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Abstract

The Laplacian eigenvalues of a network play an impor-
tant role in the analysis of many structural and dynam-
ical network problems. In this paper, we study the re-
lationship between the eigenvalue spectrum of the nor-
malized Laplacian matrix and the structure of ‘local’
subgraphs of the network. We call a subgraph local
when it is induced by the set of nodes obtained from
a breath-first search (BFS) of radius r around a node.
In this paper, we propose techniques to estimate spec-
tral properties of the normalized Laplacian matrix from
a random collection of induced local subgraphs. In par-
ticular, we provide an algorithm to estimate the spec-
tral moments of the normalized Laplacian matrix (the
power-sums of its eigenvalues). Moreover, we propose
a technique, based on convex optimization, to compute
upper and lower bounds on the spectral radius of the
normalized Laplacian matrix from local subgraphs. We
illustrate our results studying the normalized Laplacian
spectrum of a large-scale online social network.

1 Introduction

Understanding the relationship between the structure
of a network and its eigenvalues is of great relevance in
the field of network science (see [3], [16] and references
therein). The growing availability of massive databases,
computing facilities, and reliable data analysis tools
has provided a powerful framework to explore this
relationship for many real-world networks. On the other
hand, in many cases of practical interest, one cannot
efficiently retrieve and/or store the exact full topology
of a large-scale network. Alternatively, it is usually easy
to retrieve local samples of the network structure. In
this paper, we focus our attention on local sample of
the network structure given in the form of a subgraph
induced by the set of nodes obtained from a breath-first
search (BFS) of small radius r around a particular node.

We study the relationship between the normalized
Laplacian spectrum of a graph and a random collection
of local subgraphs. We show how local structural
information contained in these localized subgraphs can
be efficiently aggregated to infer global properties of the
normalized Laplacian spectrum. Our analysis reveals
that certain spectral properties, such as the so-called
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spectral moments (the power-sums of the eigenvalues),
can be efficiently estimated from a random collection
of localized subgraphs. Furthermore, applying recent
results connecting the classical moment problem and
convex optimization, we propose a series of semidefinite
programs (SDP) to compute upper and lower bounds on
the Laplacian spectral radius from a collection of local
structural samples.

1.1 Previous Work Studying the relationship be-
tween the structure of a graph and its eigenvalues is
the central topic in the field of algebraic graph theory
[1,[31,[5],[12]. In particular, the spectrum of the Lapla-
cian matrix has a direct connection to the behavior of
several networked dynamical processes, such as random
walks [10], consensus dynamics [I6], and a wide variety
of distributed algorithms [IT].

In many cases of practical interest it is unfeasible to
exactly retrieve the complete structure of a network of
contacts, making it impossible to compute the graph
spectrum directly. However, in most cases one can
easily retrieve local subgraphs obtained via BFS of
small radius. To estimate spectral properties from
localized structural samples, researchers have proposed
a variety of random network models in which they can
prescribe features retrieved from these samples, such
as the degree distribution [4],[15], local correlations
[13],[17], or clustering [14].

Although random networks are the primary tool
to study the impact of local structural features on
spectral network properties [4], this approach presents a
major flaw: Random network models implicitly induce
structural properties that are not directly controlled
in the model construction, but can have a strong
influence on the eigenvalue spectrum. For example, it
is possible to find two networks having the same degree
distribution, but with very different eigenvalue spectra.

1.2 Our contribution In this paper, we develop a
mathematical framework, based on algebraic graph the-
ory and convex optimization, to study how localized
samples of the network structure can be used to com-
pute spectral properties of the normalized Laplacian
matrix of (possibly weighted) graphs. The following are
our main contributions:
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e We develop a sublinear time algorithm to estimate
the spectral moments (power-sums of the eigenval-
ues) of the normalized Laplacian matrix of a graph
from a random set of local subgraphs samples. In
our analysis, we use Hoeffding inequality to provide
quality guarantees of our estimators as a function
of the number of samples.

e We provide a convex program to compute, in lin-
ear timel, upper and lower bounds on the Lapla-
cian spectral radius from a random set of local sub-
graph samples. Our results are based on recent re-
sults connecting the classical moment problem with
semidefinite programs (SDP).

