A MIXED METHOD FOR THE BIHARMONIC PROBLEM BASED ON
A SYSTEM OF FIRST-ORDER EQUATIONS

EDWIN M. BEHRENS AND JOHNNY GUZMAN

ABSTRACT. We introduce a new mixed method for the biharmonic problem. The method
is based on a formulation where the biharmonic problem is re-written as a system of four
first-order equations. A hybrid form of the method is introduced which allows to reduce
the globally coupled degrees of freedom to only those associated with Lagrange multipliers
which approximate the solution and its derivative at the faces of the triangulation. For k >
1 a projection of the primal variable error superconverges with order k 4 3 while the error
itself converges with order k + 1 only. This fact is exploited by using local postprocessing
techniques that produce new approximations to the primal variable converging with order
k + 3. We provide numerical experiments that validate our theoretical results.

1. INTRODUCTION

We consider the biharmonic problem

Nu=f inQ, (1.1a)
u=0 on 09, (1.1b)
Vu-n =0 on 05, (1.1c)

where Q C R?is a polyhedral domain and f € L%(€2). Our method is based on the following
formulation of the above problem

q=Vu, z=Vq in{,
o=V z, Veo=f in €,
u=0, g-n=0 on 0S.

Following our convention (Vq);; = 0,,(q;) for 1 < i, j < d where g; is the i-th component
of g. Moreover, (V- z); = Z;l:l aijij where the z;; is the ¢j-entry of z. The method we
propose will approximate u, q, z, o simultaneously. However, we introduce a hybrid form of
the mixed method that will allow us to eliminate all the interior variables locally to obtain
a system for the Lagrange multipliers which approximate v and g on the interfaces of the
triangulation.

There are several mixed methods for the biharmonic problem; see [14, 28, 24, 1]. They
are based on introducing the variable z = Aw or the variable z = V(Vu). For example,
the Ciarlet and Raviart (C-R) method [14] chooses as unknowns u and Awu and obtains a
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coupled system of Poisson problems. Therefore, piece-wise continuous approximations are
used for both variables. The error analysis of the C-R method can be found in [25, 4, 39, 38].
Optimal convergence rates for the approximation to u are obtained however sub-optimal
convergence rates are proved for the approximation to Au. More precisely, assuming certain
L smoothness assumptions on the derivatives of the solutions, the approximation to Au
convergences with rate h*~'/2 if piecewise polynomials of degree k are used; see [39]. It is
well known that this result is in fact sharp. However, Scholz [38] proved that in fixed sub-
domains optimal convergence rates can be recovered. The discontinuous Galerkin method
introduced by Gudi et al. [26] is related to the C-R method.

On the other hand, the Hellan-Herrmann-Johnson (HHJ) method analyzed by John-
son [28] takes as the new unknown z = V(Vu). The method uses continuous piecewise
polynomial approximations to u of degree k and normal-normal continuous symmetric ap-
proximations to z of degree k — 1. For this method optimal error estimates are proved for
both variables. Moreover, by using the hybrid form of the method one can eliminate the
approximation to z locally to get a final system involving the approximation to u (which is
continuous) and a Lagrange multiplier that approximates the normal components of u on
the interfaces of the triangulation. Moreover, one can postprocess the approximate solution
locally to get a new approximation to u which converges with order k + 2; see [22, 41]. We
would like to mention that as far as we know optimal estimates have only been proving
in two dimensions for the HHJ method. Scapolla [35] introduced a related rectangular
element.

Recently a hybridizable discontinuous Galerkin (HDG) method was developed by Cock-
burn et al. [16] for the biharmonic problem based on an HDG method for second-order
problems [17]. Similar to the C-R method it has as unknowns u, and Awu, but in addition
it also approximates Vu and VAu. In fact, equal order approximations where used for all
the variables. Optimal error estimates were proved for v and Vu; however, similar to the
C-R method, only sub-optimal error estimates where obtained for Au. Nonetheless, the
approximation to Au converges with order k + 1/2 when polynomials of degree k are used
which is an improvement of the C-R method which converges with order k£ — 1/2. How-
ever, again, L regularity of higher order derivatives of the exact solution were assumed.
A postprocessing technique was used to compute locally a new approximation to u that
converges with order k + 2 for £ > 1. Also, hybridization of the method was discussed
that shows that the only globally coupled degrees of freedom are those of the Lagrange
multipliers that approximate u and Awu on the interfaces of the triangulation. We would
like to mention that HDG methods are similar to mixed methods in their hybrid form; see
[20]. In fact, mixed method techniques were used to analyze HDG methods in [21].

In search of a method that would see an improvement on convergence rates as compared
to the method in [16], while retaining some of the positive properties of that method we
devised the method we present in this paper. Indeed, our method will approximate the
second derivatives of u, namely z, with optimal order k 4+ 1 while assuming the correct
regularity for z. Moreover, the hybrid form of our method will allow us to eliminate all the
variables local to obtain a final system for Lagrange multipliers that approximate u and q
on the interfaces of the triangulation. Finally, we also develop a postprocessing technique
that produces a new approximation to u that converges with order k+3 for £ > 1 compared
to order k + 2 obtained for the method in [16] and the HHJ method.
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Our method uses the formulation used by HHJ method, but instead writes the problem
as four first-order equations instead of two second-order equations. In fact, our method and
the HHJ method achieve optimal convergence rates for the approximation of z whereas the
C-R method and the method in [16] converge in a sub-optimal way to Aw.

There are of course many methods that are based on the primal formulation. These
methods only have the approximation to v as an unknown. Among these methods is the
classical non-conforming Morley element; [30, 29]. There is also many DG methods based
on the primal formulation [5, 10, 31, 23]. We should mention that there are mixed methods
that do not have the approximation to z = V(Vu) or z = Au as an unknown; see for
example [7, 8.

In two dimensions the biharmonic problem (1.1) is a model of a clamped plate under
a vertical load. In [6] we extend our methodology to the Reissner-Mindlin plate model,
a more complicated plate model. In fact, in the Reissner-Mindlin plate problem, we will
have direct approximations to the transverse displacement, rotation, bending moment, and
shear stress. The biharmonic problem also has a connection to the Stokes problem as the
stream function satisfies the biharmonic equation.

The paper is organized as follows. In the next section we present our method. In
Section 3 we provide error estimates. In the fourth section postprocessing is discussed. In
Section 5 the hybrid form of the mixed method is presented. Section 6 contains a different
analysis based on Helmholtz decomposition. Section 7 contains numerical experiments.
Finally, in the last section we conclude with a few final remarks including a discussion on
different choices of finite element spaces.

2. THE METHOD

We assume that T), is a shape-regular simplicial decompositions of 2. Moreover, we
define the following function spaces.

Wi ={w € L*(Q) : w|g € P*(K), for all K € T),},
Q, ={m € L*(Q) : m|x € P*(K), for all K € T},
¥, ={v € H(div,Q) : v|x € RT*(K) for all K € T},},
Z, ={s € H(div,Q): each row of s belongs to X}.
We will also need the space
Wi ={we L*Q): w|g € PK), forall K € Tp,}, (> —1.
Here L*(Q) = [L*(Q)]?. The space of polynomials of degree less than or equal to
k > 0 is denoted by P¥(K) and P*(K) = [P¥(K)]¢. Furthermore, we let P~(K) := {0}.
The space RT*(K) = P*(K) + P*(K)x is the Raviart-Thomas space of index k. Finally,
H(div, ) denotes all d x d matrix-valued functions such that each row belongs to the
space H (div, ).
The finite element method finds (up, qy, 25, 0n) € Wi X Q), X Z, X X, that satisfy

(qp,v) + (un, V- v) =0 (2.2a)
(2,8) + (g, V-5) =0 (2.2b)
—(on,m)+ (m,V - z,) =0 (2.2¢)
(w, V- on) =(f,w) (2.2d)
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for all (w,m,s,v) € W) x Q) X Z, x X
For matrix-valued functions we used the notation

(2,8) == Y (2,8)k, where (z,8)k :=/ z(z)

KeT, K

0 s(x)de,

where : is the Froebenius inner product. For vector-valued and scalar-valued functions we

take a similar definition.

