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The last fraction of a fractional conjecture

Frantisek Kardo§*  Daniel Kral’t  Jean-Sébastien Serenit

Abstract

Reed conjectured that for every € > 0 and every integer A, there
exists g such that the fractional total chromatic number of every graph
with maximum degree A and girth at least g is at most A + 1 + &.
The conjecture was proven to be true when A = 3 or A is even. We
settle the conjecture by proving it for the remaining cases.

1 Introduction

Fractional graph theory has led to many elegant and deep results in the
last three decades, broadening the range of applications of graph theory and
providing partial results and insights to many hard problems. In this paper,
we are interested in fractional total colorings of graphs. Total colorings form
an extensively studied topic—see the monograph by Yap [I1]—with the Total
Coloring Conjecture of Behzad [I] and Vizing [10] being one of its grails.

Conjecture 1 (Total Coloring Conjecture). The total chromatic number of
every graph with mazimum degree A is at most A + 2.
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The most important partial result toward the Total Coloring conjecture
to date is the following theorem proved by Molloy and Reed [7] in 1998.

Theorem 2. The total chromatic number of every graph with maximum
degree A is at most A + 1026,

As is often the case, the fractional analogue of Conjecture [ turns out
to be easier to approach. Kilakos and Reed [5] proved in 1993 the following
fractional analogue of the Total Coloring Conjecture.

Theorem 3. The fractional total coloring number of every graph with max-
imum degree A is at most A + 2.

The graphs achieving the bound given in Theorem [3] have been identified
by Ito, Kennedy and Reed [2]: they are the complete graphs of even order
and the complete bipartite graphs with equal part sizes. Inspired by these
results, Reed [8] conjectured the following.

Conjecture 4. For every e > 0 and every integer A, there exists g such that
the fractional total chromatic number of every graph with maximum degree
A and girth at least g is at most A+ 1+ ¢.

Conjecture [ was proven to be true when A € {3} U {4,6,8,10,...} by
Kaiser, Kral'and King [3] in the following stronger form.

Theorem 5. Let A € {3} U{4,6,8,10,...}. There ezists g such that the

fractional total chromatic number of every graph with mazimum degree A
and girth at least g is A+ 1.

The purpose of our work is to settle Conjecture [ by proving that it also
holds for odd values of A. Our main theorem reads as follows.

Theorem 6. For every € > 0 and every odd integer A > 5, there exists an
integer g such that for the fractional total chromatic number of every graph
with mazimum degree A and girth at least g is at most A + 1+ ¢.

The approach we use also yields a proof for the case where A is even, and
thus a full proof of Conjecture dl However, we restrict ourselves to the case
of odd A > 5, since a stronger result, Theorem [l has been established [3].
Kaiser et al. [3] also conjectured that the statement of Theorem [l also holds
for odd values of A.

Conjecture 7. Let A > 5 be an odd integer. There exists g such that the
fractional total chromatic number of every graph with mazimum degree A
and girth at least g is A+ 1.

However, we were not able to settle this stronger conjecture.
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2 Definitions and notation

Let us start by defining the relevant concepts. For X C R, we define p(X)
to be the Lebesgue measure of X. If G is a graph, then V(G), E(G) and
A(G) are its vertex-set, edge-set and maximum degree, respectively. The
total graph T(G) of G is the graph with vertex-set V(G) U E(G), where
two vertices are adjacent if and only if the corresponding elements of G are
adjacent or incident. In other words, zy € E(T(G)) if and only if

e 2,y € V(G) and zy € E(G), or
e z,y € F(G) and z and y share a vertex in G, or
e z € V(G), y € E(G) and y is incident to z in G.

A total independent set of G is an independent set of 7(G). Let ®(G) be the
set of all total independent sets of G.

Consider a function w : ®(G) — [0,1] and let x € V(T (G)). We define
w(x] to be the sum of w(l) over all I € ®(G) containing z. The mapping w
is a fractional k-total coloring of G if and only if

® > e W) < k; and
e wlx] > 1 for every z € V(T(G)).

Observe that G has a fractional k-total coloring if and only if there exists a
function ¢ : V(T(G)) — 2%#] such that

o u(c(x)) > 1 for every x € V(T(G)); and
e ¢(z)Nc(y) =0 for every edge zy € E(T(G)).

Notice that the second condition is the same as to require that p(c(X) N
¢(Y)) = 0 whenever x and y are adjacent in T (G), since we consider only
finite graphs. The fractional total chromatic number of G is the infimum
of all positive real numbers k£ for which G has a fractional k-total coloring.
As is well-known, the fractional total chromatic number of a finite graph is
always a rational number and the infimum is actually a minimum.

A mapping w : ®(G) — [0, 1] such that

* > rcaq W) =1; and

e wlx] > a for every x € V(T (G))



is a weighted a-total coloring of GG. Observe that every fractional k-total
coloring yields a weighted %-total coloring w such that wx] > 1/k for every
z € V(T(G)). Conversely, one can derive a fractional -total coloring from
a weighted a-total coloring of G. There are many equivalent definitions of
a fractional coloring of a graph, and we refer to the book by Scheinerman
and Ullman [9] for further exposition about fractional colorings (and, more
generally, fractional graph theory).

We now introduce some additional notation. Two functions f,g: X — Y
agree on Z C X if the restrictions of f and g to Z are equal. Let G be a
graph and v € V(G). For a spanning subgraph F' of G, the degree of the
vertex v in F' is degp(v). A spanning subgraph of G with maximum degree
at most 2 is a sub-2-factor of G. An (-decomposition of G is a partition
of the edges of G into [£/2] sub-2-factors, one of which is required to be a
matching if ¢ is odd.

Given a connected graph G, an edge-cut I’ of G is a subset of edges such
that the removal of F' disconnects G. Note that removing a minimal edge-cut
splits G into exactly two connected components. An edge-cut F is cyclic if
every connected component of G — F' contains a cycle. A graph is cyclically
k-connected if it has more than k edges and no cyclic edge-cut of size less
than k.

We also use the following terminology from [4]. Let H be a subgraph of
a connected graph G. A path P of GG is an H -path if both end-vertices of P
belong to H but no internal vertex and no edge of P belongs to H. Given an
integer d, the subgraph H is d-closed if the length of every H-path is greater
than d. The d-connector of H in G is the smallest d-closed subgraph of G
that contains H. The neighborhood N(H) of H is the subgraph of G spanned
by all the edges of G with at least one end-vertex in H. We end this section
by citing a lemma of Kaiser et al. [4, Lemma 8] about connectors.

Lemma 8. Let d > ¢ > 1. Suppose that H is a subgraph of G with at most
¢ edges and no isolated vertices. If the girth of G is greater than (d + 1)¢,
then the neighborhood of the d-connector of H is a forest.

3 The cyclically A-edge-connected case

We find a fractional (A + 1 + ¢)-total coloring of a given cyclically A-edge-

connected graph G with odd maximum degree A > 5 in the following way:

first, we decompose G into a matching and a set of sub-2-factors, we then

search for suitable weighted colorings corresponding to the factors and com-
1

bine them into a weighted z7—-total coloring of G.



To find the decomposition, we use the following proposition [4, Proposi-
tion 1].

Proposition 9. Every cyclically A-edge-connected graph with maximum de-
gree A has a A-decomposition.

For the next step, we need the following lemma.

Lemma 10. Fiz a positive real number € and a positive integer A > 4. There
is an integer g such that for every graph G with mazimum degree A and girth
at least g, and for every sub-2-factor F' of G such that A(G — F) < A — 2,
there exists a weighted total coloring w of G such that

e Yo e V(G), wlv]>

1.
Ares and

o Vfc E(F), w[f]> 572

2(A+e)”

Actually, Lemma [0 is implicit in [3]. More precisely, the following is
proven.

Lemma 11 ([3, Lemma 18]). Let A > 4. For every g9 > 0, there exist
g € N and o, 3,7 € RY satisfying (A —2)a+ +2y =1, a < g such
that for every graph with mazximum degree A and girth at least g, and every
2-factor F of G, there exists a function w : ®(G) — [0, 1] such that for every
r € V(G)U E(G)
B ifzeV(G),
wie] = {~ ifz e B(F),

o otherwise.

Actually, in Lemma 18, the parameter « is upper-bounded by 4/3¢, with
¢ depending only on the girth of G; hence, it suffices to take g sufficiently
large to obtain the inequality stated in Lemma [I1]

As a crucial observation, Kaiser et al. [3, Proposition 19] proved that in
Lemma [I1] (Lemma 18 in [3]), the parameter 5 can be chosen to be any value
from the interval (g9, Q(1)) for a function @ defined in [3]. A more careful
upper bound of one of the parameters in the proof of their Proposition 19
allows us to ensure that 5 can be chosen to be A%FE: it suffices to prove that
Q(1) > 1. For A € {4,5,6} it can be checked directly, and for A > 7 we

have

1— F(1)? 1
= ~\/ <1-——
Q1) 5 where F(1) <1 N
Since it holds that
ot o2
A—2 A’



the inequality Q(1) > follows
We are now ready to explain how to derive Lemma [I0 from Lemma 111

Proof of LemmalIll Set gy := W and let g, a, 3,7 be the constants
given by Lemma EII[ Let G be a graph with maximum degree A and girth
at least g, and F' be a sub-2-factor of G. We first build an auxiliary graph
G as follows.