2 Problem Formulation.

2.1 Notation and Preliminaries. Let G := (V,€)
be an undirected unweighted graph (or network), where
V := {v1,v9,..v,} represents the set of nodes and
& C VxV represents the set of edgesﬁ. The neighborhood
of v; € V is defined as N; := {v; € V : {v;,v;} € £}
The degree of node v; is d; := |N;|. A weighted graph
is defined as the triad H := (V,&,W), where W is
a weight function W : & — R, that assigns a real
positive weight to each edge in £. We define the weight
coefficient as w;; = W({wv,v;}) if {v;,v;} € &, and
w;; = 0 otherwise. The weighted degree of node v; in a
weighted graphs is defined as d* := Z?Zl Wij .

A walk of length k from node v;, to v;, is defined as
an ordered sequence of vertices p 1= (viy, Viy, ..., Vi, ),
where {vi,, v, } € £, 1 =0,1,...,k = 1. If v;; = vy,
the walk is said to be closed. Given a walk p =
(Vigs Viyy---,0;, ) in a weighted graph H, its weight is
defined as the product of the edge weights, wy(p) :=
Wigiy Wiyig---- Wiy i, Lhe distance d;; between nodes v;
and v; is defined as the minimum number of hops from
V; to Vj.

The adjacency matriz of an unweighted network G
is defined as the n x n Boolean symmetric matrix Ag :=
[ai;], defined entry-wise as a;; = 1 if v; is connected to
v;, and a;; = 0 otherwise. The adjacency matrix of a
weighted graph #H is defined as the symmetric matrix
Wy = [w;;], where w;; are the weight coefficients. The
degree matrixz of a weighted graph H is the diagonal
matrix of its weighted degrees, i.e., Dy = diag(dlt).
The normalized Laplacian matriz of a weighted graph
‘H is defined as

(2.1) Ly :=1— Dy Y2Wy Dy /2.

TOur algorithm runs in linear time assuming that the size of
the local subgraphs are much smaller than n.
2We consider only graphs with no self-loops (i.e., edges of the

type {vi,vi}).

The normalized Laplacian Ly is a symmetric, positive
semidefinite matrix [3]. Thus, it has n nonnegative
eigenvalues Ay > Ao > > A, > 0 and a full
set of orthogonal eigenvectors vi,...,v,. The largest
eigenvalue \; is called the spectral radius of Ly, which
satisfies \; < 2, [3]. Given a n X n symmetric matrix
M with (real) eigenvalues vy, ..., v,, we define the k-th
spectral moment of M as

(2.2)

We now provide graph-theoretical elements to char-
acterize the information contained in local subgraphs
of the network. Given a weighted graph H, we de-
fine the r-th order neighborhood around node v; as the
subgraph H;, = (N, &, W) with node-set N, :=
{vj € V:0;; <r} and edge-set & , := {{v,w} € € s.t.
v,w € N;,}. Notice that H;, is the subgraph of H
inducedd by the set of nodes that are at a distance r or
less from v;. This set of nodes can be found using a BFS
of radius r starting at node v;. Motivated by this in-
terpretation, we call H; , the egonet of radius r around
node v;. Egonets can be algebraically represented via
submatrices of the weighted adjacency matrix Wy, as
follows. Given a set of k nodes K C V, we denote by
Wy (K) the k x k submatrix of Wy, formed by selecting
the rows and columns of Wy indexed by K. In par-
ticular, given the egonet H;,, we define its adjacency
matrix as W; .(H) := Wy (N, ). By convention, we as-
sociate the first row and column of the submatrix W; ,
with node v; € V (the ‘center’ of the egonet), which can
be done via a simple permutation of Wj .

