N
N

N

HAL

open science

Exact Boundary Controllability of a System of Mixed
Order with Essential Spectrum
F. Ammar Khodja, Karine Mauftrey, Arnaud Munch

» To cite this version:

F. Ammar Khodja, Karine Mauffrey, Arnaud Munch. Exact Boundary Controllability of a System
of Mixed Order with Essential Spectrum. STAM Journal on Control and Optimization, 2011, 49 (4),

pp.-1857-1879. 10.1137/090777712 . hal-00864107

HAL Id: hal-00864107
https://hal.science/hal-00864107
Submitted on 20 Sep 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00864107
https://hal.archives-ouvertes.fr

SIAM J. CONTROL OPTIM. (© 2011 Society for Industrial and Applied Mathematics
Vol. 49, No. 4, pp. 1857-1879

EXACT BOUNDARY CONTROLLABILITY OF A SYSTEM OF
MIXED ORDER WITH ESSENTIAL SPECTRUM*

F. AMMAR KHODJA', K. MAUFFREY', AND A. MUNCH#

Abstract. We address in this work the exact boundary controllability of a linear hyperbolic
system of the form u” + Au = 0 with u = (u1,u2)” posed in (0,T) x (0,1)2. A denotes a self-adjoint
operator of mixed order that usually appears in the modelization of a linear elastic membrane shell.
The operator A possesses an essential spectrum which prevents the exact controllability from holding

uniformly with respect to the initial data (uo,ul). We show that the exact controllability holds by

one Dirichlet control acting on the first variable u; for any initial data (uo,ul) generated by the

eigenfunctions corresponding to the discrete part of the spectrum of A. The proof relies on a suitable
observability inequality obtained by way of a full spectral analysis and the adaptation of an Ingham-
type inequality for the Laplacian in two spatial dimensions. This work provides a nontrivial example
of a system controlled by a number of controls strictly lower than the number of components. Some
numerical experiments illustrate our study.

Key words. boundary controllability, essential spectrum, Ingham inequality, mixed order
operator
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1. Introduction and problem statement. Let Q = (0,1)% and I be the part
of 00 defined by I = {(x,y) € 9Q, 2y = 0}. Let T be a positive real number and a, «
be two real numbers such that a > a? > 0 and va — o2 /7 ¢ N*. We analyze in this
work the exact boundary controllability of the following system in u = (uy,us)”

u' +Au=0 in Qr =Qx(0,7),
(1.1) up =vlr on X = 00 x (0,7),
(u(-,0),d/(-,0)) = (uo,ul) in Q,

—-A —ad,
A= ( a0y a >

The study of this system is motivated by the following in u = (uy, us, uz)”

where

'+ Au=0 in Qr,
(Ul,UQ) = (’Ul,vg) 11‘ on ET,
(u(-,0),4/(-,0)) = (uo,ul) in Q,
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1858 F. AMMAR KHODJA, K. MAUFFREY, AND A. MUNCH
where the operator

—ads, —cdy, —(b+0)d2, —ar o,
A= —(b+¢)07, —cd2,—ad}, —br'o,

r~lad, rilbay r—2a

is used to model a cylindrical membrane elastic shell (see [20]). Here a = 8u(A +
W)/ A+ 2u), b =4 u/ (A + 2p) and ¢ = 2u, where A, u > 0 denote the Lamé coef-
ficients and r~! > 0—the coupling parameter between the tangential displacement
(u1,u2) and the normal displacement us of the shell—denotes the curvature of the
cylinder. This mixed order and formally self-adjoint operator, when associated with
homogeneous Dirichlet boundary conditions on the first two components, enters in the
framework of [6]. It possesses an essential spectrum o.ss(A) that can be computed
using [7]: precisely, oess(A) = [0,2r72(3X +2u)/ (A + p)]. Therefore, the spectrum
of A is composed of two distinct parts, the essential spectrum plus a discrete spectrum
with asymptotic behavior equal, up to some constant, to the spectrum of —A. The
difficulty here is that the discrete spectrum is not known explicitly. In this paper,
instead of A we consider the operator A which presents the same structure yet is
simpler and has a spectrum that can be explicitly computed.

We set H = L? (Q) x L?(Q) (equipped with the natural scalar product (-,-) )
and H,/p = H} (Q) x L? (Q). Let H_y 5 denote the dual of H, 5 with respect to the
pivot space H. System (1.1) is said to be exactly controllable at time 7" > 0 if for any
initial data (uo,ul) € H x H_y/3 and any target (uOT,u%«) € H x H_y/; there exists
a control function v in a suitable space, such that the unique solution v = (uq, ug)T
of system (1.1) satisfies

(W, T), (- T)) = (u,uk)

We point out that the variable ug in system (1.1) is free of any condition on the
boundary 9. In particular, system (1.1) provides a nontrivial example for which
the number of controls is strictly lower than the number of components (for other
examples, see, for instance, [22] and [11]).

As usual, the controllability issue is equivalent to an observability inequality that
we will rigorously prove to be

2 Trrop 2
(12) (@) =€ [ [ (52 +avm) doa

(v = (v1,12) denotes the unit outward normal to I') for any initial data (®°,®!)
belonging to H; /o x H, for the following homogeneous adjoint system in ® = (¢, )T

q)// + A(b - 0 in QT7
(1.3) =0 on X,
(®(-,0),2'(-,0)) = (®°, ®') in Q.

The observation zone I' is defined so that the triplet (2,I",T") satisfies the geometric
optic condition.
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EXACT BOUNDARY CONTROLLABILITY 1859

The originality and difficulty of the—apparently simple—system (1.3) are related
to the fact that A is a mixed order operator and, therefore, possesses a nonempty
essential spectrum oess(A4), as shown in [6] in a general situation. As a consequence,
the observability does not hold uniformly with respect to the data (CI>0, CI>1). Precisely,
in [10] the authors exhibit Weil sequences, associated with some elements of oess(A)
for which the observability inequality (1.2) is not true. The observability is there-
fore expected only, roughly speaking, in the orthogonal of some space related to the
essential spectrum. To our knowledge, up to now the only way to address this kind
of problem is based on spectral analysis and an Ingham-type approach and can be
used to prove the observability for the discrete part of the spectrum, provided some
spectral gap conditions (see [12]). In that framework, the existing literature mainly
concerns the controllability of dynamical systems modeling the vibrations of an elastic
membrane shell, where precisely mixed order and self-adjoint operators appear (we
refer to [20] for a detailed spectral analysis). We also mention [8, 9], where the con-
trollability of a hemispherical cap is studied using a nonharmonic spectral analysis.
The analysis, reduced to the one spatial dimension by axial symmetry, exhibits the
loss of uniform observability due to the essential spectrum composed of a single pos-
itive element. A similar study is performed in [2] for a nonuniform elliptic operator
A for which 0 € 0s5(A). We also refer the reader to Chapter 5 of [13] for results
based on some recent extensions of Ingham-type inequalities. For systems of this kind,
the uniform partial controllability, which consists of driving to rest only a restricted
number of components, is proved in [14]. The observability is obtained by a so-called
spectral compensation argument, which states that the bad behavior of the part of
the spectrum which accumulates to o¢ss(A) is somehow compensated by the suitable
gap of the discrete part. In a different context, we also mention [3, 17, 19] for the
controllability of systems with spectral accumulation point.

