the boundary. O

In the next result, we consider ¢ and (,1’)7\,.

PROPOSITION 3.9. Let ¢ and ¢%; satisfy (2.5) and (3.54), respectively. If At is
sufficiently small, then

I — |l < ¢ (At +h?) + er VAL[E" — u”|],

where ¢y only depends on ||ull2 and ||Vu|s-
Proof. The triangle inequality, elementary properties of the finite difference
scheme, and Proposition 3.4 imply

¢ — ol < o — dnll + llon — &l + Dk — ol
<c (At+ 1)+ @l — o], (3.59)

where ¢ and $’J(, are defined as in (3.6) and (3.8), respectively. For simplicity of
notation, from now on we abbreviate ¢% (t,,x) and ¢% (t,,x) to ¢! (x) and ¢! (x),
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respectively. The overall process of this proof is similar to the proof of Proposition
3.4. By definition, we have

161 — Dhall® < 286  [6" (1) — u (8]
i=0
The triangle inequality and (3.14)—(3.17) yield
[6"(1) — (¢! < 2[[a" (9) — a" (&)]1° +2[[a" (&) — u" (&)
<2 |97 — & 17 + 2/[8" () — u" (]I,

where ¢ = ¢||ufl2 + ||Vullco. We use the similar change of variables used in (3.21)
and the inverse inequality

t
|det Vol = |tr (I+ At (Vou"(@l)) )| | det Vol
> 12— AtV u"||s| - |det Vi |
> 2= AtV u o] [det Vol = |2 — AtV - u|o]F (3.60)

to obtain
0" (o)) — u" (@I < 265l — @} |I” + 29" (0" — u”|?,

where v = 1/]2 — At||V - u"|||. Therefore

k
k1 — dhall> <AAE2D (Gl — @r|” + 418" — u|?).

i=0

: 1 1 h : :
Assume At < min {%, TGS ATa }, where the constant cy is from the inverse
inequality || - |lco < czh™Y|| - ||. Then,

12— ALV - ulloo| > 2 — c;ALA™Y|V - ul| |-

Then v < 1, induction, and 2¢oAt < 1 yield

11— Bl |* < 4AL D (1 4+ 4GAL) 0" — u”)? (3.61)
=0

~ , . 14 2coAt)"H — 1
< 4AL|[a" — u”|? Z(l + 2coAt)" = 2At||a" — uhHQ( + 200 A1) .

i=0 o
The above results in
o~ N o~
% — hell* = At > R (tn, x) — D (tn, %)
n=0
N
< 20 'AP[E" — w7 (14 200A1)" — 1) < Ateg e [a" — u”||?.

n=0

Thus, by applying the above to (3.59), the proof is complete. O
Now, we focus on the Lagrange multipliers.
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PROPOSITION 3.10. Let v and ¥% satisfy (2.6) and (3.55), respectively. Assume
that At is sufficiently small. Then, we have

1 = |l < ¢ (At +h) + coAt][T" —u" |y,

where co depends only on |[ullz, |[VT|cos | T|lcos and |R| co-
Proof. By the triangle inequality, elementary properties of the finite difference
scheme, and Proposition 3.5, we have

1 = ¥x ]l < Il = bnll + llon — byl + [on - dxl
<c (At+h)+ 9k — i, (3.62)
where 1n and 121}{, are defined as in (3.22) and (3.24), respectively. For simplicity
of the notation, we abbreviate 1% (t,,x) and 9% (t,,x) to 1! (x) and " (x), respec-
tively. The definitions of ¥ and " and the triangle inequality imply
[9n—1 = Whall < 1 — Pnll + AtV (81 _1)9] = Vou" (@17 -

By the triangle inequality and the change of variables (3.60), we have

IVt (@)l — Vu" (¢l )yl

< ||V (@h_ )Pl — Vot (o )il |+

IV 0" (¢l 1)l — Vi (@ k]| + |V o0 (9l 1)l — Vgu" (@l )9pl|
< | VA" [loo |9] ool Bl 1 — BTl