2.2 Problem Statement. The Laplacian eigenval-
ues of a graph can be efficiently computed for graphs
of small and medium size. In graphs of large size, this
computation is much more challenging. Furthermore,
in many real-world networks, one cannot retrieve the
complete network structure due to, for example, pri-
vacy and/or security constrains (e.g. Facebook). Al-
ternatively, it is usually easy to retrieve local samples
of the graph structure in the form of egonets. For ex-
ample, one can acquire information about the network
structure by extracting egonets of radius r around a ran-
dom sample of nodes. Therefore, it is realistic to assume
that one does not have access to the complete topology
of a large-scale network; instead, one can access only a
(relatively small) number of egonets in the network.
Clearly, egonets do not completely describe the
network structure; thus, it is impossible to compute

3An induced subgraph is a subset of the vertices of a graph G
together with any edges whose endpoints are both in this subset.



exactly the graph spectrum from local egonets. In
this paper, we show that, despite this limitation, we
are able to compute many spectral graph properties
from the egonets. We show that given a (sufficiently
large) random collection of egonets of radius r, one
can efficiently estimate the spectral moments of the
normalized Laplacian matrix, my(Ly), for k < 2r + 1.
Furthermore, we show that, given a truncated sequence
of spectral moments, one can derive bounds on relevant
spectral properties, such as the spectral radius of the
Laplacian. As part of our analysis, we provide quality
guarantees for all the estimators and bounds herein
proposed.

3 Spectral Moments for Random Egonets

We start our analysis assuming the (unrealistic) situ-
ation in which one can access all the egonets in the
network. Under this assumption, we shall derive ex-
pressions for the spectral moments of the normalized
Laplacian matrix. Afterwards, we shall relax our as-
sumptions and consider the more realistic case in which
one can only access a (relatively small) number of ran-
dom egonets. In this case, we propose estimators for
the spectral moments and analyze their quality using
Hoeffding inequality.

3.1 Spectral Moments as Averages. We derive
an expression for the k-th spectral moments of the
normalized Laplacian matrix of a weighted graph, Ly,
from local egonets of radius r, #H; . In our derivations,
we use the following lemma from algebraic graph theory

[:

LEMMA 3.1. Let ‘H be an undirected, weighted graph
with adjacency matric Wy = [w;], then

[Wqﬂii = Z w(p),

pEP; &

(3.3)

where [W"ft]” is the (i,1)-th entry of the k-th power of
the adjacency Wy and P; . is the set of all closed walks
of length k starting and finishing at node v;.

Using Lemma B we can compute the spectral
moments of the weighted adjacency matrix Wy, as
follows:

THEOREM 3.1. Consider a weighted, undirected graph
H with adjacency matric Wy. Let W, ,.(H) be the
(weighted) adjacency matriz of the egonet of radius r
around node v;, Hi,. Then, the spectral moments of
Wy can be written as

(3.4) ==> [

=1

§I>—‘

11’

for k <2r+1.

Proof. Since the trace of a matrix is the sum of its
eigenvalues, we can expand the k-th spectral moment
of the adjacency matrix as follows:

1 1 «
3.5 Wy) = —T W —
(3.5) my (Wy) race (W5) n;
From Lemma [BJI we have that [W{ﬂ” =

ZpeP;m- wy(p). Notice that for a fixed value of k,
closed walks of length k£ in H starting at node v; can
only touch nodes within a certain distance r (k) of
v;, where 7 (k) is a function of k. In particular, for k
even (resp. odd), a closed walk of length k starting
at node i can only touch nodes at most k/2 (resp.
|k/2]) hops away from v;. Therefore, closed walks of
length k starting at v; are always contained within
the neighborhood of radius |k/2]. In other words,
the egonet H;, of radius r contains all closed walks
of length up to 2r + 1 starting at node v;. We can
count these walks by applying Lemma Bl to the local
adjacency matrix W, ,. In particular, ZPGPM w(p)
is equal to [WﬁT ('H,)}11 (since, by convention, node 1
in the local egonet H,;, corresponds to node ¢ in the
graph H). Therefore, for k < 2r + 1, we have that

(WE @], = D wnl) =

PEP

39) Wh],

Then, substituting ([B6]) into (1)), we obtain the state-
ment of our Theorem.

The above theorem allows wus to com-
pute a truncated sequence of spectral moments
{mi W), k < 2r + 1}, given all the egonets of radius
r, {Hir, v; € V}. According to B4), the k-th spec-
tral moment is simply the average of the quantities
[Wi’fr (’H,)Ll, i = 1,..,n. For a fixed k, each value
(WE ()], i =1,
0 (|M7T|3>, where |N; | is the number of nodes in the
local egonet H;,. Notice that, if |N;,| = o(n), we
can compute the k-th spectral moments in linear time
(with respect to the size of the network) using (B4).