The paper is organized as follows. In section 2, after introducing some spaces in
connection with spectral properties of the operator A, we set our main results. In
section 3, we establish the well-posedness of (1.1) for v and initial data (uo, ul) in
suitable spaces. We divide section 4 into three parts. The first is devoted to the
analysis of the adjoint system and to the formulation of the observability inequality

s (1.2). In the second part, we prove the observability for any initial data (<I>O, <I>1)
belonging to a closed subspace of H;/, x H spanned by eigenfunctions of A associated
with the isolated eigenvalues of A with finite multiplicity. The key point is that these
eigenvalues enjoy gap properties similar to those of the eigenvalues of —A with the
Dirichlet boundary condition used in [18]. On the contrary, the third part of section 4
exhibits the lack of observability in spaces related to the essential spectrum. In
particular, by numerical approximation, we check that the corresponding observability
constant is not uniformly bounded with respect to (<I>0, CI>1). Section 5 concludes this
work with some remarks and open problems.

2. Preliminaries and main results. We recall that the eigenvalues and nor-
malized eigenfunctions of the operator —A with domain H? () N Hg (Q) are given
by ppq = (p? + ¢%) 7% and ppq(z,y) = 2sin(prz)sin(gry) (for (p,¢) in N* x N* and
(z,y) € Q= (0,1)%.

The natural operator that occurs when we transform (1.3) into a second order
differential equation is A = (44 ~%% ) in H = L?(Q) x L*(Q) with domain
D(A) = (H*(Q) N H{ (Q)) x D(8,). Here 0, is considered an unbounded operator
in L2 (Q). We can prove that this operator A is not closed in H. Therefore we have

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1860 F. AMMAR KHODJA, K. MAUFFREY, AND A. MUNCH

to consider its closure, which is still denoted by A and defined by (see [1])

(2.1) A ( i ) - < - (%:wafa;aw) >

D(A) = {(p0)" € H} (@) x L2 (@) [0 + aA 000 € HE ().

We introduce the following notation.
NoraTION 2.1. For p,q > 1, we set

Mo =3 (qu tax \/(#pq —a)’+ 4052132772) tpg = (P° + %)
Opq (2,y) = 2sin(prz) sin(qmy), Ype (z,y) = 2008(pW$)Tsin(q7ry),
+ _ (Apg—a) apr
P <\/()\§q—a)2+a2p2ﬂ'2 Pro> \/(Aiq—a)2+a2p2ﬂ2 wpq ’
. T
eq(z,y) = (0, V2sin (qmy))

Straightforward computations show that for every (p,q) € N* x N* we have
Aer, = Nrer . Aey = aey, and for each A ¢ {a} U{\] }pq>1 U {)\pq}p,q>1,
Ker (A — AI) = {0}. In other words, the sets of eigenvalues and associated eigenfunc-

tions of A are {a} U{\} }p¢>1U {)\p7q}p7q21 and {eq} -, U {ep)q};mqu {e p7q}p7q21’
respectively. It is also easy to check that /\;,f 7 ~ll(pa) |l —+oo Hpq (the order of approxi-

mation is A = pipg + app = 4 O(L& B )), and A\, , <a <A, < AF forall p,g>1.

Thus all the )\; q are isolated elgenvalues (of ﬁnlte multiplicity). USlng the fact that
the families {¢pq}, ,~; and {¥pq},> >, are two orthonormal bases of L?(9), we
can easily check that the family B = {eq} o, U {ef .}
orthonormal basis of H = L2 (Q) x L% (Q).

We refer to [5] for the definition of the essential spectrum o.ss(A) of A. As a
consequence of the results in [6], we have 0.45(A) = [a - a2,a}. Besides, we can

check that the set of accumulation points of the sequence (/\; q)p . is exactly oess(A).

pg>1 U { p7q}p)q21 forms an

Figure 2.1 summarizes these properties.

Remark 2.2. The asymptotic behavior of (A q)p , is in agreement with [7], where
it is shown that the asymptotic behavior of o(A) is related to the spectrum of the
principal part of A, which in our case is —A.

The operator A defined in (2.1) is self-adjoint in H and positive; this last assertion

min(a—a?,7?)

0 a—a? a AT,
- +
Ap.a Ap.g
set of the accumulation )\:,qu-lzpq

points of ()\p q)

F1c. 2.1. Distribution of the spectrum of A along R.
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EXACT BOUNDARY CONTROLLABILITY 1861
comes from the formula

(Au,u)y = /Q [(&Cul + auy)® + (a —a?)ul + (8yu1)2] dx dy

(for u = (uy,uz)T € D(A)) and the assumption a > o?.
For any § € R, we recall that the operator A% is defined by

) _\O _ _
A= Z (Az—;q) <"81—;q>He;_,q + Z (/\p,q) <"ep7q>Hep,q +aéz<"eq>H€qv

p,q>1 p,q>1 q>1
D (%)~ {¢ € H )P et )+ 3 )™ (b 4 a3 (e oo}.

Since (A,,), , is bounded, D (A%) ={p € H, Y, _, (\f,) " (6,€54)5 <och. Tn what

D,q
follows, we will set

p,q=1

Hs =D (A%, d6>0.

The operator A is a bounded operator from D(A), equipped with the graph norm, to
H. Tt is well known that A can be extended to a bounded operator from H to D(A)’,
the dual space of D(A) with respect to the pivot space H. We continue to denote this
extension by A, and, thus, A can be seen as an unbounded self-adjoint operator on
D(A)" with domain H. A is also a unitary operator from D(A) to H and from H to
D(A)'. In what follows we will set

H_y = D(A).

The other extension of A that we will use later is the following. A can also be extended
to a unitary operator from D(A'/?), equipped with the graph norm, to D(A'/2)’, the
dual space of D(Al/ 2) with respect to the pivot space H. We will set

Hl/Q :D(Al/Q), H_1/2 :D(Al/z)l.

For details on these extensions, see, for instance, [21]. The last notation we will need
is the following:

H* =span ({e5,, p,g>1}),  H*=span({eg, ¢ >1}),
and for § € R,
Hf = H;n HE, H¢ = HsN H®.

We are now ready to set our main result.