V& [ssllthn — nll + [n ooy ™= VA" = Vu], (3.63)

where v = 1/]2 — At||V - u"|||. Again, we use the inequality (3.17) to obtain

[%nllso < 90 41lloo + 288 VA" oo 95 11 o = (1 + 248 VE"[[oc )9 11 [l
e < (14280 VB o) VT [P R Nloo < (14 200A0N T Ch < 20 Ch, (3.64)

where ¢y = cf[uf|z + [ Vul|oc and Cir = 9% [lo < e(ITII3 + [T} oo + RIS + [IR]Z),
under the assumption At < 1/(2¢g). The inverse inequality, || - [[oo < crh™!| - ||, and
the change of variables (3.60) yield

7 oo < 1971 oo + 288V g™ (B o[l 41 ]| oo
< (14 2e1Ath™Y|[Vgu™ (@0 D I19h 4 [l oc
< (14 2¢, ARV |7 3) [l 4[|

N-1
< I @+ 2c8t A7 Y[ VU |y F) Cio. (3.65)
Suppose that we choose At such that
e +2—1 1 h 1
At < i { ) ) 7}
=T 112 MV e 26| [Vur]| T 20

for all constant e in (v/2 — 1, ¥3=1] ~ (0.4142,0.6810]. Then,

€2 4+2—1 1—c¢

1+e < .
(I+€)? ~1+4e

(3.66)

2
v<(55) <1 and 2eAn |Vt <
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If 0 < j <1, then 1+ j < e/ and this yields
N-1
m 1—€¢ /14e\m
En(wzth IVuh(|y%) <H( +1+6-( —))

<ﬂ _ ()

Now, gather (3.63)—(3.65) and (3.67) and then apply (3.17) to obtain
IVot" (@]1-1)9 = Vou' (@)
- —~ n—1 N
< co(ce®® Curl| @y — dnall + 95 — wnll) + eCorny ™= || VA" — V||
~ ~ n—1 .
<cllgn_1 = dnil +elldy —nll + ey 7 VA" - vu'.

#)%) <o (3.67)

Hence, we have

[
< (14 )], =l + At @)y — Bl + cAty 7 ||VE" — Vu'|
N
< (L4 AV — ]l + Aty (14 cAt) |l — |

N .
+eA|VE" — Vu | Y (14 Aty Ty

Jj=n

N N o
e A (@l — @l |l + e ecAt|vE" — V(| Yy (3.68)

where 9% — 9l = 0 and (1 + cAt)" < e"At = % with n < N. From (3.61), we
can calculate

N N
STk — ol |12 < cAtfa" — "2y (1 +2¢0At) !

i=n i=n

< cllu" —u"|F(1 + 2coAt)”_1. (3.69)

Because E Y VT <yt EN N (1;“) <yt 77 (241/2), the inequal-
ities (3.68), (3.69) and PrOpObltlon 3.9 imply

N
1k — i |? = ALl (tn, %) — P (ta, %)[* = Athwh PP

n=0 n=0

N
< cAPE" — a2 ) (1 + 200A8)" + AP | VE" - Vu||?
n=0
< cA? | —u”)2.
0

PROPOSITION 3.11. Let F and F% be defined as in (3.41) and (3.56), respectively.
If (0, &)t and (n", M)t satisfy (3.41) and (3.56), respectively, then we have

I =" + 1€ = € < e (h+ At) + VAL px — |
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Proof. For agiven F = [, |det Vo~ (t,x)[4p ( o 1(t, x))dt (n, €)* satisfies V4Ln—
V¢ = F. As shown in Section 3.1.4, we define (7" @‘”) = L*W", where w" is a solution
of (3.46), i.e

(Lw" Lovhy = ((, €)', vy = (L(n, &', v") = (F,v") (3.70)

for all v € Vb,

Also, for a given F% = Atz _o | det Vo (t, x) |9l (¢ n,qu (tn,x)) with ¢
from (3.6), there exists a (n,§)" satisfying V+n — V& = F&. From (3.56), we let

(", €M)t be defined as L*w" which is a solution of the weak problcm
(L*w h v h) {(n,&)", E*vh> = <F§(,,vh> (3.71)

for all v € V. Now, subtracting (3.71) from (3.70) yields

<£ (W —w )7£*vh> = <F - F?\,,vh>, for Vv e Vh.
Let vi = w" — w". Because w" — w” € Hyx(V-) N H(Vx) (see [9]),

IW" =" < (| V- (%" = wh)|? + |V x (&" —w")|?)
which implies
@8 = " M) = 1L = L*W"|| < c|[F = F|.
By the triangle inequality and Proposition 3.6, we have

107, €) = (0", €M) < 1, &) = @, &) + 1@, ") = (" €")I| < ¢ b+ || F = F|.