In what follows, we use the above results to compute
the spectral moments of the Laplacian matrix of a
weighted graph, L. Before we present our results, we
define the so-called Laplacian graph:

n, can be computed in time

DEFINITION 3.1. Given a weighted graph H, we define
(v.evém),

its Laplacian graph as L(H) = where



£ :={{v,v} :v €V} (the set of all self-loops), and the
weight function I1 : EUE — R is defined as:

1, for v; = vj,
M ({vi,0;}) =3 amqme for {vivi} € £ i # v

0, otherwise,
(3.7)
where dI* is the weighted degree of node v; in H.

Notice that the weighted adjacency matrix of the
Laplacian graph L (#), denoted by Wiy, is equal
to the normalized Laplacian matrix of the weighted
graph H, Ly. Thus, my(Ly) = mg (WL(H)) and we
can compute the spectral moments of the normalized
Laplacian matrix using weighted walks in the Laplacian
graph. In particular, the Laplacian spectral moments
satisfy

mk(LH) =

(3.8) -

where [W}, (L (#H))],, is the (1,1)-th entry of the k-
th power of the weighted adjacency matrix representing
the egonet of radius r around node v; in the Laplacian
graph £ (H). Notice that [W},. (L (7{))}11 is a real
number that depends solely on the structure of the
egonet W, ,(H); thus, it is a variable that can be
computed using local information about the structure
of the network around node v;.

In theory, if we had access to all the egonets in the
graph, we could calculate WF, (£ (#)) for all v; € V,
and compute the spectral moments of the Laplacian
matrix in linear time (under certain sparsity assump-
tions). However, it is often impractical to traverse all
the egonets of a real-world large-scale network because
of high computational cost. In the following subsection,
we introduce a method to approximate the spectral mo-
ments of a network in sublinear time from a random
collection of s egonets and analyze the quality of our
approximation as a function of s.

3.2 Sampling Egonets and Moment Estimation.
Define the following ‘local’ variable

(3.9) o) = Wl (L(H)],, k<2r+1.

Notice that (bgi) is a function of the egonet of radius
r around node v;, since W; , (L (H)) is the weighted
adjacency matrix of the egonet in the Laplacian graph.

Thus, gbz(-)kr) is a local variable associated to the r-th
neighborhood around node v;. According to (B8], the
k-th Laplacian spectral moment can be computed as the

average,
n

1
mk(LH) = E Z sz('kr)a

=1

(3.10)

(k)
i,7 0
for all v; € V; instead, we only have access to (bEkT) for
v; € S, where § C V is a subset of randomly sampled
nodes. Since the spectral moment is a global average,

we propose the following estimator of my(Ly):

Let us now assume that we do not have access to ¢

(3.11) mg(Ly) = é Z ¢§-,’i’-

v, ES

In what follows, we establish the quality of this estima-
tor using Chernoff-Hoeffding inequality.

LEMMA 3.2. (Hoeffding Inequality) Let X1, Xo, ..., X
be independent random variables with P(X; € [a,b]) =1
f_O’l“ 1 < i < k. Define the mean of these variables as
X = %Zle X, then for any positive t, the following
inequality holds

(3.12) Pr{|X —E(X)| > t} < 2exp (%) ,

where B(X) is the expected value of X .

In order to apply the above lemma, we need the
following result:

LEMMA 3.3. The variable ¢1(-1kr) satisfies 0 < ¢§fjﬂ) < 2k-1
foralli € [n], k> 1.

Proof. Let \; and v; denote the eigenvalues and eigen-
vectors of the Laplacian matrix Ly, for i = 1,2,... n.
Since Ly is symmetric is always diagonalizable and it
has a complete set of orthonormal eigenvectors. Fur-
thermore, Ly is also positive semidefinite; thus, its
eigenvalues are nonnegative. Define the matrix V' whose
columns are the eigenvectors v;, and the diagonal ma-
trix A = diag(A1, A2..., A\y). Then, Ly = VAVT and

(3.13) Ly, = VAFVT =3 " Mvv].
j=1
Denoting the i-th element of vector v; as v;;, we have

n

Jj=1

(3.14)



From (ZT]), we have that [Ly];; = 1. Thus,

n

_ L2
=D A

Jj=1

(3.15) [Lasi =1.

