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APPROXIMATION OF THE HELFRICH’S FUNCTIONAL VIA
DIFFUSE INTERFACES

GIOVANNI BELLETTINI AND LUCA MUGNAI

ABSTRACT. We give a rigorous proof of the approximability of the so-called
Helfrich’s functional via diffuse interfaces, under a constraint on the ratio be-
tween the bending rigidity and the Gauss-rigidity.

1. INTRODUCTION

Let Q C R3 be an open connected set with smooth boundary. Define

Whel(E) = / {ﬁ

QNOE 2

where E C 2 is open, bounded and with boundary OF of class C? in Q; Hyg, Kog
are respectively the mean curvature and the Gaussian-curvature of OF (i.e. re-
spectively the sum and the product of the two principal curvatures of OF); H?
is the 2-dimensional Hausdorff-measure; »¢,, Hy, g are given constants. For our
purposes it is convenient to write Wi as

Whial(E) = Z2H(E) + 326K (E),

(Hog _H0)2+%GK8E dH2, (1.1)

2
where
H(E) = / (How — Ho)? dH?, (1.2)
QNOE
% (E) := / Kop dH>. (1.3)
QNOE

The functional Wi, was proposed by Helfrich as a surface energy for closed
biological membranes represented by a smooth boundaryless surface (see also [12]
25] and [8, Chapter 7]). Minimizers and critical points of Mz in the class of
subsets E C Q satisfying a constraint on the area H2(2NdE) and on the enclosed
volume L£3(E N ), are expected to describe approximately the shape of biological
membranes such as monolayers or lipid bilayers (see again [8] for an introduction to
the subject). Note that the term X (F) can be neglected when minimizing Wye (E)
under a topological constraint on F, since by the Gauss-Bonnet theorem it reduces
to a constant depending on the fixed topology. On the other hand % plays an
essential role in several recent related models (see e.g. [3| @ 2]).

The constant s, > 0 is called the bending rigidity. The constant Hy is called the
spontaneous curvature. It is expected to be non zero when dealing with biological
membranes such as bilayers with chemically different interior and exterior layers,
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or when different enviroments inside and outside the membrane are source of asym-
metry. Observe that, when Hy # 0, the functional # depends on the orientation of
OF (and not only on the geometry of OF as in the case Hy = 0). The constant s
is called the Gauss-rigidity. Although few experimental measurements for s are
presently available, it is expected to be negative (see [42], [40], [37, Section 4.5.9],
[8, Section 7.2]). Moreover, at least in case of some monolayers (see [42] 40]), s
and g satisfy

—1<Z <. (1.4)

b

In this paper we are concerned with the variational approximation of M, under
condition ([4) and with Hy = 0; in Section [@ we briefly discuss how to relax these
two constraints. In this respect we note that, for any given Hy € R, a condition
ensuring compactness and lower semicontinuity of . in a reasonable topology
(see Theorem and Remark [34) is the existence of two positive numbers ¢ and
A such that

A
717 (Hop — Ho)? + »aKop > ¢|Bog|” — A,

where Bgg denotes the second fundamental form of 9F. Such a condition is equiv-
alent to the constraint —2 < ¢ /s, < 0 (see Section [0.1]), which is trivially satisfied
when (4] holds.

Recently several authors have used diffuse interfaces approximations in order to
develop efficient numerical simulations for a number of models involving Wy (e.g.
see [7, [18], 19} 2T, 23| 22 20| 10, 1T}, 17, 24, 26]). Analytical results have been carried
on, mainly by means of formal asymptotics, in [23] [I8] 19, 46]. Most of the papers
cited above concentrate on the approximation of the term # which (up to minor
modifications) takes the form

/ 2
He(u) = 1/ (5Au _ W) _ 5|Vu|H0) dx, (1.5)
g Ja 9

where ¢ > 0 is a small parameter related to the width of the diffuse interface,
and W € C?(R) is a double-well potential with two equal minima (from now on,
throughout the paper, we will make the choice W (s) := (1 — s?)2/4). Actually, in
the case Hy = 0, it was firstly conjectured in [14] that functionals similar to (L))
I-converge to oH as € — 07, where o is a suitable positive constant.

At least in the case Hy = 0, the choice of the sequence in (IL3]) can be heuristically
motivated with the fact that H. represents a kind of (rescaled) squared “ L*-
gradient” of the functional #. defined as

2. (u) = /Q <%|Vu|2 + @) de,  ifue HY(Q),

and P.(u) := +oo elsewhere in L1(£2). This, together with the well known results
that ®. approximate the perimeter functional as e — 0% (see [32,[9]), and that the
“L2-gradient” of the perimeter is formally given by the mean curvature operator,
furnishes a (very) heuristic justification for the choice of 7.

The aim of this paper is twofold: we want to propose a diffuse interface ap-
proximation of K which slightly differs from those proposed until now (see [22] 20]
and Remark 25]). Moreover, we want to prove a rigorous convergence result for
our approximating sequence within the framework of I'-convergence, under the as-
sumptions that Hy = 0, and provided the parameters s, 3¢ satisty (4.
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In order to define the approximating functionals we need some notation. For
every u € C?(Q) we define the vector field v, € L>(Q) by v, := Vu/|Vu| whenever
Vu # 0 and v, := e on {Vu = 0}, where e is an arbitrary unit vector (to fix the
notation from now on we will choose e = e3, e3 being the third element of the
canonical basis of R?). Then, denoting by |- | the norm of a matrix as defined in
@), we propose to approximate X with the functionals % defined as

! 2 , 2
K (u) ::2i [<5Au— W—(u)) - ‘5V2u— W—(u)yu@)uu dz
e Ja € €
!
1 / det {EV% - W—(u)uu ® Vu:| dx, (1.6)
€J i< € ij

when u € C%() and +oo elsewhere in L*(Q), where, for a 3 x 3-matrix M, M;;
stands for its ¢j-th principal minor. Eventually, as an approximation of My, if 7
is as in () with Hy = 0, we consider

W (u) = ?%(u) + K (u) (1.7)

/ 2 2
_/{M{tr<gv2u_w<u>yu®yu>} el }dx_
Q 2e € 2e
We can roughly summarize our main results as follows. Suppose that (4] holds,

that Hy = 0, and let {u.}. C C?(Q) satisfy

sup P (ue) < +00, sup W.(ue) < 4oc. (1.8)
0<e<1 0<e<1

Vy @ Uy

/
v2u _ w ('LL)
S

Then

(Compactness, see Theorems 1] and E4]). Up to a (not relabelled) subsequence,
there exists a function u = 2xg — 1 € BV (Q,{—1,1}) such that lim, ,o+ u. = u in
L'(£2). Furthermore, the measures i, associated with the density of the functionals
2. (ue) (see (2I4)) concentrate, as € — 0T, on a generalized surface M 2 QNAIE, for
which a weak notion of second fundamental form is defined. Actually, for almost
every s € (—1,1) the oriented varifolds associated with the level sets {u. = s}
converge to the same limit.

(Lower bound, see Theorem [A1). The liminf, g+ . (uc) is bounded from below
by a suitable positive constant ¢y times the value of (a suitable extension of) Mhe
evaluated on M. In particular if E has C2-boundary in §2 we have

liminf W, (u.) > coMha(E). (1.9)
e—07t

(Upper bound, see Theorem [£.2). For every bounded open set E C Q with C?-
boundary there exists a sequence {u.}. C C?(Q) such that lim._, o+ ue — 2xp — 1
in L1(Q), and lim._,o+ W-(u:) = coWiel(E).

(C(LY)-Limit on smooth points, see Corollary I.3). By the L!(Q)-lower semicon-
tinuity of e (see Theorem B.2l) we can conclude that if the bounded set F has
C?-boundary in €, then

(LY — hn([)l+ W.(u) = coWaa(F).

As we already said, in [22] 20] slightly different approximations of the Gauss-
ian curvature have been proposed and used in numerical experiments to retrieve
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topological informations for the diffuse interface. The functional % in (L6) might
have some advantages, at least from the analytical point of view. Firstly . can be
_ W

expressed in terms of the trace and the norm of eV?u ——— 1y @1y, and for every

xo € Q such that Vu(zg) # 0, the matrix eV2u(zg) — W%(Io) ® vy (o) has
an explicit relation with the second fundamental form of the level line {u = u(zg)}

times |Vu(zo)| (see (58)). Secondly, if (L4 is satisfied, from (L8) we can derive

the bound
)
sup —
0<e<1 € JQ

From this latter relation we can deduce two rather interesting further properties.
The first is that, as already stated above, the energy measures p,, concentrate on
a generalized surface with second fundamental form in L? (namely a Hutchinson’s
curvature varifold, see Lemmata Bl and 53)). As a consequence we get better
regularity for the limit of the pu,_  with respect to the case when only a uniform
bound on #(u.) is available; indeed, under this latter uniform bound, the mea-
sures p,, concentrate on a rectifiable integral Allard’s varifold with squared inte-
grable generalized mean curvature (see [38, [45], and Appendix [Blfor the definitions
of varifold and curvature varifold). The second property is an improved conver-
gence to zero of the discrepancies & defined in (ZI6). In fact, we obtain that
lim. o+ [|5]Vue|? — W(Eus) |l Lr() = 0, for every p € [1,3/2) (see Proposition ).
Let us stress that the improved convergence of the discrepancies may indicate a
good behaviour of % in numerical experiments. Indeed, given {u.}. C C?(Q) such
that lim. o+ u- = 2xg — 1 in L'(Q), the condition £|Vu.|* — % = Ofe) is
one of the characteristics for a sequence to be a “good” recovery sequence (like, for
example, the one constructed in Theorem H2)). In other words, one of the prop-
erties that suggests a “good” convergence to the sharp interface functional is that

$IVue]? — % vanishes rapidly enough as ¢ — 07. In numerical applications, a

W ?
eV2u. — #Vug ® vy, | dx < 400.

penalizing term of the form |£|Vu.|* — %HZ(Q) is often added to the diffuse

interface functional to force such a “fast” decay of |£;_|.