Set k=3 cy(q)(2—degp(v)). We view G as the subgraph of the multi-
graph G’ obtained by adding to G a new vertex vy and, for each v € V(G),
adding 2 — degy(v) edges between vy and v. Thus, deg.(vy) = k and every
other vertex of G’ has degree at most A, since A(G — F) < A —2. Let H
be a k-regular graph of girth at least g. The existence of such a graph is
well-known, consult, e.g., the book by Lovész [0, Solution of Problem 10.12].
Replace every vertex x of H by a copy G, of G and identify the k edges
incident with x in H with the k edges of G’ incident with vy. Let G be the
obtained graph. For z € V(H), let F, be the set of edges of G, corresponding
to the edges of G that are in F. Define F to be the union of U, eV (H) F, and
the edges corresponding to those of H; thus F is a 2-factor of G.

By the construction, G has maximum degree A and girth at least g. Thus,
Lemma [ITl ensures the existence of a Weighted total coloring w of G such that

a < g9, the weight of the vertices is 8 = 17— and the weight of the edges in
Fis
1 1 € 1 A—1
S(1-(A=2a—-8)>=(1- - - .
7= (1= (A=2a 6)—2< Ate A+e) 2(A +¢)

This yields the conclusion since G contains G as a subgraph and F contains

F. U

We conclude the section by proving Theorem [0l restricted to cyclically
A-edge-connected graphs of maximum degree A.

Lemma 12. Let A be an odd integer and ¢ a positive real. There exists g
such that the fractional total chromatic number of every cyclically A-edge-
connected graph with maximum degree A and girth at least g is at most
A+1+e.

Proof. We may assume that A > 5. Set k := [A/2] and &’ := ¢/2. Let g be
large enough so that Lemma [I0 holds for the fixed values of A and &'.

By Proposition [g, the graph G has a A-decomposition M, Fy, Fs, ... F}
where M is a matching. In particular, A(G—F,)) < A—2forie {1,...,k}.
For every i € {1,2,...,k}, let w, be a weighted total coloring of G given



by Lemma applied to G and F; with respect to A and &’. Further, let
wq, be the weighted total coloring of G that assigns 1 to the set M and 0

to every other total independent set of G. Finally, set w; 1= 522t . 4! for

2k (k-+1)
ie{l,2...,k} and wy := ﬁ-wé.
A weighted 1/(A + 1 4 ¢)-coloring w : ®(G) — R is defined by setting
w o= Ef:o w;. Note that w is a weighted total coloring of G since it is a
convex combination of weighted total colorings of G.

It remains to show that wlz] is at least z-4— = 55— for every z €
V(T(G)). Let v € V(G). Then, wilv] > 517 = sy for each i €
{1,2,...,k}, and hence

k
wlo] =) wilv]
i=1
. 2k+1 ‘ 2
=" ok(k+1) 22k+1)+e
B 1
(k+1) - (2 + 2k11)
- 1
2k +2+¢
Now, let e € E(G). If e € M, then wle] > wo(M) = z'5. Otherwise, there
exists a unique ¢ € {1,2,...,k} such that e € E(F;). Then,
€] > wile] 2k+1 2k 1 - 1
wle] > w;le] > : = :
- 2k(k+1) 22k +1+4+¢)  (k+1)- 2+ 553) 2k+2+e¢
This concludes the proof. O

4 The general case

We start with an auxiliary lemma regarding recoloring of trees.

Lemma 13. Fize > ¢’ > 0 and a positive integer A. There exists an integer
d such that the following holds.

e For every tree T rooted at a leaf r, with mazimum degree A and depth

d,

o for every fractional (A + 1+ &’)-total coloring co of T with colors con-
tained in [0, A + 1+ €], and



I I Iy i I, Iy
K1
T2k /‘\
Ky K5 K Ji
Jk O2k+1
T2k+1 /‘\
K, K Ky Ji K1
O2k+2
TT2k+2
K K Ky Kgi Ji+1

Figure 1: An illustration of the actions of the isometries w1 and 7. The
colors in Ky, are not used on level 2k + 1, and the colors in Ji4; are not
used on level 2k 4 2. Moreover, 7o, and 7 agree on I; U ... U Ij.

e for every pair of disjoint sets X, Y C [0, A+ 1+ €] each of measure 1,
there exists a fractional (A + 1+ &)-total coloring ¢ of T such that
1. ¢(r) = X and c(rr’) =Y where r' is the unique neighbor of r in T, and

2. ¢ agrees with co on all leaves and edges incident with leaves that are at
distance d from r.

Proof. Without loss of generality, we may assume that T is A-regular, i.e.,
every vertex of T' has degree either 1 or A, and all leaves are at distance d
from r. Set § == ¢ —¢', s := {A%ﬁ/w and d := 2s + 1. We partition the
vertices and edges of T" into levels regarding their distance (in the total graph
of T') from r. More precisely, the root r has level d, and for every i > 0, the
level of a vertex at distance i (in T') from r is d — i. Thus, the leaves of T
distinct from r have level 0. The level of an edge that joins a vertex of level
¢t with a vertex of level 2 4 1 is 1.

We fix an isometry m of [0,A + 1 + £] such that 7(cy(r)) = X and
m(eo(rr’)) = Y. This is possible since u(co(r)) = u(co(rr’)) = w(X) =
p(Y)=1and co(r) Neg(rr’) =0 = X NY. Let I4,..., I be a partition of
[0,A 4+ 1+ €] into sets of measure ¢, except I, which may have a smaller
measure; let [y = (A+1+¢, A+1+¢]. Weset Ky := w(ly) for k € {1,...,s}.

Let mg be the identity mapping of [0, A+ 1+¢]. We use a finite induction
to define a sequence 7y, ..., oy of isometries of [0, A + 1 + ¢] such that for
each k, the isometries mo, and 7w agree on the sets I, ..., Ir. The definition
may be better digested with a look at Figure [1l



Let k € {0,...,s—2} and assume that o is an isometry of [0, A+ 1+ ¢]
such that
V’iE{l,...,k}, Vte[i, 7T2k(t):7'l'<t)
Let Jy, := ma(1p), so Jo = Io.
In the odd step, we fix an isometry oori1 @ Jr — K1 such that the

restriction of o9k to Jr N K} is the identity mapping. The isometry moxy 1
of [0, A + 1+ ¢] is defined by

Oopr(mor(t)) if t € w0y (Ji) = I,
Tors1(t) = § oty (mor(t)) if ¢ € mo! (Kys1),
ok (1) otherwise.

Fori € {1,...,k},ift € I; then t & m,,' (Kyy1) since mo(t) = 7(t) € K;, and
t ¢ Iy since Ip N I; = (. Therefore,

Vi € {1,...,]{Z}, YVt € [i7 7T2k+1<t) :7T2k<t> :W(t)

Note that mori1(lo) = Kgp1. Let Jyy1 := mopr1(Lks1). Since moryq is an
isometry, Jyyy NK; =0 foralli e {1,... k+ 1}.

In the even step, we first define the isometry oogio : Jpi1 — Kiyq by the
condition oogio(mopy1(t)) = m(t) for every t € I, 1. Next, the isometry moy o
of [0, A + 1+ ¢] is defined by

Oor2(Mopy1(t)) if t € Iy,
7'('2k+2(t) = U;k1+2<ﬂ-2k+1<t>> ift e [0,

Tokt1(t) otherwise.
It follows directly from the definition of w5 that
Vi € {1,,k+1}, Vt € Ii7 7T2k+2(t) :F(t)

Notice that mori2(ly) = Jki1-

When k£ = s — 1, the set K1 = K, can have measure smaller than
5. We partition J,_1 1= mas_o(lp) into two sets J._; and J” ; such that
p(J_y) = p(Ks). We then continue in the same manner and define an
isometry mos_1 that agrees with 7w on all the sets I; with i € {1,...,s — 1}
and mos_1(lo) = Ks U J” ;. Finally, we define an isometry mys that agrees
with 7 on [0, A + 1+ £'].

Let us now define a coloring ¢ : V(T) U E(T) — 2[04+1+¢l a5 follows:

o(z) = mi(co(x)) %f x has level i € {0,...,2s},
X if x =r.



Since m; is an isometry for i € {0,...,2s} and ¢y is a fractional total
coloring of T, we have u(c(x)) > 1 for all x € V(T) U E(T). To prove
that ¢ is a fractional (A 4 1 4 ¢)-total coloring of T" it suffices to prove that
c(x)Ne(y) = 0 if x and y are adjacent or incident in T. The levels of z
and y can differ by at most 1. If the levels of x and y are the same, then
co(x) Neo(y) = B since ¢ is a fractional total coloring of T'. Hence,

() N ely) = mileo()) N lcoly)) = 0.

Let x be a vertex or an edge of level 7 and let y be a vertex or an edge
adjacent to z of level i 4+ 1, with ¢ € {0,...,2s — 1}. Since co(x) Nco(y) = 0,
we have m;(co(x)) Nmi(co(y)) = 0 as well. Since ¢ uses only colors from the
interval [0, A+ 1+ £], we also have m;(co(x)) Nm;(Ip) = 0. The isometry o;
interchanges (some of the) colors from m;(1y) (not used in the level 7) with
some of the other colors, and hence, ¢(y) = m11(co(y)) € mi(co(y)) U mi(Lo).
Therefore,

c(x) Ne(y) € (mileo(x)) Nmileo(y))) U (milco(x)) Nmil)) = 0.

If x has level 2s and y has level 2s+1, then y = r and ¢(y) = X = 7(co(r)).
On the other hand, ¢(z) = mas(co(x)) = m(co(x)). Therefore, the sets are

disjoint. To conclude, notice that c¢(z) = ¢y(z) for all vertices and edges of
level 0 and that c(rr’) = mas(co(rr’)) = m(co(rr’)) =Y. O

We are now ready to prove Theorem

Proof of Theorem|[@. Fix e € (0,¢). Let d be large enough so that Lemma [[3]
holds for the values of A, &’ and . Set dy := 2d+ 2 and let g be greater than
(dp + 1) - A and such that Lemma [I2] holds for A and ¢’

We proceed by induction on |F(G)|, the conclusion being trivial when
|E(G)] < A. Now, if G is cyclically A-edge-connected, then Lemma
yields the result (since € > £’). So, we assume that G is not cyclically A-
edge-connected. Let F' be a (minimal) cyclic edge-cut of G such that |F| < A
and G — F' is composed of two connected components A and B such that | B|
is minimized.

Let F’ be the dy-connector of F' in the subgraph Gx of G induced by
B U F. We now show that the subgraph G4 of G induced by AU N(F") has
less edges than G. By Lemma [§ we know that N(F") is a forest. On the
other hand, B contains a cycle and hence |[E(N(F')) \ F| < |E(B)| (since
N(F") is contained in Gx and the subgraph induced by F' is acyclic by the
girth requirement). Hence, G4 has less edges than GG, maximum degree at
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most A and girth at least g. Therefore, there exists a fractional (A +1+¢)-
total coloring c of G 4: if the maximum degree of GG 4 is A, then this follows
from the induction hypothesis, and otherwise it follows from Theorem [3]

Let G be the graph obtained from G by contracting A into a single
vertex w, and then subdividing |g/2| times each edge incident with w; thus
the distance between w and B in Gp is greater than |g/2]. Hence, the girth
of Gp is at least g. Since G’ contains more than A edges, G is cyclically
A-edge-connected, because any cyclic edge-cut of G yields a cyclic edge-
cut of GG of at most the same order, and whose removal splits GG into two
components one of which is smaller than B. Consequently, Lemma[I2lensures
the existence of a fractional (A + 1+ &’)-total coloring c¢p of Gp.

Let & be the set of edges xzy of G with x € V(F') and y € V(B) \ V(F"),
ie., eis in N(F”") but not in F’. For every e = zy € & with z € V(F"),
let To(y) be the subgraph of Gx — V(F”) induced by the vertices at distance
at most d from y. Let T'(e) be the graph obtained from Ty(y) by adding x
and the edge e = xy. Observe that T'(e) is a tree, because the girth g of G
is greater than 2d + 2. Moreover, if ¢ = 2y’ € & is distinct from e (and
¥’ € V(F")), then T(e) and T'(¢') are vertex-disjoint unless z = 2’ and then
x is the unique common vertex of T'(e) and T'(¢'), because F” is dy-closed.

Now, for every edge e = zy € &, we apply Lemma [I3 to the tree T'(e)
with ¢ := cp, 7 := 2, X := ca(z) and Y := cy(e). This yields a fractional
(A + 1 + ¢)-total coloring ¢, of T'(e), which agrees with cg on all the leaves
and edges incident to a leaf that are at distance d from z, if any.

The property of disjointness of the trees ensures that cg along with all
the colorings ¢, for e € & yield a fractional (A + 1 + ¢)-total coloring ¢ of
the subgraph B’ of G spanned by B — F’ and &.

Since G4 U B’ = GG and the colorings ¢4 and ¢ agree on all the edges in
& and all the vertices of F’ that are incident to an edge in &, we obtain a
fractional (A + 1+ ¢)-total coloring of G, as wanted. O
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