According to [3], the eigenvalues satisfy 0 < \; < 2 for
any 7 € [n]. Thus,

[L5)iu = AR

]JZ

HE?:

IN

k—1
AT

[

n
(Z )\JUL
=
n
< Z)\JUL
Jj=1
k

where we have used the fact that 2 > Ay > \;, for all
i. Also, notice from ([BI4]), that every element in the
summation is nonnegative, then [L%,];; is nonnegative.

From Lemmas and [3.2] we obtain the following
quality guarantee on our estimator:

THEOREM 3.2. Consider a set S C V of nodes chosen
uniformly at random. Then, the estimator my(Ly) for
the k-th Laplacian spectral moment defined in (311))

satisfies
—8t; 1S
4k '

Proof. The proof is a direct application of Lemma
after substituting ¢ for X; and [0,2*7'] for [a,b].
Using this result, we can calculate the number of
samples |S| needed to achieve a particular error in our
moment estimation with a given probability. For each
value of k, we denote by s; the sample size needed to
achieve an error t; with a probability less or equal to

Pr{|mu(Ly) — mu(Ly)| = te} < 2exp (

O = 2exp (—ks") Let us define the normalized error

€ 1= %—,1, then taking s = %a,fln% samples, we

achieve an error t; with probability at most dy, i.e.,
Pr{|my(Ly) — mi(Ly)| > tr} < 0.

4 Moment-Based Spectral Analysis.

Using Theorem Bl we can get a truncated sequence
of approximated spectral moments of the Laplacian
matrix Ly, {mu(La)}by<o, 1, from aset of local egonets
of radius r. We now present a convex optimization
framework to extract information about the largest
eigenvalue of the weighted adjacency matrix, Ay (Ly),
from this sequence of moments.

4.1 Moment-Based Spectral Bounds We can
state the problem solved in this subsection as follows:
Problem. Given a truncated sequence of Laplacian
spectral moments {my (L)} <9, find tight upper
and lower bounds on the largest eigenvalue A\; (Ly).

Our approach is based on a probabilistic interpreta-
tion of the eigenvalue spectrum of a given network. To
present our approach, we first need to introduce some
concepts:

DEFINITION 4.1. Given a weighted, undirected Lapla-
cian matriz Ly with (real) eigenvalues A1, ..., \n, the
Laplacian spectral density is defined as,

n

KLy (x)é%ZzS(x—/\i),

=1

(4.16)

where § () is the Dirac delta function.

The spectral density can be interpreted as a discrete
probability density function with supporiﬁ on the set of
eigenvalues {\;, ¢ =1..n}. Let us consider a discrete
random variable X whose probability density function
is ptr,,. The moments of this random variable satisfy
the following [19]:

By, (X*) =mp(La),

for all k£ > 0.

We now present a convex optimization framework
that allows us to find bounds on the endpoints of
the smallest interval [a,b] containing the support of
a generic random variable X ~ pu given a sequence
of moments (Mo, M1, ..., Mo, 41), where My, £ [z*dz.
Subsequently, we shall apply these results to find bounds
on Ay (Ly). Our formulation is based on the following
matrices:

DEFINITION 4.2. Given a Ssequence of moments
My, 1 = (Mo, My, ..., Mz41), let Hap (Mgrq1) and
Hopy1 (My,y1) € RUTUXCHD be the Hankel matrices
defined byl

N
(4.17) [H2r] = Mjtj—2, [H2T+1]i_j = Miyj5-1.
The above matrices are called the moment matrices
associated with the sequence Mo, 4.

TRecall that the support of a finite Borel measure p on R,
denoted by supp(p), is the smallest closed set B such that
u(B\B) = 0.

°For simplicity in the notation, we shall omit the argument
Mo, 41 whenever clear from the context.



Given a truncated sequence of moments of a proba-
bility distribution, we can compute a bound on its sup-
port as follows [8][7]:

THEOREM 4.1. Let p be a probability density function
on R with associated sequence of moments Mo, 11 =
(Mo, M1, ..., Mo, 41), all finite, and let [a,b] be the small-
est interval which contains the support of w. Then,
b > B* (Ma,41), where

B (Map41) := min,
(4.18) s.t. Hop > 0,
x Hyp — Hapy1 = 0.