/T 21 \/ ()\Irl—a+a2)2
THEOREM 2.3. Lety = yWer and Ty = = 1+2 (}\+ 7o Assume that
iy « Llfa

a < 2r%. For any T > Ty, any initial data (uo,ul) € HT x Hf1/2, and any target
(u%,u}) € HT x Hfl/z, there exist control functions v € L2 (T x (0,T)) such that
the unique solution u of system (1.1) satisfies u(-,T) = u% and '(-,T) = uk in Q.
The significant novelty of this result with respect to the literature mentioned in
the introduction is that it concerns two spatial dimensions. The proof of this theorem
is much less straightforward (than for the one-dimensional situation). It relies on the

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1862 F. AMMAR KHODJA, K. MAUFFREY, AND A. MUNCH

adaptation to our problem of a recent Ingham-type theorem due to Mehrenberger for
the wave equation (see [18]). The restriction to the closed subspace Ht x H', /2 18
justified by the following proposition.

PropPOSITION 2.4. For any T > 0 and any € > 0, there exist initial data
(@°, @) € Hy,y x H™ for which the solution ® = (¢, )T of (1.3) satisfies

o (T dp 2
(2.2) ||(¢0,@1)||X1/0/F(5+a¢u1> dodt < e.

This result means that the observability inequality (1.2) does not hold on H 1_/2 X
H~ (and thus on the whole space H;/, x H). This is in agreement with the result
n [10], where it is shown that the lack of observability is related to the essential
spectrum.

Before proving these results, we establish that the exact controllability of (1.1)
is equivalent to the observability inequality (1.2). Actually, the control operator
associated with system (1.1) is not bounded from the space of controls L? (I x (0,T'))
to the state space X _; (the dual of X; = H,/ x H with respect to the pivot space
X = H x H_y/3). Section 3 is devoted to the study of this control operator and the
formulation of the observability inequality.

3. Well-posedness of the controlled system.

3.1. A Dirichlet map. In this section, we introduce and analyze the Dirichlet
map D : D(D) c L*(I') — H corresponding to system (1.1) defined as follows:
D(D) = {ve L*(T),Dv e H}, and for v € L*(T'), we denote by Duv the solution
0 = (64, 02)T of the abstract elliptic problem

(3.1) Ag=0 il A= ( —A —ad, )
01 =vlr on 99, a0y a
For simplicity of notation, we set

(32) Oéi — i (Aiq —a+ a2) + — i ()\Ij;q B a)

p.q p,q :
\/(/\Zz,t,q - a)2 + a?p?m2 \/(/\Zz,t,q - a)2 + a2p?m?
The map D satisfies the following continuity property.

PROPOSITION 3.1. For everye € (1/2,1], D € L(H® (I"), H). Moreover for every
v e D (D), we have

(3.3) < > :t I ( >H —=
3.3 Dv,e L 09 ¢ + V1 .p, Du, e = Vg,
pa/H /\pq 2,q q/\pq Lp q /2 2.q

with vy, = 2f0 z,0) sin (prrz) dz and ve,q = 2 fo v(0,y) sin (gmy) dy.

Proof. Let € € (1/2 1] and v € H¢(T"). Suppose that (3.1) has a solution § € H.
Using integrations by parts, we have

der,
<A6‘, €, q> = <9, Ae;t’q>H —|—/F <ﬁ + Oéiﬁqul) v dodt,

T o -
where e = (¢F ,¢F,)" . Since Aef, = AF e, this yields

P.q pq’
+ +
£\ _ . %a Bra
(3.4) 0,60y = p)\iqvg,q—kq/\iqm,p

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



EXACT BOUNDARY CONTROLLABILITY 1863

By the same arguments, we obtain

(3.5) (0, eq) yy = —

—F=7 .
CL\/E 2,q

This proves that if (3.1) has a solution 6, then this solution is unique and is written

as
0:Z<9 Hpq—l—z ,qupq—FZ@eq eq,

p,q=>1 p,q=1 q=1

with (6, e, ), and (0, ¢,),, as given by (3.4) and (3.5), respectively. Now, we have

to check that such a 0 is an element of H. Formula (3.4) gives

Upq V2,4 Bra [vrnl
+ +1-pq 1Y2,9 +1Fp,q |V1,p
(3.6) (0,650 | < a2l e Bralon
D,q p D,q q
From the asymptotic property )\;q~||(p7q)||_>+ooupq, we have (see (3.2))
at + 7T
X P.q
~ 7 ~— as |[(p,q)l = +oo.
Ath Moa Mo

Consequently, there exists a positive constant ¢; such that for all (p, q) € N* x N*,

Jr
C1 ﬁ C1
—f_q < — and —fr’q < —.
Apa  Hpg Apg Hpg

Using 0 < € < 1 and the definition of u,, (see Notation 2.1), we immediately obtain

+
e+1 Bra < &

c
—= < —< and ¢ < .
™ Mg —

C1 V2, U1,
‘<0,e;q>H‘§_2<| q|_|_| p|>.

™ pe q°
This gives
+ 2 C1 2 1 2
81) (et ) <2(5) Dot (S 00 = €1 ol
p,q>1 r>1 q>1 p>1

where Ci(e) = 4%2@1%-
Using the definition of A, and (3.2), we can prove that as ||(p, q)|| — +o0,

‘O‘;q|N|O‘| 32 2\’ ‘ﬁpq| 2
7 p(P*+4¢?) ’ p +¢*
Since (/\; q) is bounded away from 0, there exists a constant co > 0 such that for
every (p, ¢ € N* x N*,
a— 2
‘zi,q|§c2 g ~ ‘TJ|<C 2p2.
Apa p(P*+4¢?) Apq pP’+q

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1864 F. AMMAR KHODJA, K. MAUFFREY, AND A. MUNCH

Since 0 < € < 1, this implies that

€+1 o e 92 ¢ e+1 — 1—e, e+1
‘_pq| <ec qu ~ <05 and |_pq‘ Sczp _ q _
q“Apq ptq P Apq ptq
Using (3.4), we deduce that
1 13—
‘<9 o > ‘ < Pt |O‘p q‘ q° [v2,4] ¢t ‘Bp,q‘pe [v1,p] < e q [va2,q| +p€ [v1,p]
pa/ H q )\p,q pe pe)\;,q qe — pe qe

Since v € H¢ (T"), we can write from this inequality

— 2 1 € €

(3.8) Z(<9,ep7q>H) < 2C222E <Z(q v27q)2+2(p U1)p)2> < Cs(e) HUH?qe(r) ;
p,q>1 r>1 q>1 p>1

where Oy (€) = 4cy? > .

