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Abstract. A novel parallel preconditioner for symmetric positive definite matrices is developed
coupling a generalized factored sparse approximate inverse (FSAI) with an incomplete LU (ILU)
factorization. The generalized FSAI, called block FSAI, is derived by requiring the preconditioned
matrix to resemble a block-diagonal matrix in the sense of the minimal Frobenius norm. An in-
complete block Jacobi algorithm is then effectively used to accelerate the convergence of a Krylov
subspace method. The block FSAI-ILU preconditioner proves superior to both FSAI and the incom-
plete block Jacobi by themselves in a number of realistic finite element test cases and is fully scalable
for a given number of blocks.
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1. Introduction. The efficient parallel solution of sparse linear systems of equa-
tions

Ax = b,(1.1)

where A ∈ R
n×n is the coefficient matrix, x ∈ R

n the unknown vector, and b ∈ R
n the

given right-hand side, is a central issue in many numerical computations in science and
engineering. Typically, but not exclusively, A arises from the linearized discretization
of partial differential equations with n frequently growing up to a few millions, thus
making the use of iterative methods and parallel architectures virtually mandatory.

Iterative methods based on Krylov subspaces involve matrix-vector products, dot
products, and vector updates only, so they can be, at least in principle, almost ideally
implemented on parallel computers. However, the computation and application of an
effective preconditioner often is not, and perhaps this is the most decisive effort for
the efficient solution to (1.1), depending of course on the nature and structure of the
coefficient matrix A. The most popular general-purpose algebraic preconditioners can
be roughly subdivided into two classes: (1) incomplete LU (ILU) factorizations and
(2) sparse approximate inverses.

ILU-based preconditioners were first introduced in the 1960s, but were exploited
in connection to Krylov subspace methods in the late 1970s only [23, 29], and soon
extended and improved with the aim of controlling the fill-in degree. For a nice re-
view, see, for instance, [3]. The main drawback, however, of ILU strategies for large
sized problems is their difficult parallelization. ILU preconditioners suffer from the
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intrinsic sequentiality of their computation and, most of all, the forward and backward
substitutions required by their application. Tricky attempts of parallel ILU imple-
mentations, e.g., the level-based scheduling by Anderson and Saad [1] and the method
proposed by Hysom and Pothen [20], are generally based on special reorderings of the
problem unknowns. For example, the so-called red-black ordering provides satisfac-
tory results for a five-point stencil discretization [22], although a deterioration of
the preconditioned conjugate gradient (PCG) convergence can result [12]. Generally
speaking, the aim of such reorderings is at subdividing A into a number of possibly
overlapping groups of unknowns with a limited communication [35]. The simplest
alternative is the one with no overlapping at all, thus generating the incomplete block
Jacobi algorithm, which typically exhibits an excellent degree of parallelism but a
poor solver rate of convergence.

Sparse approximate inverses are conceptually parallel in nature, as they provide an
explicit approximation of A−1 which can be applied to a vector by a matrix-by-vector
product only [2, 10, 17]. In a parallel computation, however, the algorithm bottleneck
can be the approximate inverse setup. Two main approaches are followed: incom-
plete biorthogonalization and Frobenius norm minimization. Factored approximate
inverses can be efficiently constructed by an incomplete Gram–Schmidt procedure,
which provides an approximation of the triangular factorization of A−1 relying on the
A entries only. This is the basis of the so-called AINV algorithm [4, 5]. The incomplete
A biorthogonalization used to compute AINV, however, is inherently sequential, and
some degree of parallelism can be gained by graph partitioning [6]. By distinction,
the approximate inverse P computed by minimizing the Frobenius norm of (I −AP )
can be obtained from the solution of n independent least-squares problems subject to
some sparsity constraints. In a distributed computing environment, each processor
can acquire the matrix coefficients needed to form the local least-squares problems at a
preliminary stage. Hence, the corresponding algorithm can be efficiently implemented
on a parallel machine because each processor can perform the preconditioner setup
with no communication overhead. Quite interestingly, these preconditioners can be
viewed as the nullspace of an appropriate linear map between two matrix spaces [19],
thus giving rise to a more general formulation of the approximate inverse problem
[7]. Amongst the preconditioners belonging to this class, a most effective one for a
wide range of problems is the factored sparse approximate inverse (FSAI), which was
originally developed for symmetric positive definite (SPD) matrices [24, 25, 26, 37]
and later extended to nonsymmetric problems [38].