Observe that, for a given sequence of moments
Moy, 11, the entries of xHa, — Hapy1 depend affinely on
the variable . Then * (mg,41) is the solutions to a
semidefinite prograrrﬁ (SDP) in one variable. Hence,
B* (Ma;41) can be efficiently computed using standard
optimization software, e.g. [G], from a truncated se-
quence of moments.

Applying Theorem [l to the spectral density
pr, of a given graph H with spectral moments
(mo,m1,...,M2,11), we can find a lower bound on its
largest eigenvalue, Ay (L), as follows [19]:

THEOREM 4.2. Let Ly be the mormalized Laplacian
matriz of a weighted, undirected graph with (real) eigen-
values A1 > > An.  Then, given a truncated
sequence of the spectral moments of Ly, mori1 =
(mo,m1,...,Mart1), we have that

(4.19) A (Lag) = By (mzrga),
where B (Moy41) is the solution to the SDP in ({{.13).

Using the optimization framework presented above,
we can also compute upper bounds on the spectral
radius of H from a sequence of its spectral moments,
as follows. In this case, our formulation is based on the
following set of Hankel matrices:

DEFINITION 4.3. Given the Laplacian matriz of a

weighted, wundirected graph Ly with n nodes and
spectral moments mo,4; = (mo,ml, . mgr+1),
let TQT (y, msoy41,M ) and T2T+1 Y;Moryq (S
ROTDX+D) e the Hankel matrices defined bgjj
(4.20) [Tzr]ij = SeMigjo2 — myZ+J727
(421) [T2T+1]ij = %miﬂ-,l — ﬁy“rjil.
B A semidefinite program is a convex optimization problem that

can be solved in time polynomial in the input size of the problem;

see e.g. [20].
"We shall omit the arguments from 75, and T%,41 whenever
clear from the context.

Given a sequence of spectral moments, we can com-
pute upper bounds on the largest eigenvalue A1 (L)
using the following result [18][19]:

THEOREM 4.3. Let Ly be the normalized Laplacian
matriz of a weighted, undirected graph with (real) eigen-
values Ay > ... > A,. Then, given a truncated se-
quence of its Laplacian spectral moments ma,.y1 =

(mg,m1,...,Mart1), we have that
A1 < 6F (mopg1,m),
where
67 (mgpy1,m) := max, % 0
s.t. r = 0,
(4.22) yQTQT — Torqq = 0,
Tori1 = 0.

The optimization program in ([£22) is not an SDP,
since the entries of the matrices Tb, (y; ma,41,n) and
Tor41 (y; may41,n) are not affine functions in y. Never-
theless, the program is clearly quasiconvex [2] and can
be efficiently solved using a simple bisection algorithms.

In summary, using Theorems 3.1} 2] and 3] we
can compute upper and lower bounds on the largest
eigenvalue of the normalized Laplacian matrix of a
weighted, undirected network, A; (L), from the set
of local egonets with radius r, as follows: (Step 1)
Using ([B4]), compute the truncated sequence of mo-
ments {mk(Ly)}y<y,, from the egonets, and (Step 2)
using Theorems and [£3] compute the upper and
lower bounds, ¢ (ma,11,n) and B (ma,11), respec-
tively. However, the approach presented in this section
is based on the assumption that we have access to all
the egonets in the network. In Subsection B:2] we have
provided estimators of the spectral moments from a ran-
dom sample of egonets. In the following subsection, we
will illustrate how to use these estimators to derive up-
per and lower bounds on the Laplacian spectral radius
from a random sample of egonets.

4.2 Bounds on Spectral Radius from Sampling
Egonets From Theorem B2 we have that the k-th
Laplacian spectral moment my = my, (Ly ) satisfies

—81; ISI)
ak )

where iy, = mg(Ly) was defined in @IIE. Then,
the probability of a truncated sequence of moments

Pr{my, € [my — tr, mp +tx]} < 2exp (

SWe shall omit the arguments Ly; from mj, and 7y, unless

there is need for specification.