Besides, formula (3.5) clearly gives ({6, eq>H)q>1 € (2, with

a?
(3.9) S 60l )” = oy S0 < S ol

q=>1 q>1

Combining (3.7), (3.8), and (3.9), we obtain ¢ € H, with ||| ;; < C(e) [[v|| gy and
C(e) = max(C; (e), Cae), 120). 0

Proposition 3.1 gives that H¢ (I') C D (D) for every € € (1/2,1]. This implies
that D: D (D) c L? (') — H is an unbounded operator with dense domain in L? (T).
Consequently, the adjoint operator D* of D is well-defined as an unbounded operator
D*:D(D*) C H— L*(I).

PROPOSITION 3.2. D* s given by

D) ={geH, ] (L)l—k (A 1g)2u1)2d0<+oo},

g L B =
D*g = (3(A ), +o (A g)gyl)‘r, where A 9:< EA_lggl )

Proof. Let v € D (D) and g € H. By the definition of the adjoint of an unbounded
operator, D (D*) is the set of the elements g € H such that v — (Duv,g), is a
continuous linear form on L? (T). By (3.3), we have

By, _
(Dv,g)y = ZULPZ <qﬁ p,q> +a % <g’ep7q>H>

p>1 a>1
(3 1()) + ( b4 < € >H - < >H> 2 < >
. E V2, E N g,€,. P— g,€ , g,¢€ .
g>1 ! p>1 Ap,q - )\p7q P (l\/— w

This implies that D (D*) is the set of the elements g € H such that the two following
sequences are in £2:

By, p, -
<$p = Z (q# <gae;j,q>H + q)\:liq <g76p7¢1>H) > ’
1 D,q D,q p=>1
Yo = p g.e + p—*(g,e + —=(9,¢q) :
( ! ; ( Mg < p7q>H Ap.g < p)q>H av2 " =1
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EXACT BOUNDARY CONTROLLABILITY 1865

It is also easily seen that

.

2 2
« (A_ 1g)2 V1
L2(T)

=[]l + lw,

Y2

This allows us to conclude that

D (D) ={ge H, Ha(éiylg)l—l—a (47), 1|

<oo}.
L2(T)

Now we suppose that g € D (D*). Then we can easily check that (3.10) leads to

<DU,g>H:/Fv(%+a (Aflg)zul)do.

This gives the formula for D*g. |
PROPOSITION 3.3. D: D (D) C L?(T') — H is a closed operator on L* (T').
Proof. Let (vn),cy be a sequence in D (D) which converges to a certain v in
L? (') and such that (Duy), oy converges in H to an element 6. Let v}, and v},
denote
1

1
o = 2/0 Un(,0)sin (prz) dw, vf, = 2/0 vun(0,y) sin (gmy) dy.

From the convergence of v, to v in L?(T'), we deduce that VY )= n—+ool1,p for
any p € N* and vy ,—n4oov2,q for any ¢ € N*. Using (3.3) we conclude that

+ +
+ %p.q By fe]
<Dvn,ep)q>H “notooP3E V2,9 + qTAp,qULP and <Dvn,eq>H — 400 a3 V2.a for every

P,q
(p,q) € N* x N*.
Besides, the convergence of Dv,, to # in H implies the convergence of <Dvn, ei q> "

(resp., (Dun, eq) ) to (0, ep) , (vesp., (8, e4) ;) for every (p, q) € N* x N*. Therefore,

+ +
D,

+ _ % 'B:D,q
(0, €50) 1 = PREIV2q +ATE VUL,

Y(p,q) € N* x N*
(0.eq) fr = a%@“%q'
From Proposition 3.1, this implies that § = Dv. It follows that v € D (D), since
0ecH. O
3.2. Toward an internal control problem. We introduce the following nota-
tion:
X:HXH,]_/Q, X_le,]_/QXH_l, X1:H1/2XH

and
) _ 0 I _
L:D(L)CcX_1— X_q, L—<_A O)’ D(L)=X.

Note that the operator occurring in the definition of L is the extension of A from H
to H_l .

In this section we transform the boundary control problem (1.1) into the familiar
form of an internal control problem:

{U’ = LU + Bv in Qr,

(3-11) U(0) = (uo,ul)T in Q,
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where B is an unbounded control operator from L? (T') to X _;.

Assume that v is an element of H! ([0,7], D (D)). For the moment let Z denote
the vector Z = (u,u/)” — (Dv,0)”, where u is the solution of (1.1). Then Z is a

solution of
;. 0 I Do’
7=( 5 8)7- (%)

Since v € H' ([0, 7], D (D)), we have (Dv',0)" € L?([0,T], D (L)). Therefore, Z is a
solution of Z' = LZ — (Dv', O)T in X_1, and the semigroup theory gives

(3.12) Z(t) = S(£)2(0) — /0 S(t — ) (D”(’)(S)> ds,

where (S(t)),s, is the C°-semigroup associated with the maximal and dissipative

operator L. Integrating by parts in (3.12) and using (Duv(s),0)" € D (L), we obtain
Z(t) = S(t)Z(0) — (D%(t)) +5(t) <D“0(0)> - /O "S(t-s)L (Dv0(8)> ds.

Replacing Z(t) by its definition, we obtain the following expression for (u(t), v’ (t))":

(3.13) (5((?)) — S(t) (Z?) + /0 "S(t — ) Bu(s)ds,
where
(3.14) B= (A%)> :D(B) C L*(T) = X_4

is an unbounded operator with dense domain D(B) = D (D). Formula (3.13) means
that (u,u/)” is the mild solution U of the internal control system (3.11).

THEOREM 3.4. For any (u’,u') € X and anyv € H* ([0,T], D (D)), system (1.1)
has a unique solution u in H_y /5. Moreover u € C([0,7T],H)N Ct ([O,T],H,l/g) N
C?([0,T),H_1).

Proof. The proof is a straightforward consequence of the semigroup theory (see,
for instance, [21, Thm. 4.1.6, p. 113]). The main argument is that Bv € H* ([0, 7], X_1)
(since v € H' ([0, 7], D (D))). O

4. Controllability and observability.

4.1. Formulation of the observability inequality. We introduce the control
operator Lt : D (Lt) C L?(I' x (0,7)) — X defined by

T
(4.1) Lv = /O S(T — t)Bu(t)dt,

with domain D (L) = {v € L*(T' x (0,T)), Lyv € X }. The exact boundary control-
lability problem for system (1.1) is the following: given 7" > 0 large enough, initial
data (u’,u') € X, and final data (u},u}) € X, find a control function v in D (Lr)
such that the solution u of system (1.1) satisfies (u(.,T), «'(.,T)) = (u¥,uk) in Q.
Therefore, system (1.1) is exactly controllable at time 7' if and only if the control
operator Lp is onto.
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By Theorem 3.4, D(L) contains H' ([0, T],D(D)), which is dense in L?(T"x (0, T"))
since D(D) is dense in L? (I'). Hence D(Lr) is dense in L2 (T" x (0,7)). This allows
us to compute the adjoint L} of Ly. Using arguments similar to those in the proof
of Proposition 3.3, we can prove that Ly : D (Ly) C L* (T x (0,T)) — X is a closed
operator. Consequently, the surjectivity of Ly is equivalent (see, for instance, [4,
Thm. I1.19, p. 29]) to the existence of a positive constant ¢ such that

5 (8L, I(%)

This last inequality is also equivalent to

o0 30 \|? o0
(B (8 () erun

b'e
Therefore, the exact controllability problem for system (1.1) relies on the “observabil-
ity inequality” (4.2).

In what follows, we compute L% L to translate (4.2) in terms of the adjoint system
(1.3) of system (1.1). By the definition of Ly in (4.1), we have L} = B*S(T — -)* so
that it remains to compute the adjoint of B.

LEMMA 4.1. B*: D (B*) C X1 — L? () is given by

2
>c

2 \I}O
X

L2(Er)

2
>c
L2(Zr7)

(4.2) }

D(B7)={(e%,0")" € X, / @' € D (D)},
(4.3) .

B* ( o ) — D!,
Moreover for every (<I>O, <I’1)T € D (B*L), we have

0 o
(4.4) B*L ( o ) __ (% n a<I>gl/1> . where ®° = (2, 89)" .
r

Proof. Let v € D(B) = D (D) and (CI>0,CI>1)T € X;. We recall that since A is
self-adjoint in H, L is skew-adjoint in X_; (i.e., L* = —L). This allows us to write

(8] (o8] amm) () o),

It is easily seen that L=! = ( ? -4 1) so that L=t Bv = ( _5” ). This gives

0
<($1>,Bv> = (@', Dv),,,
X1,X
which leads to (4.3).

Now, if (8°,8)" € D (B*L), then B*L(%)) = B(_%,,) = —D* (A2°), and
Proposition 3.2 gives (4.4). O

A direct consequence of Lemma 4.1 is the following.

PROPOSITION 4.2. L4L: D (L5%L) C X1 — L? (I x (0,T)) is given by

D(L5L) = {(@0,¢1)T € X / Z—f + g € L2 (T x (O,T))} :

0 9]
s (8) (o)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1868 F. AMMAR KHODJA, K. MAUFFREY, AND A. MUNCH

where ® = (cp,d))T is the solution of the following backward adjoint system of (1.1):

D"+ AD = )
(4.5) { + 0 in Qr,

(., T)=3,&'(,T)=d' inQ.

Thanks to Proposition 4.2, the observability inequality (4.2) consists of the fol-

lowing inequality:
q)O
P 1

o0 ?
V<¢1)€D L}L) //<—+a¢1/1) dodt > ¢

where & = (¢, w) is the solution of the backward adjoint system (4.5). Consequently,
we have the following characterization of the controllability.
COROLLARY 4.3. System (1.1) is exactly controllable at time T if and only if

there exists a constant C(T) > 0 such that for all initial data (®°, <I>1)T € D(L%L),

the solution ® = (¢, w)T of the adjoint system (1.3) with initial data (CI>0, CI>1) satisfies
the following observability inequality:

T 2
0 H1\|2 dp
(4.6) [(2° @Yy, < C(T)/0 /F (5 +a¢u1) dodt.

4.2. Observability inequality in H1+/2 x Ht: Proof of Theorem 2.3. In
view of Corollary 4.3, Theorem 2.3 is proved if we prove the following result.

2

3

X1

THEOREM 4.4. Letﬂy—4\/% andT0_2”\/1+2%+°‘) If a < 272,
1,1

then for any T > Ty there exists a positive constant CT(T) such that for all initial
data (®°, <I>1)T in D(L%L)N (H;r/2 x H'), the solution of (1.3) satisfies the following
observability inequality:

T 2
0 1|12 + %
(4.7) [(@% @Yy, <C (T)/0 /F<8V +a¢y1) dodt.

We detail the proof of Theorem 4.4 in three steps.

4.2.1. First step: The observability inequality in terms of Fourier se-
ries. From now on, we assume that ¢ < 272 and T > Tp. Fix (@0,¢’1)T €
D (LxL) N (H{,, x H'). By the definitions of Hfr/2 and H*, ®° and ®! may be

1/2
written as
Z @y iCha Z @i
p,q>1 p,q>1
with 37 Af (99 ) <+tocand ) (@;)q)z < +00. The solution ® = (¢, )"

of system (1.3) with initial data (<I>O, CI>1) is given by

1 o o
o(t) = B Z {a@qel Aot +apqe”’ A;’qt] ez—;q
p,g=>1

with the notation

4.8 v eN*xN* q,,=00 — ;2o
( ) (pa‘I) y Qp,q =
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Using the definition of e)f , the definition of o;f , and £, in (3.2), and the Parseval
equality, we can easily prove that

//( +a¢1/1)dadt Z/

(4.9) += Z /

p>1

2
dt

+
E papq p.q ez qut+a —1i )\p,qt)

p>1

Zqﬁpq(ap e’ WAt +p 4 —iVAsL qt) dt.

q>1

The left-hand side of (4.7) is given by

J@ @)%, = 20 (M (@.)" + (25.0)°) = AL lapal”

p,q=1 p,q=>1

Consequently, the observability inequality (4.7) is equivalent to the inequality

2
T)Z/\ q|an| <Z/ Zp()épq Ap,qC iV At +ap4 i\/A;qt) dt
P,q=>1 q=>1 p>1
2
(4.10) Z/ ZQﬁzq (ap7q6i\/mt+me—i\/Et) dt,
p=>1 q>1
where C(T) is a positive constant which does not depend on (al%q)p_q We recall

below the main theorem of [18] for the observability of the wave equation in two
spatial dimensions.

THEOREM 4.5 (Mehrenberger [18]). Let (Ayq), , be a sequence of real numbers.
If there exist 1 > 0 and 2 > 0 such that for every p, p’, q, and ¢’ in N*,

p <max(q,q") = [Apg £ Apgrl 21l £,

4.11
(4.11) g <max(p,p') = [Apg £ Apel = 12 [p £ 1],

then for any T > 27V 712 + 7—12, there exists a positive constant C(T) such that
1 2

2
O Y (P44 l2pal’ <z/ S b (epge et + zpmgeont) | i
p,q>1 g>1 p>1
2
(4.12) +Z/ Zq Mpqt—l—me_upqt) dt
p>1 q>1

for every complex sequence (zp)q)pﬂ such that the sums involved are finite.

The use of Ingham-type methods (see [12, 13]) is based on some gap properties
(here given by (4.11)). In [18], to obtain the observability inequality for the wave
equation, the author applies this theorem to the sequence A\,q = |/fipg. In this case,
our observability inequality (4.10) is similar to (4.12) since A}, ~ pipq as || (p, q)|| tends
to +o0. The only dissimilarity is that we have two different sequences z, 4 = a;f a4
and y, 4 = B ,ap,q instead of one bequence Zp,q- Consequently, we cannot apply
directly Theorem 4.5 with A, = VAj, to obtain the observability 1nequahty (4.10).
However, from the asymptotic property )\ »q ~ Hpg and the definition of a g and B*
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(see (3.2)) we can prove that both z, ; and y, ; are equivalent to the same term ma, 4.
This allows us to adapt the proof of Theorem 4.5. The key point is to prove that we
have some good gap properties. To this end, we introduce the following notation.

NOTATION 4.6.
1. We denote by (Ap7q)(p gezxze @ Sequence defined by

Vb ifp>1 and ¢>1,
Apg = \//\;r g fp>1 andq<—1,

— /\4_'p7q ifp<—1 andqg>1.

2. Forp € Z* and q € N* we write
= a;)r,qap,q ifp>1,
P —T_,4 ifp<—1.

3. For p e N* and q € Z* we define

y — ﬁ;qalhq qu 2 17
e —Yp—q fqg< -1

With Notation 4.6 we deduce from (4.9) that
2

//(_ +a¢y1> dodt = Z/ S piy ettt dt+Z/ 3 gyt di.
peL™ p>1 qez*
Thus the observability inequality (4.7) that we have to prove is the inequality
(4.13) Z/\ |apq| < Z/ pay getieat dt+2/ qu qe“\”‘lt dt,

p>1 qeL*

peL*

p,q=>1 g>1

where C(T') is a positive constant which does not depend on the sequence (ap,q),, -

4.2.2. Second step: Some gap properties. We prove the following gap prop-
erties for the sequence (Ap,q), ez x7+-

PROPOSITION 4.7. Let v be as in Theorem 4.4.
1. For all p € N* and all (q,q') € Z* X Z* such that p < max(q,q’),

[Apg = Apor| = vla— ql.
2. For all ¢ € N* and all (p,p’) € Z* x Z* such that ¢ < max (p,p’),
[Apg = Apr gl 27— P

Proof. We give only the proof of the first assertion. The second can be proved in
the same way by interchanging (p,p’) and (g, ¢'). According to the definition of A, ,,

it is sufficient to show that
e for all p € N* and all (¢,q") € N* x N* such that p < max(q,¢’), we have

VAL = Vgl = 7la—dl,
e for all p, q, andq in N*, we have VA + VAL >v(q+¢).
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Let us first consider p € N* and (g, ¢) € N* x N* such that p < max (q,¢’). Using
the definition of \.f | (see Notation 2.1), we can easily check that

}/\Jr —/\+ }:1|q2_q/2}ﬂ_2 1+(p2+q2)7r2_a+(p2+q/2)7rz_a
? Op,q +

with 6,4 = ((p? + ¢*) 7 ) + 4a?p?n?. From the assumption a < 272, we have
(p* + ¢*) 7 — a > 27% — a > 0. Therefore, AL, —/\Jr | > 7T72‘(]2—(]'2| and

Jr
2 /
p7q q T q+q
(4.14) ‘\//\;rq VAL = _Jr = — = lg —q'|.
Consequently, we are reduced to bounding from below the quantity ~ fj'_q, =
P-q p.a’

The inequality /71 + 22 < /1 + /T2 easily gives A, < (p? +¢%) 7° + || pm so
that

Q+q > q+q

Aig /A \/—\/p + @)+ |alp+ V(P + ¢?) 7r+|a|p
V T/ Apa

(4.15)

By assumption, p < max(q, ¢’). Without loss of generality, we can assume that ¢ < ¢'.
From (4.15) it follows that

q+d L+7 1 1

1
> — _
Mot A f\/ 24 £)rtlol 2 +\/( 2t ) tlal 2 = V2t

Combining this inequality with (4.14), we conclude that

Now, consider any p, ¢, and ¢’ in N*. By the definition of A}, (see Notation 2.1), it

Iq dI=7lg—q].

2+||

is clear that A} > 1, > %qz, so that

™
VAat My > —=a+d)>v(@+4d).

©

This ends the proof of item 1. |

4.2.3. Third step: Proof of the observability inequality.
NoOTATION 4.8. Given T > Ty, we denote by k the function

sin (Z£) f0<t<T
k(1) = bln(T) if0<t<T,
0 else,
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and we define the following quantities:

qu zAp,qt

q=p

2
dt

2

dt, IQ_Z/

q>1

iAp gt
E DTp g€ "

pP=q

T
1= / Bt) | S aqupgerat | | S aqgpgeiteat | ar|,
p>1 0 qEeL* qEL*
q<p a>p
T .
I4:=Z/ k(t) Zpa:p,qemp"?t prp e~ heat | qgt| .
q>1 0 pEL* pEL®
rP<q P>q

It is easily seen that the Fourier transform of k is given by

eT
(4.16) ag:e%%ngfﬁg%% Ve € R.

k| is an even function, and %(O) = % \/g is real. In the following lemma

In particular,

we bound from below the right-hand side of the observability inequality (4.13), using
the quantities I; for j =1,...,4.

LEMMA 4.9.
Z/ > pwp getieat dt+Z/ > aqypgettrat dt>11+12—2(13+14)
q>1 peL™ p>1 qez*

Proof. 1f we prove that »- _ fOT DT qevat|2 dt > I — 213, then, replacing

p by q and yp ¢ by p 4, we deduce that - fo 132, coeDp g€ trat|2dt > Ip — 214,
Since 0 < k() <1 for all t € [0,T], it follows that

2
Z/ qup ehe, qt dt > Z/ quﬂqemp*qt dt

p>1 qEL* p>1 qEL*
2

= 3 [ KO S S|
p>1 qEL* qEL*
a>p a<p
2

>n+Y / S qupgeitot| dt — 214
p>1 qEeL*

q<p

> 1 —2Is. o

As a consequence of Lemma 4.9, the observability inequality (4.13) will be estab-
lished if we bound from below I; and I and bound from above I3 and I4.

LEMMA 4.10.
2T
1127< < ))ZZQ [Yp.al”

p=1g2>p

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



EXACT BOUNDARY CONTROLLABILITY 1873

Proof. By the definition of I; and simple computations, we have

I = \/ﬁzzzqqu'mg (Apg — Apg) -

p>1q>pq’'>p

2 2
Then, using the inequality |z;22] < %, we deduce that

2 2 /2 2
N 9 Yp,gl T4 Yp,g' | |5
(417) I > V2rm E (k(0)§ q2|yp7q|2_§ E Lx 5 p.y| k(Apq _Ap,q)>-
q=p azp g’ >p

p=>1

q’' #q

Fix p € N*. From parity of W it follows that

2 2 2 2
@ |Yp.al” +4"|Yp. ||
ZZ = 2 = ‘k(AP,q’ _Ap,q)

a2pq’ >p
q’'#q

) ~
(4.18) = Zq2|yp7q| Z ‘k (Ap,g — Apq)
azp a'>p
a’'#q
Now, consider g € Z* and ¢’ € Z* such that ¢ > p, ¢ > p, and ¢’ # ¢. Proposition 4.7
yields

(4.19) [Apg — Apgl = vla— ql>n.

+ _gt+a? 2
Since T' > Ty = 2—”\/14_2%
K (Aflfa)
(4.16) and then (4.19), we deduce from this inequality that

-~ TV2rm ~ om\ 2 1
k(g — AM)’ < e = K(O0) <_T) — _
( D9’ P#I) -7 v 4 ( p,q”y P’q) _ (%)

> 2, we obtain [Ap g — Apg| >y > F. Using

<i0 (%)

Summing over ¢’, we obtain
~ ~ 21\ ° 1 ~ 21\ °
Apy — A } < il =k (Z) .
S [F s~ o) <F0) (77) gy =F0) (77)
Combining this inequality with (4.18) and (4.17), we conclude that

I = Vark(o) (1 (22 2 > 7 R (s 2 > @ Yl
1= NT q>pq Yp,q . NT — bl

p>1 p=>1

which proves the lemma. O
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Interchanging p and ¢ and replacing ¥, 4 by zp 4, We also get

2T 21\ 2 )

L>— <1 - <—> ) Zzp2 |Tpql” -
T 7T 921 p=2q

Since \f, > a, it is easily seen that [z, 4| > |yp,q| (see Notation 4.6). It follows that

2T 2\ 2

L>— 1—(—) P p.al”-
F- () zmrm

Adding this inequality to that of Lemma 4.10, we obtain

2
L +1> g (1 - (j—;—,) ) (quz |y;D7q|2 + Zzp2 |yp7q|2>

p=1q=>p q=1p=>q
T 21\ 2 )
>=1- (= P>+ ) |ypal” -
T < <PYT) )p%l( ) o

Replacing y,, 4 by its definition gives

2
(4.20) hith= % <1 B <3_;> ) > 07+ 0 lapal* (81,)"

p,q>1

Now, let us bound from above I3.
LEMMA 4.11.

T [ 27\
(4.21) Iy < — <7—;> S P lapal? ( )7
p>1g>1

Proof. By the definition of I3 (see Notation 4.8), we have

Iy =or Zzzqymdm@ (Apg = Apg)

p>1q€Z%q' >p
q<p

< @ZZZ (q2 |yp7q|2 +q? |yp,q’|2) }E (Apgr = Apg)| -

p>1q€Z%q' >p
q<p

Analysis similar to that in the proof of Lemma 4.10 shows that for all p € N* and all
q € Z* such that ¢ < p, we have

~ ~ (2r\? 1 k(0) (272
S F i~ da)| <50 (3) S < ()
q'>p T q/2p4 ((] - q/) -1 2 T
Therefore,

~

2
ZZQQ |yp7q|2 ‘k (Apgr = Apg)| < % <3_;> ZQQ |yp7q|2 .

q€L*q' >p q€L*
q<p q<p
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Similarly, we can prove that

2
Z an |yp,q'|2 ‘E(Ap,q/ - A;D,q)} < % <’Y_T) an |yp,q’|2-

q'>p q€z* ' >p
q<p
Adding these last two inequalities, we obtain
V2~
1= Y250 () Sl
p>1q€Z*
which gives the desired inequality after replacing y, 4 by its definition. 0
Similarly,
(422) L= D () Sl o)
p,g=>1
Adding (4.21) and (4.22) leads to the following inequality (since 0 < 8 <}t ):
(4.23) Len<i(Z 2Z(p2+q2)la * (o)
' ~n \~NT ~ P p.a/ -
P,qa=

From (4.20) and (4.23) it follows that

T
(4.24) Lith=2(s+1)>=% (" +d°) lap.ql* bp.qs

p,q>1

is defined by b, , = (1 — (—)2)( p7q) — 2( ) (ocf )2. To bound

P.q T P,q
from below I + I — 2 (I3 + 1) by 3> At lap.q|®, it suffices to prove that the

2 2
sequence (%
p,q

1 27\ 2 (A, —a+a?)?
o= i (- () [ raiame))
p,q T2 p,q < o ()\:j)q . a)2

and it is easy to check that

where (bp )

)p.q is bounded from below. Actually,

sup (/\;;q - a+a2)2 - ()\Il _ a+a2)2
(paeN xN (Mg — a)2 ()\il — a)2

11 a+o¢)

Since T > Ty = 2 \/1+2 (To
1,17

N* x N*. Besides, from the asymptotlc property /\p,q~||(p7q)||_>+ooupq = (p +q )7r
we deduce that

, this implies that b, , > 0 for any (p,q) in

(p2 + q2) bp7q - 1 il §
Mg l(p.a) | 4o w2 D"

It is easily seen that lim);;, )| —4ocbp,q = T(1 — 3(3—:’;)2) Since T' > Ty > \/527”, it

. .. 2+q% )by,
follows that lim(,,q)|—+o0clp,q > 0. Summarizing, we have proved that (%)p,q
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is a positive sequence which admits a positive limit. Consequently, this sequence is
uniformly bounded from below by a positive constant, denoted by c. It follows from
(4.24) that

Lot I =21+ 1n) > 7l Y A lapgl,

p,q=>1

which gives inequality (4.13) (according to Lemma 4.9) and ends the proof of Theo-
rem 4.4. O

4.3. Lack of controllability in H~ X H:1/2.

4.3.1. Proof of Proposition 2.4. We consider the two sequences (py),cy-
and (gn),cn- Of positive integers given by p, = n(n + 1)/2 and ¢, = n. We de-

note by ®, = (pn,¥n)" the solution of the adjoint system (1.3) with initial data

(®9,2) = (e, 4.:0) € Hy ), x H™. The idea is to write (pn,¢n) in the polar coor-

dinates (pn, qn) = rn(cos(6,),sin(0,)). It is easily seen that lim,, 47, = +00 and
lim, 450, = 0. This leads to limn_>+oo/\;mq" = a — a?. Since ||(<I>O <I>1 HX =

= A, o, and a > o2, it follows that lim, 4o ||(®9,®})

_ 2
gl = Mo I2,
2

a® > 0. Besides, by simple computations we can prove that the solution &, (t) =
cos (VA .t of (1.3) associated with (®9,®}) satisfies limy,_, oo fo (3 8“"" +

Pnyqn ) pn dn
) dodt = 0. ThlS contradicts the uniform observability and proves Pr0p051—

tion 2.4.

= aq —

4.3.2. Numerical experiments. Note that the counterexample is obtained for
(®%, &) composed of only one eigenfunction, for which the limit of the associated
eigenvalue is A\ = a — a?. This value is very particular because any other datum
(@, @) composed of one eigenfunction associated with A € (a — a?,a] does not
contradict the observability. The loss of observability may be exhibited by considering
a (nontrivial) combination of such modes (as done in [10] using Weil sequences) in
order to enhance the lack of spectral gap. Simply put, this phenomenon may be

observed numerically as follows. Let Hy be the space of the initial data (°,®!) in
Hlj[/2 x H* spanned by {ef }1<pq<n. If we denote by &+ € R2Y* the components

of (®°, <I>1)T in the basis {e;7,}1<p.q<n, then we can write, for every (0, 1) in HF,

T a 2
(@, 0[5, = (ATet o) ., /0 /F (a—fmwul)dodt:(Biéi@i)mz,

where At B € R2V**2N* genote real symmetric matrices (AT is diagonal) and

(+,-)gzn2 denotes the scalar product in R2V*, On Hﬁ, the observability inequality is
formally written as

(AT@E &%) .. < CH(T)(BT@E, 8%, ,02.

The observability constant C]{[,(T), whose behavior allows us to detect the lack of
observability, is the solution of the generalized eigenvalue problem

(4.25) CE(T) = max{\ > 0, A¥® = A\BT®, & c R?" \ {0}}.

In practice, since AT is diagonal, it is easier to evaluate (Ci) L equal to the lowest

cigenvalue of B¥(A%)~1. Table 4.1 gives the value of Cy(T) for various values of
N and clearly exhibits the nonuniform boundedness with respect to IV, in contrast to
CX%(T). This is in agreement with Theorem 2.3 and Proposition 2.4.
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TABLE 4.1
Evolution of the observability constant C’]:{:, (T) vs. N for (a,a,T) = (4,1,3).

N=5 N =10 N =20 N =40 N =280
Co(T) | 501 x1071 | 543 x 1071 | 571 x 101 | 5.95x 1071 | 6.02 x 1071
Cy(T) | 242x10! 4.41 x 102 3.24 x 103 8.6 x 104 1.01 x 108

5. Concluding remarks and comments.

5.1. A refined controllability result. We can prove that the observability
inequality (4.6) remains true if we consider initial data (®°,®'), which are spanned

by all the e;;q, all the eq, and a finite number of e, . More precisely, for every

N € N* let us denote by HV ™ (resp., Hivl_/Q, Hlj\;; ) the Hilbert subspace of H (resp.,
H_y5, Hy/5) spanned by {e;q}1§p7q§N. By using Proposition 4.7, we can prove that

if a < 272, then the new sequences (Ap,q) and (Ap,q)(p,g)en- xz+ defined by

p,q) EL* XN*
Va ifp=1,
\/A;_—l,q if2<p<N+1 and1<qg<N,
A N1y EN+2<p<2N+1 and1<g<N,

_ P
Ap7q -

\//\;LN,LQ ifp>2N+2 and 1< ¢ <N,
+
\V /\p—lq

ifp>2 and g > N +1,

A pg ifp<—1 and ¢ > 1,
Va if g =1,
/\;;q—1 ifl<p<N and2<qg<N+1,

ifl<p<N and N+2<¢qg<2N+1,

\/Ai
Ap,q: T )
\/m if1<p<N andq>2N+2,

/\;r_l’q ifp>N+1 and g > 2,

—/NXp7_q ifp>1 and ¢ < —1

satisfy the following gap properties:
e For all p € N* and all (¢,¢’) € Z* x Z* such that p < max (q,q’),

‘/N\p,q - /N\p,q/} >N g — q’| ;
e for all ¢ € N* and all (p,p’) € Z* x Z* such that ¢ < max (p,p’),

|A;D,q - Ap/,q| > YN |p —p/| )

with a gap vy which tends to 0 as IV tends to +o0o. Using the same methods as in
section 4.2.3, we can prove that there exists a time T > 0 (which tends to +oo with
N) such that for every T > Ty and every initial data (®°,®") in D (L3.L) N ((HY ), ®
Hfr/z @ H),) x (H*® Ht @ HY")), the observability inequality (4.6) is satisfied.
This leads to the following controllability result.
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THEOREM 5.1. If a < 272, then there exists Ty > 0 such that for any T > Ty,
any initial data (u®,ul), and final data (u%,uk) belonging to (H* ® H* & HN ) x
(Hf1/2 e Hi‘l/Q @ Hivl72), there exists a control function v in D (Lr) such that the
solution u of (1.1) satisfies (u(-,T),u'(-,T)) = (u%, uk) in Q.

Remark 5.2. As a consequence of Theorem 5.1, Uz R (L7) = X (where R (L)

denotes the range of Ly). However, the problem of approximate controllability at a
fixed time T' (which consists of R (Ly) = X) is still open.

5.2. Controllability with respect to T. The eigenvalue problem (4.25) allows
us to estimate numerically the minimal controllability time for any a,a, N fixed.
Figure 5.1 depicts the evolution of C¥ (T) with respect to T for (a,a, N) = (4,1,50)
and suggests that the minimal controllability time is about 2.5. The lower bound
time Ty in Theorem 2.3 leading to Ty ~ 21.96 in the case of (a,, N) = (4, 1,50) is
thus not sharp.

T

Fi1G. 5.1. Evolution of CX} (T') with respect to T for (a,a, N) = (4,1, 50).

5.3. Partial controllability. Following [14], one may analyze the uniform par-
tial controllability, which consists of driving to rest only the first component u; of
system (1.1). This weaker controllability problem is equivalent to proving observ-
ability inequality (4.6) for initial data (<I>O, CI>1) of the adjoint system (1.3) such that
®J = &1 = 0. From the second equation of (1.3) with ®J = &1 = 0, we express 1 in
terms of ¢ as follows: (-, t) = —« fot (-, 8)sin(y/a(t — s))ds in Q7. The variable
@ is then the solution of

" = Ap — a? fot Owzp(,8)sin(va(t — s))ds in Qr,
=0 on X,

((p(~,0), cp’(-,O)) = (q)(lqu)D in Q.

The difference, with respect to the full controllability problem, is that the Fourier
coefficients in ¢ are all connected to each other. This should allow a compensation
of the modes {e, ,}, by the modes {e} ,}, 4 (we refer to [14] for the analysis on a
similar system). Thus the partial controllability should be uniform with respect to
the data (uo, ul). The analysis remains to be fully written.
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