In the present paper, a novel parallel preconditioner combining FSAI and ILU for
SPD matrices is developed. A generalized FSAI, denoted as block FSAI (BFSAI) in
what follows, is derived by requiring the preconditioned matrix to resemble as much
as possible an SPD block diagonal matrix in the sense of the minimal Frobenius norm.
A second preconditioning is then applied using an incomplete block Jacobi strategy,
which makes use of an incomplete Cholesky (IC) decomposition with partial controlled
fill-in. The BFSAI-IC preconditioner turns out to be a parallel hybrid of FSAI and
IC that proves generally superior to FSAI. This is verified with some large sized test
matrices arising from the discretization of partial differential equations in mechanics
and fluid dynamics. Finally, a few remarks close the paper.

2. The BFSAI-IC algorithm. In what follows, the following notation is used:

• [A]ij denotes the coefficient in row i and column j of matrix A;
• v[I] denotes the subvector of v made of the components with index belonging
to the set I;
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SBD SL SBL

Fig. 2.1. Schematic representation of the nonzero patterns SBD, SL, and SBL.

• A[I,J ] denotes the submatrix of A made of the coefficients [A]ij such that
i ∈ I and j ∈ J ;

• A[I, :] denotes the submatrix of A made of the rows with index belonging to
the set I;

• A[:,J ] denotes the submatrix of A made of the columns with index belonging
to the set J ;

• ‖A‖F =
√
Tr(AAT ) =

√
Tr(ATA) =

√∑n
i,j=1[A]

2
ij denotes the Frobenius

norm of matrix A.
Let A ∈ R

n×n be an SPD matrix. The basic idea of the native FSAI is to find a
matrix G ∈ WSL such that

‖I −GL‖F → min,(2.1)

where L is the lower triangular factor of A, i.e., A = LLT , and WSL is the set of
matrices with a prescribed lower triangular nonzero pattern, i.e., all matrices such
that

[G]ij = 0 ∀(i, j) /∈ SL(2.2)

with

{(i, j) : 1 ≤ i = j ≤ n} ⊆ SL ⊆ {(i, j) : 1 ≤ j ≤ i ≤ n}.(2.3)

The matrix G satisfying (2.1) can be obtained by solving a set of n independent linear
systems [24].

BFSAI can be viewed as a generalization of FSAI. LetWSBL be the set of matrices
with an arbitrary nonzero pattern SBL. We look for F ∈ WSBL such that

‖D − FL‖F → min,(2.4)

where D is an arbitrary full-rank block diagonal matrix. For the sake of simplicity,
assume that D consists of nb diagonal blocks with size m = n/nb. Hence, D ∈ WSBD

with

SBD = {(i, j) : 1 ≤ i ≤ n and m(ib − 1) + 1 ≤ j ≤ mib},(2.5)

where ib is the integer part of (i/m+1) and denotes the block index (see Figure 2.1).
Two useful lemmas are now introduced.
Lemma 2.1. Let A,B ∈ R

n×n; then

∂

∂[A]ij
Tr(AB) = [BT ]ij .(2.6)
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Proof. Write by components the trace and the matrix-by-matrix product:

Tr(AB) =

n∑
k=1

[AB]kk =

n∑
k=1

(
n∑

l=1

[A]kl[B]lk

)
.

In the double summation, [A]ij appears only once multiplying [B]ji, so

∂

∂[A]ij
Tr(AB) = [B]ji = [BT ]ij ,

proving (2.6).
Lemma 2.2. Let A,B ∈ R

n×n with B = BT ; then

∂

∂[A]ij
Tr(ABAT ) = 2[AB]ij .(2.7)

Proof. Write again by components the trace and the matrix-by-matrix product:

Tr(ABAT ) =

n∑
k=1

[ABAT ]kk =

n∑
k=1

(
n∑

l=1

n∑
m=1

[A]kl[B]lm[AT ]mk

)
.

Recalling that [AT ]mk = [A]km, [A]ij appears twice in the triple summation,

∂

∂[A]ij
Tr(ABAT ) =

n∑
m=1

[B]jm[A]im +

n∑
l=1

[A]il[B]lj .

Because of the symmetry of B, [B]jm = [B]mj ; hence

n∑
m=1

[B]jm[A]im +

n∑
l=1

[A]il[B]lj =

n∑
m=1

[A]im[B]mj +

n∑
l=1

[A]il[B]lj = 2[AB]ij ,

proving (2.7).
Matrix F is found by differentiating the square of the left-hand side of (2.4) and

setting to zero:

∂

∂[F ]ij
‖D − FL‖2F =

∂

∂[F ]ij

[
Tr(DDT )− 2Tr(FLDT ) + Tr(FAFT )

]
(2.8)

= 0 ∀(i, j) ∈ SBL.

Noting that Tr(DDT ) does not depend on F and applying Lemmas 2.1 and 2.2 yields

[FA]ij = [DLT ]ij ∀(i, j) ∈ SBL.(2.9)

If D ≡ I and SBL ≡ SL, then (2.9) reduces to the equation used to compute G; hence
F ≡ G.