(Mk)p<orrq satisfying my € [my — t,my + ti] for
k = 2,...,2r + 1, satisfies the following proposition
(notice that m; = 1, for any Ly):

PROPOSITION 4.1. For a given A € [0,1], we have that

2r4+1
Pr < ﬂ {my € [my — tg, My +tk]}> > A,
k=2
if
k—1
(4.23) 2

n
V23]

Proof. First, we have that

1/2 4r
1-A"

tr =

2r+1
Pr < ﬂ {my € [my, — ti, My +tk]}>

k=2

2r+1
= 1-Pr ( U {ma & [ — ti, +tk]}>
k=2
2r+1

1- Z Pr(my, & [y — t, Mg + t1))
k=2

2r+1 2
§ e (SIS
> 1-2 2 exXp <T .

The last probability can be made equal to a desired A
by choosing 7 /4% = « for all k = 2,...,2k + 1 with «
satisfying A = 1 — 4rexp (—8a/|S]). Or equivalently,
a = ﬁln 14_—TA, which implies the statement of the
Proposition, after simple algebraic manipulations.

Y

We can then apply the result in Theorem to
compute a probabilistic lower bound on the spectral
radius by solving a modified version of the SDP in
1Y), as follows. First, given a sample set of nodes
S, we extract the corresponding egonets of radius 7.
Then, using (311 and [B.3]), we compute a sequence of
estimators my for k = 2, ..., 2r+1. Finally, according to
Proposition 1], we modify the SDP in (£I])) to obtain

our main result.

THEOREM 4.4. Given a uniform sample set S C V
and the egonets of radius r around the nodes in S,
the spectral radius of the normalized Laplacian matriz
satisfies

Pr(A (L) 2 B,) = A,

where

Br:= min, =
s.t. HQT t O,
v Hap — Hapy1 = 0,
my —ty <my < my + ty,

k=2,....2r+1,

with my, and my, defined in (I9) and (311), Har and
Hy, 11 defined in {f-17), and ty, defined in ([{.23).

The proof of the above theorem is a direct adapta-
tion of Theorem using Proposition Il The same
adaptation can be applied to derive an upper bound on
the spectral radius of the normalized Laplacian matrix
from Theorem 3] and Proposition [£1]

5 Numerical Analysis

In this section, we will present the numerical analysis
of spectral radius estimation, and verify the quality of
estimation based on sampled nodes. In our simulations,
we will use data from the Euro-Email network [9].
The network is composed of 36,692 nodes, which are
connected by 183,831 edges. Here we consider the
network as unweighted, undirected simple graph. Two
nodes are connected as long as either user sent email
to another. From the simple graph, we can construct
the weighted Laplacian graph that corresponds to the
simple graph.

To be able to compute the spectral radius, we
extract a small network with 5000 nodes via BFS, so
that we could compare the performance of sampling
with the accurate computation. The subgraph with
5000 nodes will be the object of our analysis.

The nodes are assigned with indexes without con-
sideration about their topology. To get a uniform sam-
pling, the indexes are picked randomly, which compose
the collection of sampled nodes.

In Figure 0l we take different number of samples
from the network to estimate the bounds of the spectral
radius based on egonet with radius ro = 3. In the
simulation, the normalized error bound for the elements
in the moment sequence is fixed, i.e. 2}5—’11 = 0.08. Here
we assume that the moments for £ = 1,2...5 can be
accurately computed, because it does not cost much
to compute the power of the Laplacian matrix up to
5-th order. However, for the 6-th and 7-th moment,
we take uniform samples from the whole network and
approximate the moment using the estimator proposed
in the previous sections, i.e. using average of the
sampled egonets to approximate the global average.
Thus for each k > 5, my € [my — tg, my + tr]. With
the size of the sampled nodes increasing, the quality
(accuracy guarantee) of the estimator increases.

From the upper part of the figure, it can be seen
that the lower bound does not change much when the
number of samples changes. For the upper bound,
when the number of samples increases, the bound gets
looser, but the accuracy guarantee that the spectral
radius is within the bounds increase. The dotted lines
are the bounds calculated by considering the egonets
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Figure 1: Estimation when the size of the samples

varies. (1) The normalized error for each moment are
the same. Samples with different sizes give different
estimations of the bounds. (2) Quality guarantee is a
function of the size of the sample. When the number of
sample increases, the quality of the estimator increases.

of every nodes in the network. And the circles are
the estimated bounds when different sets of nodes are
taken as samples. The lower part of Figure [l gives the
curve for the number of samples versus the accuracy
guarantee. Though the network has 5000 nodes, taking
600 samples will give the estimation with nearly 100
percent.

In Figure 2l we take different samples with the same
sample size to verify the quality of estimation. The
normalized error is set to be ¢ = 0.2, and J§;, = 0.4,
thus the sample size needed is S = 21. From the figure,
it can be seen that the lower bound is much loose, and
almost the same when the sample pool are different.
Checking whether the estimation range is correct for
each trial, we can see from Figure [B] that the accuracy
rate is 86%, which is much higher than the theoretical
accuracy probability 1 — dx = 0.6.
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Figure 3: Distribution of estimation when the size of
the sample is the same.

6 Conclusion

In this paper, we apply graph theories and convex op-
timization techniques to study the spectrum property
of the normalized Laplacian matrix. Instead of analyz-
ing the whole network, we focus on localized structural
features with radius 7.

Due to the high cost of traversing all the nodes, we
have proposed to take uniform samples from the net-
work pool and use the sampled egonets to estimate the
moments of the normalized Laplacian. With Hoeffding
inequalities, we characterize the quality of the estima-
tors in terms of normalized error and size of the sam-
ple. In addition, we have derived the lower and upper
bounds of the spectral radius by solving a series of SDP
problems, based on the collection of random subgraphs.
The combination of quality guarantee of moment se-



quence and the optimization problems provides us with
the estimation guarantee of the spectral radius.

References

(1]

N. BicaGs, Algebraic Graph Theory, Cambridge Uni-
versity Press, 1993.

S. BoyD AND L. VANDENBERGHE, Convex Optimiza-
tion, Cambridge university press, 2004.

F. CHUNG, Spectral Graph Theory, vol. 92, AMS
Bookstore, 1997.

F. CHunG, L. Lu, anND V. Vu, Spectra of random
graphs with given expected degrees, Proceedings of the
National Academy of Sciences, 100 (2003), pp. 6313~
6318.

D. CVETKOVIC, P. ROWLINSON, AND S. SiMI¢, An In-
troduction to the Theory of Graph Spectra, Cambridge
University Press Cambridge, 2010.

M. GRrANT, S. BoyDp, AND Y. YE, Cuvz: Matlab
software for disciplined convex programming, 2008.
J.-B. LASSERRE, Moments, Positive Polynomials and
Their Applications, vol. 1, World Scientific, 2009.

[8] ——, Bounding the support of a measure from its

(19]

20]

marginal moments, Proceedings of the American Math-
ematical Society, 139 (2011), pp. 3375-3382.

J. LESKOVEC, Stanford large network dataset collec-
tion. http://snap.stanford.edu/data/index.html.

L. LovAsz, Random walks on graphs: A survey, Com-
binatorics, Paul erdos is eighty, 2 (1993), pp. 1-46.
N.A. LyNcH, Distributed algorithms, Morgan Kauf-
mann, 1996.

B. MOHAR AND Y. AvAvi, The laplacian spectrum of
graphs, Graph theory, combinatorics, and applications,
2 (1991), pp. 871-898.

M. NEWMAN, Assortative mizing in networks, Physical
review letters, 89 (2002), p. 208701.

, Random graphs with clustering, Physical review
letters, 103 (2009), p. 058701.

M. NEWMAN, S. STROGATZ, AND D. WATTS, Random
graphs with arbitrary degree distributions and their
applications, Physical Review E, 64 (2001), p. 026118.
R. OLFATI-SABER, Flocking for multi-agent dynamic
systems: Algorithms and theory, IEEE Transactions on
Automatic Control, 51 (2006), pp. 401-420.

R. PASTOR-SATORRAS, A. VAZQUEZ, AND A. VESPIG-
NANI, Dynamical and correlation properties of the in-
ternet, Physical review letters, 87 (2001), p. 258701.
V.M PRECIADO AND A. JADBABAIE, