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1. Introduction. Multigrid methods have been shown to be very efficient solvers
for elliptic partial differential equations (PDE). In this paper we are concerned with the
so-called T-extrapolation multigrid method, see BRANDT [5] and HACKBUSCH [6], which
is an extension of conventional multigrid that can improve the accuracy of the numerical
result by implicitly using higher order approximations.

In contrast to conventional extrapolation methods for partial differential equations, as de-
scribed in MARCHUK /SHAIDUROV [13] and BLUM/LIN/RANNACHER [3], the T-extrapola-
tion algorithm is based on an implicit application of Richardson’s deferred approach to the
limit. We do not take linear combinations of computed approximations, but extrapolate
the residuals of different levels. This is equivalent to forming a linear combination of the
stiffness matrices. The precise meaning of this will be explained in detail later.

We show that one step of multigrid T-extrapolation for piecewise linear C° finite ele-
ment (FE) methods is equivalent to using quadratic elements. This can be derived as
a consequence of asymptotic error expansions for the numerical integration of the FE
stiffness matrices, as shown in RUDE [18]. Here we will follow a different approach and
show that the quadratic stiffness matrix and the stiffness matrix which is implicitly con-
structed by T-extrapolation for linear elements coincide. Therefore the system solved
by 7-extrapolation is equivalent to using quadratic elements. Furthermore, we show the
asymptotically optimal convergence of a multigrid solution of the extrapolated system.
Our experimental framework is the Finite Element Multi-Grid Package (FEMGP) (see
STEIDTEN and JUNG [20]) developed at the Technische Universitdt Chemnitz-Zwickau
for the solution of elliptic and parabolic problems arising in the computation of magnetic
and thermomechanical fields. We focus on self-adjoint second order linear elliptic partial
differential equations, using the heat conduction equation and the equations of elasticity
as typical model problems. The equivalence of T-extrapolation to higher order finite
elements justifies to use it even for unstructured meshes as produced with FEMGP, see
also the results on T-extrapolation based higher order adaptive methods by McCoORMICK
and RUDE [14].

2. Finite element discretizations of the boundary value problem. We con-
sider two—dimensional second order elliptic boundary value problems:

(1) Find u € Vy such that a(u,v) = (F,v) for all v € Vj,

with a symmetric, Vo—elliptic, and Vo—bounded bilinear form a(.,.); (.,.) : Vi x V; — R
is the duality pairing, V;° denotes the space which is dual to Vg, and F' € V{ is a linear
and bounded functional on V4. Later we will describe more precisely which bilinear forms
we want to investigate.

Let us first describe some finite element discretizations of problem (1). The starting point
of the discretization process is a coarse triangular mesh 7;. Then we generate a sequence
of nested triangular meshes 7, = {5,(:), re Tkt k= 1,200 Je=A{1,2,..., Ry},
where R denotes the number of triangles of the triangulation 7;. We suppose that

we obtain the triangulation 7; by dividing all triangles 51(1)1, r € Ji—1, into four con-

gruent subtriangles 51(:). The nodes of the triangulations are numbered hierarchically,
ie. PO p@ o pWy pWitn o piN2) o pWNeat) o pWNe) o pNatt)
PO where PWe—1+D) - PINK) are the nodes of T;, that do not belong to 7;_; (but are

naturally also nodes of Tpy1,...,7)).



Corresponding to each triangulation 73, &k = 1,2,...,1 — 1, we define the finite element
subspaces Vi C 1 as

(2) V. =span{p}) : i=1,2,....N,},
(i) (i)

where the trial functions p;’ are piecewise linear functions such that p;’ is linear in
all triangles of 7, continuous, and satisfy the relations pg)(:zjgj),x(zj)) =1 for + = j,
pg)(:zjgj),x(zj)) =0fori#7,¢,5=1,2,..., N, Here (xgj),x(zj)) denotes the coordinates of
the node PU) and N is the number of nodes belonging to Q U I'y, where I'y is the part
of the boundary 92 on which natural boundary conditions are given.

The finite element subspace corresponding to the finest triangulation 7; we define for a

moment only formally by
3) Vi =span{p)”’, i =1,2,....N,}.
For the specific choice of the functions }552) we consider four possibilities. The first one is

(v) (v) (v)

the usual nodal basis, i.e. we set p;” = p;’, where the functions p;”’ are defined in the same

way as the functions pg), k=1,2,...,1—1. Consequently, we obtain the FE subspace
(4) V, :Vll:span{pgi), i=1,2,...,N, }.

As second possibility we use the two—level h—hierarchical basis, 1.e.

(5) V, = Vll = span{pg?l, i=1,...,N_,}U span{pgi), i=N_,+1,...,N,}.

Additionally, to these two approaches we introduce also FE subspaces spanned by piece-

(1)

wise quadratic functions ¢; ;. These functions are polynomials of degree 2 in all triangles

0 (20 1) 0 (29 200y =

of 7;_1, continuous, and satisfy the relations ¢, (zy", x5") = 1 fori = 7, ¢; 24 (27", a3
fore # j,1,7=1,2,...,N;. Using these functions we can define the usual quadratic nodal
basis

(6) Vi :qu:span{ql(i)l, i=1,2,...,N, }.
and the two-level p—hierarchical basis
(7) V, = qu = span{pg?l, i=1,...,N_,}U span{ql(i)l, i=N_,+1,...,N,}.

The sequence of FE subspaces Vi, k = 1,2,...,1, where V; stands for V}, V/, Vi, or ‘A/lq,
respectively, results in a sequence of finite element schemes:

(8) Find uy € Vi, such that a(ug,vr) = (F,v) for all v, € Vj.

The determination of the unknown function uy is equivalent to the solution of the system

(9) Koy = f,

of the algebraic finite element equations, where for £k =1,2,...,[ -1
: Ne oo
(10) wp = [0 izt 2., o u= Y udpy),
i=1
(11) Ky = Kz K =a(ppf)), and
(12) Fo= U S = (E).



For k = [ the stiffness matrix A; and the load vector f, are defined in the same way, we

(v) (t)

set only the functions p;” instead the functions p;’. Depending on the concrete choice of

the functions ﬁ;i), see the possibilities (4) —(7), we get the stiffness matrices K, = K}, [&l,

K}, or [&l and the load vectors fl, fl, , or f respectively.
Next we specify the bilinear form af., ) In the following we will consider bilinear forms

which are defined by

(13) /AVqud
Q

where A is a symmetric, positive definite (2 x 2)-matrix,

o 9\
and (.,.) denotes the Euclidian scalar product in the space R®. Such bilinear forms arise
from the derivation of the weak formulation of heat conduction problems. Let us suppose
that the entries of the matrix A are piecewise constant functions, i.e. constant in each
triangle 51(2)1, r € Ji—1. In this paper we will not discuss the variable coefficient case.
Next we prove an interesting relation between the matrices K,_;, [g'll, and [g'lq, which is
useful for the investigation of the convergence properties of a multigrid algorithm with

extrapolation.

LEMMA 2.1. Let K;_, [g'll, and erq be defined by the bilinear form (13) as described above.
Then the relation

N 4 . 1 ~
(15) K] = gK} — 3k
~ K41 0
holds, where K;_1 = ( (l) ! 0 )
Proof: Recall the definition of the stiffness matrices
(16) Ky = (K me,omis s K5 = alohy).
(17) K=K i12 8

a(p?,pP) for i, =1,2,..., N,
pp) for j= N+ LN 2, Ny i =12, N
ppi?y for =12, Ny i = Ny + 1, Ny 4+ 2,00, N
a(p?, PNy for i, j= Ny 4+ 1, N1 +2,..., N,

Y

(18) K=K 0, 3

ghyoony

apl l,pl 1) for 2,7=1,2,..., N4

) for j:Nl_l—I-l,Nl_l—I-Q,...,Nl,i:1,2,...,N1_1
) for j:1,2,...,N1_1,i:Nl_l—l-l,Nl_l—I-Q,...,Nl
)

for i,j:Nl_l—I-l,Nl_l—I-Q,...,Nl.

[’qv(”)

(p}
(a1
a(p
(q”

q,_ 1791 1



All these stiffness matrices have the structure

[(l,vv [(l,vm
[(l,mv [(l,mm

(19) K = (

where K ,, corresponds to the nodes of the triangulation 7;_;, K., corresponds to the
new nodes in the triangulation 7;, and K ,,,, K, are the coupling blocks.
From the definitions (16) — (18) of the matrix elements we see that

4., 1. K_, 4K}
(20) K- -K, |, = ( . B
3 3 %[Xll,mv %[Xl,mm
and
. K K?
21 [(q — " -1 " {,um ]
21) i ( i Koo

Taking into account that these matrices are symmetric, we have to prove that

4 4 . 4 A
L =K} and — K}

,um 3 l,mm

I
= [th

m*

To do this we introduce some notations.

The transformation @ = (&)
. B xY,z) _ xgr,l) :L'Y’S) . xgr,l) £ N :L'Y’l)
v :1;(2T’2) _ x(;,l) :1;(2T’3) _ x(;,l) £ :1;(2T’1)
) f x(Tvl)
= IO T+
& g

realizes the mapping of the reference element A = {({,&) 1 0<& <1,0<¢& <1,
& + & <1} onto an element 51(1)1 of the triangulation 7;_;.

(22)

arbitrary triangle 61(1)1 € T4 reference element A
T2 4 pr3) 24
Pp(r6) £=¢(x) P ¢
P(T 1) P(T 5) -~
’ _ AC (5)
x=x(£) 6 P
- PORR®
r,4
P pir2) AN A
T p) Py p@ &

p) — P(l)(()’())7
P2 — ]3(2)(170)7
pB) — P(3)(0,1)

Fic. 1. The mapping between the reference element A and an arbitrary element 61(1)1



On the reference element A we define six shape functions ¢,, a = 1,2,....6. In the case

of the h-hierarchical basis we have

$1(61,82) = ¢1(61,6e) = 16 =&
P2(6,&) = @&, 8) = &
P3(1, &) = ¢s(&, &) &2
251 iﬂ A(l)
- — 401 — 462 in A@
P, &) = @&, &) = 3 -2 NG
1 — 26, in A®
(23) 0 in AW
. 2 in  A®
@561, &) = es(&, &) = ;gl 0 AB
2, +26—-1 in AW
252 in A(l)
. in A®
P61, &) = wel&r, &) = g 96— 2, i A®
1— 26 in A®
and in the case of the p-hierarchical basis
1(6, &) = @&, &), 22(&.&) = @26, &), @& &) = @3, &)
(21) Paléi,62) = Yal&, &) = 4G(1 =& — &)
P5(6, &) = Us(&, &) = 46
P6(1,82) = ve(&r,6) = 4&L(1 -6 —&).

In order to calculate the elements of the stiffness matrices we need the derivatives of the
shape functions. For the h-hierarchical functions we get the partial derivatives given in
Table 1.

TABLE 1
The partial derivatives of the piecewise linear shape functions

For the computation of the matrix elements in the case of the p-hierarchical basis we use

Jpr Dp1|Ops Opa|Dps Dps|Ops Ops|Dps Ops|dps s
061 08 |06 0 | 06 D& |06 06y | 0& D& | 061 &,
A1 1)1 0 0 1|2 0|0 0|0 2
A® 1 1)1 0 0 1|2 20 2|0 0
A® L1 1)1 0] 0 1| 0 0 2 0]-2 -2
AD L1 1)1 0] 0 1|0 202 22 0

the following quadrature rule

@) [ e dix Y L) =

(=20

(¢(0'57

0) 4 ¥(0,0.5) + 14(0.5,0.5)) ,




which is exact for quadratic polynomials on A. Therefore we present in the Table 2 the
values of the partial derivatives of the functions 4, ¥5, and g in the quadrature points
(0.5,0), (0,0.5), and (0.5,0.5).

TABLE 2
The partial derivatives of the quadratic shape functions

by Dpa | 05 05 | Ops Db
96 08 | 06 06 |96 98,

(0.5,0) 0 2| 0 2] 0 2
(0,0.5) 2 0 2 0|2 0
(0505 | 2 2| 2 2| -2 -2

. 4 Azl _ qu
First we now prove ; K}, = K/ . We have

(26) a5 = [ (AVp?, Vi) de
Q
= ¥ [ (av? Vi) de,
rew(ts) 55:)1
where

W) = {r €eJ_4 :ﬁ;i) # 0 and ﬁ;j) Z0 on 51(2) }
Obviously, the index sets w(¥) are the same for both the A-hierarchical functions }552) = pgi)
and the p-hierarchical functions }552) = 91(2—)17 t=N_;+1,...,N;. Using the mapping to
the reference element it follows

a5 = X [ (AT (0(€), ()T (2(6))) ldet S dg

Tew(iﬂ) A
= Y [ (B (), Vel (2(6)) de;
Tew(iﬂ) A
with B = (Jl(i)l)_lA(Jl(f)l)_T|detJl(f)1|. Note that the entries of A, Jl(ﬁ)l, and |det Jl(ﬁ)1| are

constants.

For j =1 and }552) = pgi), that is for the h-hierarchical basis, we have

(27) a(p52)7p52)) = Z Z / (vig‘ooz(r)7V£g0a(r)) df

rew(®t) kEI(a(T)) Alk)

1
= > 2 g(Bvé%mA(WVg¢a<r>|A(k))7

r€w(t) ke I(alm)
where a(") is the local number of node P(i)(:zjgi), :1;(22)) in the triangle 51(1)1, ie.

a =45 or 6, and I(a\)= {k €{1,2,3,4} : p.»n £ 0 on A(k)}.



Obviously, I1(4) = {1,2,4}, I(5) = {2,3,4}, and I(6) = {1,3,4}. Therefore, in all the
cases, we have exactly three terms.
If we use quadrature rule (25), we obtain for the case of the p-hierarchical basis

(28) aaia?) = X [ (BVetun, Veton) dé

rew(i A

= 2 2 %(Bvéﬁ/)a(r)(ﬁ(k)),Vg%m(f(’“))) ,

rew(i) k=1

where ¢®) are the quadrature nodes of formula (25).

Now we compare the summands in the sums over k in (27) and (28). If we examine the
values of the partial derivatives dw ) /D1, D) /OE, in the triangles A®) and the values
of the derivatives 0t r)/0&1, 0 ) /0& in the quadrature nodes (see Tables 1 and 2)

then we can see that these summands differ only by the factor %. Therefore, we have

ga(pE Loy =a(q”,q%)  for  i=N_, +1....,N,.

Fori#j,0,5=N,_,+1,...,N;, we obtain

(29) a(q”, )= % /(BVWg(r)an@a(r)) dg,

Tew(iﬂ) A

where 8 and o) are the local numbers of the nodes PU) and P in the triangle 51(1)1,
respectively. Using again the quadrature formula (25) and the results from Table 2 we

1 0 2
)
TEw(U)

(30) algq) =4 X % (B( g ) ’ (

7’6&)("])

1
SG)H
7’6&)("]) 3

have

") =4, o) =5
) =5 al) =4

~——
S’
bt
o @

A =4, al) =6
5(7’) — 67a(7°) —4

A =5 al) =6
) =6,al) =5

ap’.n”) = Y > / (BVewsn, Vepar) dé
7’6&)("]) kel(ﬁ(r)7a(r)) A(k)
1

rewl®d) keI(Br),alr))
1( (0) (2)) B =4, 0l =5
Z —— | B , for . T
el 4 2 2 g =5 al) =4
1( (0) (2)) B = 4,0l =6
= Z - B , for . T
reot) 4 2 0 ) =6,al) =4
1 2 2 ﬂ(T) — 57a(T) — 6
= (#(2)(0)) = i
TEW(U) 9




Comparing (30) and (31) we see that %a(p?j),py)) = a(%@p ql(i)l). Consequently, we have

shown
(32)

It remains to prove %Ig’;,vm = [g’;{vm. Foryg=N_,+1,N_+2....N,,:=1,2,....N,_,
we have

(33) ap? ) = 3 /(BV»:@g(r),Vs@a(r))df

Tew(iﬂ) A

: (
- Z Z ) vig‘oﬁ(r) ) vg@a(r” )
rew(t keI (p(r) 8 |A(k) Alk)

and
(34) ag.p) = Y /(ngl/)g(r),vs%m)df
TEw(iJ)A
_ S ) v (*)
= Y Y S (BVelsn(E®), Vepin(€W))
rew(i’) k=1 6

From the Tables 1 and 2 we see again that the summands in the sums over k differ only

by the factor 3. Hence, %a(pgj),pgi)l) = a(ql(i)l,pgi)l), ie.