Set SBL = SL ∪ SBD (see Figure 2.1). As DLT is block upper triangular, the
vector fi of the nzi nonzeros of the ith row of F is the solution of the dense linear
system

A[Ji,Ji]fi = v,(2.10)
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where Ji = {k : (i, k) ∈ SBL} and v is a vector with the first (nzi −m) components
zero and the last m equal to [DLT ]ij with m(ib − 1) + 1 ≤ j ≤ mib. However, as D
is arbitrary, the coefficients of DLT , and hence v, are also. The system (2.10) can be
rewritten in a block form by defining the set

Pi = {k : (i, k) ∈ SBD}(2.11)

and its complement set

Pi = Ji \ Pi(2.12)

and separating accordingly the unknowns of fi:[
A[Pi,Pi] A[Pi,Pi]
A[P i,Pi] A[Pi,P i]

]{
fi1
fi2

}
=

{
0
v2

}
.(2.13)

Since the vector v2 ∈ R
m is arbitrary but certainly not null because of the nonsingu-

larity of D, we can set arbitrarily m components of fi. We choose to take [F ]ii equal
to 1 and all the remaining components of fi2 equal to 0. This choice corresponds to
requiring F to be a lower block triangular matrix in the form⎡

⎢⎢⎢⎢⎣
I 0 · · · 0

F21 I
...

...
. . .

...
Fnb1 · · · · · · I

⎤
⎥⎥⎥⎥⎦ ;(2.14)

i.e., it actually reduces to a unit lower triangular matrix. To grasp the rationale
underlying such a choice, consider a full-rank 4-block lower triangular matrix:

M =

[
A 0
B C

]
.(2.15)

We look for a lower triangular block matrix H such that

HM =

[
X 0
Y Z

] [
A 0
B C

]
=

[
D1 0
0 D2

]
(2.16)

with D1 and D2 nonsingular matrices. The condition (2.16) generates the equations

XA = D1,(2.17)

ZC = D2,(2.18)

Y A+ ZB = 0 ⇒ Y = −ZBA−1.(2.19)

The extradiagonal block Y is generally dense. By contrast, asD1 andD2 are arbitrary,
X and Z are also, with the only constraint that they be nonsingular. The simplest
and cheapest option is to set X = Z = I with Y = −BA−1. The same argument can
be easily extended by induction to matrices with a larger number of blocks.

In this way, system (2.13) reduces to

A[Pi,Pi]fi1 = −A[Pi, i],(2.20)

where A[Pi, i] is the (nzi − m) × 1 matrix with the coefficients of the ith column
of A with row index in Pi. Hence, the algorithm for the computation of F is fully
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A FAFT

Fig. 2.2. Nonzero pattern of A (left) and FAFT (right) for a 132 × 132 SPD matrix. The
darker a point, the larger the absolute value of the corresponding coefficient.

parallelizable, as it requires the solution of n independent dense subsystems in the
form (2.20). Moreover, existence and uniqueness of F is guaranteed by the following.

Theorem 2.3. Let A ∈ R
n×n be SPD and F computed so as to satisfy (2.9) and

(2.14) for any given SBL. Then F exists and is unique.
Proof. Let v be an arbitrary vector in R

nzi−m; i.e., v has the same size as fi1
in (2.20), and Pi is the set defined in (2.12). If Pi is empty, the thesis is trivial, as
fi = I[i, :]. If Pi is not empty, let v be a vector in R

n such that

vk = 0 ∀k /∈ Pi, and vk = vk ∀k ∈ Pi;

hence v[Pi] = v. As A is SPD,

vTA[Pi,Pi]v = vT [Pi]A[Pi,Pi]v[Pi] = vTAv > 0.

Therefore, A[Pi,Pi] is SPD, too, and the solution to system (2.20) exists and is unique,
thus proving the thesis.

As D is arbitrary, there is still no a priori reason to prefer the preconditioned
matrix FAFT to A in a conjugate gradient iteration. However, FAFT has the nice
property for a parallel implementation that the interaction between distinct blocks is
weak. An example is shown in Figure 2.2, where the patterns of A (left) and FAFT

(right) are represented with a grey scale apportioned to the coefficient absolute values.
The effect of F over A is to concentrate the largest entries into the diagonal blocks.
Using a number of blocks at least equal to the number of available processors, we may
think of preconditioning each block of FAFT separately with an efficient sequential
preconditioner such as, for example, ILU [23, 27, 28, 34]. To this aim, we have to
compute the diagonal blocks Bib of FAFT :