Let us conclude by remarking the fact that, although an approximation via
diffuse interfaces seems to be reasonable for numerical purposes, our result does
not establish any physical derivation of the Helfrich’s energy as a mesoscale limit,
as for example it has been recently done in [36].

The paper is organized as follows. In Section 2] we fix some notation, recall some
basic definitions from differential geometry and briefly comment on the definition
of M., as well as on the relation of & with [22] 20]. In Section Bl we summarize
the main results proved in [38], that represent one of the pillars on which our
paper rests. In Section Ml we state our main results. The proofs are postponed to
Sections [BHRl In Section [@ we collect some additional results, and we show how the
assumptions on the parameters s, g, can be weakened; we briefly discuss the
possibility of proving a full I'-convergence result and the problems arising in the
case Hy # 0. Eventually in Appendices [AlIB] we collect some definitions and results
on measure-function pairs and geometric measure theory, needed in the proofs of
the main results.

2. NOTATION
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2.1. Linear algebra. We endow the space of the (3 x 3) matrices M = (m;;) €
R3*3 (resp. 33 tensors T = (t;;;,) € R¥’) with the norm

3 3
M| = tr(MTM) = > (mi;)? resp. [T)?:= > (tin)? |, (2.1)
,J=1 i,5,k=1

where M7 is the transposed of M.

If M € R3*3 is symmetric, O = (0;) € O(3) and D = diag(dll,dgg,dgg) are
such that M = OTDO, then |M|?> = tr(OTD?0) = El dy)? ZZ (on)? =
213:1(dll)2~ Moreover, still for a symmetric matrix M € R3*3 we have
3 [(tr(M))? —tr(MTM)] = > i<icj<z det(Mi;), where M;; is the 4j-principal mi-
nor of M.

Remark 2.1. If P € R3*3 is a (symmetric) orthogonal projection matrix onto
some subspace of R? and M is symmetric, then

|PTMP|? < M2 (2.2)
Indeed
3 3 3 3 23 o
[PTMP|” = ZZ(ZW (Zmlkpkj>> =S |pup 23)
J 1:=1 = = j:l
where  the column  vector (MP) @) € R* has components
(22:1 mlkpkj,zzzl m2kpkjazz:1 makPkj), and | - | on the right hand side

of [23) is the euclidean norm of a vector. Since P is an orthogonal projection we
have

- (Erem) Bl

3,7=1

3
|2
Jj=1

where (M)(i) = (mi1,mi2, mi2) € R3. Using again the fact that P is a projection

we have . s s
PP <Y (1)) —ZZ mij)? = M.
=1 =1

J=1

By G23 (resp. G93) we denote the Grassmannian of the unoriented 2-planes in
R3 (resp. the Grassmannian of the oriented 2-planes in R3).

We denote by q the standard 2-fold covering map q : G 3 — Ga23. We often
identify G9 5 with the set of simple unit 2-vectors 7 € Ay (R?’) Moreover

x 1 AL(R?) = Ap(R?)

denotes the Hodge operator. Often vectors and covectors will be identified. For
every 7 € GY 3 we define v” € R® ~ A'(R?) as the unique unit vector such that
*T =T

We endow G2 3 with the distance induced by the norm |S|, where S is the matrix
associated with the orthogonal projection of R? onto S € Ga 3. Moreover, for every
open set Q C R? we let G2(Q) := Q x Ga 3, endowed with the product distance.

In the same way, we endow G%g with the distance induced by |7|, where 7 is
the simple unit 2-vector associated with 7 € G8)3. Moreover, for every open set
Q C R? we let GY(Q) := Q x GY 3, endowed with the product distance. Finally, we
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let S? := {¢ € R?: |¢| = 1}, and we denote by A the symmetric difference between
sets.

2.2. Differential Geometry. Let ¥ be a smooth, compact oriented surface with-
out boundary embedded in R3. If z € ¥, we denote by Ps(z) the orthogonal
projection onto the tangent plane T,,% to ¥ at x. Often we identify the linear oper-
ator Ps () with the symmetric (3 x 3)-matrix Id — v, ® v, where z — v, € (T, X)*
is a smooth unit covector field orthogonal to T, X.

Let us recall that, when ¥ is given as a level surface {v = ¢} of a smooth function
v such that Vv # 0 on {v = t}, we can take at « € {v =t}

Vou(z) Vo(z) ® Vu(z)
Vg = , Py(z)=1d— ——————=
[Vo(z)| [Vo(z)?
The second fundamental form By, of 3 has the expression
V2 Vo
By = (Pl —P, —
»= (R Vo] n) © Vol

where PL = (Pg)?. The definition of By depends only on X and not on the
particular choice of the function v. Moreover Bx(z), if restricted to T,% and
considered as a bilinear map from 7,% x T,¥ with values in (7, %), coincides with
the usual notion of second fundamental form. By
r V3
Hyx(x) = (Hi(x), Ha(x), H3(z)) = tr(PE WPE)I/JC,

we denote the mean curvature vector of 3 at z € 3. We define the (scalar) mean
curvature of ¥ at x with respect to v, as

Hyx,(z) := Hy () - vg.

Notice that Hy, does not depend on the choice of v, while the sign of Hy, does.
Observe also that Hy, is the sum of the two principal curvatures of ¥: sometimes
Hy, is also referred to as the total curvature. When ¥ = OF, where E C R3
is open and bounded, we define vy to be the interior normal to F = X% and
Hyg := Hyg - vog, which turns out to positive on convex surfaces.

Let us also define A”(z) := (47, (x))1<ijr<s € R% as

AiEjk = 67 Psji; on X, (2.4)

where 512 = PEU%
To better understand definition (24)), it is useful to recall the links netween By
and A® (see [31, Proposition 2.3]).

Proposition 2.2. Set A = A*, B = By and H = Hy. Fori,j, k € {1,2,3} the
following relations hold:

Bf = PjiAin, (2.5)
Ay, = Bl + By, (2.6)
Hi = Ajij = B]Jl + B;J (27)

The next proposition shows some of the relations between the curvatures of %
and the derivatives of the signed distance function from ¥ itself.
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Proposition 2.3. Let E be a bounded open subset of R3 with C?-boundary. Then
there exists an open neighborhood U of OF such that, denoting by d : U — R the
signed distance from OF positive inside E, we have d € C*(U) and, for y € U and
m(y) :=y —d(y)Vd(y) € OF the unique orthogonal projection point of y on OE,

Ad(y) = Hor((y)) + o(d(y)) (2:8)
> det (Vd(y)]iy) = Kor(r(y)) + o(d(y)), (2.9)

1<i<j<3

where o(t) — 0 as t — 0.
Proof. Tt is well known (see for example [27]) that d is of class C? in a suitable

tubular neighborhood U of OF where 7 is single valued, and moreover that, for
every y € U, the eigenvalues of V2d(y) are

k(7 (y)) ka(m(y))
by = R A = )
) M e T )
where ki (x), k2(z) are the principal curvatures of OF at x. Then ([2.8]) follows, and

2
2 (r(V2d(y)) - 192d(y)l?
ST det ((V2d(w)y) = 7

1<i<j<3

As(y) =0,

=M W) A2(y) = Kop(r(y)) + o(d(y)).
0

2.3. The Helfrich’s Functional .. Throughout the paper {2 C R3 is an open
connected set with smooth boundary (2 = R3 is allowed). If E C R3, xp is the
characteristic function of E equal to 1 on F and 0 elsewhere. Let E C €2 be an open
set. We say that E has C*¥-boundary in Q (k € NU {oo}) if for every x € QN OF
the set QN IE can be written, locally around z, as the graph of a C* function, and
QN E is locally the subgraph of the same function.

By assumption (L4) it follows that Z:=%C ig a positive real number. We set

»xpt+G
12 = (Hy)2se —2 2 2.10
(Ho) s 2050 + »a) ( )
We claim that, whenever E is bounded with smooth boundary in €2, then
Whe(E) > —PH*(QN IE).
To prove the claim, write
{M’i{el(E)
21 »p + 2 V24
:/ ——G|B3E|2 + = (HaE)2 + sy HoHpg + —b(H0)2 dH?.
QNOE 2 2 2

If a:= L{‘G >0, 8 :=s,Hy, and 7 := %b(H;)Q, since at? + Bt +~ > %tz — 12 for

any t € R and [2 = % — 7, we have the inequality

%cl(E) Z / M

QNOE 4

Thanks to (4], the first two addenda inside the integral on the right hand side of
(210) are nonnegative, hence the claim follows.

-ZiBosp + (o - 2| a2 211)
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2.4. Definitions of xS, i, &, RS, B, A%, VE, VOe, fe) B and HE. We set
1
W(r) = Z(l —r?)? r € R,
and

co = /71 V2W (s)ds. (2.12)

If (s) := tanh(s) we have ¥ = %(W(”y)),

/WWM=/ﬂww%=@
R R
o2

co = min{/R (— +W(v)> ds:ve HE (R), lim v(s)= 11}. (2.13)

2 s—+oo

and

For u € C?(Q2) and £3 the Lebesgue measure in R?, we define the following Radon
measures:

pe = (§|Vu|2 + @) L£3LQ, (2.14)
s = e|VuPLLQ, (2.15)
€ = (%|Vu|2 - @) LA, (2.16)

where L is the restriction. ¢, is usually called discrepancy measure, while p, is
the density of the Allen-Cahn functional P.. With a small abuse of notation,
when necessary we still denote by &, the density of the discrepancy measure, i.e.,

& = 5|Vul* - @ Note that
W/
Ve = eViuVu — #vu. (2.17)
For u € C?(2) define R%, : G2(Q2) — R3 as

Ri(x,8) = Ri() : 1Pwmm (2.18)

- e|Vu(z)
with the convention that RS := 0 on the set {Vu = 0}.
Let u € C%(Q). We will often look at geometric properties of the ensemble of
the level sets of u. We define
. Vu
u T |vu|7
on {Vu # 0} and v, := ez, P* :=1d — e3 ® e3 on {Vu = 0}. Moreover we define
the second fundamental form of the ensemble of the level sets of u by

PY .= Id — v, ® vy, P 261']‘ — (Vu)i(Vu)j7 (219)

ij

(Pu)Tv2uPu
B,="—Fg—®w, 2.20
|Vul v (2.20)
on {Vu # 0} and B, := ®3e3 on {Vu = 0}. Similarly we define
Bk = — P [0((v) ()] (2.21)

on {Vu # 0} and A% := ®@%e3 on {Vu = 0}.
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It will be convenient to consider B,, and A as defined on G2(£2) (resp. on G3(f2))
by By(z,S) := By(z), A%(z,S) := A%(z) (resp. By(z,7) := By(z), A%(z,7) =
A(z) ).

By Vi (resp. V') we denote the varifold (resp. oriented varifold)

Vi) =" [ ole. Py i Vo€ CUGA9), (222)
VEE) = " [ ol di V6 € CUGHO), (223)
see Appendix [Bl
We also set
fu i =ceAu— WT(U) (2.24)
Definition 2.4. Let u € C*(Q2) and z € Q. We define
1 2 W' (u(x)) :
B (2) = 4 S[Va@)] <£V u(z) — fuu(x) ® Vu(x)) if Vu(z) #0,
0 otherwise,
(2.25)
falz) .
1 (2) = tr(Bi(x)) = { FVulo) if Vu(z) 0, (2.26)
0 otherwise.

We can informally think of Bf ® v, and H;v, as the approrimate second fun-
damental form and the approximate mean curvature vector of the level sets of wu,
respectively.

Note that
. Vu

R; =B

on {Vu # 0}.

2.5. The functionals 7.. We recall that our approximating sequences of func-

tionals is defined in (L), where %, & are as in (L3)), (L0).
Observe that

/ (HE)? ds, < #(u),

with equality if £3({fS # 0} N {Vu = 0}) =0, and

/IBil2dﬁi§ 1/
Q € Ja

c ({aV% - W;(“) Ve ® vy 7 0} N{Vu = 0}> =0.

2
dzr

)

W/
eViu — Mz/u R Vg
€

with equality if

Moreover

HEQ_BEQ 3
[ B
Q

5 u / det ([Bvi]u) dicy,
{Vuz0} 1<icj<3
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where [Bj]ij is the ¢j-th principal minor of B, and

det ([B:],;) :ﬁ (aag.u W (w (aiuﬁ) (Ea;,u CW(w (aju>2)

e |Vul|? J e |Vul?
W (u) Qiudju\’
_ 201 — Uit
(5(’91]11 a |Vu|2) .

(2.27)

Remark 2.5. Let us notice that
(H2)? = [Bi _ (f2)? — (V2 — LW/ (), )]

2 2e2|Vu|?
_ 1 a2 292,12 / 2 (W'(u))?
_7252|Vu|2 ((fu) tr [a (V=u) 2W' (u)Vu vy @ vy + 0 Vo ® yu}
752 {(Au)2 - tr[(Vzu)Q]} —2W'(u)(Au — 83ul,uu)
B 2e2|Vu|?
:W{a2div(AuVU — V2uVu) — 2W' (u)tr [(Id — Uy ® VU)V2u)] },

where we used
div(V2uVu) = tr[(VZu)?] + Vu - V(Au).

Suppose that  CC R? is open, and u € C?(Q) verifies Vu =0 on Q\ €, for some
' cc Q. By Sard’s Lemma we can find a sequence of ¢, € R* such that t; — 0
as k — oo, and, setting Ny := {|Vu| > t;} we have

ONy, C {|Vu| = tx} is a smooth, embedded surface,
lim £3 ({Vu £ 0%\ Nk) = 0.
k— o0

Thus we have

/ div(AuVu — V2uVu) dr| = lim / div(AuVu — V2uVu) dx
{Vuz£0} k—oo |/ Ne
= lim / (AuVu — V*uVu) - vgn- d’H,Q‘
k—o0 6Nk k

< lim |ul|c2H*(ONg)ty = 0.
k— o0

Hence
[
:% (Vo) (EzdiV(AuVu — V2uVu) — 2W' (u) tr [(Id — vy ® uu)VQU)} ) dx
=- / W) 1pov2a) de.
{Vuzo}r €

When u.(z) = v-(d(z)) + g-(z), where 7. is as in Section fland g. € C?(2) is such
that ||gc|lc2() = O(¢), this formula coincides (up to an error of order O(e)) with
the one proposed in [20] in order to approximate X.
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3. PRELIMINARY KNOWN RESULTS

In this section we recall some recent results about a modified conjecture of De
Giorgi concerning the variational approximation of the Willmore functional (see
[14]). More precisely, the so-called T' — limsup inequality has been proved in [5]
in any dimension on smooth boundaries; in [4] the I" — lim inf inequality has been
proved in any dimension, under a rather strong ansatz on the u. (namely u. = v.(d),
where d is the signed distance from the boundary of the limit set). An ansatz-free
proof of the " — lim inf inequality has been given in dimension 2 and 3 in [38], and
independently, but only in two-dimensions, in [45] (by means of a different proof
which makes use of generalized varifolds introduced in [34]).

The following theorem has been proved in [38] and is one of the key ingredients
in the proofs of our results.

Theorem 3.1. Let {u.} C C*(Q) be a sequence such that

/ 2
sup {ui (Q) + l/ (EAUE v (ua)) dx} < +o00.
0<e<1 © € Ja €

Then there exists a subsequence (still denoted by {u.}) converging to uw = 2xg — 1
in L1 (Q), where E is a finite perimeter set. Moreover

(A) pi,, =~ pase— 0T weakly* in Q as Radon measures and j verifies

> coH? L IE.
In addition
El_i)rél+ 1€ =10 as Radon measures, (3.1)
where |&;,_| denotes the total variation of the measure &, _, and hence
w= El_i)rél+ Ho, = 81_i>r(rJ1+ ey, = 81_i>r(rJ1+ %(US)EB LO as Radon measures. (3.2)

(B) The sequence {V;;_} converges in the varifolds sense to an integral-rectifiable
varifold V € IV3(Q) with generalized mean curvature Hy € L?(u) and such
that py = calu.

(C) For any Y € CHQ;R™) we have

co lim 0V (V) = lim —/ fe Vue - Ydx = —/ Hy - Ydpy, (3.3)
e—0t c e—0t o ° Q
and

1 W' (ue)
co/ [Hy |> duy < liminf —/ <£Au€ - ﬂ) dx. (3.4)
Q e—=0t € Jo 3

An important point in order to establish the I'(L*(£2))-convergence of W. to W
is the lower-semicontinuity of Mge; on smooth sets. This is the aim of the following
theorem, which is a consequence of [16, Theorem 5.1].

Theorem 3.2. Let Hy € R and suppose that (L)) holds. Let E C Q be a bounded
open set with smooth boundary in Q. Let {Ep} be a sequence of bounded open
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subsets of Q with smooth boundary in Q, such that

supH*(Q N IE}) < +o0, (3.5)
heN
lim £3(Q N (E,AE)) = 0. (3.6)
h—o0
Then
%cl(E) < hhm inf ‘I/l/ﬁc](Eh). (37)
—00

Remark 3.3. Theorem [3:2] holds under the weaker assumption —2 < g /3 < 0.

Remark 3.4. The bound (B.5]) is necessary in order to gain sufficient compactness
on the sequence {9E}}, since the bound sup;, Whe (Er) < +00 alone does not imply
any uniform control on the area of F}. This is seen with the following example:
Q= R3, Hy = 2, Ej, the union, over n € {1,...,h}, of the balls of radius 1 and
centered at (2n,0,0), so that Whe (Er) = 4n%sgh < 0.

4. STATEMENTS OF THE MAIN RESULTS
We can now state our I'-convergence results.

Theorem 4.1 (Equicoercivity and I-liminf inequality). Let Hy = 0 and suppose
that (L) holds. Let {u.} C C?*(Q) be a sequence satisfying (L). Then there
exists a (not relabelled) subsequence satisfying the theses of Theorem [Tl More-
over, the varifold V' in Theorem[31l is a curvature varifold with generalized second
fundamental form By in L? (see Definition[B.3), and

lim (V7 ,A%) = (V, Ay) (4.1)
e—0t ¢
as measure-function pairs on G2(2) with values in R3”. Eventually
lim inf . (u.) > co/ [P+ ZE (B2 - By )] av. (42)
e—0t 2 2

Theorem 4.2 (I'-limsup inequality). Let Hy = 0 and E C Q be a bounded open set
with boundary of class C?. Then there exists a sequence {u.} C C%() such that

lim u. = 2xp — 1 in L(Q), (4.3)
e—0+

lim pS = coH?*LOE as Radon measures, (4.4)
e—0t ¢

lim W.(ue) = coMWaa(E). (4.5)
e—0+

As a consequence of Theorems 4.2 1] and we obtain the following

Corollary 4.3 (T-limit on smooth sets). Let Hy = 0 and suppose that (L) holds.
Let E C Q be a bounded open set with boundary of class C%. Then

P(ENQ) — Tim | (26 — 1) = coMha(E). (4.6)

Next theorem shows that actually from the hypotheses of Theorem 1] we can
prove a stronger compactness result, since the oriented varifold (see Appendix [B])
associated with almost every level line converge to the same limit.

Theorem 4.4 (Enhanced compactness). Let Hy = 0 and suppose that (IA]) holds.
Let {u.} C C%(Q) be a sequence satisfying (LY). Then there exists a (not relabelled)
subsequence such that
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(A) the sequence {V,°} converges in the sense of oriented varifolds to an ori-

ented varifold VO € TVY(Q) such that qV° =V, where V € TV4(Q) is as
in Theorem [{1].
(B) For every 1 € CH(Q x S?) the sequence {g¥} C WH1((=1,1)), defined by

G (s) = / by v () £|Vue ()] AH2 (),
{ue=s}

converges strongly in WYY((=1,1)) to the function g¢¥(s) :=

V2W (s)VO(y)). Moreover, for L'-almost every s € [—1,1] we have

lim v ({u. = s}, %y, &|Vue|) = lim v ({uE = 8}, *Vy_, 2W(s))
e—07t

e—0t

=/2W (5)V°

(4.7)

as oriented varifolds in 2.

Remark 4.5. We can adapt the proof of Theorem [£4] to show that, under the
weaker assumption that the hypothesis of Theorem [3.1] hold, the sequence g¥ con-
verges strongly to g¥ in V[/li’cl((—l, 1)) as € — 07 for every ¥ € C1(Q).

The next proposition shows that a stronger convergence to zero of the discrep-

ancies &, defined in (ZI6]) holds, assuming the bounds in (L§). Similar estimates
have been obtained in [35], when u. is a local minimizer for ..

Proposition 4.6 (Improved convergence of the discrepancies). Suppose that
{uc} C C*(Q) is such that (L) holds. Then there exists a (not relabelled) sub-
sequence such that

\%3 £ =0 as Radon measures on €, (4.8)
lim [[& |[zr() =0 for every p € [1,3/2). (4.9)
e—0t N

5. PROOF OF THEOREM [4.1]

The present section is organized as follows. We start by proving two technical
lemmata, namely Lemma [5.1] and Lemma Then in Section 5.1l we prove that
V= lim. 0V, is a curvature varifold with generalized second fundamental form
in L?, we show (£I) and inequality (2.

Lemma 5.1. Suppose that {u.} C C*(Q) is such that

1 w’
sup {uZE(Q)Jr—/ (ue)
0<e<1 € Ja

eV3u, — —Vy, Q Vy,
€
Then there exists a (not relabelled) subsequence such that

lim (V2 RS.) = (V,0) (5.2)

e—0+ e’

daz} < 4o00. (5.1)

as measures function pairs on Go(Q) with values in R3, where the varifold V is

defined in Theorem [31] (B).
Proof. Since fi = tr(eVu. — 2W'(uo)v, ® vy, ), we have

1 ) 3 W (ue) ?
a/Q(qu) dr < /

eVu, —

Vy, @ Uy, | dz.
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Hence, by (1)), we can apply Theorem Bl and select a (not relabelled) subse-
quence such that V;7 — V as ¢ — 07 in the sense of varifolds, with V' = v(M, §) €
IV2(Q). Since on {Vu. # 0} we have

VEs Vue
RS = e =B — = 5.3
e g|Vu|? e |[Vue|’ (5:3)

we conclude that

ve:
o f 175 Pavi = [ |gg
€

which is uniformly bounded with respect to € in view of (G.I]). By Theorem [A4] (i),
we can select a further (not relabelled) subsequence such that (V;; , R_) converge
weakly as measure-function pairs on G2(Q2) with values in R3 to (V, R), for a certain
R € L?(V,R?). In order to prove (£.2) we closely follow [43] page 10]. Let ¢ € C1(Q)
and R; (resp. R;_;) be the i-th component of R (resp. of R ). By (B.I) we have

2

i, <3 [ 182, P d,

CO/Ri(x,S)gb(aj) dV(z,S) = lim [ Ry .édu;, =— lir(x)l+/8i¢d§25 =0, (5.4)
E—

e—0t

where in the two last equalities we used (5.3), (ZI7) and (BI)) respectively.
From (5.4)), using that V; — V = v(M,0) € IVy(Q) as varifolds, it follows

/Ri(x,S)d)(az) dv(z,8) =0 :/ Ri(x, Ty M)p(x) 0(x)dH? (z).

M
This implies that R(z, T, M) = 0 for uy = 0H?L M-a.e. x, and (52) follows. O
Remark 5.2. We need to consider RS as a function on G3(€2) and not just on
because R:, appears in the “e-formulation” of (B (see (5.12)), which characterizes

Hutchinson’s curvature varifolds via an “integration by parts” formula involving test
functions in C}(G2(f2)).

The following lemma shows that if (5 holds then the varifold V' limit of the
Ve is a curvature varifold with generalized second fundamental form in L.

Lemma 5.3. Suppose that (&) holds. Then

sup /|Bu€|2 dV,, < +oo. (5.5)
0<e<1

Moreover the wvarifold V' in Lemma [51] is a curvature varifold with generalized
second fundamental form By in L? and, up to a subsequence,

lim (V,, A%) = (V, Ay), (5.6)
e—0t
lim (V,,_,B..) = (V,By), (5.7)
e—0t

as measure-function pairs on Go() with values in R3.
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Proof. From the definitions of B,, and B;,_ given in (220) and (2.25) respectively,

we have
2
B, |? = i <(PuE)TV2usPuE) <3kus >2
Ue iﬁj)k:1 |VU5| Z] |vu5|

3 ue \T 72 Ue 2 ue \T' 72 ue |2

:Z ((P V' Veu P ) :’(P V' V2u. P (5.8)
i,j=1 |vu€| ij |Vu5|
(Pue)T [svz’u — W' (u)Vue ® Vue /|Vu ﬂpus ’

_ € e € € € € < |B€ |2

e|Vu,|

where in the last inequality we use (Z2). Integrating (5.8]) with respect to dVi,,
(see (222) and ([2.10)) and using (5.1)), we conclude that (5.5) holds. Notice that
by (GI) the conclusions of Theorem Bl hold.

By ([221)) and (&) we obtain also

sup /|A“E|2qu5 < +o00.
0<e<1

This latter estimate together with supy_. . p5,_(€2) < +o0, enables us to apply
Theorem [A4] and conclude that, passing to a subsequence, there is Ae L2(V, R33)
such that

lim (V,.,A%) = (V, A) (5.9)

e—0+t

as measure-function pairs on G5(€2) with values on R%.

Now we want to prove that actually g(x, S) verifies equation (B) and hence
that V is a curvature varifold with generalized second fundamental form in L2, and
A= AY. In doing this we closely follow [43, Proposition 2].

Fix 1 <4 < 3 and ¢ € CL(Q). Multiply equation (2.24) by ¢d;u.. Integrating
by parts we firstly obtain
W (ue)

3

/ E|Vu€|28i¢ — e0;u0jus0;¢ + (9@] dr = / fa. ¢ Osucdx.  (5.10)
Q Q

Hence
/Q (056 — (v )i(v.);030) €| Vucl? + 90€3.] do = /Qf;z 6 Owuedr.  (5.11)

Let now ¢ € CL(Q x R3*3), 0 > 0, and define ¢° € C}(Q2) by

i Vue(z) @ Vue ()
% (x) .—gp(x,ld— 7T+ V(2P ), x €.

Using ¢“ in place of ¢ in (511 and letting & — 0™ we obtain

Ue f’lig 81"(1,5 ~
[ [P (050 = 03100 0t 0) Do) - 2 B2 ]

= —/ <p8l-§jj€ dx.
Q

In (5I2) the integration is only on the subset of  where Vu. # 0, the function ¢
is evaluated at (z,1d — vy, (z) ® vy, (2)), and Dy, , ¢ is the derivative of ¢(z, ) with

(5.12)
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respect to its [k-entry variable. Next we notice that, by the definition of f; and
As in (2:21) we have

55 aius . <VU5 ) &-us
=div

e|Vue| |Vue| Vue| ) |Vue|
1 eViuVue - Vue — e "W (ue) [Vue [ Ou.  (5.13)
e|Vue|? [Vue|?
Ue Ue 1
=Ajs (x, P + SV (V& e @ 1),

Inserting (5.13) into (B.I2)), and recalling the definition of V7 , A% and R;,_ given
in 222), (ZZI) and (ZI]) respectively, we have that equality (5I12) becomes

/ (8505 + Al Do — Ajp) dVig (2, S)
—— [ (0.5) S)ig(a. $) AV (2.9,

where ¢ on the left hand side is evaluated at (z,S). Passing to the limit as e — 0%,
by the convergence of {V; } to V, (£.9) and Lemma [5.] we get

/ (Sijajsﬁ + A\ijkijk@ - gjij%’) dV(z,S) =0,

that is V' is a curvature varifold with generalized second fundamental form in L2
and AV = A.
In order to get (B we proceed as follows. Let V = v(M,6). We define

Pus : Go(Q) — R3%3, (x,8) = P"(x),

PV :Gy(Q) = RS, (2,8) = PM(),
where PM(z) is the orthogonal projection matrix of R® onto the tangent plane
T, M € Ga3to M at z (recall that T, M is well defined H? L M-almost everywhere
by the 2-rectifiability of M, see [I]). By Remark we have that the convergence
of V¢ to V as varifolds implies that (V5 ,P¥) — (V,PV) as ¢ — 0T in the L?-

strong convergence as measure-function pairs on G (£2) with values in R®*3. Hence,

by ([23) and Lemma [A.6] we obtain (5.7)). O

Note that the left hand side of (EI0) can also be written as [, T90;¢ du,
where T is the so-called energy-momentum tensor, defined as T# =
(§|Vu|2 + %W(u)) 61']‘ — a&»u Bju.

5.1. Proof of ([@2). From the definition of #. in (7)) we have

G

w’ 2
We(ue) = 5V2Ua - %E)Vug Quy, | dr+ M /( . )2 de.
Q

2e e
(5.14)

From (L4), (LY) and (5I4) it follows that (B.I) holds. Hence by Lemma [53] we
can conclude that V is a curvature varifold with generalized second fundamental

5/,
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form By in L%, and Ay € L?(uy) and also that (&) is verified. In order to prove
the I — lim inf inequality ([@.2]) we observe that, by (58], we have

W (ue) z/ [_T%G|Bu5|2+ %(Hzaﬁ] dfis,
. (5.15)
—eo [ HEB e PP v, + [

2
By (515), (51), and Theorem [A4] we have

liminf M. (u.) >co lim inf / “ZC|B,,|?dVE + liminf / 20 LG e 2 gpie
2 € e—0t 2 €

e—0+ e—0+ e
A et
>eo [ [BIE P+ 5 (B - [Bf)] v,

which proves (Z2).

6. PROOFS OF THEOREM AND OF COROLLARY (3]

We prove Theorem in the case Q = R3. The case of a bounded € can be
proved almost in the same way.

We will construct a sequence {u.} C H?(R3) satisfying the thesis. To conclude
the proof it is enough to mollify each u. and use a standard diagonal argument to
obtain a new sequence {ti.} C C?(R?) still satisfying (@3), @A), E3).

We consider u. € H2(R?) as in [5]. Let d(-) be the signed distance function from
OF, as defined in Proposition 23 and let v(s) := tanh(s). For any 0 < ¢ < 1 and
s € R, let -(s) := v(s/e) and 7 be defined as follows: 7. := 7. in (0,¢|logel),
Ye := pe in (g|logel, s2), 7 := +1in (s, +00), and Y. (s) := —7-(—s) if s < 0. Here,
pe is an arc of parabola on (g|loge|, sY) connecting the points (¢|loge|, 7. (| logel))
and (s, 1), that is p.(s) :== —ac(s — s%)2 + 1, a. > 0. To find a. and s?, we impose
the condition 7. € H%(R), that gives s =& + &% + ¢|loge| and a. = ﬁ

We define

ue(2) = 3(d()). (6.1)
Then @3] and ([@4) follow directly from [5], and it remains to prove only (.35]).

To this aim we notice that, since VZu. = 7.(d)V?d + 7/ (d)Vd @ Vd, we have
- in U; := {—¢lloge| < d(z) < ¢|logel}
7(d/e)V2d+ 71 (v"(d/e) = W'(1(d/e)) ) VA & Vd

€ 2
Bu = @ SV 62

H, = Ad; (6.3)

- in V. := {e|loge| < |d(z)| < s}

e _ \72 1 " _ W /(ps(d))

Bu5 =V + Ep's(d) <z’:‘p‘E (d) — - ) Vd ® Vd, (6.4)
e _ 1 " 4 /(pa(d))

‘Hu5 = Ad+ Ep’s(d) (n‘:“p‘E (d) — f) . (6.5)
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Let us now derive some estimates in V.. Let € V;; then 1 > u.(x) > p-(e|loge|) =
2¢2 16¢2
1 2 Hence [W/(ue(@)] = (@)1 — ()1 + ne(e))] < 1oy 50 that
e W' (u.) = O(e). Moreover ep!’(d) = O(e), so that
W/
— ) + # — 0(e). (6.6)
2 8e(s—e—e’—¢|logel)?

Moreover since e|pL(s)|* = , making the change of variable o =

(Fe2)
s —e|logel, it follows

e+ed4e|loge| , ) 3%¢ ete - .
elpL(s)|* ds = 7)6 ; (r—e—e’)*dr=0("), (6.7)
€

| log €| (1 + €2
ase — 07
By [5] it follows that
lim #(u.) =co | (Hop)* dH>. (6.8)
e—=07t 9E
Eventually we have
HeE 2 _ Bt 2
lim % (u.) = lim / det([B: ]ij)5|Vu5|2d3:—|—/ MdVUEFdJZ
e—0t e—0t Ue 1<icy<i c V. 2
1
— lim / det([V2d)i;) 1 (/)2 de
20T e 1 G5<s <

) W'<p€<d>>>r "

€

2
dx}

(6.9)

where in the last equality we use Proposition [Z3]1 Hence, by (6.8)) and (69]) we
deduce that (@3] holds.

6.1. Proof of Corollary 4.3l If F has smooth boundary in 2, as in the proof of
Theorem [3:2] we can use the locality of the generalized second fundamental form
for Hutchinson’s curvature varifolds (see [31]) together with

coH?LOE < pu = copy as Radon measures,

to conclude that

CO/ {%va + 5 (v - By [2)] dV = coWhia(E).

The thesis is then a direct consequence of Theorems [4.1] and
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7. PROOF OF THEOREM [4.4]

Firstly we notice that we can assume (up to selecting a subsequence) that Vi
converge as varifolds to the curvature varifold V' € IV,(Q) and that (@1]) holds.
Moreover, since V¢(G9(Q)) = p5_ (), by (L), we can extract a further subse-
quence such that Vuof converge as Radon measures to a Radon measure V° on
GY(Q), and also that q;V? = V (notice that for the moment V? is rectifiable but
not necessarily integral). Eventually, without loss of generality, we can also assume
that

liminf W, (u:) = lim W (ue) < +00.

e—0t e—0t

The present section is organized as follows. We firstly prove Lemma [ from
which Theorem (.4} (B) follows. Then, in Proposition [[3] we conclude the proof of
Theorem E4H(A) showing that VO € TV)(Q).

Lemma 7.1. Let u. € C*(Q2) be such that (5.) holds and liminf, o+ p5_(Q) > 0.
Suppose VO is such that lim,_, o+ Vuof = VO as oriented varifolds. Then there exists
a (not relabelled) subsequence of {u.} such that for L'-almost every s € [—1,1] we
have

lim v ({u. = s}, *v,,_,e|Vue|) = lir(lgl+ v ({uE = 8}, *Vy_, 2W(s))
€

e—0+t

=/2W (5)V°

(7.1)

as oriented varifolds on 2.

Remark 7.2. When liminf__,o+ p5_(€2) > 0, by [13, Lemma 4.4] (see also [38,
Proposition 3.4]) we can conclude that, up to a subsequence, {u. = s} # 0 for
every s € (—1,1).

Proof. Let us firstly remark that on one hand for ¢ € C2(Q x S?) we can define
P* € CYUGY(Q)) as ¥*(z,7) := (x,v7). On the other hand for ¢ € C2(GS(Q)) we
can define ¢, € CO(QxS?) as ¢, (z,&) := ¢(z,x€). This means that the convergence
as oriented varifolds of v({u. = s},*w,.,1) is equivalent to the convergence of
H?L{ue = s} ®0,,_ as measures on Q x S?. Moreover for a given 1) € C} (2 x S?)
we can find ¢ € C}(Q x R3) such that ¢(z,£) = ¢¥(z,€) for every & € S?, and
19l Lo (@xr3) < [PllLoe(@xs2)-
Let 1 € CL(Q2 x S§?) and define g¥ : R — [0, +00) as in the statement, i.e.,

gl (s) = /{ | V) )l )

We extend 9 to a function of class C}(Q x B), where B :={¢ e R® : < [¢| < 2},
and we still denote by ¥ = t(z,£) such an extension. Fixed § € (0,1/2] we set
Is == [-1+4+ 6,1 —0]. Let n € C*(I5). For fixed e > 0 and o # 0, we define
Y7 € CHQ x R3) as

Yo (@) = (l’ %) ’
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so that, since 1 € C}(Q x B), we obtain ¢° = 0 on {Vu. = 0}. We then have,
using the coarea formula,

[ s ds = [ et upwriVucf s = [ corViu) - Vu ds
R Q Q
—/w"n(us)Aus dx—/sn(us)vwf’.vus dz.

Q Q

Letting ¢ — 0 we obtain

/ ng?ds = —/ en(ue) YAu, d

R Q.

—/ en(ue)Vp - Vue da — / en(ue)De, (2, v, )0k (V"2 jOrue da,
Q.

2

(7.2)

where Q. := QN {Vu, # 0}.
Adding and subtracting the term fﬂs n(ua)ww dx, observing that the last
addendum on the right hand side of (Z.2)) can be written as

Vu
- D w. )P eV? *d
/ N(ue)Dep(x, vy, ) P eV u8|Vu€| x,

€

and since P v, ® v, =0, from (7.2) we obtain

!
/n’giﬁ ds :/ n(ue) (—sAus + M) dx —/ en(us) Ve - Vue dz
R Qe € Q.

—/ n(ue)Detp(z, Vus)(PUE (Ev2u5 — %Vue ® I/us)) |§Z:| dx (7.3)

€

W' (ue)
_/QE n(ue )y 6 dx.

Since for every ¢ € Is we have [W'(t)| = [¢(1—2)| < 21 5)W(t), we can conclude
that

‘ / n'g! ds
R

SInllzee () ll¥l Lo @xs2y | fa. |21 ()

1/2
+81/2||n||Lm(15)||v¢||Loo(ngS2) (/ £|Vu8|2 d$>

w’ (us)

+ 10l oo (15) | el Lo (2xs2) / ’5V2 ——Vy, Q| dx

W
-l ey Il e sy /

From this inequality we can deduce that there exists g¥ € BVioc([—1,1]) such
that g — ¢¥ in LL ([~1,1]) and £'-almost everywhere in [—1,1].
Next, for any fixed ¢ € C1(Q), we consider the functions g¥ : R — [0, +00)

defined as
= V/2W (s) - }w(y,vus(y))dH2(y),

and we claim that as ¢ — 0% the sequence {g¥} converges in Ll ([-1,1]) and
L'-almost everywhere to g¥. In order to prove the claim, let 6 > 0. By (3.2)) we
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have
i [ 32 o b gt
5~)O+ /Ié gE 15 gE
= lim
e—0t {uc=s}

< lim //
e—0*t {us_s}

L2|[Y || Loe (axs2) 51_1)%1+

Y| ds < lim (

e—0t

ds+ | |g? —gw|d8>
Is

Is

B(V2W(s) — £|Vae) dHQ‘ ds + O(a))

W (s )—€|Vu5|)‘ dH? ds

W) \/€|Vua|
Qn{u.els} £ 2
ua
e - i

:2H¢||Loo(szxs2)€1i%l+/ﬂ|§;is|d:v =0,

\/§|Vugld:v
(B 552

<2H¢||Loo(szx§2) hm /

which shows the claim. Since on I5 we have /(26 — 62)/2 < /2W(s) < V2, we
can also conclude that the sequence of functions

BR[040 hE(s) = [y ()dHE(),

: V2W () Ju=s)

is equibounded in L{ .([—1,1]) and converges in L ([—1,1]) to

hY = (7.4)

gw
V2w
Next we refine formula (T.2)), by proving that, for every 6 > 0, every ¢ € C}(£2)
and n € C(Is), we have

d
lim ng? ds = / 77(@ v 2W) hY ds. (7.5)

e—0t Is Is

To this aim we start noticing that
W' (u W' (u
[t o - [ e — v as
Q. Q

e
J_Z_\me

(W' (u
ﬁwmmwmmm%/ <)
us

dx

onfu.els} €12/ W (ue)

4(1 = 6) W (ue)
Slnllzoe ) [l e @xsz) = <Q 66 )

Ue | )

L2(Q)
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which, by (3], vanishes as ¢ — 0%. Then, by the L!(Is) convergence of h¥, the
coarea formula and the Lebesgue’s Dominated Convergence theorem, we have

w’ w’
lim n(ug)wﬂ dr = lim n(ua)wig)|Vug| dx
e—=0t Jo_ € e—0t+ QNnfu.els} 2W(u8)
d d
= lim n <—\/ QW) hg’ ds = / lim (77 <—\/ QW) hg’) ds
=0t Jp, ds I, €0 ds

d
:/ n (—\/2W> hY ds.
Is ds
In order to obtain (ZH) it is then enough to plug the following estimates in (7.3):

< V2l g ) 1 2 sty VR @) e N,

/ n(ue)Y e, dz
Q

1/2
< 2l iy |V oo D) ( / a|w5|2dx) ,
Q

/ en(ue )V - Vue dx
Q

and

W' (ue) Vue
Ue)Dep(x, vy, <P“€ <5V2uE -y, ® Vu5)> dx'
| ntwpes ) ' o

<|Inllzoo (15) || Dbl L (axs2) e/ 2| BS, L2,

We are now in a position to prove that the distributional derivative of the func-
tion hY in (Z4) is zero in Is. In fact by (Z3)), the definition of hY and Lebesgue’s
Dominated Convergence Theorem we have

d
/ n'V2Wh¥ ds = lim gg’ ds = —/ n (d—\/ 2W> hY ds,
Is 5 Is §

e—=0t Jr

that is, for every n € C2°(I5) we have

/ % (/2w ) n* ds = o. (7.6)

Is

Since V2W > 4/ 25;52 on Is, from (Z6) we can conclude that the distributional

derivative of h? is zero in I5. This means that there exists a real number 3(1) such
that

h¥(s) = B(x), for £ —ae. s € Is. (7.7)

Let Q' cC Q, and select {¢;} C C}(2xS?) such that {1;} is dense in C° (€Y xS?).
Fix 1);, and choose 15 € C°([—1,1]) such that 0 < ns <1 on [-1,1], s = 1 on
I5/2. Before proceeding any further, let us recall that, by [38, Proposition 3.4] (see
also [I3| Lemma 4.4]) there exists o > 0 independent of ¢, such that if § < &g

fra (2N {Jue| > 1= 6}) < C6,

where C depends on ', but not on «.
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‘We then have
1

1 1
/ NsV2WB(;) ds = / nsV2W lim hY" ds = lim nsg?i ds
1 1 e—0*t e—0t —1

= lim i/ 2W (ue)|Vue| dz

=0t Jon{|u.|<1-2

+/ Ns (ue) Wi/ W (ue) | Vue| de

QN{1- 2 <|u-|<1-6}

+/ pien/2W (u.)|Vu, | dz —/ i/ W (ue)|Vue| da
QN{|uc|>1-2

Qn{lue|>1-%

o / Bily,€) VO (y,%€) + O(0)
:/1 VW dsVO (1) + O(9) :/1 nsV2WVO (1) ds
—1 1

+ </ Vs + / | - m/ﬁds) Vo) +0(9)

- /1 nsV2WVO () ds + O(5).
1

Sending § — 0T we obtain
1 1
/ VoW ds B(vp;) = / VoW ds VO(y;). (7.8)
-1 -1

Repeating the same argument for every v;, by the density of {t;} in C°(Q x S?)
and (Z8) we deduce that 8 = V" as measures on G3('). O

Let ¢ € C1(Q x S?). From the estimates on (d/ds)g? obtained in the proof of
Lemma [T1] we can conclude that g¥ — g% strongly in Wli)’cl((—l, 1)) as € — 0.
The proof of Theorem [4.4}(B) is complete.

We are now in a position to conclude the proof of Theorem [L4+(A).

Proposition 7.3. There exists a (not relabelled) subsequence {V>*} converging,
as oriented varifolds, to VO = v(M,,0y,02) € IVY(Q), with q3V° = V.

Proof. As we already noticed at the beginning of the present section, by (L), we
can extract a subsequence such that fo converge as Radon measures to a Radon
measure VY on G9(Q), and also that q;V° = V. Hence, in order to conclude it
remains to show that V0 € TVH(Q). To this aim we will make use of Lemma [Z.1l
Fix Q' cC Q with smooth boundary. By Sard’s Lemma and Lemma [7.1] we can
find a subsequence {Vf;ik}k and a subset J C [—1,1], with £1(J) = 0, such that

for every s € [—1,1]\ J,
{ue, = s} is a smooth embedded surface and {u., = s} N {Vue, =0} =0,
6[[V({u8k = S}v*yusk ) 1)]](9/) =0,

lim v({us, = s}, %, ,1) = VY as oriented varifolds on €.
k—oo k
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Next we fix 6 > 0 and set I5 := [-1 4,1 — §]. Since we have

/ ‘5v({uak =8}, %, 1)‘ () ds = / / }div (l/uskﬂ dH?ds
Ig\J Ig\J {uEk:S}ﬁQ/
1 . 2
Sm/g/ div (Vusk)’ \ 2W(u5k)|Vu5k|d$ S m/gz, |Bu€k|\/ QW(usk)|Vusk|dI

<G ([, e dﬁi’ik)l/z {fze. @) +2 [l 1]

by the choice of the e, the set J and (&I]), we can conclude that there exists
s =8g, € I5\ J such that

limsup [0v({ue, = Se; }, %V, 1)‘(9/) < +o0.

k—o0

The thesis is then a direct consequence of the properties of {u., = s¢, } for s € I5\J
and Theorem [B.11 O

8. PROOF OF PROPOSITION

As in Section [, by (L8) we deduce that (GIl) holds. Hence we can apply
Theorem BTl and conclude that, up to selecting a further subsequence, ([B.1]) holds.
In addition, the densities of the discrepany measures are uniformly bounded in
L'(£2), and we have

/
/ ‘V§i€| dx :/ Ev2usvus o w (UE>VUE d
Q Q €
/
:/ [5V2u5 - W'(ue) Ve @ Zus] Vu.| dz
{Vu.#0} |Vu|

W' (ue) Vue ® Vue
€ [Vue|?

9 1/2
eVu, — dx) (7ic, ()"

<gl/4 1/
B € J{vu.#0}

1/2
s ([ B pam,) (@) < e

where C' is a positive constant independent of ¢.

By the compactness theorem in BV (see [1]) and Theorem Bl we can select a
further subsequence such that &, — 0 weakly in BV(Q) as ¢ — 07. Moreover
(£9) holds by Rellich-Kondrachov compactness theorem (see [1]).

9. FINAL COMMENTS

9.1. Relaxing the constraints on s, sg. As already stated in Remark B3]
Theorem B2 still holds when replacing (L)) with the more general constraint —2 <
»q /7 < 0. Although we cannot prove Theorem 1] (and hence Corollary A.3]) when
—2 < ¢/ < 0, we can relax condition (I4) to

3
g <0< §%b+%G- (9.1)

In fact, in this case we can still derive (5] using the inequality

(f2)? = ((By))” < 3B .
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Hence, in particular, Theorem 1] holds for s, = —s¢ = 1, which gives the usual
isotropic bending energy

1
Wha(E) = ¢ / Bon|? dH2,
QNOE

1

We(u) = 2

W 2
eV E(u) Vy @ Vy| dz.

9.2. Full T'-convergence and convergence of constrained minimizers.
Corollary .3 shows that the I'-limit with respect to the L'-topology of W is given
by Ml on smooth points. However, since I'-limits are always lower semicontinuous,
the natural candidate for a full I'-convergence result is the L'-lower semicontinuous
envelope Mye of Mie defined by

Whal (E) := inf { lim inf Whia(Er) : Bn C © bounded with 9Ej, € C2,
—00
lim xp, = xg in Ll(Q)}.
h—o00 )
Let us recall some facts about M (see for example [16]). Define

D= {W eIVy(Q): W = hh—{I;o v(0Ep, 1), By, C Q bounded with 9E), € C?,

sup/ [1 + |B,9Eh|2} dH? < —I—oo},
heNJQNOE),

and

A(E) = {W €D: W = lim v(9En,1), B C Q bounded with 9, € C2,
lim xp, = xg in Ll(Q)}.
h—o0 )

Eventually, we recall that if W € D then W € A(Ew) where Ew is an open,
bounded subset with finite perimeter in {2, such that the essential boundary of FE
coincides with the set of points of odd 2-density with respect to .

From [16, Corollary 5.4], we obtain

Whet (E) = min{ #ha (V) : V € A(E)}.
Hence, if we would be able to prove that V' = lim._,o+ V. € A(E), by [@2) we

would have
lim inf (ue) > coMhel(V) > coWha(E),

e—0
which, together with ‘I/I/hel( ) = Wha(E) for E C Q bounded with boundary of
class C?, would imply that T'(L'(2)) — lim._o+ W: = M. Although Theorem
L4 (B) seems to represent a signicative step in this direction, in order to prove
that V' € A(FE) we miss an estimate similar to the one proved in [43] Lemma 2],
[44] Theorem 1]. Actually, we are able to prove that V € A(FE) under the stronger
assumption

sup EV;(UE) < 400, (9.2)
0<e<1

~ W (ue)
We(ue) := We(ue) /|B |2—=2 <)
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Indeed, assuming that ([@.2]) holds, we have

1 —_—
sw [ By Pdds <t s W) < +oc,
0<e<lJ -1 J{u.=s} 0<e<1

which, by Lemmal[71] gives V € A(E). Moreover, this means that we can conclude
that chosen u. so that

(@) = min{a/;(u) L2 (u) = Ay, /Q 1;” dr — AQ}

we have, up to a subsequence,

Vﬂi—>1~/€’D, ue — u=2xp—1 ase — 0T,
where

- V solves

min { Wha(V) : V €D, uy(Q) = Ar, £QN Ey) = As}
- E C Q solves
min {%CI(E) . YW € A(E) we have iy (Q) = Ay, £L3(QNE) = AQ} .

- Wha(V) = Whal (E).

9.3. The case of non-zero spontaneous curvature. As we already remarked
in the introduction, when Hy # 0 the functional

/M Q(H@E — Hy)? dH? (9.3)
n

not only depends on the surface OF but also on the orientation of dFE. Moreover
such a functional is not lower semicontinuous with respect to the varifolds conver-
gence. In fact, as an example due to Karsten Grofie-Brauckmann shows (see [28§],
[29] and [39]), there exists a sequence {Fj}, of smooth sets in  := B(0,1), such
that for every h € N the surface dE}, has constant (scalar) mean curvature equal
to 1, and at the same time the sequence of varifolds v(9FE}, 1) converges to the
varifold v((e3)*,2) in Q. Hence, assuming Hy = 1, we have

0= lim (Hpp, — Ho)*> dH? < 21 = 2/ (Ho)? dH>.
h—o JonoE, (e3)LNB(0,1)
However if we consider the complete Helfrich’s energy
% 2
Whiel (E) = / H’ (How — Ho) + ngaE} dH?, (9.4)
QNOE

and assume (as in the case of zero spontaneous curvature) that —2 < 34,/s¢ < 0,
the results of [I6] still apply and Theorem holds also in this case. More-
over the functional is lower semicontinuous with repect to the convergence of the
oriented varifolds and, whenever supycy Whe(Er) < 400, the oriented varifolds
v(OEn, *vpp,, 1) converge (up to a subsequence) to an oriented curvature varifold
VO € IVY(9) in the sense of [I5].

Possible diffuse-interface approximating functionals for (@3] are

é/ (fg_Hoa|vu|)2dx, é/ (fj—Ho\/W)2d:z:, (9.5)

Q Q
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the latter being the one proposed in [I8]. Consequently a natural candidate for the
diffuse-interface approximation of (3.4)) is

—

W () 1= T () + 265 (),

where ;é(u) is given by one of the two expressions in (@0). If (4] is satisfied, by
a direct calculation we can show that (&) holds as soon as

sup (uis Q) + ‘Ws(us)) < +o00.
0<e<1

Hence we can conclude that also Lemma 5.1l and Lemma 5.3 apply and, with minor

modifications to the arguments of Sections [i8 we can prove that Theorem [£.4] and

Proposition .6l hold also for .. Moreover we can use the same sequence {u.}. C

C?(Q) constructed in Section [6] to show that also an analog of Theorem holds

—Z

for W.. However, in order to prove that the lower bound estimate corresponding
to ([@2) holds, we should prove that

lim [ V& v, dr=0. (9.6)

e—=0t Jo

Unfortunately we are not able to prove ([@.6]) unless additional hypothesis are made
on u. (for example if 15, — 2co|Vxg/|, then (L6) follows from (5.2)), Theorem A4
and Lemma [A6]). However, a possible strategy to obtain (0.6]) might be trying to
use Proposition on each of the “well-separated transition layers” that can be
obtained via an appropriate blow-up procedure (see [38, Proposition 5.3]), and then
conclude via a covering argument.

APPENDIX A. MEASURE-FUNCTION PAIRS

Let D C R!; we say that (u, f) is a measure-function pair over D with values
in R™ if u is a positive Radon measure on D, f : D — R™ is defined p-almost
everywhere and f € L{ _(u).

Let us recall the definition of measure-function pairs convergence (see [30])

Definition A.1. Let (ug, fx), (i, f) be measure-function pairs on D with values
in R™ for every k € N. We say that (ug, fr) converge weakly to (u, f) as measure-
function pairs as k — oo if

Jim fr-Ydu, = /f Ydu VY €C%D,R™).
— 00
Definition A.2. We say that a function F : R™ — [0, 400) is a standard integrand
provided F' is strictly conver on R™, and
g(lal) < F(g)  VgeR™,
where g € C°([0, +00)) is non-negative, increasing and g(t) — 400 as t — +o00.

Definition A.3. Let (uk, fr) and (u, f) be measure-function pairs over D with
values on R™. Suppose pur — p as k — oo as Radon measures. We say that
(ks fx) converge to (u, f) in the F-strong sense in D if

(1) [ F(fe)dwr < +oo for every k € N;
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(ii) setting Di; :={y € D : |fr(y)| > j} we have

lim F(fk) d,uk = O,
k—o0 ij

uniformly in k € N;
(iii) for every ¢ € C2(D x R™) we have

dmn [ty fo)dus = [ 0t 1) d

We say that a sequence of measure-function pairs converges LP-strongly (p €
[1,00)) if it converges strongly in the Fj-sense, with Fj,(q) := |¢|P.
The following result has been proved in [30, Theorem 4.4.2].

Theorem A.4. Let (uk, fr)ren be measure-function pairs over D with values in
R™. Suppose that p is a Radon measure on D and i — p in D as k — oco. Let
F:R™ — [0,400) be a standard integrand. The following assertions hold.

(i) 1f

sup/F(fk) dpg, < 400, (A1)
keN
then there exists f € L .(u) and a (not relabelled) subsequence { (i, fx)}
such that
khm (:U‘ka fk) = (:ua f)7 (A2)
—00

weakly as measure-function pairs on D with values on R™.

(11) If{(:ukafk)} and (ILL7f) satisfy M)) M) then
[P dn < it [ R d (A.3)

Remark A.5. We can adapt the notions and results proved until this point in
the present Appendix to the case where D is an open subset of a smooth manifold
embedded in R™ for some m € N. In particular, in our applications we will often
consider D = G5(Q) or D = G9(9).

The following lemma is a particular case of [33] Proposition 3.2].

Lemma A.6. Let (ux,gr) and (1, g) be measure-function pairs on D with values
in R™ such that

sup || gkl L2 () < +00,
keN
and (uk, gr) weakly converge to (u,g) as measure-function pairs.

Moreover let (ug, fr), (i, f) be measure-function pairs on D with values in R™
such that (ux, fx) converges L2-strongly to (u, f). Then

(ks fre - gr) = (1, f - 9),

lim
k— o0

weakly as measure-function pairs on D with values in R.
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APPENDIX B. GEOMETRIC MEASURE THEORY: VARIFOLDS

Let us recall some basic fact in the theory of varifolds, the main bibliographic
sources being [41] and [30].

We call varifold (resp. oriented varifold) any positive Radon measure on G2(f2)
(resp. on G9(2)). In this paper we are confined to surfaces, hence we use the terms
varifold and oriented varifold to mean a 2-varifold in €.

If V9 is an oriented varifold then the push-forward q;V? is the corresponding
unoriented varifold associated with V' by projection onto G ().

For any varifold (or oriented varifold) V' we define iy to be the Radon measure
on €2 obtained by projecting V' onto €.

Let M be a 2-rectifiable subset of R? with finite #?-measure and let 8, 0y, 05 :
M — Rt be H?L M-measurable functions. Suppose 7 : M — Gg_’3 is H2L M-
measurable and q(7(z)) = T, M for H?L M-almost everywhere = (7 is called an
orientation function on M). Then we define the rectifiable (unoriented and oriented
respectively) varifolds

V= V(M,e), VO = V(M,T, 6‘1) + V(M, -7, 6‘2) = V(M,T, 6‘1,6‘2),
by

V(g) = /M (. T M) B(@)dH? Yo € CO(Ga()),

Vo) = [ [ol @)t + oo —r)ta@)] o € CUGHD).
M

With the notation v(M, 7, 6) we mean v(M, 1, 0,0).

When 6 (resp. 61, 02) take values in N we say that V = v(M,0) (resp. VO =
v(M,7,01,03)) is a rectifiable integer unoriented (resp. oriented) varifold and we
write V € IVo(Q) (resp. VO € TVH(Q)). If VO = v(M,7,601,62) € IVY(Q) the
integral rectifiable 2-current [V°] is defined as

[V](w) := / (w(x), 7(x)) (1(x) — O2(x)) dH?(x) Vw € CO(Q, Ax(R?)).
M

As usual [V] denotes the boundary of the current [V°], and [0][V°]] is the mass
of [OV?] (see [41]).

Let V be an unoriented varifold on €; we define the first variation of V as the
linear operator

SV : CHQ,R?) = R, Y — /tr(SVY(:z:))dV(:c,S).

We say that V' has bounded first variation (resp. generalized mean curvature in
LP, p > 1)if 6V can be extended to a linear continuous operator on C?(£2, R3) (resp.
on LP(uy,R?)). In this case |§V| denotes the total variation of V. Whenever the
varifold V' has bounded first variation we call the generalized mean curvature vector
of V the vector field
AoV

duv’
where the right-hand side denotes the Radon-Nikodym derivative.

By varifold convergence (resp. oriented varifold convergence) we mean the con-
vergence as Radon measures on Ga(Q) (resp. on G9(9)). The following compact-
ness theorem for oriented varifolds is proved in [30, Theorem 3.1].

Hy
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Theorem B.1. Let C > 0 and let {;} be a sequence of open subsets with smooth
boundary invading 2. The set

(VO € IVY(Q) £ Vi € N, jigyvo) () + [5(a: V°)|(2) + D[VO]I (<) < €}
is sequentially compact with respect to the oriented varifolds convergence.

Remark B.2. Let {V},} be a sequence of varifolds converging to a varifold V, and
suppose that there exist py, -measurable maps S" and a py-measurable map S.
such that

V) = [ S du,(0) VU € CHGa(), Ve N

V(®) = / U, ) duy (z) Y € CUG(Q)).

Then it can be checked that the measure function pair (uy,,S") converge LP-
strongly to (uy,S.) as measure function pairs on  with values in G2(f2), for every
p € (1, +00).

Following [30] we define the notion of Hutchinson’s curvature varifold with gen-
eralized second fundamental form.

Definition B.3. Let V € IV3(2). We say that V is a curvature varifold with

generalized second fundamental form in L?, if there exists AV = A};k e L3V, R33)
such that for every function ¢ € CL(G2(Q)) and i =1,2,3,
/ (10,0 + AV D&+ AV 6)dV (2, S) = 0, (B.1)
G2(Q)

where ijk¢ denotes the derivative of ¢(x,-) with respect to its jk-entry variable.

Moreover we define the generalized second fundamental form By = (BZ)1§i1j7k§3
of V as
Bfi(2,5) = Sj Al (x, 9). (B.2)

Remark B.4. Every curvature varifold V with generalized second fundamental
form in L? has bounded first variation. Moreover

Hy (2) = (Aj15(x, Topv ), Ajoj (@, Topv ), Ajsj (z, Topv)) € L2 (uv, R?),  (B.3)
for py almost every x € Q.

Remark B.5. If V = v(X,1), where ¥ is a smooth, compact surface without
boundary, the generalized second fundamental form as well as the mean curvature
and the tensor Ay coincide with the classical quantities defined in Section 2.2]
and the same is true for the oriented varifold associated with ¥. Moreover the
generalized second fundamental form and the functions Az‘-; i verify Proposition 221

Next we give a definition of convergence for Hutchinson’s curvature varifolds.

Definition B.6. Let {V,,} be a sequence of curvature varifolds with generalized
second fundamental form in L?, and let V be a curvature varifold with generalized
second fundamental form in L?. We say that Vj, converge as curvature varifolds to
Vi

lim V, =V as varifolds,

h—o0

hlim (Vh, Ay,)) = (V, Ay) as measure — function pairs.
—00
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Remark B.7. By Remark[B.2] LemmalA.6land the definition of generalized second
fundamental form By, , we have that if V}, = V as curvature varifolds then

(Va, By,,) = (V,By)
as measure-function pairs on G2(€2) with values in R3”.
As a consequence of Definition and Theorem [A.4] we have the following

Proposition B.8. Let {V3} C IV2(Q) be a sequence of curvature varifolds with
generalized second fundamental form in L? satisfying

3
sup 4 py, () —|—/ Z (Ax-’}c)2 AV < 400
helt ij,k=1

Then {V,} has a subsequence converging to V€ IV2(2) as curvature varifolds.
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