(35) 3[§l,vm = [’lqvm
and in an analogous way

4 . N
(36) gl(ll,mv = [’lq,mv

Combining the relations (20),(21),(32),(35), and (36) we obtain the statement of the
Lemma. m

In Lemma 2.2 we formulate the corresponding property for the right—hand side.

LEMMA 2.2. Let

<F,v>:/fvd:1;—|—/ggvd3,
Q Ty

where [ is a piecewise constant function, i.e. constant over all triangles 51(1)1, and g, a

piecewise constant function, t.e. constant over 851(2)1 N JN. Then the following relation

holds

N I N
& Besl-3ia da=(%).



Proof: We have defined

I, = [fl(i)l]izl,Z,...,Nl_l, fl(i)l = <F,p§2_)1>

fl = [fl7(i)]'—12 N, fl’(i) = <F,p§21> for 1= 17“'7Nl—1
4 I i=1,2,....N; » I <F7p§2)> for i — Nl_l n 17 N le

fq = Al (Z’)]Z_1 N flq,(i) _ { <F,p§21> for ¢=1,2,...,N,_4
- Tl (Foq) for i=N_ +1,....N
Consequently,
4 4 1. i1_1 ~ il—l
(38) —_5——L_1: ( o2l ) and = ( R
3 3 gil,m —?,m
First we prove
4 i i
(39) g/fppdx = /fQI(—)l d
Q Q

for e = Ny +1,..., N;. Using the notation from the proof of Lemma 2.1 we have

[ae = 5 [ pfhde = 5 [ (a(e)laets7) | e
Q

rew® (1) rew(® A
6

= Y X [ Fean(@ldetde

r€w(®) k€I(alr) AR
where
WD =freg_, :p 20 on 6"}, I(a)={ke1,2,3,4 : ¢, 20 on AP,

and (") is the local number of the node P in the triangle 51(1)1. Computing the integrals

over A¥) we obtain

(40) /fp, fe= Y Y gfldetsl= X Lflden],

rew(®) kel oz(r)) rew(i )
and using the quadrature formula (25) it follows
T 1 T
(A1) / fafyda = 53 L@l = ¥ Efdets)]
rew(t) k=1 rew(t)

i.e. the integrals in (40) and (41) differ by the factor %. Next we show

4 ; ;
(42) g / 92}7; ) ds = /gqu(—)l ds
r r
fore = N1 +1,...,N;. We have
/ g0 ds = / 9. ds
eeEl L)
N,l—-1

10



where Fgﬁ?l_l is an edge of a triangle 51(1)1, r € J,_;, which is a part of the boundary

I'y. The last integral we transform into an integral over the reference interval [0,1]. This
transformation is described by

v xge,Q) . xge,l) 5 xge,l)
pu— 1 —I_ .
2, x(ze,Q) . x(ze,l) x(ze,l)

edge of a triangle 61(1)1 reference interval [0, 1]
T2 4 £
e,2 e,2
R

Fic. 2. The mapping between an edge of a {riangle and the reference interval [0, 1]

On the reference interval the piecewise linear shape function ¢3(&;) is defined as follows

251 in [07 %)
2—2&  in [%, 1]

w3(61) = {

and for the quadratic shape function 13(£;) we have (&) = —4&7 + 4¢&; .
With o = [(2{"? — 2{"")" 4 (2{? — 25Y)° we obtain

/gzpy) ds = Z / gngi) ds
Iy

e€Hi-1 o)

N,i—1

(43) = 3 {/922§1ad§1 n /g2(2 _ 2{1)ad§1}

eeki_1 o
1 1 1
= > 920{—+—} = D> 590
eeby_y 4 4 e€l 2
and
(44) Dds = Y M d
924; 1 65 92974 4S5
Ty RO
/ p
= Z /92(_4€%+4£1)0d5 = Z ggza-
eeEl_l 0 56E1_1

11



Again both integrals differ only by the factor 3. Combining the relations (38),(39), and
(42) we get the statement of the Lemma. m

THEOREM 2.3. The FE systems of algebraic equations

T T NV T o
(gl‘ll - §[‘1—1) U = (gﬁ - §i1_1) and Yy = £

have the same solution.

Proof: The proof follows immediately from Lemma 2.1 and Lemma 2.2. m

An analogous result can be proved for the FE systems in the nodal basis. Before we show
this property, we state a lemma.

LEMMA 2.4. Between the p-hierarchical and the quadratic nodal shape functions on the
reference element it holds

(45) dp = DpSa,
where
1 for a=p
3 Jor (a,B)=(41),(42)
SA — [S(Aaﬁ)]a,ﬁzl,...ﬁ ” S(Aaﬁ) = (0576) = (572)7 (573)
(Oz, ﬂ) = (67 3)7 (67 1)

0 otherwise .

dr = (991(51752)7 992(51752)7 993(51752)7 @/)4(51752)7 @/)5(51752)7 ¢6(€17€2))
(I)A = (¢1(€17€2)7 ¢2(€17€2)7 ¢3(£17€2)7 ¢4(£17£2)7 ¢5(€17€2)7 ¢6(£17£2))

with
e1(&,6) = 1-& =&, vl&,&) = &, wll, &) = &,
(&, &) = 260 +28 =36 -3 +46L6 + 1,
(46) a6, 60) = 280 =&, a6, &) = 288 — o,
Va6, &) = A1 =& — &), s, &) = 16&,
Ve(é1,&2) = 461 —& — &)

Proof: A simple calculation leads to

e1(é,82) = (&, &) + 0.5 (al6, &) + el E2))
P2(&1,82) = P&, &) + 0.5 (al6n, &) + 561, E2))
p3(éi,82) = ¥a(&, &) + 0.5 (561, &) + Y6l &2))

and therefore (45) holds. m

12



LEMMA 2.5. For the p—hierarchical and the quadratic nodal basis the relation
(47) =05

holds, where

ol Np_1 Nj_141 N,
(48) & = (pML P p) e )
N,
(49) o = (¢, q2. . g™
(50) S, = [Siiz1a,N,

1 fori=y,0,53=12,...,N;

- forg =11 and 3 =19, N\_1 <1 < Ny, where PO s the
(51) Sl(”) = midpoint of t]mt edge which is given by the vertices
P@) and P of a triangle of Ti_y

b [ =

0  otherwise.

Proof: The FE functions are defined element by element, i.e.
. (@) =G (E(x)) @ €80, r € B
~(2)(x) _
0 otherwise,
where }552) stands for one function from (48) or (49), ¢, stands for the corresponding

shape function on the reference element A, i.e. for the corresponding function of (46), and

Bi={reJd_,: P ¢ 51(1)1}. Thus the statement of the Lemma follows from Lemma 2.4
immediately. m

THEOREM 2.6. The FE systems of algebraic equations

4 1 - 4 1+ .
(gkll B gﬁl_l) &= (gﬁ - §L_1) and Ky = fj

have the same solution.