Bib = F [Jib , :]AF
T [:,Jib ], ib = 1, . . . , nb,(2.21)

with

Jib = {k : m(ib − 1) + 1 ≤ k ≤ mib}.(2.22)
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It can be easily seen that Bib is SPD. Let x be a nonzero vector in R
m, and let

y = FT [:,Jib ]x. As FT [:,Jib ] is a full-rank rectangular matrix by construction, y is
a nonzero vector in R

n; hence

xTBibx = yTAy > 0.(2.23)

Because of (2.23), the IC decomposition of each block Bib can be computed:

Bib � LibL
T
ib
.(2.24)

Collecting all matrices Lib , ib = 1, . . . , nb, provides an incomplete block Jacobi pre-
conditioner:

J = JLJ
T
L =

⎡
⎢⎢⎢⎣

L1

L2

. . .

Lnb

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

LT
1

LT
2

. . .

LT
nb

⎤
⎥⎥⎥⎦ .(2.25)

The final BFSAI-IC preconditioner is given by the sequential application of F and JL
to A. The resulting preconditioned matrix is

J−1
L FAFTJ−T

L = WAWT ,(2.26)

where the inner preconditioner F is intended to reduce the interaction between the
diagonal blocks of A, while the outer preconditioner J−1 improves the conditioning
index of each block. The overall preconditioner M−1 = WTW is a parallelizable
hybrid between FSAI and ILU. BFSAI-IC coincides with FSAI when the number of
blocks nb is equal to the system size n, while it reduces to IC if only one block is
used. Therefore, the BFSAI-IC performance is expected to be intermediate between
FSAI and IC according to the number of blocks selected. The choice F ≡ I is
also admissible, with WTW simply resulting in a standard incomplete block Jacobi
preconditioner computed on nb diagonal blocks of A.

3. Numerical implementation. The procedure for the BFSAI-IC computa-
tion is summarized in Algorithm 3.1. The main body of the procedure is represented
by a loop over ib, i.e., over the blocks. For each block, the ith row of F , i ∈ Jib , is
computed by solving a small dense SPD linear system (lines 4 to 7). This task can
be efficiently carried out by using third level BLAS. Afterwards, F is sparsified by an
a posteriori drop of the smallest coefficients with the implementation of a postfiltra-
tion strategy [26] (line 8). Though this is not essential for the BFSAI computation,
according to our experience, a large part of the entries computed for F is often unnec-
essary and can be discarded with a limited loss of effectiveness [15]. The postfiltration
strategy is also important for making both the computation of Bib and the precondi-
tioner application faster. The block Bib is computed through two matrix-by-matrix
products, thus resulting generally much denser than the corresponding blocks of A.
For such a reason, a second dropping strategy proves appropriate for neglecting the
smallest Bib entries (line 9). Finally, an IC decomposition with partial fill-in of the
dropped Bib provides JL. There are several effective strategies for computing IC using
level-of-fill, tolerance, or fill-in based techniques for selecting the Lib entries. In this
implementation, we use an algorithm similar to those proposed in [34] and [28] based
on the selection of a user-specified rowwise number of entries for Lib in addition to
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Algorithm 3.1. BFSAI-IC computation

1. Select nb and SBL

2. m = n/nb

3. Do ib = 1, nb

4. Do k = 1,m
5. i = m(ib − 1) + k
6. Solve A[Pi,Pi]fi1 = −A[Pi, i]
7. End Do
8. Compute F [Jib , :] = drop(F [Jib , :]) {parameter δ}
9. Compute Bib = F [Jib , :]AF

T [:,Jib ] {parameter ρB}
10. Compute LibL

T
ib
� Bib {parameter ρL}

11. End Do

those of Bib . This allows for full control of the memory occupation. Moreover, a level-
of-fill based IC that selects the nonzero entries using the adjacency graph only often is
not very efficient with ill-conditioned matrices, while the most appropriate drop value
selection may prove difficult in a tolerance-based IC. Therefore, the preconditioner
density is controlled by three user-specified parameters:

1. δ is the postfiltration parameter denoting the relative tolerance below which
the entries of F are discarded;

2. ρB is the parameter used to drop the smallest Bib entries denoting the max-
imum allowable number of nonzeros for each row of Bib in addition to the
corresponding number of entries of A;

3. ρL is the parameter used to fill Lib denoting the maximum allowable number
of nonzeros for each row of Lib in addition to the corresponding number of
entries of Bib .

Algorithm 3.2 provides the application of BFSAI-IC to a vector r:

z = M−1r = WTWr = FTJ−T
L J−1

L Fr.(3.1)

Two loops over ib are required. First, the product of F [Jib , :] by r is performed to get
the subvector u[Jib ] (line 2), followed by a forward and backward substitution with
Lib and LT

ib
(lines 3 and 4) to get w[Jib ]. All the subvectors w[Jib ] are then collected

to form w. Second, the product FT [Jib , :] by w is performed to get z[Jib ] (line 7).
The subvectors z[Jib ] form the preconditioned vector z of (3.1). The algorithm is split
into two distinct loops over ib because the whole vector w is needed to perform the
product in line 7.