Since u = 0 on 0 it will also be true that the tangential component of q is equal to
zero at the 0. Hence, q vanishes on 0f) and this will make the above equations consistent.
We prove that the method is well defined, but we first state a standard result. For the

proof in two dimensions see for example [19].

Proposition 2.1. Ifv € X, and V-v € W™ then v € , N Q,,.

Theorem 2.2. The mized method (2.2) is well defined.

Proof. Since (2.2) is a square linear system it is enough to prove uniqueness. To this end,

we assume that f = 0 and we have

|21l 720y = —(@1: V- 2,) by (2:2b)
= —(on ) by (2.2¢)
= (up, V- op) by (2.2a)
= 0. by (2.2d)

This shows that z, = 0. From (2.2b) we get
(g, V-8)=0, forallseZ,.

By the property of the Raviart-Thomas space we have that the divergence operator is onto
from Z, to Qy; see [13]. Hence, g;, = 0. Similarly, we conclude that u; = 0 since by (2.2a)

we have
(up,V-v) =0, forall ve3,.

Finally, from (2.2d) we easily get that V - o, = 0 and by Proposition 2.1 we have

o, € ¥, NQ,. Hence, using (2.2c) we obtain o) = 0.

3. ERROR ESTIMATES

O

In this section we prove error estimates for all the variables. We start by writing the

error equations

(q—gqy,v)+ (u—up, V-v) =0, (3.3a)
(z—24,8)+(qa—q, V- s) =0, (3.3b)
—(o—onm)+(m,V-(z—2z,)) =0, (3.3¢)
(w,V- (o —op)) =0, (3.3d)

for all (w,m,v,s) € W) x Q) X Xp, X Z, .
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We also need to define some projections. We let II : H(div,) N LP(Q) — X, (for
p > 2) be the Raviart-Thomas projection [34, 32] of index k defined by on each K € T} by

(Ilo — o,v)g =0 for all v € P*1(K), (3.4a)
(ITe — o) - n, ,u>p =0 forall pe ?k(F), for all faces F of K. (3.4b)
Here we used the notation (u, m)p = [ (s s. Moreover, we let IT denote the matrix

version of IT as it acts on matrlx Valued functlons Where IT acts on each row. We let P be
the L2-projection onto Q. We let P° be the L?-projection onto piecewise constant vector-
valued functions. Finally, P is the L?-projection onto W), and P’ is the L2-projection onto
W{. Throughout this paper we will assume that o belongs to the domain of IT and z
belongs to the domain of IT.

We will need a few properties of Il. First, the commutative property says

V-(Ile)=PV 0. (3.5)
The following approximation properties hold
o — o2 < 5 o assc. (3.6)

for 0<r<kand K € T}.
Before proving the error estimates we prove an important lemma that gives error esti-
mates for q in terms of z.

Lemma 3.1. There exists a constant C' such that

I(Pq — ) — P’(q — an)llr2x) < Chicllz = 23|l 2 (x0), (3.7)
for all K € T,. Here hy is the diameter of K. Moreover, we have the global estimate
1Pq— qpllr20) < Cllz — 24l r2(0)- (3.8)

Proof. It is well known that there exists a ¢ € H'(K) such that
V-¢=(Pg—gq,)—Plg—q,) nk
P =0 on 0K
with
2]l ) < C(Pa — ay) — P°(q — @)l z2(x)-
Since (Pq — q,,) — P%(q — q;,) € P*(K), (3.5) gives us that
V- (y) = (Pq—q,) — P'(q—q)) ik,
(IyY)n =0 on 0K,

where we also used (3.4b).
By (3.3b) we have

I(Pq —q,) — P°(q — q)ll72) = (Pq—q,) — P°(q¢ —q,,), V- (%)) k
(Pq—q,, V- (Y))k

(q —q;,, V- (Y))k

—(z =z, OY)k

z = zpllz2() [ || L2 (k)

< |
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In the second equation we used integration by parts, the fact that V.P°(q —q,) =0 on K,
and that (II®)n = 0 on 0K . Next we use the approximation property (3.6) and Poincare’s
inequality to get

| T r2(ry < || Y — ¥ 22050y + |9 22()
< Chgl|¥| mr)
< Chil(Pq—q,) — P°(q — ;)| 2()-

This proves (3.7). The proof of (3.8) is similar, but instead there exists a globally defined
% (not necessarily with zero boundary conditions) with right-hand side Pq — gq,. O

3.1. Error estimates for z. We start this section by stating the main theorem of this
section plus a simple corollary.

Theorem 3.2. We have

1/2
1z = 2|2 <Clz — Oz 1200) + C < Z hil*||lo — HUH%Z(K)) :

KeT,
where j, =0 if k=0 and jr =1 if k > 1.
The following corollary easily follows from this theorem.
Corollary 3.3. If k > 1, then for any 1 <r < k we have
Iz = 2l 2@ < C R |2l @),

and for k =0 we have

12 = zpllz2(0) < Chl|z][n20)-

We see that this gives optimal error estimates. However, more regularity as compared
to the interpolation error is required for the case £ = 0. In a later section we will see how
to improve this in two and three dimensions.

Before proving Theorem 3.2 we first prove a simple but important lemma.

Lemma 3.4. We have,
V.-(Ilo —o0,) =0, (3.9)

and
Mo -0, € X, NAQ,. (3.10)

Proof. Using (3.3d) and (3.5) we have
(V-(Ile — o), w) =0 for all w € W,
This proves (3.9), and (3.10) follows from Proposition 2.1. O

In the remainder of this section we prove Theorem 3.2.
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Proof. (Theorem 3.2)
We have

=\4dz — 2,11z —2p) — O-_O-hapq_qh) by<33C)
=z -z, Iz — z,) — (6 — o, Pq — q,,)
—(Mlo — 4,9 — q)) by (3.10)
—(Hz - 2,0z - z,) - (0 ~ o, P — q,)
+ (Pu—up, V- (Ilo — o4)) by (3.3a)
=z — 2,11z — z,) — (0 —lo, Pq — q,,) by (3.3d).
Hence, we obtain
|z — 2,72 = (Hz — 2,z - z,) — (0 — o, Pq — q,,). (3.11)
To bound the last term we first consider the case k > 1
—(0 —To,Pq—q,) = Y  —(0—Tlo,Pq—q, — P’(q— q,))x by (3.4a)
KeTy,
< o —Ho|2m0)|Pq — g, — P°(q — qy)ll2x)
KeTy,
<C Y hkllo — Mol 200z = 2l 200 by (3.7)
KeTy,
1/2
<C|lz = zllr2() <Z hillo — HUHL?(K)) .
KeTy,

Combining this inequality with (3.11) proves the theorem for £ > 1. For k£ = 0, we instead
use (3.8) to get

(0 —Ilo, Pq —q,) < Cllz — 2zl 2 () lo — o[ 12(e),
which combined with (3.11) will prove the theorem for k£ = 0. O
3.2. Error estimate for ¢ and o. The next theorem is a consequence of Theorem 3.2.

Theorem 3.5. If k > 1, then for any 1 < r < k, we have

lg — @ulliz@) < CH 2|l pro)- (3.12)
and for k=0
g = gnllz2) < Chliz]lu2@)- (3.13)
Also,
To — onllr k) < |V - (Hz — z,)||l2) + 1Ho — || L2 x) (3.14)

for all K € Ty,
If we assume the mesh is quasi-uniform then for k > 1 and any 1 < r < k we have

||0' — O'hHLQ(Q) S Ch" ||§||Hr+1(g) (315)
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Before proving this theorem we make a few remarks. From this theorem we see that we
get optimal estimates for q for any £ > 0. However, we get sub-optimal estimates for o.
Later we show that || Pq — q,||12(q) converges with order k 4 2 for £ > 1 on quasi-uniform
meshes.