Proof: Using Lemma 2.5 we get for arbitrary vectors u;, v, € RV

(R,lqﬂlvgl) = a(égl,éyl) = a(®S u, PS5 v,) = (SzTKquz up,vp)
and
(ﬁaﬂl) = <Fa(i)21> = (F®Sy) = (SlTi?le)'
Therefore we have
(52) K =ST'K!s, . K!=S7TKIS!
(53) fr=ste . =871

Furthermore, from YSERENTANT [22] we know that

(54) K} = STK]S, and  fl=5T/.

13



From (52), (54), Lemma 2.1, and Lemma 2.2 it follows that
. 4 . 1~
Ki = S;TRISTY = §77T <§K} - gK,_l) St

4 1 ~ 4 N
(53) = STUSTRIS ST = ST KL ST = SR = SR
and

o o fh iy 1
5= s o= st (5h-5i0)

(56) = %SfT(SzTi)——Sz fo, = %fg_lfl—l'.

3. Multilevel algorithms with extrapolation. In this Section we analyse a multi-
grid algorithm using FE discretizations with piecewise linear functions and an implicit
extrapolation step. This algorithm converges to a FE solution which has the same dis-
cretization error as a FE solution obtained by a discretization with piecewise quadratic
functions. Additionally, we will use this algorithm as a preconditioner in the precondi-
tioned conjugate gradient (PCCG) method.

First we introduce some notations.

e Smoothing procedure
pre—smoothing G}/(ul 7) [&l,f )
() _ ( ()

Let the initial guess u, lw,u(j)

T .
u —l,m) be given.

Set ul]H) = Q;JU) and compute an approximate solution 2, ,, of the system

(57) [(ll,mmgl,m = il - [(l Q;,]v-l—l) Il, u(,])

Im l,mu
by means of an iterative method, starting with the zero—vector. We suppose that the
error transmission operator of the method is of the type M, = (1, — By, ! K lmm)

l;mm
Qet u(]-l-l) _ (u§]+1) 2 3 ,m)T‘

=lm

post—smoothing GN(ul 3) [&l,f )
We want to use the same algomthm, however we suppose that the error transmission
operator of the iterative method for solving the system (57) is of the type M,, =

(L — Bl;fm[&’l{mm) so that the overall multigrid operator becomes symmetric.

e Interpolation

(58) L e
{,mv

where
1 fore=y3,0,5=1,2,...,N_1
for j =27 and 7 = 13, N;_1 < ¢ < N, where P is the

(59) (L)W = midpoint of that edge which is given by the vertices
Pl and P2) of a triangle from 7;_4

b [ =

0 otherwise.
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e Restrictions
(60) IR S RN T = (1) = (D, St
(61) ]ll_l’mj . RN — gl , ]ll_mnj = (]l,u 0)
Now we formulate the multigrid algorithm.

Algorithm 1
(k,0)

Let an initial guess u; ' be given.
1. pre—smoothing
(62) y GV( Al ’ f )

2. coarse—grid correction
(a) Computation of the defect

4 — e 3 1 e ’LTL
(63) 4P = 51; (= K™Yy — U, — KL i 1)y

(b) Solution of the system
- k k
(64) [‘1—1M§—)1 = dg—)1

by means of x iterations steps of an usual multigrid ((/—1)—grid) algorithm (see,
e.g. [6]) which starts with the zero—vector and returns an approximate solution

~ ()

Wy_y-
(c) Computation of the correction

5 D~ 4 i)
3. post—-smoothing

(66) ul™ =GN (" K], )

Set 10 = 53
Before we present an alternative formulation of this algorithm, we analyse the smoothing

step and the computation of the defect.
o The essential operation in the smoothing step is the approximate solution of sys-

tem (57). Obviously, we can replace equation (57) by
4 4 4 ;
[Xl mmZm = _i?m 3[Xl mold, §]v+1) - _[’llmmug,]TZL :

(67) 3

3
Using the relations (55) and (56) in the proof of the Theorem 2.6 we get the equiv-

alence of relation (67) to

-q T ~q (5+1) g (9)
(68) [Xl,mmgl,m — ihm - Xl,mvgl,v - [Xl,mmgl,m .
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e Step 2(a) in Algorithm 1 can be formulated in terms of the quadratic nodal basis.
We have
4

- A1 (k, 1 - —1,inj (k,
S = K™y = S = K )

(] ST ) i;,v ] 8y U [ Y om Q;,}Zl)
b e ié m [Xl Jmu [Xl ;mm H;Ii;bl)
- k,
(69) UL ) B 0 (e 0™
3 0 0 0 0

<o e

4 Kl K., 1 K, 0 )
3\ K! Lo Kllmm 3 0 0 u;ljnl)
= (L, ST — Kpu™) = 17— Kpuf).

Because of the equivalence of the relations (57) and (68) we can replace in Algorithm 1
the smoothing steps (62) and (66) by the equivalent steps

Gv(ulko [lqu) and ul GN( kz)vl(lqvi?)

Furthermore, we can see from equation (69) that the computation of the defect (63) is

equivalent to
dify = 17 (g7 = K.

Therefore Algorithm 1 can be interpreted as an usual multigrid algorithm for solving the
system Klu, = /] of algebraic finite element equations resulting from a discretization
with piecewise quadratic functions. According to this interpretation we can formulate
Algorithm 1 in a more abstract form. If we use a decomposition of the FE space V}%, i.e.

(70) Vi=Vi=V_, +T,, T =span{qg),i=N_ +1,...,N}
we get the following equivalent algorithm

Algorithm 1’
Let an initial guess u?k’o) €V, be given.

1. pre—smoothing

(1) Determine " € u™ + 7 [l —uf V|| < pilJuf*” — uf2V]
where ugi’l) € ;k’o) +7, : a(ugil),v) = (F,v) forall vel,

2. coarse—grid correction

(72)  Determine " € u™ + iy o [l —wi 2] < g™ — i)
where ugi’z) € u?k’l) +V_, a(ugkf), )= (F,v) forall veV_,
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3. post—-smoothing

(73)  Determine u?k’S) € }’“’2) +7, : Hu}k’S) — ugk*S)H < p3Hu§k’2) — ugk*S)H
where ;i’S) € ;k’Q) +7, a(u?i’S), v) = (F,v) forall vel,
Set u?kﬂ’o) = u?k’S).

In [19] SCHIEWECK has proved the following convergence result for this type of multigrid

algorithm
k41, k,
(74) ™ — | < (™ — ]
where
(75) n=pz+ (1 —p2)lpr + (1= pi)7vllps + (1 — p3)y],

|I.II> = a(.,.), and v, is the solution of the problem:
Find w; € Vi @ a(ug,v) = (F,v) for all v; €V,
and ~ is the constant in the strengthened Cauchy inequality

(76) la(vr, wi—1)| < Al|oi]| ||wi-1]]  for all v € Ty, for all wi—y € V4.

Using this result we can prove the following convergence theorem for Algorithm 1.

THEOREM 3.1. Let the smoothing procedures, the restriction, and the interpolation oper-
ators be defined as at the beginning of this Section. Then
(i) Algorithm 1 converges to an approzimate solution of problem (1) which has the same
discretization error as a piecewise quadratic F'E solution.
(i) The convergence estimate

k41,0 k,0
(77) [t — || < gl — .

holds, where ||.||2 = (3K} — 1% K,_,).,.) and w, is the solution of the system of

algebraic FE equations
4 1 4 1~
(1 = 3K )= (34 - 560)

The convergence rate n depends on the number of iteration steps for solving the
systems (57), on the convergence rate of the (I —1)—grid algorithm used in step 2(b),
and on the constant in the strengthened Cauchy inequality (76).

Proof:

(i) This follows from the interpretation of Algorithm 1 as an usual multigrid algorithm
for solving the FE system K/u, = /7, immediately.

(ii) The convergence estimate (77) follows from estimate (75), because Algorithm 1 is
equivalent to Algorithm 1.
From [1] we know that the matrices K, and K have a condition number which
is independent of the discretization parameter. Therefore p; and ps in (71) and
(73), respectively, do not depend on the discretization parameter. If additionally
the convergence rate of the (I — 1)—grid algorithm for solving the system (64) is
independent of the discretization parameter h;_;, then we get a h;—independent
convergence rate i of the Algorithm 1. m
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REMARK 3.1. The strengthened Cauchy inequality (76) for various bilinear forms af(.,.)
was analysed by many authors [1, 2, 4, 8, 11, 12, 19, 21]. MAITRE and Musy [12]
calculated the constant 7 for bilinear forms corresponding to scalar partial differential
equations of second order. JUNG [8] and JUNG/LANGER/SEMMLER [11] studied the
dependence of v on the Poisson ratio for linear elasticity problems in two- and three
dimension.

REMARK 3.2. For different bilinear forms the dependence of p; and p3 on problem specific
parameters is studied in [8, 11, 19].

REMARK 3.3. The statements of Theorem 3.1 can also be proved for Algorithm 1 applied
to FE equations resulting from the discretization of plane linear elasticity problems. To get
these results we must prove the statements of Lemma 2.1 and Lemma 2.2 for the related
matrices [g'll, K;,_;, and erq These proofs are similar to the proofs given in Section 2. In
Section 5 we will show some numerical experiments for plane linear elasticity problems.

REMARK 3.4. We can also use Algorithm 1 as preconditioner. The starting point is the
PCCG method for solving the system of algebraic equations

4, 1 4 1.
(78) (G5 -38)u= (55 50m) -

Since the matrix of the system of equations (78) is only used for matrix by vector
multiplications within the PCCG method it is not necessary to assemble the matrix
(%Kll — %Rl_l). Also the right—hand side is needed for the computation of the defect in
the initial step of the PCCG method only. Therefore, we can perform all operations of
the PCCG method using the matrices K/, K, ; and the right-hand sides ﬁ and f, . A

priori we choose the matrix () = (%Kll — %Kl_l) as preconditioner and solve the precon-

ditioning systems Cyw; = r; within the PCCG algorithm by means of the Algorithm 1.
This approach we can interpret as a preconditioning with the matrix

4 1~ _
™ 1= (st S o -y

where M;™ is the error transmission operator of the Algorithm 1. We have to check
whether the matrix C; is symmetric and positive definite. In [10] some conditions for the
smoothing procedures, the restriction, and the interpolation operators are given, which
guarantee these properties. If the conditions

(80) éz GY = (G;V)Téz )
where Y and GV are the error transmission operators of the smoothing procedures,

(81) Iy=(™"  and

(82) KMy = (M) Ky

where M;_; is the error transmission operator of the (I — 1)—grid algorithm for solving
system (64), are fulfilled then the matrix C; is a symmetric, positive definite one.
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The pre—smoothing procedure introduced at the begin of this Section can be written in
the following matrix form

wi L, 0 ufl)
EE,]T;IL—I) _(Il,m - Ml,m)](l;}wn[(l,mv Il,m - (Il,m - Ml,m)](le}LmI(l,mm g;;?T?’L
0 0
1+ . il,v
0 (Il,m - Ml,m)]x/l,mm il,m
(53) - L, 0 0 0 ul?)
- 0 Il m _BZ_T)I’LT)’L I(l muv _BZ_T)I’LT)’L I(l,mm EEJU
0 0
1+ » il,v
0 Bl,mm il,m

= (L, -BI'E )W + B, = GV B

_ 0 0
Bllz(o B! )

In an analog way we get for the post—smoothing

where

(84) u T = (L = BITE ) + BT f, = GNu) + BT

where

_ 0 0

l,mm
Now we have
GG = C —CB'Kl = C, —iKIB'K]
- éz _KllBl_lél = (I _KllBl_l)él - (G;V)Téz )
i.e. the condition (80) is fulfilled. The interpolation and restriction operators I/_; and
I7! we have defined in (58) — (60) such that condition (81) holds immediately. Condition

(82) is fulfilled if the smoothing iterations, the interpolation and the restriction operators
within the (I — 1)—grid algorithm satisfy conditions analogous to (80) and (81) (see, also

[10]).
Hence we know that the matrix C; is symmetric and positive definite. Furthermore, the
spectral equivalence inequality

(85) (1 —9™)(Croy, ) < (0121721) < (Ciy, ;) for all v, € R™

holds. Therefore the number of iterations of the PCCG method needed to get an ap-
proximate solution with an relative accuracy e depends on the convergence factor of
Algorithm 1. If the convergence factor of the (I — 1)-grid method for solving the coarse
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grid system (64) is independent of the discretization parameter h then the number of
iterations of this PCCG method is independent of h.

REMARK 3.5. Using Theorem 2.3 and 2.6, we can also prove the convergence of an
algorithm similar to YSERENTANT’s PCCG method with an hierarchical preconditioner
for FE schemes with piecewise linear elements. First, let us consider the system

4y 1~ . 4 1«
(86) (581 - 38 = (34 34)
or the equivalent system
(87) Kla, = f?.

We solve system (86) or (87) by means of the PCCG method with the preconditioner
- 0@ 0
_ -1t
(88) Ci= ( 0 diag(Kimm) )’

where diag(K;,,,,) = diagkﬁmm or diag(K,,,,) = %diag[g’l{mm,

Ky 0 AA A
Cioy = ! y Qi = Qi Qg - Qo
0 I
The matrices Qk, kE=1-1,...,2 are defined in an analogous way as the matrix S in
(47). YSERENTANT [22] has shown the spectral equivalence inequality
(89) «l™%( l_—Tlcl—lQl_—llﬁl—lvﬁl—l) < (Kqwq,voq)
< E(Ql_—jicl—lQl_—llQl—l7Ql—l) for all vy € RNl_lv

with constants ¢ and € which do not depend on the discretization parameter. Furthermore,
it can be shown (see [11])

IN

(90) lm(diag(lflvmm)gl,m7 Ql,m) (](l,mmﬁhmv Ql,m)

IN

Tm(diag(](l,mm)ﬁhmyth) for all UIm € RNZ_Nl_l .
From (89), (90), and the strengthened Cauchy inequality (76) follows immediately
(91) (1 - 7) min{lmvgl_z}(él leyl) S (R’lqvl ’ vl)

< (1 + 7) maX{vaa}(él leyl) for all Yy € RNZ-

Instead of solving the systems (86), (87) we can also solve the systems in the nodal basis

4 5, 14 4, 1
(52) (551 - 38 ) = (3£~ 34
or, equivalently
(93) Kiw = f1,
by means of a PCCG method with the preconditioner

(94) C, =S57TC, St
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In this case we get the spectral equivalence inequality
(95) (1 — y)min{lm,gl_Q}(Cl v,v) < (Ky,y)
< (1+47) max{7,, eH(Crup,v,) for all v €RY,

i.e. the number of PCCG iterations needed for solving the systems (92) or (93) is of the
order O(log(h; ) log(c™1)).

4. An analysis of the number of arithmetical operations needed for the
generation of the FE systems and the matrix—vector multiplication. In the pre-
vious Section we have seen that Algorithm 1 can be interpreted as an usual multigrid
algorithm for solving the system Kju; = f!. Furthermore, we can formulate Algorithm 1
in terms of the hA— or p-hierarchical basis, i.e. we have four possibilities for an imple-
mentation of this algorithm. To give an answer which implementation of the algorithm
will be the most efficient with respect to the arithmetical work we analyse the number of
arithmetical operations needed for the generation of the FE systems

4 1. 4 1, 4. 1. . 4. 1,
58 - 538 )u=(3-30n) + (GRI-5Rm)a= (54— 50m)

Ky, = f, and Klu, = f?.

Additionally, we compare the number of operations needed for a matrix by vector multi-
plication.

The stiffness matrices and load vectors are computed element by element. Therefore, first
we analyse the arithmetical work for the generation of an element stiffness matrix and an
element load vector. The entries of the element stiffness matrices are defined by

RO = [(AUD)TVepsl€), ()T Veza(€) [detJO] de
A

For simplicity we consider the first boundary value problem, i.e. I'y = (), such that the
entries of the element load vectors are given by

/ e £)|detJ | dt ,

where ¢, ¢g stand for the shape functions corresponding to the piecewise linear nodal
basis, the h-hierarchical basis, the piecewise quadratic nodal basis, or the p-hierarchical
basis and ¢ =1 — 1 or ¢ = [. Using the representation

(r,3) (r,1) (r,1) (r,2)
(](T))—T _ 1 T2 T T2 T _ 1 (j(r))—T
q deth(T) xgr,l) . xY,B) xY,?) . xgr,l) deth(T) q
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For the computation of (jq(T))_TV5c,5a and deth(T) we have to calculate the differences of
the coordinates

)

96
(96) :z;(223)

. xY,Q 1’513 (r,1
) x(QT,B) : $(231) _ x(QT,B)

)

Y

B xY,B) 7 :1;521) (r2)
_ x(zm) :1?(212) _ x(zm)

(r,3
Ly Ly Ly
(r,2
T
2

Y

which requires Q};ff = 6 additions and for the computation of deth(T) we need addi-
tionally Q% = 2 multiplications and Q¥ =1 addition.

Next we discuss the arithmetical work for the generation of the matrix (%Kll -1 %1—1)-
In this case we have to compute the element stiffness matrices

3
L7 1 7= Jiry=
KH0) = [dij()/ (AT TV ep(8), (T Vepa(€)) de 7
| et q |A a,f=1

where the functions ¢,, ¢g are defined by the relations (23) and ¢ = [,1 — 1, respectively.
A simple calculation leads to

(

(97) (J) TV ey = (28 2N
(
1

Because the element stiffness matrices Ké’(T) are symmetric we have to calculate six entries
per element stiffness matrix. We need @%, = 1 multiplication for the computation of
2|deth(T)|. The element Ké’(?“)’(ll) of the element stiffness matrix is equal to

1
72|deth(T)| [an 51?(223)51?(223) + 2ay, 51?(223)51?532) + ay 51?532)51?532) )

where a;; are the entries of the symmetric matrix A. The elements Ké’(T)’(zz) and Ké’(T)’(?’S)
can be computed in the same way. If we suppose that 2a;5 is computed at the begin of
the generation process, then we need for the computation of such an element

(98) 71 =2 additions and @7, =7 multiplications.
For the element Ké’(?“)’(lz) we have

1
K;,(T),(m) _ | [Gn :1;(231)51?(2

 2|det g

23) (13) (23) (31) _(32) (13) (32)

—|—a12[:1;1 Ty L F Ty Ty ]—I—a22:1;1 Ly

The elements Ké’(?“)’(w) and K523 are defined in the same way. Therefore we need for
the computation of each element ]&’é’(”’(aﬁ), (ap) € {(12),(13),(23)},

(99) ;':2 =3 additions and Q:, =38 multiplications.

To add an element stiffness matrix to the global stiffness matrix we need Q;':add =6

additions. Consequently, the total work for the generation of an element stiffness matrix
are

QF = Qi + QF  + 305, + 3QF, + Qf. = 28

Qe = QJ + 3Qe,1 + 3Qe,2 + Qfl = 48.
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(r)

Because we assumed that f is constant over triangles 6;, € 7;_1 (see Section 2) we get
for the entries of the element load vectors

1
0L,(r), (o) __ r _
fq()( )—6f|55[) deth()| a=1,23,

i.e. we have to perform ()7} = 2 multiplications to get all entries of the element load
vector and for the addition of the element load vector to the global load vector we need

Q}:add = 3 additions. The element stiffness matrices corresponding to the elements 51(1)1
and 5(k) with 5157’) = ngl’(k) are the same and the entries of the element load vectors f5(")

I -1 I I
f 5’(]“) differ only by the factor i. Therefore, the total arithmetical work for the generation

of the stiffness matrices K, _,, K! and the load vectors fp ﬂ are

31R—1 + 4( Zadd + Q}—,add)Rl—l additions and 5H0R;_; + R;_y multiplications,
ie.
(101) 67R;_1 additions and 51R;_; multiplications,

where R;_; denotes the number of triangles of 7;_;.

The element stiffness matrices corresponding to the h—hierarchical basis are

6
Al (r 1 T(r)\— Ty =
EHO = | [(AU) " Vegs(€), () Vewal©)) de|
|detJ1_1| A a,f=1

where ¢,, @z are defined by the relations (23). For the computation of the matrix elements
KO0 (ap) € {(11),(12),(13),(21),(22), (23), (31), (32), (33)} the arithmetical work is
given by (100). For the matrix elements Kll’(T)’(aﬁ), (afp) € {(14),(15),(16),(24),(25), (26),
(34),(35),(36)} we have

-1 (r), (o 1 F(r) = F(r) N —
EEOED =37 (AT e €), ()T Vepal€)) de
kel(B) |det‘]l—l|A(k)

1 T(r)\— F(r)\—
= —— > (AU TIVeos(O) - (L) TV egal€)) ) -

8|detJl(f)1| keI ()
where [(4) = {1,2,4}, I(5) = {2,3,4}, and [(6) = {1, 3,4} (see also Section 2). Using the
special structure of (Jl(f)l)_TVgpa, a=1,2,3, (see (97)) and (Jl(i)l)_TVgc,og, #=4,5,6,
from Table 3 we see that [%;’(T)’(M) = [%;’(T)’(SS), [%;’(T)’(w) = [%;’(T)’(%), and [%;’(T)’(M) =

[g'll’(r)’(%). Consequently, the additional arithmetical work for the calculation of these 9

elements are
102 90+, + 60T, additions and 90)* ., + )%, multiplications
( e,2 52 e,2 f2 P ’

where QF, =2 is the arithmetical work for the summation over k € () and Qi =1
is the multiplication 4|det]l(f)1|.
Using again the vectors (Jl(ﬁ)l)_TVgpg, B =4,5,6 from Table 3, it follows that

[%;706)7(44) — [{7;7(7)7(55) — ]{’;7(T)7(66)‘
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Therefore, the arithmetical operations needed for the computation of these elements are

(103) 3Q;"71—|—Q:2 additions and 3Q);, multiplications.

For the matrix elements ]%;’(T)’(aﬁ), (aff) € {(45),(46),(56)}, we have

~ 1 J )

A, (7), (a8 — )T =

RO = S [ (AU T Vepsl©)), 0 ()T Vepal©) )
|d€tJl_1| kEI(Oz)nI(ﬁ)A(k)

where each sum consists of two identical summands. Therefore, we need for the compu-
tation of these elements

(104) 3QF, additions and 3Q7, multiplications.
The addition of the element stiffness matrix into the global stiffness matrix requires

(105) T =21

e,ad

Consequently, we see from (100),(102),(103),(104), and (105) that the total arithmetical
work for the generation of the element stiffness matrix in the h-hierarchical basis are

QFf = le—iff + QF + 6QF + 15QF, + Q. + Q;l—,add = 99

(106)
Qr = Q7 + 6Q7, + 15Q7, + @+ @ = 166.

For the element load vector we have

<]

FL (), (o _ 1
frone = gf|5§:)1

fl’(T)’(a) = & (r) |detjz(i)1| for =123 and
5l—1

det]l(i)1| for a=4,5,6

(see also (40)), i.e. we need 7 =3 multiplications and for the addition of an element
load vector to the global load vector Q}:add =6 additions. Consequently, the total work

for the generation of the global stiffness matrix [g’ll and the load vector ﬁ is

(107) 105R;_; additions and 169R;_1 multiplications.
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In the case of the quadratic nodal basis the element stiffness matrices are defined by
6

Kp) = [% J (AT TV s, (D) Vethal€) df] ,

[detJ )] 4 o

where the functions ¢, (£) and ¥ 3(€) are given by the formula (46). Because the integrands
in these integrals are quadratic functions we will use the quadrature rule (25) for the
computation of the matrix elements, i.e.

6
~q,(r 1 >
(108) K7 = | 37 (AT T Vetho(€9), (I T Veal€)) |
6|detJl 1| k=1 o et
The values of (J( )TV etby, a = 1,2, ... ,6, in the quadrature points £ are given in
Table 4.
TABLE 4
(jl(ﬁ)l)_Tvﬂ/)a; a=1,2,...,6
e8| IOV | ()T Ve, | ()T Ve
(05,0) | @ AT @Y AT @ )
(0,0.5) (:1;(223) 532))T _ (:1;(231) 513))T (:1;(212) 521))T

(0.5,0) —2(:1;(12) x(21))T 2(1,(12) x(21))T 2(:]5(12) :1;(21))T

(0,05) | 228D 2UNT | 9@ B L0T | Lo (0 09T

(0.5,0.5) 2(1;(223) $§32))T —2(1:(223) x§32))T 2($(223) $§32))T

q,(T),(ozoz)

For the matrix elements K;
(108) are the same such that we have

1 _ _
[(q,(T),(ozoz) — A J(ﬁ) —Tv (1) 7 J(ﬁ) —Tv N (1) )
l ey AV Ve, () Veba(e™)

,  =1,2,3, the three summands in the sum over £ in

Consequently, we need

(109) 3QY, additions and 3Q7, + Q%3 multiplications

with Q%3 =1 for the computation of 2|det]l(f)1|.
From the special structure of (Jl(i)l)_TVg/)a we see that the computation of the matrix
elements Klq’(T)’(aﬁ), (af) € {(12),(13),(23)} requires

(110) 3QY, additions and 3Q7, + Q%4 multiplications

where (7, =1 is the arithmetical work for the computation of 6|det]l(f)1|.
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From Table Tables 4 we see that the amount of arithmetical work for the computation of

the matrix elements K07 (a8) € {(14), (15), (16), (24), (25), (26), (34), (35), (36)} is
(111) 9IQT, +9QF, additions and 9Q7, + Q%5 multiplications

with Q%5 =1 for the computation of 3|det]l(f)1|.
Furthermore, we see that the arithmetical work for the computation of the elements

[(lq,(?“),(ozoz)

,  =4,5,6, is the same as in the case of the h-hierarchical basis, i.e
(112) 3QF, +QF, additions and 3Q7, + Q% multiplications

with Q% = 1 for the computation of 35 |detJlT1|

The computation of the elements Kq( ) , (ozﬂ) € {(45),(46),(56)}, requires addition-
ally

(113) 3Q%,  additions

With (109),(110),(111),(112),(113), the amount of arithmetical work Q;':add = 21 , for
the addition of the element stiffness matrix to the global matrix, the arithmetical work
for the computation of the differences of the coordinates (96) (Q};ff = 6) and the work

for the computation of dletJl(ﬁ)1 (QF =1,Q7% = 2) leads to the total arithmetical work

QF = Qi + QF  +6QF, + 120F, + 1305 + QFu = 102
Qr = Q5 +6Qr, + 1207, + Q75 + Qn  + Qs  + Qs = 144.

For the element load vector we have

- L f%(fﬂdeufiﬂdg] .

(114)

Using again quadrature rule (25) we get
6
10 = iy 140 £ o)
k=1 a=1

T
1 (ry, 1 (ry, 1 (r)
= (0 0 0 8 f|5§:)1 |d€tJl_1| 8 f|5§:)1 det]l_1| 8 f|5§:)1 |d€tJl_1| 5

i.e. we need Q% =2 multiplications for the computation of 1 ¢/ o |det]l 1| and Qf wdd =3

additions for the addition of the element load vector to the global load vector. Conse-
quently, the total amount of arithmetical work for the computation of the stiffness matrix
K} and the load vector I s

(115) 105R;_; additions and 146R;_; multiplications.

In the case of the p-hierarchical basis we have to compute the matrix elements

F-q,(r), (o 1 F(7r) \— F(r) \—
(116)  KpUHen — m(wﬁl) I¥eps(€): (JI2) " Vepal))
-1

a,f=1,2,3
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p o () (e 1 () \— () \—
(117)  KPUE = (A TV s (), ()T Vepa(€))

|detjz(i)1|
a=1,2,3, f=4,5,6
o-q,(r), (o 1 7(r)\— 7(r) =
(118) KD = e (AT Vetbal©), ()T Verha(9))
-1

a,f=4,56.

The arithmetical work for the computation of the matrix elements in (116) is given by
(100) and for the matrix elements in (118) by (112) and (113).

The integrands in the formula (117) are linear functions such that we use the midpoint
rule for the computation of this integrals, i.e.

/v(fl,fz)df ~ %U (%7 %) .

A
We have
U TV d) = 4 (@ o)
(119) D TVebs(h ) = =4 (o o)
) TVei(5, ) = 4 (8 )

Using the special structure of (97) and (119) we see that we need for the computation of
the 9 matrix elements defined in (117)

(120) 6QF, additions and 6Q7, multiplications.

From (100),(112),(113), (120) and the arithmetical work Q. .40 = 21 for the addition of
the element stiffness matrix to the global stiffness matrix we obtain the total arithmetical
work

QF = QFi;y + QF +6QF, +9Qc2 +4Q% + QF 0y = 15

(121)
Qr = Q5 +6Qr, +9Q1, + Q5 + QF = 118.

For the element load vector we have
R 1 6
i}lwﬂ) = [6 f|‘5§:)1 |det‘]l(z)1|] B )

i.e. we need @7 = 2 multiplications and Q}:add = 6 additions for the assembling
process. Consequently, we need for the computation of the global stiffness matrix erq and
the global load vector f?

(122) 81R;_; additions and 120R;_; multiplications.
From (101),(107),(115), and (122) it follows that the generation of the stiffness matrix

and the load vector in the piecewise linear nodal basis is the cheapest. Furthermore, we
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see that the application of the p-hierarchical basis is more efficient with respect to the
arithmetical work than the quadratic nodal basis.

Next, we will estimate the number of arithmetical operations required for the matrix-
vector multiplications

4 1.
(123) (§K; — gKH) u
or

(124) K, .

For the sake of simplicity we suppose that the domain () is a rectangle and the triangula-
tion consists of isosceles rectangular triangles. If we neglect the influence of the boundary,
each row in the matrices K! and K,_,, respectively, have 7 nonzero elements. Therefore,
a matrix—vector multiplication with (123) requires approximately

TN 4+ N+ TNi_1 + Ny = 8(N; + Ny ) = 10N,
multiplications, and
6N, +6N_1 + Nj_1 =6N, +TN,_; ~ 31/4N1

additions. The matrix (124) has 1/4N; rows with 19 non—zero elements and 3/4N; rows
with 9 non—zero elements, i.e. the matrix—vector multiplication with the matrix K} re-
quires

19/4N; + 27/4N; = 23/2 multiplications
and
18/4N; + 24 /4N, = 21/2 additions.

Thus the equivalent multiplication with the extrapolated matrix in (123) is slightly
cheaper than the multiplication with the hierarchical quadratic matrix of (124). In total,
for the generation of the matrices, as well as for performing Algorithm 1, the computa-
tional work for the extrapolated system based on (K], Kl_l,ﬁ,il_l) is smaller than for

the quadratic system with ([g'lq,f?)
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5. Numerical results. In this Section we want to demonstrate that the Algorithm 1
converges to a FE solution with a discretization error in the same order as we obtain by
a discretization with quadratic elements. Furthermore, we show that the convergence
rate of Algorithm 1 is independent of the discretization parameter. We compare our
results with a multigrid algorithm applied to FE equations resulting from a discretization
with quadratic elements. All algorithms are implemented within the multigrid package

FEMGP [9, 20]. The computations were performed on a PC 80486 (33 MHz) using the
LAHEY-Fortran compiler.

Let us first consider the problem:

Find v € Hg () such that

(125) /(Avxu,vl,v) dx = /fv dx
Q Q
for all v € H3(Q) holds,

4 4
4 5

The exact solution of this problem is v = sin 7 sin 7y.

where Q = (0,1) x (0,1), A =

), and f = 7*(9sin 7 sin 7y — 8 cos 7x cos TY).

Because we want to compare Algorithm 1 with an algorithm for solving the FE equations
obtained by using quadratic elements, we discretize problem (125) by means of the usual
nodal basis of piecewise linear functions and by means of the p-hierarchical basis. An
analysis of the arithmetical work for the generation of the FE systems shows that it is
almost the same in both cases. Table 5 demonstrates this fact.

TABLE b
Comparison of the CPU-time needed for the generation of the FE systems

number of degrees number of CPU-time for the generation of
level 1 of freedom triangles of 7,y | K,_,, K/, fi ﬂ [g'lq, f?
3 49 32 0.007 sec 0.011 sec
4 225 128 0.029 sec 0.044 sec
) 961 512 0.118 sec 0.178 sec
6 3969 2048 0.473 sec 0.713 sec
7 16129 8192 1.892 sec 2.851 sec

In the Table 6 the number of iterations and the CPU-time needed by the application of
Algorithm 1 are given. Within the Algorithm 1 we used for the pre—smoothing (62) two
iteration steps of the lexicographically forward Gauss—Seidel method, one iteration step
of a (I —1)—grid algorithm for solving the coarse—grid system (64), and two iteration steps
of the lexicographically backward Gauss—Seidel method for the post—smoothing (66). The
results show that the number of iterations is independent of the discretization parameter.
It we use one iteration step of Algorithm 1 as preconditioner in the PCCG method for
solving the system

4 1. 4 1
(126) (581 = 3 ) = (3L -52e)
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we get an algorithm with better convergence, the so—called MG(1)-PCCG method (see
also Remark 3.4). For comparison we use Algorithm 1" as preconditioner in the PCCG
method for solving the system

(127)
The results are presented in Table 6.

TABLE 6
Comparison of the Algorithm 1, of the PCCG method (Algorithm 1 as preconditioner), and the PCCG
method (Algorithm 1 as preconditioner). The algorithms are terminated, when the relative defect becomes
smaller than 10~%.

Algorithm 1 MG(1)-PCCG method for solving the systems
/ (126) (127)
mmber of | opy gime | TP O (piytime | P08 | 0p U -time
1terations 1terations 1terations
3 13 0.11 sec ) 0.06 sec ) 0.05 sec
4 14 0.54 sec 6 0.28 sec 6 0.28 sec
) 14 2.36 sec 6 1.15 sec 6 1.10 sec
6 14 9.83 sec 6 4.83 sec 6 4.66 sec
7 14 41.58 sec 6 19.83 sec 6 19.49 sec

Finally, we compare the discretization errors u —u! and w —u! in the H'- and L,-norm,

respectively. Here u; denotes the FE solution obtained by means of Algorithm 1 and u]

the FE solution by a discretization with piecewise quadratic functions. We remark that in
(r)

our example the right—-hand side f is not constant on triangles 6;_’;, which we had assumed
in the proofs of the Theorems 2.3 and 2.6. Therefore, in our example the right—hand sides

(%ﬁ — %L_l) and f? are not identical. But the system (126) gives also a FE solution

with almost the same discretization error as the system (127).

TABLE 7
Comparison of the discretization errors

Level 1) [lu = willm | lv = ufllms | [lv = willz, | llu = ufllL,
3 | 0.1306 0.1426 0.4074-02 | 0.4226-02
4| 0.3347-01 | 0.3481-01 | 0.5404-03 | 0.5440-03
5 | 0.8426-02 | 0.8539-02 | 0.6850-04 | 0.6864-04
6 | 0.2110-02 | 0.2118-02 | 0.8577-05 | 0.8582-05
7 | 0.5278-03 | 0.5283-03 | 0.9328-06 | 0.9331-06

As second example we consider a linear elasticity problem, i.e.:
Find the displacement field u = (uy,uq)? € Vg, such that

FE 8u1 81}1

8uz 81)2

14

(128) / [

Q

14+v Oxy 0z

1 8u1

au2

OxgOrs 1 —v

81}1

divudive

81)2

(

holds for all test functions v € V.

5 81'2

8:1;1

)

81'2
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Here go = (g2.1,92.2)" denotes the surface tractions, E is Young’s elasticity modulus, and
v is the Poisson ratio. The space Vj is defined by V5 = {v € [HY(Q)]* : vi(z) =va(2)=0
on FD} and 6(2 == fD UFN, FD QFN == @

Gy F

E = 196 GPa
v = 0.3
g21 = 0
F =1000 N on the upper part
22 = of the boundary
0 otherwise

I'p

Fia. 3. Shape of the domain and data for the test problem

Again we compare the CPU-time needed for the generation of the FE systems in the
nodal basis of piecewise linear functions and in the p-hierarchical basis.

TABLE 8
Comparison of the CPU-time needed for the generation of the FE systems

level 1 number of degrees number of CPU-time for the generation of
eve of freedom triangles of 7y | K;_1, K/, L_l, ﬁ [g’lq, _A?,

3 586 128 0.27 sec 0.24 sec

4 2194 512 0.99 sec 0.96 sec

) 8492 2048 4.01 sec 3.89 sec

Furthermore, we give results concerning the application of the Algorithm 1 and its use
as preconditioner in the PCCG method. We mention here, that the constant in the
strengthened Cauchy inequality (76) is relatively large, namely v = 0.94 (see [11]), and
therefore the convergence of the Algorithm 1 is poor. In Table 9 we summarise some
results for Algorithm 1 and we compare the MG(1)-PCCG method for the systems (126)
and (127). Additionally, we compare these algorithms with the PCCG method discussed
in Remark 3.5, i.e. the HB-PCCG method.

Finally, we compare the energy of the FE solutions obtained by solving the systems (126)
and (127), respectively. From Table 10 we see that we have in both cases the same
FE solution.
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TABLE 9
Comparison of the Algorithm 1, of the MG(1)-PCCG method (Algorithm 1 as preconditioner), the
MG(1)-PCCG method (Algorithm 1I' as preconditioner), and the HB-PCCG method. The algorithms

are terminated, when the relative defect becomes smaller than 107%.

MG(1)-PCCG method HB-PCCG method
Algorithm 1 for solving the system for solving the system
(126) (127) (126)

/ number of number of number of number of
iterations iterations iterations iterations
CPU-time CPU-time CPU-time CPU-time

25 9 9 37
3
3.51 sec 1.32 sec 1.32 sec 1.43 sec
26 9 9 46

4

15.37 sec 5.87 sec 5.66 sec 6.87 sec
25 9 9 54
5
63.11 sec 23.40 sec 23.67 sec 32.63 sec
TABLE 10
Comparison of the energy norms of the solutions
energy norm of the solution of the system
Level [ (126) (127)
3 6.34388 6.34386
4 6.41933 6.41931
5 6.45374 6.45378
//\

Fi1Gc. 4. The triangulation (level {) and the contour of the domain with its deformation
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6. Conclusions. We have shown that multigrid 7-extrapolation can be interpreted
as an implicit method to form higher order FE stiffness matrices. This is not only of
theoretical interest, but leads to an efficient higher order multilevel solution technique for
PDE. In particular, this extrapolation technique can be used on unstructured meshes.
The resulting algorithm is competitive with multilevel methods that use higher order
elements directly. The convergence rate and numerical work per iteration are comparable,
but the algorithm has the advantage of a possibly simpler structure. In particular, the
T-extrapolation method is easy to incorporate into existing low order methods, because
it differs from the basic algorithm for linear elements only by a slight modification of the
fine-to-coarse restriction process.

The alternative analysis for 7-extrapolation given in Riide [18] is based on asymptotic
expansions for quadrature rules over the triangle, and shows that the method can be
generalized when the coefficients are not piecewise constant. In this case the linear com-
bination of the stiffness matrices constitute an appropriate numerical quadrature formula
for the quadratic stiffness matrix. This analysis also opens the possibility to generalize
this technique to higher order. Some preliminary results for these extensions are contained

in Riide [15], [16], and [17].
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