BFSAI-IC can be fully implemented in a parallel environment by scheduling a set
of blocks Kp to each processor. In fact, in Algorithm 3.1, one processor needs neither
F nor JL entries computed by another processor. Hence, the preconditioner setup
can also be efficiently performed in a distributed computing environment, provided
that the A coefficients necessary to form the local dense subsystems are preliminarily
collected by each computing core. A little dependence over ib arises in Algorithm 3.2
only because a few components of r andw have to be exchanged among the processors
to perform the products in lines 2 and 7, respectively.

The BFSAI-IC algorithms require the number of blocks nb to be larger than or
equal to the number of computing processors np. In fact, a parallel implementation
with nb < np would be much more difficult and less efficient, as it would require the
incomplete factorization of blocks shared by more than one processor. In practice, for
a given np, the most convenient choice in terms of both wall clock time and iteration
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Algorithm 3.2. BFSAI-IC application

1. Do ib = 1, nb

2. u[Jib ] = F [Jib , :]r
3. Solve Libv[Jib ] = u[Jib ]
4. Solve LT

ib
w[Jib ] = v[Jib ]

5. End Do
6. Do ib = 1, nb

7. z[Jib ] = FT [Jib , :]w
8. End Do

count is to have the blocks as large as possible, so that BFSAI-IC is closer to IC. This
implies setting nb = np.

We choose to adopt a shared memory programming (SMP) paradigm by using the
OpenMP application programming interface (API) [8, 32] that is becoming increas-
ingly popular for its ease of use in multithread applications. The system matrix A
and the right-hand side b are shared variables, while F and JL are scattered by rows
among the processors as private variables. Let Ip be the set of row indices defined as

Ip = {i : i ∈ Jib for ib ∈ Kp}(3.2)

with Jib defined in (2.22). Each processor is the owner of the solution subvectors x[Ip]
and the other subarrays used in a PCG iteration. Local components are shared with
other processors to perform the matrix-by-vector products and apply BFSAI-IC. The
interprocessor communications can be significantly reduced if a bandwidth optimiza-
tion reordering algorithm is used, e.g., reverse Cuthill–McKee (RCM) [11]. Anyway,
BFSAI-IC can be efficiently implemented also in a distributed memory environment,
e.g. by a message passing (e.g., MPI [30, 33]) implementation.

It is well known that the quality of any approximate inverse depends strongly on
the choice of the nonzero pattern SBL. The optimal a priori selection of SBL is still an
open issue. For example, in [31], a matrix aggregation technique is proposed with the
aim of capturing an optimal pattern for the FSAI computation. A widely accepted
choice is the nonzero pattern of Ak for small values of k [9, 18]. In practical problems,
however, the largest feasible pattern is that of A2 because the number of nonzero
entries in each row nzi increases very quickly with k. As the FSAI computation
requires the solution of n dense nzi × nzi systems, the overall numerical complexity
is proportional to nz3i . In the BFSAI computation, we use a similar strategy. We
set SL (see (2.3)) as the lower triangular part of the nonzero pattern of Ak, k ≥ 1,
and SBL = SL ∪ SBD (see (2.5) and Figure 2.1). The dense systems (2.20) have size
(nzi − m), i.e., smaller than that required by the standard FSAI. Hence, a larger
power of A, say 3 or 4, can be used for SBL, with a potential improvement of the
BFSAI quality.

4. Preconditioner analysis. BFSAI-IC needs four user-specified parameters to
be set: nb, δ, ρB, and ρL. The most decisive one is nb, i.e., the number of blocks, which
in turn is dictated by the number of available processors np. If nb, hence np, is small,
BFSAI-IC is closer to IC than to FSAI and is generally more effective than the latter.
If nb is large, BFSAI-IC approaches the standard FSAI. The other parameters control
the BFSAI-IC density and obviously also impact the preconditioner performance.

The BFSAI-IC effectiveness is evaluated by the number of PCG iterations required
to converge to a relative residual equal to 10−10 using a right-hand side of all ones.
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Fig. 4.1. Number of PCG iterations to converge versus nb for different values of μIC .

As a numerical example, an SPD matrix arising from a three-dimensional (3D) finite
element (FE) geomechanical simulation of faulted porous media is selected [13]. The
matrix A has size 320,493 with 14,849,397 nonzeros. Both FSAI and BFSAI-IC in
these tests are computed using the pattern of A2 with no postfiltration (δ = 0.00).

Denote by μIC the density of JL:

μIC =
nnz(JL)

nnz(A)
,(4.1)

where nnz(·) is the function providing the number of nonzeros of a matrix. Observe
that nnz(JL), and hence μIC , is controlled by the user-specified parameters ρB and
ρL. Figure 4.1 shows the number of PCG iterations to converge versus nb for different
values of μIC in a log-log plot. Increasing nb, the BFSAI-IC performance deteriorates,
though it remains below the horizontal dashed line denoting the standard FSAI. For
sparser JL, negative terms may arise in the JLJ

T
L diagonal. This is a well-known

outcome of symmetric incomplete factorizations, causing a slow convergence rate or
even a failure [21]. In this case, such an occurrence takes place for μIC ≤ 1.25 and
nb ≥ 32. By distinction, for larger μIC , no negative terms are generated in the
JLJ

T
L diagonal with similar performances. The iteration count no longer decreases

for μIC ≥ 4.00. Therefore, there exists a threshold value of μIC beyond which the
performance of BFSAI-IC cannot be further improved by increasing the JL density
only.

Such a behavior can be better understood looking at Figure 4.2, which shows
the number of iterations versus μIC for a variable nb. With nb = 1, i.e., BFSAI-IC
coincides with IC, the iteration count grows up very quickly for a low density and
still keeps on decreasing for larger μIC . With nb ≥ 2, the iteration count does not
improve for large μIC .

The influence of the Bib density on the overall BFSAI-IC effectiveness is shown in
Figure 4.3, which provides the number of iterations to converge versus ρB for different
values of ρL and nb. As for the JL density, a threshold value for ρB exists beyond
which a ρB increase gives no benefit over the iteration count. It can also be observed
that ρB is more important for a large nb with no appreciable dependency on ρL.

Finally, the overall quality of BFSAI-IC as a preconditioner for A is evaluated
by the spectral analysis of WAWT . To this aim, we use a smaller matrix arising
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Fig. 4.3. Number of PCG iterations to converge versus ρB for different values of nb and ρL.

from a 3D FE mechanical application with size 27,158 and 1,162,926 nonzeros. Fig-
ure 4.4 shows the corresponding eigenvalue distribution for various nb values, including
nb = 1 (IC) and nb = n (FSAI), while Table 4.1 provides the corresponding maximum
and minimum eigenvalues λmax and λmin, respectively, and the conditioning index
κ = λmax/λmin. As expected, the best clustering and the minimum κ are obtained
with IC, and the worst with FSAI, with BFSAI-IC exhibiting an intermediate be-
havior. Note that the κ deterioration is mainly due to λmin, as λmax is practically
unchanged. This is a typical behavior of preconditioners based on the Frobenius norm
minimization. BFSAI-IC tends to mitigate such an occurrence since condition (2.4)
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Fig. 4.4. Eigenvalue distribution for IC, FSAI, and BFSAI-IC for different values of nb.

Table 4.1

Conditioning index for IC, FSAI, and BFSAI-IC for different values of nb.

IC BFSAI-IC nb = 2 BFSAI-IC nb = 8 BFSAI-IC nb = 32 FSAI
λmax 1.40·10+0 1.60·10+0 1.78·10+0 1.62·10+0 1.58·10+0

λmin 7.08·10−4 6.18·10−4 3.58·10−4 2.11·10−4 1.67·10−4

κ 1.80·10+3 2.59·10+3 4.97·10+3 7.68·10+3 9.50·10+3

requires FA to approach an arbitrary block diagonal matrix D instead of the identity,
as required by (2.1).

5. Numerical results. The BFSAI-IC performance has been experimented with
in four SPD test matrices:

• FAULT-639: This arises from the numerical solution by a linear FE of the
inequality-constrained minimization problem governing the mechanical equi-
librium of a 3D body with contact surfaces [14]. The contact is solved with
the aid of a penalty formulation that gives rise to an SPD ill-conditioned
linear system of equations.

• STOCF-729: This arises from the FE integration of the diffusion partial dif-
ferential equation governing the 3D transient flow of groundwater in saturated
porous media. The problem is solved assuming a stochastic distribution of the
hydraulic conductivity tensor with a large permeability contrast in adjacent
elements [16].

• GEO-1438: This arises from a regional geomechanical model of the sedi-
mentary basin underlying the Venice lagoon discretized by a linear FE with
randomly heterogeneous properties [36].

• FLAN-1565: This arises from the mechanical equilibrium of a steel flange
discretized by a 3D 8-node brick FE [21].