Now, define Fy = At ijzo |det Vo' (tn, X) |9 (tn, ' (tn, X)). By the triangle
inequality,

[F —Fy|| < |[F — Fyll + |[Fy — Fi[| < cAt +[|Fy — F .
Therefore, the change of variables (3.21) yields

IFn — FX |

< 2At22/ |det Vo' (tn, X) [N (tn, D n* (tn, X)) — P (tn, D (tn, X)) [2dx

n=0

<cm22 / [ (s ¥) — Wy (b, y) Py = At — P

under the assumption At < 1/[|V - ul|. O
PROPOSITION 3.12. Let (p, f), (q,9), (p", f*), and (q", g") be the solutions of
(8.49), (3.50), (3.57), and (3.58), respectively. Then, we have

1 = "1+ llg = g™l < e (1€ ="+ lln —n"[D)-
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Proof. First, we focus on f. Let (p", f%) satisfy (3.51), Then, we have

1= 2 < I F = Pl + 1P = )

Subtracting (3.57) from (3.51) implies
(B" =P = V(" = f1)x" = V) o (Vo (B~ p"), V )
+ (=AY (B =)+ By (= 1)~V gt
= <_T1ﬁf(a- — Uh — f + fh), —%V . I‘h +,8f7"h>

for all (r",r?) € X" x X" We let r" = f — #" and r* = p" — p" in the above and
use the Holder inequality, the e-inequality, and Green’s formula to obtain

1" = B IF + 17" = £213 < elllo — ™17 + 1§ = €"1%) < el — ",

The last inequality results from

_ h2fi _ h ’ _ ¢h)2
lo =" = g [ ([t~ [etar) ax < el - e

Analogously, we have

16" — a1 + 19" = g" 17 < clln —n"[I*.

Finally, we gather Propositions 3.8-3.12 to obtain the following result.

THEOREM 3.13. Let (u, ¢,%,&,n, f,g) denote the solution of the optimality sys-
tem (2.4)-(2.8) and (0", ¢, ph ol f1g") € UM x (@M)2 x VI x xh x Y the
solution of the fully discretized optimality system (3.53)-(3.58). Suppose that At is
sufficiently small. Then,

u—u[2+ ¢ — "2+ |1 — "2 + 1€ — €| + |0 — 0"
HIfF =3+ g —g"F < e (A% +1?).

Proof. Theorems 3.8-3.12 yield

lo =" + [l — &" 17 + [lsp = " |* + 1€ — "] + ]n — 0"
I =1+ llg = g1 < e (A +1?) + cAtu—u"|3,

where ¢ does not depend on At and h. Hence, for sufficiently small At, the result
holds. O

4. Gradient algorithm. In Section 3, we proved that the solution of the dis-
crete optimality system (3.53)—(3.57) converges to the solution of the optimality sys-
tem (2.4)-(2.8). Due to the forward-in-time nature of the state equations and the
backward-in-time nature of the adjoint equations, solving the fully-coupled discrete
optimality system is a formidable task. In most cases, it is more efficient to solve the
optimality system using an optimization iteration for which, at each iteration, the
different components of the discrete optimality system are solved sequentially. Here,
we consider a gradient method for this purpose.
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The discrete functional used in the optimal control problem is defined as
1
(@i, 9") = SIT (" (1.3)) ~ R

« (0% « (&%
S A [\ e 1 e A R / log " dx, (4.1)
Q

where T" = I"T and R" = I"R. Here, for notational simplicity, we omit the subscript
N that represents the number of time steps used in the integrations of ¢" and v".
However, throughout this section, we still have {t,}Y_, as a partition of [0, 1] into
equal intervals At = 1/N with tp = 0 and ¢y = 1.

Let Ju(m) = Ju(¢"(m), fA(m), g"(m)), where m is the iteration counter of the
gradient algorithm and ¢"(m) presents ¢"(1,x) at the m-th iterative step. In the
algorithm, 7 denotes a prescribed tolerance used to test for the convergence of the
functional, s denotes a step-size parameter that is automatically selected by the al-
gorithm, and (f"(0), g"(0)) denotes an initial guess for the controls.

The gradient algorithm proceeds as follows [10].

(a) initialization :

(i) choose 7 and (f"(0),"(0)); set m =0 and s = 1;
(ii) solve for u”*(0) and then ¢"(0) from (3.53) and (3.54), respectively with
(f" g") = (f"(0),g"(0));
(iii) evaluate Jx(0);
(b) main loop;
(iv) set m =m+1;

(v) solve for 4" (m) from (3.55), (n"(m), £"(m)) from (3.56), (f"(m), g"(m))
from (3.57) and (3.58), respectively, with u” = u"(m — 1) and ¢" =

. ¢ (m — 1);

vi) set

frm) = fh(m —1)

—s (—ap A" (m = 1) = f*(m)) + ag (f"(m = 1) = f*(m)))
g"(m) = g"(m—1)

—s (—ag, A(g"(m — 1) — g"(m)) + ag, (9" (m — 1) — g"(m)))

(vii) solve for u”(m) and then ¢"(m) from (3.53) and (3.54), respectively
with (/" 6") = (/" (m). g" (m));
(viii) evaluate Jp(m) = Jh(d)h(m), f(m), g"(m));
(ix) if Jp(m) > Jp(m — 1), set s = 0.5s and go to step (vi); otherwise,
continue;
(x) if [Jp(m) — Jp(m — 1)|/|Jn(m)| > 7, set s = 1.5s and go to step (iv);
otherwise, stop;
The convergence of gradient algorithm is shown in the following theorem.
THEOREM 4.1. Let (u"(m), ¢"(m), " (m),n"(m), " (m), f(m), g"(m)) denote
the m-th iterate of the gradient algorithm. Let (u", ¢" ™ nh " 1. g") denote the
solution of the discrete optimality system (3.53)-(8.57). Then, for At sufficiently
small, there exists a ball B in [X")? whose radius depends on the penalty parameters,
Qfyy OUpyy Qo s Oy 5 Such that, if (£(0),g"(0)) € B, then

(u(m), " (m), 9" (m),n"(m), " (m), f"(m), g" (k)
— (uh7 ¢)h7 ’(/Jh,nh,fh, fh7gh) as M — 0.
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Proof. Recall the classical result in [6]: Let V' be a Hilbert space and let J : V — R
be a functional of class C? which has a local minimum at a point ¢ € V. Suppose that
there are two constants ¢1 and co and a ball B C V centered at g satisfying, for all
091,092 €V and any g € B,

D?J(9)(891,092) < e1lldgalll6g2]l  and  D2J(G)(6g1,091) > c2llognl®,  (4.2)

where D?J is the second Frechét derivative of J. Then, for all go € B, the iterates of
the gradient algorithm converge to g.
For each (f",¢") € (X")?2, the second Frechét derivative of J" is given by

~ ~h ~h
DI (s £, g (P 5, (F 5 )]
_ /Qc*??v(x) VT (T" (¢ (x)) — R") dx

- ~h
[ B0+ (Bx0): VaToT (0 () ) (T () - RY) dx

[ (860 VaT 0k ) (B0 VaT (0 () ) e

h

_ ~h - ~ th
T / an T +apVit-vy 1
Q

Nh:h ~h ~h
+agog g +a_t71Vg v.g +ﬁfh’2

dx,

where u” € U" is the solution of

(V-u", Vv 4 (Vxu, Vx vi) = (fF =1,V -v") + (g", V xv"),  (4.3)

~p =<h ~, ="
for all v € Uh, ¢" satisfies (3.8), the first variations u",u € Y" and ¢", ¢,, € ®"
are solutions of

(V8" V9 4 (Vi Vo ) = (090 4 (7, v x3), (44)

~h ~h ~h ~h =h ~h ~h ~h
<V~U,V~V>+<VXU7VXV>:<f7V‘V>+<g,VXV>, (4.5)

~h
for all Vi, v e u",

T h T h
n _¢n e ~ ~
<+1 — ¢ - Vgu'(¢)) —u" (o)) , ph> =0, Vp'eo"

At (4.6)
b5 (x) =0, inQ,
and
~h ~h .
¢n+1 - ¢n = h h ~h h ~h . ~h h
< At 7¢n'v¢u ((ﬁn)*u (¢n) y P >07 V,D cd (47)
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respectively, and the second variations G" € U" and @ € @ are solutions of

(V3" V-9 +(Vxa", Vx¥") =0, v¥"

cuh (4.8)
and

~ ~ ~h
<At¢ BTl (6) B (B T ou (81)

- ~ 4.9
VR () — b Vit (oh) — T (61, =0 vt ol (49)

$8’(X) =0, in £,
respectively. The equation (4.8) yields 4"

= 0 so that we can omit the last term
uh(qbﬁ) in (4.9).
First we show

c (IF* 12+ 1g"117) < D2 (P £ g™ "), (7. 9"
By using the final condition of ¥% at t = 1 in (3.55) and the Holder inequality, the
second Frechét derivative of J" becomes

D?Jhw?v;fh,gh)[(fh@h),(fh@h)} - / () -l (x)

+ [ Bt) - (Fh60- Vo Vo (6h(0)) (T"(6(00) ~ R dx
+ [ (¢N<x> - v¢Th<¢7v<x>>)2

(4.10)
; SR 7,
+ [ anlPP  ap VIR + gl + g [V + 510

We first choose p" = 4/, in (4.9). Then equation (3.55) at ¢, multiplied by ¢”
G- = Bl - (Prhyy + AtV eu" (S1)Y) 1)
and ((i)ﬁ . V¢uh(¢2)) ph = (;bh (Vou"(¢)y! ) change the equation (4.9)
[ whaix= [ Gh-whix
Q Q
¢ [ (- (@hVsT o () + 28] Vi (@) - 61

Induction, the initial condition $’3 = 0, and the Holder inequality yield
[ 84 vhin a1y
Q

-ary / (B (BVoVau' (@) + 20, - Vo (9])) - 9y
2 AtZ{(/ witapax) ([ 1) ( [ whattax)
rmare) (L) ()
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We recall the change of variables (3.60):
|det Vol| > |2 — At|V - u"|| o |* (4.12)

that implies

/|V2 "(@h)[Pdx < A% VZa"|? and /|V¢ (@0)Pdx <" Va|?, (4.13)

where v = 1/]2 — At||V - u?|||.

Now, we consider the term [[9}, [|r1). In (3.55) at t = ¢, we multiply by
(1p1)3 to the equation and integrate it over (2. Applying the Holder inequality, the
change of variables (4.12), and the inverse inequality (3.11) results in

21710

<N llzs@ Rl + AV (@)l 2@ 195 oo 190 17120
k _

<kl s@ IR 2 ) + A2 V|| g s @yerh ™ k174 q)-

The above inequality, induction, and the final condition in (3.55) with the change of
variables used in (4.13) provide

[kl < (L4 e Ath™ [Va |y ) [ s o)

N—1
< T 0+ crath™ [V |y 2) [[95 l Lo oy

z 3
Dyl

< (14 et Ath~ V" |y E) Crpy T VT | pay,  (4.14)
k

m

where Crp = || T"|| o + ||Rh||OO
Analogously, for ||@}||1s(q), we set p" = (¢}, ;)7 in (4.6) to obtain

%1125y < NDkllLs @ ldR 411 Ts ) (4.15)

+AtQ|v¢u (@I 1981250 |8 a7 s g 1" <¢z>|Ls<m||$z+1||zsm)).

Applying the inverse inequality ||| s < c2h™ 71l o3 (e, dividing by 1@}, 175
on both sides of the inequality (4.15), the change of variables (4.12), the Sobolev
imbedding theorem || - |[ps) < c3|| - |g1(q), induction, and the initial condition
$8 = 0 result in

A

1Bkl < (1+ cath™ [ Vou (S)) I BLlIsie) + AT (1) s
(1+ eAh™ Va8 ) @4l ooy + ¥ At (4.16)

k - 2
. SH |G || 3 () + <bk + Z bm ( H al)) [a" (|,
m=0

m=0 l=m+1

IN
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where a; = 1+ co Ath™||Vu|y2 and b, = c37¥ At
We use a similar process as that in (4.16) to obtain the L*-norm bound:

N N
H(»ZSRIHL“(Q) < (le> (Z Qm> ||ﬁh||17 (417)
=1 m=0

where p, = 1 + c4Ath~!||[Vu"|y% and g = c57% At with constants ¢4 and ¢5 from
I 1312y < cah M 340 and | - [lzao) < sl - |1, respectively.

Let ¢ = max{cy, 2, ¢4 }. Then, gathering (4.13), (4.14), (4.16), (4.17) and apply-
ing them to (4.11) yields

N
[ b whx =~ {2F [V 4B} vy ¥ Crnes]| 9Ty
Q k=0

+ 298 | Vi)| - Al - Ay ¥ Craes | VT |

N
> —ar> {E ¥ R Co A7 (IVPu" | AB} + 2B)) },
k=0
where Ay = Hle (1 + /C\Ath_lHVuhH'y%), By, = c3At an207%7

By = cs At an:O v%, and Cy = Crges||VT!;.
Suppose we choose At satisfying

€2 +2 —1 1 h
At < ' _ 4.18
< o e aee) (4.18)
for € € (v2 — 1, ¥5=1] ~ (0.4142,0.6810]. Then,
1+e\2 €2 +2 —1 1—¢€
< 1 d eAth! Rl < < ) 4.19
v<(57) <1 and  @AnvVul| < i Sire (4.19)

Similarly to (3.67), we have A < H;Zl (1 + %Z . (1J2r€)m> < e. Thus, we have
A2 < e? and
— 2 3A2 | 2e5At
||V2uh||AkB,% +2B; < HVQlth e Cc3 - Cs 1
1—~1 1—~1
442242 (cBcge(l—e)
= +cs5 )
1—¢ c(l+e

2A¢t (c%c@' e(l—e¢)

<
c+o +C5> < At

T 1—ni
where the constant cg stems from an inverse inequality | V2u"|| < cgh™!||Vu”|.
Hence, we have

a3, (4.20)

— €

N
b G 2
By - whdx = —APE Y] 0% = —APE
Q pors
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_ 1 2 _
where K = €2 - csCrp||VTh||y (15) 287 - 1422t (63?(615:6)6) + 65) and therefore

[ B0 500+ Bl o) (B ) TET (8 () (T (0 ) — RY) i

> /Q Bl () - Wy (x)dx — Crrl| By 24y I3 T (@l ()]
—AP K @R, (4.21)

Y

where K = K; + Ko with K = 2K1/(1 —¢€) and Ky = Crg - €*- 11 2 (1'2*'6)ﬁ .
V2"

Now, we use the following regularity result for (4.4) to complete the proof of the
coercivity of D?J": there exists a constant C such that

["F < CUM I+ 13" 1)- (4.22)

Therefore, (4.22) with (4.21) yields

D" (@h: £, g, (7.5
~ ~ ~ 2
> [ SR wh(x)dx— Cr |4 + [ (Sh60- ToT" (@) dx
Q Q

7 7 N - 1712
gl /P A+ an VNP + age 19" 17 + ag, IV 1> + ﬁwsz
(oo}
> ||.]7h||2 —A QKG Th2 v~h 2
> | ag +6Hfh\|2 t IF1° + apn V2
+ (ag, = APKC) |31 + o, [IVG" 1%, (4.23)

where Crp, = Crr|[VET($R)|| < Cray® |V2T|| < Crr (42) > | V2T

1
<2(| T3 + |R[3) (1<) 27, if At is sufficiently small so that it satisfies

LIV
[FAES 90 (4.24)

af, +
KC 'VKC

0

w wh

At < min , ,
- IV-u"o * €Vl

is a sufficient condition, not a necessary condition. Here, (€2 4+ 2¢ — 1)/(1 + ¢)? an

where @ = (€2 +2¢ —1)/(1 + €)%, Of course, the constraint on the time step in (4.24)
2
Jg_ .

K = K + K5 are monotonely increasing with respect to € when € is in (\/i— 1, 1]
1
However, for fixed ¢, the value of K decreases as At — 0 because of the term (1'2*'6) At

in K.
Now, we show

- ~h _ ~ ~h ~
D2l £, TG, (F 23 )1 < e (I 1+ 18 DAF |+ 15" 1).
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By the Holder inequality,

- ~h _
D2 (gl £ (PG (F .G
~ - ~h
< /Q B - plidx + Opr | VT8 | 18h sy bl zace

~ ~h
+ IV T" (031710 |6 % 123 () | D Il

1713

The following holds by (4.13)—(4.14), (4.16), and (4.17):

Blr"2 “h ~h =h =h
+ | agp + +ayg, +ag, +ag, | (1L + g™ 1O)AF e+ 1g [)-

| B
Q
a o (5 hy ih he Mo M h
= Atz (¢k'(¢k “VgVoeu (¢k)>+¢k'v¢u (Pp)+dp-Veu (¢k)) Py
k=0

< ALK &L T 195
< a1 fla . (4.25)

Also, the inequality (4.17) and a change of variables yield

~ ~h
(CralV3T" @) + V6T (SR s ) Bk lrsce e

< ALK T 4.26
< sl [1f[a |, (4.26)

1 22
where K3 = (1) 3% (Crg|V2TH| + 2| VT"|?) 225, Again, the regularity results

~h ~h ~h
(4.22) and [ ||2 < e(||f I?+|lg ||?) with (4.25) and (4.26) imply

-~ ~h _ ~ ~h ~
D27 (s £ TG, (F 2301 < Ko (1P + 18D 11+ 131, (4.27)

~ Th2
where Ky = cCAt* (K + K3) + ay, + % +ap +ag +ag.

Hence (4.23) and (4.27) imply (4.2) and thus the gradient algorithm converges if

(f*(0),¢"(0)) € B. O
In Section 3, we showed the convergence of the solution of the discrete optimality
system (3.53)—(3.57) to the solution of the optimality system (2.4)-(2.8), i.e.,

(uh’ ¢}]7§[7/’7b]h\l]’£h’nh’ fh7gh) - (u7 ¢7¢’£7 /r}’ f’ g)

as h, At = 1/N — 0. Theorem 4.1 shows that the iterates of the gradient algorithm
coverage to the discrete solution, i.e.,

(u"(m), @ (m), i (m), €" (m), 0" (m), f*(m), g"(m)) — (0", @, ik, " 1", ", g"),

as m — oo. Therefore, the approximations from discrete gradient method converges
to the solution of the optimal system, i.e.,

(u”(m), ¢ (m), i (m), £" (m),n"(m), f"(m), g"(m)) — (u, @, 9, &1, f,9),

as h, At — 0 and m — oo.
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5. Conclusions. In previous work [12], we apply the grid deformation method
and the Lagrange multiplier rule to derive an optimality system that can be used to
solve the image registration problem, i.e., to find an optimal transformation that min-
imizes a dissimilarity measure between the mapping of one given image and another
given image. As far as we know, this is the first time this approach is used for the im-
age registration problem. In [12], we also provide the results of several computational
experiments that illustrate the effectiveness of our approach.

This paper defines finite element discretizations of the optimality system and
analyzes the convergence of the approximate solutions. As a bonus, our work provides
the first thorough analysis of the grid deformation method introduced in [3, 13, 16].
For practical reasons, we define a gradient method to uncouple the components of the
discretized optimality system and prove the convergence of that iterative method.

In future work, we will explore more sophisticated uncoupling strategies for solv-
ing the discretized optimality system that should improve on the efficiency of the
gradient method. We will also explore the use of multigrid methods to improve the
efficiency of the solution of the individual components of the discretized optimality
system.
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