Proof. (Theorem 3.5)
By (3.8) we have
lg = anllr2e) < C(llz — zullr20) + lg = Pall120)),

which proves (3.13) after we use Corollary 3.3 and approximation properties of P.
In order to prove (3.14) we use (3.10) and in (3.3c) we choose m|x = (Ilo — o) |k
and define m = 0 outside of K to get

|ITlo — O'hH%z(K) =Ilo —o,m)+ (0 — oy, m)
=Moo —o,m)+ (V-(z—2,),m)
:(HU - U>m) + (V : (1_75 - Eh)>m)>

where we used (3.5). This proves (3.14).
We can then use inverse estimates and Corollary 3.3 to get

IV - (z = zp) 12 < Ch" || 2] 510
This with (3.6) proves (3.15). O

3.3. Error estimate for u. We prove estimates for u via a duality argument.
Consider the dual problem

N9 =~ inQ, (3.16a)
=0 on 09, (3.16Db)
VO-n=0 on oS (3.16¢)

In order to get the best possible estimates we assume the following elliptic regularity
result

10 ) < ClIvllzoe)- (3.17)
Such estimates are known to hold for polygonal domains with inner-angle conditions; see
[9]. Moreover, we assume that £ belongs to the domain of IT and ¢ belongs to the domain
of IT where ¢ = V#, € =Vip and ¢ = V - €.
We first prove an estimate for Pk‘l(u —uy,) for k> 1 then we prove a weaker estimate
for Pu — uy,.

Theorem 3.6. Assuming the regularity result (3.17) and that & and ¢ belong to the do-
mains of IT and I1, respectively, we have for k > 1

1P an)ll ey < CH3( ooy + 2o,
forany 1 <r <k.

Before we present the proof, we note that this is a superconvergent result which shows
that P~1(u — uy) converges with two orders higher than the optimal order k + 1.
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Proof. We let 6 solve (3.16) with v = P*~1(u — uy,). Note that by (3.5) V - (Ilp) = 7.
Since v € W™, Proposition (2.1) give us that

Iy € ¥, N Q,,. (3.18)
We have that

1P*H (= un) |20y =(P* (w = un), V - §)
(P u—un), V- (T1¢))
(u—un, V - (I1)),

where we used (3.5). Then,

1P (u — up)|[720) =—(q — qn, T19)) by (3.3a)

=—(Pq — q;,,11¢) by (3.18)
=—(Pq—q,,¢)—(Pq—q,,11¢ — ¢)
=—(Pgq—q,,V-£§—(Pq—gq,1l¢—9¢) since V- § = ¢
=—(Pq—q,,V-(§))—(Pq—q,,I1¢ —¢) by (3.5)

—(z — 2, &)~ (Pq — q;,11¢ — ¢) by (3.3b)

=(z — 25, V) +(z — 2, I — §)

—(Pq —q,,11¢ — ¢). since Vip = §
Moreover,
(z—2z,, V) =—(V - (2 —2z,), ) integration by parts, ¥ = 0 on 0

V- (z—2z,). PY)
V- (z—2z,),¢— Py)

—(V-(z—2z,)% — Py) by (3.3c)

—(o, 19 — Pv) definition of P, V - z = o.

We show the first term in the right is zero. Indeed,

(Ilo — oy, PyY) =(Ilo — o, ) property of P and (3.10)
=Ilo — o, V0) since @ = V6
=— (V- (Ile — o},),6) since # =0 on 0N
0. by (3.9)
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Moreover, using (3.5), the fact that VO = 1 and V - o = f, and the properties of the

L?-projections P and P we get
(o — o, PY) + (o, — P)

(ITo, v — Py) + (o — 1o, VO)
(Mo, — Py) — (V- (o0 —Ilo),0)
(Ilo, 9 — Py) — (

(
(

for any v € Q,,.
Therefore,

Also, using (3.4a) we have
(Pq—q,,11¢ — ¢) = (Pq —q, — P’(q — q,),11¢p — ¢),
where we used that £ > 1. Hence,
1P (w = un) |72y = — (o — v, — Pyp) + (f — Pf,0 — Pf)
+(z — 2z, € - §)
~(Pq—q,— P'(q—q,),1lp - ¢),

for any v € Q,,.
It is not difficult to show that

inf |IIo —vl|12q) < CRYV - allmr) = CL™ fllar o),

ve Qh

for any 0 < r < k; see for instance (vi) of Proposition 2.1 in [18] .
Therefore,

1P (u = un) 72 <C R Fllar@ 19l a2
+ C | fll 10l 22
+C 2|z = zpll 2@ 1€l 2 )
+ C Wz — zpll 2l @l @),

V.-o—-PV-0,0)

HU—U,l/)—P@/))_(f—Pfae—Pe),

(3.19)

for 0 < r < k. Here we used (3.7), (3.8) and approximation properties of IT. If we use the

regularity assumption (3.17) and Corollary 3.3 we arrive at our result.

O

We would like to note that if one inspects the proof we can replace || f||gr+1(q) with

| f1l =1y in the above estimate for k& > 3.

Next we prove an estimate for Pu — wj,. The result will show that ||[Pu — upl|r2(0)

converges with order k£ 4+ 2. Numerical experiments show that this in fact is sharp.

Theorem 3.7. Assuming the regularity result (3.17) and that & and ¢ belong to the do-

mains of IT and I1, respectively, we have for k > 1
1Pu = upllr2) < CH 2| fllari) + |2l m0),s
forany 1 <r <k.
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If k=0
1Pu—unl| 2 < CR(| fllare) + 2] m2@)-
Before proving this result we note that this theorem give us that ||[u — us||z2(q) con-
verges with optimal order k£ + 1. This follows easily from the above result and the triangle

inequality. Also, we see that Pu — uy is superconvergent with one order higher than the
optimal order.

Proof. (Theorem 3.7) We let v = Pu — uy, in (3.16). Similar to the proof of Theorem 3.6
we can easily show that

— (o — v, Py — ) + (f — Pf,0 — P)
— (2 -2, 0§ -§)

+ (Pq — q,,,11¢ — ¢)

+(q — Pq,11¢ — P9),

for any v € Q,. Note that the last term appears here and not in the estimate of P*~!(u—uy,)
in Theorem 3.6. This is indeed the term that reduces the order of convergence of Pu — uy,
to k + 2.

It easily follows that

[1Pu — unll 220y <C R 2| fllar @]l m o)
+ C R fllarr @10l @
+ Chllz = 24l 2() 1€l 71 @)
+ Ch||Pq — g2 l|@llm (o)
+ C hllq — Pq| 2ol @l 110,

where we used (3.19). Finally, our result now follows if we use (3.13) and Corollary 3.3. O

| Pu — Uh||%2(9) =

3.4. Error Estimates for Pq — q;,. In this section we prove superconvergence results for
Pq — q;, with k£ > 1 and quasi-uniform meshes in two and three dimensions. We start with
a lemma.

Lemma 3.8. Let I be the common face of two elements K, K' € T,. Then

|(Pq — )k — (Pq — a,)|xl| 2y < Chil®l|z = 2yl z2gaeomen, (3.20)
where hg s the diameter of F'. Moreover, if F' is a face of K € Ty and F belongs to the
boundary 0S) then

1Pg — apllar) < C 1|1z = 2l 20 (3.21)
Proof. We only prove (3.20). To this end, let r = (Pq — q;,)|x — (Pq — q;,)|x and define
s € Z, in the following way: First, s|x € RT"(K) solves

(s,v)k =0 for all v € P*(K), (3.22a)
(snp, w)p = (7, p)p for all p € PH(F), (3.22Db)
(smy, e =0, for all u € P¥(@G), for all faces G of K and G # F, (3.22¢)

where here ng is the outward unit normal to K. Here Mk(K ) is the set of matrix-valued
functions such that each row belongs to RT*(K).
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Define s|x € RT*(K')

(s,v)g =0 for all v € P* (K", (3.23a)
(sngr, wyp = —(r, p)p for all p € PH(F), (3.23b)
(sng,p)g =0 for all u € P¥(@), for all faces G of K’ and G # F,  (3.23c)

where here ny is the outward unit normal to K.
Finally, set

slovkur = 0. (3.24)
A standard scaling argument gives
Isll2wumn < C (el e, (3.25)
Hence, we have
17|72y =(r, )
=(r,sng)r by (3.22b)
=((Pq — q,)lx,snx)r + (Pq — q,)|xr, snc)

=/ (Pq —qy) - sng +/ (Pq—q;) - sng
OK oK'

3.22¢),(3.23¢)

by (
=(Pq —q,,,V-8)k +(Pq—q,,V -8k by (3.22a), (3.23a)
=(Pq —q,,,V-s) by (3.24)
=—(z—2p,3) by (3.3b)
=—(z2—2,,8)k — (2—2p,8)K"- by (3.24)
Therefore,
7]l 2r) < |2 — 24l 20K |8l L2 (UK -
The result now follows if we apply (3.25). O

We can now state the main results of this section.

Theorem 3.9. For k > 1 we have
1 _
|1Pq — qyll2(0) S Chllz — 2|20 + C( Z h—2||Pk Yu — uh)”%Z(K))l/z'
KeT, K

Before proving this we can state a simple consequence that follows from Corollary 3.3
and Theorem 3.6.

Corollary 3.10. Suppose the hypotheses of Theorem 3.6 hold. Furthermore, assume the
mesh Ty, 1s quasi-uniform. Then, for k> 1

1Pq — qul120) < C R (|2l e + 1l amn(e),
for1 <r<k.

Note that this shows that Pq — g, is superconvergent with one order higher than the
optimal order.
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Proof. (Theorem 3.9)

We need some notation. Let ' be the common face of K € T, and K’ € T3,. Let v
be the restriction of v|x to F' and vg: be the restriction of v|xs to F. Define {v} and [v]
on [ as

{’U}} = (’UK + ’UK/) [[’U]] = Vg Mg+ Vg - Nk, (326)

where ny is the outward unlt normal to K and ng is the outward unit-normal to K.
We let » = Pq—q,,. Using this notation define a function w € 3, NQ),, in the following
way: For every K € Tj, define w|x € P¥(K) as the unique solution to

(w,v) = (r,v) for all v € N* 1 (K), (3.27a)
(w-ng,wr={r} ng,pr forall pe P(F) and all faces F of K, (3.27b)

where ng is the outward unit normal to K. Here N*'(K) is the Nédélec space of index
k —1; see [33]. On each element K € T}, we have

(w—7r,v)g =0 for all v € N* 1K), (3.28a)
1
((w=7) ng,urp= —(5[[7“]],,@1: for all 4 € P*(F), and all faces F of K (3.28b)

A scaling argument then gives
lw = 7lzz) < Chl el or.
However, by Lemma 3.8 we have
lw = 7ll2g) < Che > 1z = zall2e, (3.29)
K'eD(K)

where D(K) denotes the set of all K’ € T}, that share a face with K.
We can then write

7] 72() =(r, w) + (7,7 — w)
=(q —q),w) + (r,r — w) since w € @),
—(u—up,V-w)+(r,r—w) since w € ¥, and (3.3a)
—(P" Y (u—up),V-w)+ (r,r —w). since w € Q,
We first bound the first term on the right hand side using an inverse estimate

(P Yu—up), V- w) =— Z (P (u —up), V- 1)k

KeTy,

— Z (P (u —up), V- (w— 7))k

KGTh

< Z ||Pk Hu = un)ll 2y 7l 2y
KGTh

+ 3 P ) —
KGTh

Also, we have
(r,r —w) < |[7llr2q) |7 — w2
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Hence,
1 _
I7llz2 @ < Cllr = wllzz@ +C (D h_2||Pk Hu = un) |2 0)) 2.
KeT, K
The result now follows if we apply (3.29).

4. POSTPROCESSING

Postprocessing solutions of mixed methods have been widely used; see for example
[2, 41]. Here we give a postprocessed approximation to u which is calculated locally on
each element K € T;. First, we provide the postprocessed approximation for £ > 2 which
converges with order k + 3. Then, we give a postprocessing technique for g that converges
with order k£ + 2. Finally, we give postprocessed approximation of u for £k = 0,1. We will
need the following space of functions.

PUMK) = {v e PUK) : (v,w)k =0 for all w € P™(K)}.
and also P} = [P (K))

4.1. Postprocessing for u: The case k& > 2. Let D*(u) denote the matrix containing

the second order derivatives of u. In other words, (D*(u))y; 1= 0,,05,u for i,j =1,...,d.
We define the postprocessed approximation u} € P*2(K) for k > 1 locally by
(D*(u;,), D*(v))x =(23,, D*(v))x Vo € PT(K) (4.30a)
(up, w)x =(up, W)k vw € PY(K). (4.30b)

We prove that u} is well defined.
Theorem 4.1. The problem (4.30) is well defined.

Proof. Since (4.30) is a square system we only need to prove uniqueness. To this end,
assume 2, = 0 and u;, = 0. Then, (4.30b) gives us that u € P"**'(K) and P'u} = 0.
Approximation properties of P! give us that

luillzze) = llup, = Plugllzace) < Chic| D ()| 2
The first equation (4.30a) gives us that
1D (u) || 2y = 0,
which proves the theorem. O

Although we defined the postprocessed approximation for £ > 1 we can only prove
k + 3 order of convergence for k > 2. The reason for this is that P'(u — uy) is of order
k + 3 as long as k > 2; see Theorem 3.6.

Theorem 4.2. For k> 2 and 1 <r < k we have
lu = uhllzz@) < C R (ullars) + 1 fllmrie)-
Proof. We start by applying the triangle inequality to get
o = il < 1P = wn) ey + N1 = ) — PP — )l ey
where we used that P'u} = P'u;, which follows from (4.30b). However,
I ug) = P — ) c) < CRD2(w — 3) | e
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Hence,
lu — il 2y < 1P (u —un) || 2y + C W | D (u — i) || 2 sy
In order to approximate ||D?(u — uj)|z2(x) We use
1D*(w — up) I z2x) =(D*(u — uj), D*(u — )k
=(D*(u — uy,), D*(P**?u — uj, — P(u — u;)))x
+(D*(u —uj,), D*(u — PM?u)) .,
Noting that P2y — uf — P'(u —u}) € P! (K) and using (4.30a) we have
(D(u — u}), D*(P**2u — w, — PMu— )i =(2 — 24, D*(P**2u — uf, — PMu— )
=(z — 2, D*(P""?u — )k
+(z = 2, D*(u — u}y) ).
Therefore,
1D (w = up) [ r2rey <C (1D (u — P**2u) |2y + |2 = 2 [l 220x6)-
Hence,
lu = whll 2y SC (1P (u = un) || r2ry + B[ D*(u — P*2u)| 2i0) + hicllz — 23]l 22)
<C (1P (w = un)llz2) + Picllz = 2nll 2 + R lull s i),

for 0 <r <k.
Adding the contribution of all K € T, we get

= w20y <C 1P (u = a2y + B2z — Zall ey + Wl sscey):
The proof is complete if we apply Theorem 3.6 and Corollary 3.3. ([l

4.2. Postprocessing for q. In this section we will take advantage of Corollary 3.10 and
define a postprocessed approximation to q that converges with order k + 2 for k > 1.
We define qf|x € P*T(K) as the solution to

(Vq,, Vv)x =(z,, Vo) for all v € PEHO(K) (4.31a)
(qr, w)x =(q),, W)k for all w € P°(K), (4.31Db)

for all K € Tj,. The proof of the next theorem is similar to the proof of Theorems 4.1 and
4.2 so we omit the details.

Theorem 4.3. The post processing approzimation q;, defined by (4.31) is well defined.
Moreover, the following estimate holds for 0 <r <k

lg — apllr2x) <C h?—2||Q||HT+2(K) + Chillz — 24l L2 k) + |1P%(q - a5 22
for all K € Ty,.
The following corollary easily follows if we use Corollary 3.3 and Corollary 3.10.
Corollary 4.4. Assume the hypotheses of Theorem 3.6 hold. Moreover, assume the mesh

Ty is quasi-uniform. Then, for k > 1
lg — aillz@) < CH2(||2l @) + | fllar@),
where 1 <r < k.



16 BEHRENS AND GUZMAN

4.3. Postprocessing for u: The case k£ = 1. We present the following postprocessing
technique for k£ > 1. However, since we already have an optimal postprocessing technique
for k£ > 2 we would numerically only use this one for k = 1. We define the post-processing
approximation u} | € P*2(K)

(Vup, Vo)g =(q5, Vo)x  for all v € PHTO(K), (4.32a)
(up, w)g =(up, w)x for all w € P°(K), (4.32b)
for all K € Tj,. Here g is defined in (4.31).

The proof of the next theorem is similar to the proof of Theorems 4.1 and 4.2 so we
omit the details.

Theorem 4.5. The solution u} of (4.32) is well defined. Moreover,
lu = upllezey < C R ull sy + C hicllg — @hllzze) + C 1P (w — up) || 22(x0)-
for 0 <r <k.

The following corollary is a simple consequence of the above theorem, Theorem 3.6 and
Corollary 4.4.

Corollary 4.6. Assume the hypotheses of Theorem 3.6 hold. Moreover, assume the mesh
Ty is quasi-uniform. Then, for k > 1

lu = ujll2@) < CR (| fllarie) + 112l m1@),
for1 <r <k,

4.4. Postprocessing for u: The case k = 0. Since P°(u — uy) does not converge with
order k + 3 for k = 0 we cannot take advantage of the post-processing technique defined in
the previous section. Instead we define the following simple postprocessed approximation.
For k = 0 find u}|x € P(K) that solves

(Vuj, Vo) =(q,, Vo) for all v € PYO(K), (4.33a)
(up, w) g =(up, w)g for all w € P°(K), (4.33b)
We can easily prove the following result.

Theorem 4.7. The approzimation u} defined by (4.33) is well defined. Moreover, if we
assume the hypothesis of Theorem 3.7 we have that

|u — UZHLZ(Q) < Ch2(||§||H2(Q) + ||f||H1(Q))-
5. IMPLEMENTATION ISSUES: HYBRID FORM

In this section we introduce a more efficient way of implementing (2.2). We do this by
introducing the hybrid form of (2.2) which is done by relaxing the continuity requirements
of the spaces Xj and Z,. As a consequence Lagrange multipliers are introduced that
approximate u and g on the interfaces of J;,. We then show that the only globally coupled
degrees of freedom are those associated with the Lagrange multipliers. Moreover, the other
variables can be recovered element by element. We note that using the hybrid form of
mixed methods has been well studied; see for example [42, 22, 13, 11, 2, 19]. We follow
more closely the notation used in [19].

Here we write the hybrid form of (2.2). In order to do so, we define the following
non-conforming versions of 3, and Z, .
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Y, :={v e L*(Q) : v|x € RT*(K) for all K € T,},
Z, :={s € L*(Q) : each row of s belongs to X}
We also need to define the Lagrange multiplier spaces
My, :={p: p|lp € P*(F) for all faces of F of Tj,, = 0 on 0Q},
M, ={p : p|r € P*(F) for all faces of F of Ty, = 0 on 0Q}.

The hybrid method finds (i, @y, Z),, Gh, An, o) € Wi X Q) X Z, x 3y X My, x M),
that satisfy

(@, v) + (@n, V - v) = (A, v - m) =0, (5.34a)
(21,8) +(@,, V- 8) — (au, sM) =0, (5.34b)
—(opn,m) +(m,V - z;) =0, (5.34c)

(w,V - &) =(f,w), (5.34d)

(oh-mn, ) =0, (5.34¢)

(z,m, p) =0, (5.34f)

for all (w,m,s,v,u,pu) € W), x Q, X Zh X 35 X My x M.
Here we used the notation
aPIYACCE

We state a trivial but important result. We leave the details to the reader.

Theorem 5.1. The problem (5.34) is well defined. Moreover, let (U, Qy, 2y, Ohy A, Q) €
WiX Q)X 2, X 3px Myx M, be the solution to (5.34), then (in, @y, 25, 61) = (Un, @y, Z1, Th)
where (un, q,, 25, 0n) 18 the solution to (2.2).

In order to see the advantage of using the hybrid formulation (5.34) we need to introduce
local solvers. First for m € My, let (ui(m), Qi(m), Z,(m),S1(m)) € W, x Q,, x Z, x Xy,

solve

(Q1(m),v) + (u1(m), V- v) =(m,v - n), (5.35a)
(Z,(m),s) + (Qi(m), V - 5) =0, (5.35b)
—(S1(m), m) + (m,V - Z,(m)) =0, (5.35¢)
(w,V - S1(m)) =0, (5.35d)

for all (w, m, s,v) € Wy, x Q;, X Z, x Xy,
Similarly, for g € M, let (ug(p), Qa(p), Zy(), Sa(pe)) € Wi x Q), X Z, x X, solve

(
(Q2(p), v) + (u2(p), V- v) =0, (5.36a)
(Zy(p), 8) + (Qa(p),V - 5) =(p, 81), (5.36b)
—(S2(p), m) + (M, V - Z,(p)) =0, (5.36¢)
(w, V- Sa(p)) =0, (5.36d)

for all (w,m, s,v) € W), x Q,, X Z,, X Xp.
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Finally, let (us(f), Qs(f), Z5(f),Ss(f)) € Wi, x Q,, X Z, x ¥}, solve

(Qs(f), ) + (us(f), V- v) =0, (5.37a)
(Z5(f),8) +(Q ( ) -8) =0, (5.37b)
—(Ss(f),m) + (m, V- Z5(f)) =0, (5.37¢)

(w V- S3(f)) =(f, w) (5.37d)

for all (w, m, s,v) € Wy, x Q;, X Z, x Xy,

The important fact is that the local solvers are defined locally on each element since
the spaces W, x Q) x Z, x X are completely discontinuous. It is simple to show that
they are well defined.

Now that we have the local solvers we define three bilinear forms. For m, u € M) and
wn,r € M, define

a(m, p) :=(Zy(m), Z, (1)),
c(p,7) :=(Zy(p), Z,(r)),
b(m, ) :=(Z,(m), Z,(p))-

We next define another problem which will allow us to find the Lagrange multipliers
An and a,.
Let (An, &) € My, x M, solve

a(S\h,m) + b(m, &) =(f,u1(m)) (5.38a)
b( A, ) + (G, ) =(f, ua(p)), (5.38b)

for all (m, pu) € My, x M.
We next prove that this problem is well defined.

Theorem 5.2. The problem (5.38) is well defined.

Proof. Since (5.38) is a square system we need to show uniqueness, so we let f = 0. If we
let m = A\, and p = &y, and add the two equations (5.38a) and (5.38b) we get

a(Xny M) + 20( M, 6u) + (@, &) = 0.
Using the definition of the bilinear forms a, b, ¢, this gives exactly
1Z1 (M) + Z(6n) |72y = 0,
which in turn gives us that
Z,(\) + Zy(é) = 0. (5.39)
Next we show that this implies that A\, = 0 and &y, = 0. Indeed, by (5.35b), (5.36b) and
(5.39) we have that
Qi) + Qa(@1), V- 8) = (au, sm),
Integration by parts gives us that
—(V(Qi(\) + Qa(@n)), 5) = (@ — (Qu(An) + Qa(an)), s ),

for all s € Zh . Using the degrees of freedom of the Raviart-Thomas space Zh we can easily
show that V(Q1(An) + Qa2(é)) = 0 on Q and that &y, = (Q1( M) + Q2(é)) on the faces
of T,. This implies that Ql(j\h) + Q2 (@) is constant on €2, and since it vanishes on 0f)
because it is equal to &, there, it must be identically zero. This in turn implies that oy, is
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identically zero. Now that we have that Q: (M) + Qa(én) = 0 we can combine (5.35a) and
(5.36a) to show that A, = 0 in a similar way. O

We can now prove the main result of this section.

Theorem 5.3. Let (S\h,dh) € My x M} solve (5.38), then (A\n, ) = (S\h,dh) where
(Un, Qps Zp, Ohy Any ) € Wi X Q) X Zy X X, X My, x My, solves (5.34). Moreover,
Gn =uy(\n) + uz(én) + us(f),
@, =Qi1(M) + Qa(an) + Qs(f),
2, =Z, (M) + Zy(an) + Z5(f),
(An) + S2(éu) + Ss(f).

O'h —51
Proof. Let us use the notation

u :ul(S\h) + us(ap) + us(f
Q ZQl(~ )+ Qa(an) + Qs

Y

f),
Z, (M) + Zy(@) + Z5(f),
S Sl(j\h) + Sz(ah) + S3(f)

)
(

Then using the definition of the local solvers, we easily can show that (u,Q,Z,S, M, ay,)
satisfies (5.34a)-(5.34d). Hence, by the uniqueness of (5.34) it is enough to show that

<S : 'n’>:u> =
(Zn,p) =

Y

0

0

In other words, if (A, &) solves (5.38) we need to show that
((S100) + S2(6n) + Ss(f)) - 1 1) =0,

(ZiO) + Zy(én) + Zo(f)) . p2) =0,

for all (u, u) € My x My,
This in turn follows from the following identities

(S3(f) - m, ) =(f, ur(p)), (5.40a)
(Z5(f)m, u> — (f, u2(p)), (5.40b)
(Si(m) -m, ) = = (Z,(m), Z,(n)), (5.40¢c)
(Zy(n)n, ) =(Z,(1), Z, (7)), (5.40d)
(Sa(p) - m, ) = = (Z5(1), Z, (1)), (5.40¢)
(Zi() v, ) =(Z5 (1), Z, (1)), (5.40f)

which hold for all m, u € My, and p,r € My,
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Since the proof of the above identities are similar we only prove (5.40a), (5.40c) and
(5.40e). To this end,

(f un(p) =(ui(p), V - S3(f)) by (5.37d)
== (Qu(w), Ss(f)) + (1, Ss(f) - m) by (5.35a)
== (Qu(w), V- Z3(f)) + (1, S3(f) -m) by (5.37¢)

(Z, (1), Z5(f)) + (1, Ss(f) - m) by (5.35b)
== (Qs(f), V- Z, (1)) + (, S3(f) - m) Dby (5.37b)
== (Qs(f), Sa(w)) + (1, Ss(f) - m) by (5.35¢)
=(us(f), V- Su(p)) + (u, Ss(f) - ) by (5.37a)
=(1, S5(f) - m) by (5.35d)

This proves (5.40a).
Also,

(Z1(m), Z, (1) = = (Qu(p), V - Z,(m)) by (5.35b)
= — (Qu(p), S1(m)) by (5.35¢)
=(u1(p), V- (S1(m))) — (p,S1(m) - m) by (5.35a)
=— (1, 81(m) - m) by (5.35d).

This proves (5.40c).
Next we prove (5.40e).
(Z5(1), Z, (1) = = (Qu(p), V - Zy(p)) by (5.35b)
— (Qu(p), S2(m)) by (5.36¢)
=(u1(p), V- Sa(p)) — {, Sa(p) - n) - by (5.35a)
= — (1, Sa(p) - m) by (5.36d).
This proves (5.40e). Since the proof of the other identities are similar we omit the details.
This completes the proof of theorem. O

6. ALTERNATIVE ANALYSIS FOR d = 2,3

One of the drawbacks of the error analysis presented above is that, in the lowest-order
case, more regularity is needed than required by interpolation error; see Corollary 3.3. Here
we give a different analysis that will require less regularity. The key is using Helmholtz
decomposition. Although our alternative analysis will apply in two and three dimensions
we will only consider the three dimensional case here. We start by stating the Helmholtz
decomposition we will use; see for example [27].

Proposition 6.1. Let v € H(div,(). Then, there evists ¢ € HL(Q) and p € H'(Q) such

that
v =Vo¢+ curl p,
with
1ol ) < IV -v|a-1q), (6.41)
and

1P|l < C |v]|z2@)- (6.42)
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In the result above ¢ € H}(Q) solves
ANp=V-v on ),
and, hence, we clearly see that the estimate (6.41) holds.

Instead of using the Raviart—-Thomas projection applied to o as defined in (3.4) we will
use the smoothed projection TT® : L*(Q) — X, defined recently in [15] which has a larger
domain than IT; see also [3, 37, 36]. This projection is given by

Im° = JII R,
where R : L*(Q) — [C>(Q)]¢ is a smoothing operator, IT is the Raviart-Thomas projection
and J = (II R|x, ). It satisfies, the commutative property
V -II°v = P°V - v (6.43)
where P is a projection onto W), and is giving by P® = J P R. Here R : L*(2) — C*°(Q)
is a smoothing operator, P is the L? projection onto W}, and J = (P R|w,)"!. In fact,
V- Rv = RV - v; see [15]. By definition it is clear that Pw = w for all w € W), and
IT°v = v for all v € 3. Moreover, they satisfy the following approximation properties
o — T 120y <[00, (6.44)
lw = Pwl| 20y <" [lwl| (), (6.45)
for all 0 < r < k+1; see [15].
We will need an auxiliary function . To define it we use the Helmholtz decomposition

of o to get
o =Vl +curlg,

where, in particular, § € H} () satisfies A§ = V - & = f. The function & is defined by
& = V0 +curlg,
where 0 € H}(Q) is the unique solution to AO = P f. In particular, note that V-0 = P f.
It is clear from an energy argument that
lo = &ll2@ = IV = O)ll20) < CIF =Pl (6.46)

Moreover, using the triangle inequality, (6.44) (with » = 0) and (6.46) we can easily
show that
l6 = 1°6 (| 2y < o = T || 120y + C || f = P flla-10- (6.47)

Finally, we will need the following lemma.

Lemma 6.2. We have,
V- (II°¢ — o) =0, (6.48)
and
M°¢ — 0, €Z,NQ,. (6.49)

Proof. By (2.2d) we get that o, = P f. On the other hand, by (6.43) we have V - I =
P5V .6 = PP f = P f. This proves (6.48), and (6.49) follows from Proposition 2.1. [

Theorem 6.3. We have
1z — zpllr20) < C (|1 Hz — 2||12(0) + hllo = %0 || 12(0) + | f — Pfllar-1(0)-

Before proving this result we state a simple corollary that follows from (3.6), (6.44),
approximation properties of P and using that ||o|| zr-1(q) < C||2|[ @)
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Corollary 6.4. Forany 1 <rq<k+1 and0 <r; <k+1 we have

|z = 2l 2 @) < C (Rl 2]l o) + R I fll s @)
In particular, we see that ||z — 2z, z2(0) < Ch(||z]|a1@) + || fllz2(e)) in the case & = 0.
Proof. (Theorem 6.3) As in the proof of Theorem 3.2 we can show that
|z — 2|72 = (Hz — 2,0z — z,) — (0 — oK, Pq — q,). (6.50)

Then we can re-write the last term as follows
(0 —o01,Pg—q,) = —(0-6,Pg—q,) — (6 —-11°6, Pq — q;) (6.51)
where we used that (IT°¢ — o, Pq — q,,) = 0 which follows from (6.48), (6.49) and (3.3a).
The first term on the right-hand side of (6.51) can be bounded using (6.46) and to get
(0 -5,Pg—a) <C|lf ~ Pl |2 - 20l (6.52)

In order to bound the second term on the right-hand side of (6.51) we use Proposition
6.1 to find p € H*(Q) such that

& —II°6 = curl p, (6.53)

where we used that V- (6 —II°6) = Pf — PSP f = 0.

To bound the second term of (6.51), note that curl (Ip) C Q,NX;, where Ip € H'(Q)
is the piece-wise linear Scott-Zhang [40] interpolant of p. We, of course, will use the
approximation property

lp = Iplz2(0) + hllp — Ipl 1) < C AP (0 (6.54)

Hence, using integration by parts and (3.3a) we have

—(curl p, Pq — q;,) = — (curl (p — Ip), Pq — q,,)
=—(p—Ip,curl (Pq—gq;,)) — ((p— Ip) xn,Pq—q;,).

Using (3.3b) and using the degrees of freedom of the Raviart-Thomas space we can
easily show that

IV(Pq — q,)ll2(x) < Cllz — 23]l 22(x), (6.55)

for all K € T3,.
Hence, if we use (6.55), (6.54) and (6.42) we get

—(p — Ip,curl (Pq—gq,)) < Ch|o — 1% | 120)llz — 24l 22(9)- (6.56)
Similarly, noting that p — I'p € H'(Q) and using (3.20), (6.54) and (6.42) we have
—{((p—Ip) xn,Pq—q,) <Ch|6 —T1°6| 20|12z — 23|l 22(00)- (6.57)
Therefore,

—(6 -6, Pq —q,) < C(h|lo =T || + |f = P fllz-@)lz — znll20),

where we also used (6.47). We complete the proof if we combine this inequality with (6.52),
(6.51) and (6.50). O
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7. NUMERICAL EXPERIMENTS

In this section we provide numerical experiments that validate our theoretical results.
First we will consider a smooth problem. Then, we consider a corner singularity problem
and we investigate the performance of our method with graded meshes.

7.1. Smooth Solution. For our first example, we chose 2 = [0,1] x [0,1] and f so that
the solution u(z,y) = u = 10(y — 1)y (x — 1)*>22. We provide the results for uniform
meshes and we denote the mesh with mesh size 2L simply by mesh ¢; see Figure 1 for an
example. Table 1 shows that the order of convergence of the errors for u, g and z are
optimal and that the order of convergence for the error in o is sub-optimal. In Table 2 we
see that || P*~'(u — up)||12(q) converges order k + 3 while || P(u — uy)||12(0) converges with
order k + 2. Moreover, we see that ||P(q — q;)||r2(0) converges with order k + 2 for k& > 0.
Note, however, that we were only able to prove this for k£ > 1; see Corollary 3.10. Also, in
Table 2 we display the order of convergence for ||q — qj; || L2(o) and ||u —uj||r2(0). As one can
see from Table 2 the order of convergence for ||q — g} |12 is k +2. The approximation uj
we calculated is given by (4.30) for k = 2, by (4.32) for k = 1, and (4.33) for k£ = 0. Table
2 shows that ||u — uj||12(q) converges with order k + 3 for £ = 1,2 and & + 2 for £ = 0 just

as the theory predicted.

FIGURE 1. Mesh 3, h = &

7.2. Non-convex domain and graded meshes. For our second example, we consider
the example given in [16] where a non-convex polygon is used with vertices (0, 0), (0.5, 0),
(0.5, 0.5), (-0.5, 0.5), (-0.5,-0.25) and (-0.25,-0.25); see Figure 2. The exact solution can
be found in [16]. The important point is that u ¢ H*(Q). There is a corner singularity at
the re-entrant corner (0,0). We generated graded meshes; see Figure 2 for an example. We
then computed the errors and orders of convergence as in [16]. Although our theory does
not cover non-convex domains, we see from Table 3 that using graded meshes we obtain
optimal convergence orders for u, q, and z and get the predicted order k for o. Moreover,
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TABLE 1. History of convergence: smooth solution

mesh | [lu—unllp2) | lla—anllL2) | 12— 2nll2@) | llo— onllL2@)
i error order | error  order error order error order
1 41e-2  0.00 .2le-1  0.00 .16e+0 0.00 | .14e+1 0.00
2 15e-2  1.44 93e-2 1.20 .80e-1 0.97 | .89¢e+0 0.63
3 .62e-3  1.27 44e-2  1.09 4le-1 0.95 | .49e+0 0.88
4 .29e-3  1.10 2le-2  1.03 21e-1 0.96 | .25e+0 0.96
5 14e-3  1.03 1le-2  1.01 1le-1 0.99 | .13e4+0 0.96
6 .70e-4  1.01 .53e-3  1.00 .54e-2 1.00 .67e-1 0.93
7 .35e-4  1.00 .26e-3  1.00 .27e-2 1.00 .37e-1 0.88
8 .18e-4  1.00 13e-3  1.00 .13e-2 1.00 2le-1 0.81
9 .88e-5  1.00 .66e-4  1.00 .67e-3 1.00 .13e-1 0.72
1 13e-2  0.00 .86e-2  0.00 .63e-1 0.00 | .69¢e+0 0.00
2 .28e-3  2.20 22e-2  1.97 .20e-1 1.65 | .26e+0  1.37
3 .68e-4  2.04 .62e-3 1.84 .55e-2 1.86 | .12¢e4+0 1.15
4 A7e-4  1.99 16e-3  1.95 14e-2 1.96 .60e-1 1.00
5 43e-5  1.99 40e-4  1.99 .36e-3 1.99 .30e-1 0.99
6 dle-5  2.00 .10e-4  2.00 .90e-4 1.99 .15e-1 0.99
7 .27e-6  2.00 .25e-5  2.00 .23e-4  2.00 .76e-2 0.99
1 .36e-3  0.00 .34e-2  0.00 .20e-1 0.00 | .28e+0 0.00
2 5le-4  2.81 .5be-3  2.63 .37e-2 2.41 .67e-1 2.06
3 .7le-5  2.85 78e-4  2.81 .55e-3 2.76 A7e-1 2.02
4 .92e-6 2.95 10e-4  2.95 73e-4  2.92 A4le-2 2.03
5 12e-6  2.99 .13e-5  2.99 .92e-5 2.97 .99e-3 2.04
6 .15e-7  3.00 .16e-6  3.00 .12e-5 2.99 .24e-3 2.04

INNNANNN A
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F1GURE 2. Example of graded mesh
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TABLE 2. History of convergence for postprocessing: smooth solution

mesh | [P u —up)l 220y | 1P(u—un)llr2@) | 1P(@—an)lliz2@) | lu—uhllr2@ | la=aillr2 @)
k i error order error order error order error order | error order
1 - - .33e-2 - .18e-1 - 42e-2 - .22e-1 -
2 - - .10e-2 1.66 .48e-2 1.91 1le-2 1.90 | .66e-2 1.75
3 - - .28e-3 1.92 14e-2 1.82 .29e-3 1.97 | .19e-2 1.77
4 - - .70e-4 1.97 .37e-3 1.90 .73e-4 1.98 | .52¢-3 1.89
0 5 - - .18e-4 1.99 .93e-4 1.97 .18e-4 2.00 | .13e-3 1.97
6 - - 44e-5 2.00 .23e-4 1.99 .46e-5 2.00 | .33e-4 1.99
7 - - .1le-5 2.00 .59%e-5 2.00 .1le-5 2.00 | .84e-5 2.00
8 - - .28e-6 2.00 .15e-5 2.00 .29e-6 2.00 | .21le-5 2.00
9 - - .69e-7 2.00 .37e-6 2.00 72e-7 2.00 | .52e-6  2.00
1 .80e-3 - .13e-2 - .59e-2 - 1le-2 - .67e-2 -
2 .82e-4 3.29 .13e-3 3.33 .68e-3 3.12 .93e-4  3.52 | .95¢-3 2.80
3 .63e-5 3.70 12e-4 3.51 .75e-4 3.19 .68e-5 3.76 | .13e-3  2.93
1 4 .42e-6 3.91 1le-5 3.41 .85e-5 3.14 .45e-6 3.93 | .16e-4 2.99
5 2T7e-7 3.98 .12e-6 3.18 .10e-5 3.05 .28e-7  3.98 | .20e-5 3.00
6 17e-8 4.00 14e-7 3.06 .13e-6 3.01 .18e-8 4.00 | .25e-6  3.00
7 .10e-9 4.02 .18e-8 3.01 .16e-7 3.00 .11e-9 4.02 | .31le-7 3.00
1 17e-3 - .25e-3 - 1le-2 - .16e-3 - .16e-2 -
2 .56e-5 4.93 12e-4 4.42 .59e-4 4.25 .68e-5 4.58 | .14e-3  3.54
3 .12e-6 5.55 .69e-6 4.09 .37e-5 4.00 .20e-6 5.08 | .91e-5 3.90
2 4 .24e-8 5.65 44e-7 3.98 .24e-6 3.94 .61e-8 5.05 | .58e-6  3.96
5 .56e-10 5.42 .27e-8 3.99 .16e-7 3.95 .19e-9 5.01 | .37e-7  3.99
6 A7e-11 5.04 17e-9 4.00 .10e-8 3.97 .59%-11  5.00 | .23e-8 4.00

TABLE 3. History of convergence:

non-smooth solution

mesh llu—unllzzy | la—anlle2@) | 12— 2nll2) | llo —onllz2)
k | #triangles | error order | error order | error order | error  order
24 .12e+4-0 - .44e+4-0 - .10e+1 - .73e+1
247 .56e-1  0.58 | .19e4+0 0.66 | .37e4+0 0.83 | .35e+1 0.58
945 .27e-1  1.05 | .100e-1  0.97 | .20e4+0 0.90 | .22e+1 0.72
0 2948 14e-1  1.10 | .53e-1  1.09 | .11le+0 1.06 | .15e+1 0.65
10850 76e-2 098 | .27e-1  1.02 | .56e-1  1.01 | .10e+1 0.54
24 .13e-1 - .26e-1 - .20e+4-0 - A43e+1
247 .26e-2 1.28 | .44e-2 141 | .16e-1  2.02 | .16e+1 0.76
1 945 .68e-3 197 | .1le-2 1.96 | .45e-2 1.83 | .89¢+0 0.89
2948 19e-3 2,19 | .32¢-3 223 | .14e-2  2.07 | .5le+0 0.95
10850 .52e-4  2.01 .86e-4  1.99 | .37e-3  2.00 | .24e4+0 1.19

25

from Table 4 we see that the postprocessing approximations for this example converge with
the same order as in the previous example.
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TABLE 4. History of convergence for postprocessing: non-smooth solution

mesh PP~ (u = up)llp2(e) | 1P*(u—un)llp2@) | 1P*(a—an)llrz) | lu—ufllr2) | g —afllizz@
k | #triangles | error order error order error order error order | error order
24 - - .86e-2 - .94e-2 - .18e-1 - .60e-1 -
247 - - .18e-2 1.23 .24e-2 1.09 .37e-2 1.27 | .95e-2 1.46
945 - - 47e-3 2.00 .70e-3 1.79 .96e-3 1.97 | .28e-2 1.78
0 2948 - - .14e-3 2.15 .18e-3 2.34 27e-3  2.19 78e-3  2.22
10850 - - .34e-4 2.09 .45e-4 2.12 T2e-4  2.02 21e-3  2.01
24 .15e-3 - .54e-3 - .28e-2 - .24e-3 - .58e-2 -
247 .13e-5 3.78 A4le-4 2.04 .95e-4 2.67 34e-5  3.37 | .19e-3  2.73
1 945 .10e-6 3.73 .50e-5 3.09 14e-4 2.75 .25e-6  3.84 27e-4  2.83
2948 .10e-7 3.97 .69e-6 3.44 .22e-5 3.25 21e-7  4.30 A4le-5  3.26
10850 .79e-9 3.95 .10e-6 2.91 .31le-6 3.00 .15e-8  3.96 .57e-6  3.00

8. BOUNDARY CONDITIONS

Here we show that our method easily generalizes to non-homogeneous boundary con-
ditions of mixed clamped and simply supported type. We Consider the two-dimensional
problem

q = Vu, z=Vq in (),
oc=V- z, o= in ,
U = Uug, q-n =gnN OHFC
U = Uy, zn=zy onlyg,

where I'p UT'g = 02.
We only need to define the Lagrange multiplier space

M3 = {p e L*(T's) : p|r € P*(F) for all faces of F of T}, and F C I's}.
Then, the method finds (uy, qy,, 2, Th, @) € Wi, X Q) x Z, x ¥ x M3 that satisfy

(@4, v) + (un, V- v) =(uo, v - n)oq (8.584)

(21, 8) + (@, V - 8) — (an, sm)ry =(qn, 81 - n)r, + (Byug, 51 - )1, (8.58h)
—(on,m)+ (m, V- z,) =0 (8.58¢)

(w, Vo) =(f,w) (8.58d)

(zpm, p)rs =(Zn, 1)rs, (8.58¢)

for all (w, m,s,v,pu) € Wy, x Q) x Z, x ), x M.

The case of free boundary conditions is more difficult and it is currently under investi-
gation; see [7, 8, 1] for other methods that consider general boundary conditions. As above,
we can potentially use Lagrange multipliers to formulate a method, but it seems that the
multipliers would have to be continuous and possibly of higher order on the free part of
the boundary.



MIXED METHODS FOR BIHARMONIC 27

9. CONCLUDING REMARKS

We have developed a method that approximates u, g and z with optimal order and o
in a sub-optimal way. Moreover, we used postprocessed approximations to u which can be
calculated locally on each element which converge with order k£ 4+ 3 for £ > 1 and k£ + 2
for £k = 0. In addition, we defined a postprocessed approximation to q that converges with
order k + 2 for k > 1.

A natural question is if we can use other spaces. The answer is yes, but in order to
elaborate we need a standard definition.

Definition 9.1. The pair Q,, X Z, is a stable pair for the vector-valued Poisson problem
if there exists a constant C' such that for any v € Q,, there exists s € 4, such that

V-z=w,
with
||§||H(dw,ﬂ) < C ||'U||L2(Q)

Similarly, Wy, x Xy, is a stable pair for Poisson’s problem if it is a row of a stable pair for
the vector-valued Poisson problem.

One can follow the argument given in the proof of Theorem 2.2 to obtain the following
result.

Theorem 9.2. Suppose W), x ¥y, is a stable pair for Poisson’s problem and Q, X Z, is a
stable pair for the vector-valued Poisson problem. If the following inclusion holds

{veXx,: V.- v=0} CQ,, (9.59)
then (2.2) is well-defined with spaces Wy, x Q,, X Z, X Xy,

In addition to the spaces we defined in the beginning of the paper we can, for instance,
use the spaces (k > 1)

Wy, ={w € L*(Q) : w|g € P*HK), for all K € T,},

Q, :={m € L*(Q) : m|x € P*1(K), for all K € T},
Y, ={v € H(div,Q) : v|x € RT* '(K) for all K € T},},
Z, :={s € H(div,Q) : s|x € P*(K) for all K € T,}.

We see that Q,, x Z, is d copies of the Brezzi-Marini-Douglas spaces (or Brezzi-Douglas-
Duran-Fortin in 3d) [11, 12] for Poisson’s problem. The pair W), x ¥, is the Raviart-Thomas
space for Poisson’s problem. Furthermore, (9.59) follows from Proposition 2.1. In fact, we
can prove Theorem 6.3 with these spaces for d = 2,3. Of course, P is now the projection
onto our new space Wy, II° : L*(Q) — X, satisfies (6.43) and (6.44) with 0 < r < k and
IT is the matrix-valued BDM projection (d copies of BDM projection: one for each row)
onto the space Z, . It follows then that we get optimal convergence rates for z. In fact,
(3.14) will hold for these new spaces and therefore we will get optimal error estimates for
o as well. Finally, one can also prove optimal error estimates for q and wu.
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