All of the test cases above concern real engineering applications. The size and number
of nonzero terms for each matrix is provided in Table 5.1. The linear system is solved
by PCG using a vector of all ones as the right-hand side and an exit relative residual
smaller than 10−10. Each matrix has been preliminarily reordered by an RCM algo-
rithm. All tests are performed on the IBM SP6/5376 cluster at the CINECA Centre
for High Performance Computing, equipped with IBM Power6 processors at 4.7 GHz
with 168 nodes, 5376 computing cores, and 21 Tbyte of internal network RAM.

The BFSAI-IC performance is evaluated by the number of iterations, the wall
clock time in seconds Tp and Ts for the preconditioner computation and the PCG to
converge, respectively, with the total time Tt = Tp+Ts. As to the memory occupation,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2480 C. JANNA, M. FERRONATO, AND G. GAMBOLATI

Table 5.1

Size and number of nonzeros of the test matrices.

FAULT-639 STOCF-729 GEO-1438 FLAN-1565
Size 638,812 729,400 1,437,960 1,564,794
# of nonzeros 14,626,683 10,765,586 63,156,690 117,406,044

Table 5.2

BFSAI-IC best performances with FAULT-639, STOCF-729, GEO-1438, and FLAN-1565. k
is the power of A used to select the SBL pattern.

FAULT-639
nb = np k δ ρB ρL # iter. Tp Ts Tt μF μIC μT

1 - - - 50 153 84.71 48.30 133.01 - 1.58 1.58
2 2 0.00 0 50 256 51.05 37.27 88.32 0.06 1.58 1.64
4 2 0.05 10 50 303 25.88 22.24 48.12 0.03 1.57 1.60
8 2 0.05 10 50 376 13.83 14.33 28.16 0.03 1.56 1.59

16 2 0.05 10 50 482 7.31 9.03 16.34 0.05 1.53 1.58

STOCF-729
nb = np k δ ρB ρL # iter. Tp Ts Tt μF μIC μT

1 - - - 20 107 18.29 13.76 32.05 - 1.89 1.89
2 2 0.00 10 10 328 5.33 18.73 24.06 0.09 1.22 1.31
4 2 0.00 0 10 383 2.70 11.64 14.34 0.14 1.21 1.35
8 3 0.01 0 10 404 3.56 6.34 9.90 0.17 1.20 1.37

16 3 0.01 0 10 518 2.06 4.45 6.51 0.28 1.17 1.45

GEO-1438
nb = np k δ ρB ρL # iter. Tp Ts Tt μF μIC μT

1 - - - 0 275 22.11 120.37 142.48 - 0.50 0.50
2 1 0.00 0 0 315 16.29 54.96 71.25 0.03 0.50 0.53
4 1 0.00 0 0 357 8.42 32.23 40.65 0.03 0.50 0.53
8 1 0.00 0 0 419 4.60 20.65 25.25 0.05 0.49 0.54

16 1 0.00 0 0 526 2.69 13.01 15.70 0.08 0.49 0.57

FLAN-1565
nb = np k δ ρB ρL # iter. Tp Ts Tt μF μIC μT

1 - - - 40 1365 194.98 2102.17 2297.15 - 1.04 1.04
2 2 0.00 10 30 1917 142.33 769.65 911.98 0.03 0.91 0.94
4 2 0.00 10 30 1988 70.76 425.64 496.40 0.06 0.91 0.97
8 2 0.00 10 30 2089 35.84 246.28 282.12 0.11 0.91 1.02

16 2 0.00 10 30 2284 23.16 156.58 179.73 0.21 0.92 1.13

along with μIC of (4.1), we define the F density as

μF =
nnz(F )

nnz(A)
(5.1)

and the total density as μT = μIC + μF . Table 5.2 provides the best BFSAI-IC
performance from the different tests with 1 to 16 processors and nb = np. When
np = 1, BFSAI-IC coincides with IC; hence there is no need for setting the user-
specified parameters k, δ, and ρB. If we set F = I, the resulting incomplete block
Jacobi preconditioning on A does not allow for convergence with nb = np ≥ 2 in all
examples. By contrast, although F is very sparse (μF  1, especially for low np

values), the incomplete block Jacobi preconditioning proves very efficient on FAFT ,
with generally a limited increase of the iteration count relative to the np = 1 case.

As expected from the analysis carried out in the previous section and shown by the
iteration count in Table 5.2, the BFSAI-IC preconditioning progressively deteriorates
as np, and hence nb, grows. Such a deterioration appears to be problem-dependent.
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Fig. 5.1. Wall clock time versus the number of processors for the optimal FSAI and BFSAI-IC.
The theoretical IC profile with perfect speedup is also shown.

For any np selection, however, BFSAI-IC always outperforms the standard FSAI
preconditioning. Figure 5.1 compares the overall wall clock time elapsed using FSAI,
with the pattern and postfiltration parameters providing the best performance, and
BFSAI-IC. For the sake of the comparison, the theoretical IC profile obtained if IC
were perfectly scalable with np is also reported. The BFSAI-IC profile turns out to
be generally comprised between the theoretical IC and FSAI, thus proving a hybrid
preconditioner superior to FSAI alone. As np grows, the IC influence progressively
decreases, and BFSAI-IC tends to behave like FSAI. In the largest problems (GEO-
1438 and FLAN-1565), however, FSAI with 16 processors still requires a wall clock
time 1.5 times larger than BFSAI-IC. The overall gain of BFSAI-IC versus np is
summarized in Figure 5.2, which shows the ratio between Tt provided by FSAI and
BFSAI-IC. BFSAI-IC proves even more than twice faster than FSAI according to the
problem and the number of processors.

Finally, the BFSAI-IC parallel efficiency is addressed, fixing the number of blocks
(nb = 16) and varying np. Figure 5.3 shows the wall clock time versus the number of
processors. Once nb is set, BFSAI-IC exhibits an excellent degree of parallelism up
to np = nb. In particular, both the BFSAI-IC computation and the application are
almost ideally parallel, as shown in Table 5.3, where speed-up values between 11.5
and 13.4 are obtained with 16 processors.
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Fig. 5.2. Ratio between the total wall clock time required by FSAI and BFSAI-IC versus the
number of processors.
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Fig. 5.3. Wall clock time versus the number of processors for the optimal BFSAI-IC with
nb = 16. The theoretical speed-up profile is plotted by a dashed line.

Table 5.3

Speed-up values using BFSAI-IC with nb = 16. The user-specified parameters of Table 5.2 are
used. Sp, Ss, and St are the speedups obtained for the preconditioner computation, for the PCG to
converge, and for the whole solution process, respectively.

np = 1 np = 16
Tp Ts Tt Tp Ts Tt Sp Ss St

FAULT-639 95.68 111.74 207.42 7.31 9.03 16.34 13.1 12.4 12.7
STOCF-729 26.76 58.39 85.15 2.06 4.45 6.51 13.0 13.1 13.1
GEO-1438 35.52 174.17 209.69 2.69 13.01 15.70 13.2 13.4 13.4
FLAN-1565 292.89 1801.19 2094.08 23.16 156.58 179.74 12.6 11.5 11.7
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6. Conclusions. A hybrid preconditioner coupling a generalized FSAI with an
incomplete block Jacobi algorithm has been developed for the efficient parallel solution
to SPD linear systems of equations. The block FSAI preconditioner F is computed
using a sparse lower block triangular pattern SBL with the aim of minimizing the
distance of FAFT from an arbitrary block diagonal matrix D in the sense of the
Frobenius norm. An incomplete block Jacobi algorithm is then effectively applied for
preconditioning FAFT . The resulting BFSAI-IC preconditioner is therefore made of
an inner (F ) and an outer (JL) preconditioner which can be efficiently computed and
used on parallel computer architectures.

The results from a number of realistic test cases from engineering applications
show the following:

• The BFSAI-IC quality as a preconditioner progressively deteriorates as the
number of blocks increases. In the limiting case with nb = n, however, it
coincides with FSAI; hence BFSAI-IC proves generally superior to FSAI for
any realistic number of blocks.

• The incomplete block Jacobi preconditioner is very attractive from a compu-
tational viewpoint because of its simplicity and excellent parallel efficiency;
however, it often allows for a very poor solver acceleration. In the examples
discussed in the present paper, the incomplete block Jacobi algorithm by itself
does not yield convergence for any fill-in degree. By contrast, the preliminary
BFSAI application makes it an efficient technique for ill-conditioned problems
as well.

• For a given number of blocks, the BFSAI-IC preconditioner can be both
computed and applied in a parallel environment exhibiting very good speed-
up values.

• BFSAI-IC appears to be a robust and efficient parallel preconditioner for SPD
matrices arising from a variety of engineering problems. It is significantly
superior to a standard parallel preconditioner such as FSAI for small np (2
to 8) and, depending on the problem nature and size, can be still competitive
for np ≥ 16 as well.
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uplift by seawater pumping into a heterogeneous aquifer system, Water Resour. Res., to
appear.

[37] A. Yu. Yeremin, L. Yu. Kolotilina, and A. A. Nikishin, Factorized sparse approximate
inverse preconditionings III. Iterative construction of preconditioners, J. Math. Sci., 101
(2000), pp. 3237–3254.

[38] A. Yu. Yeremin and A. A. Nikishin, Factorized-sparse-approximate-inverse preconditionings
of linear systems with unsymmetric matrices, J. Math. Sci., 121 (2004), pp. 2448–2457.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


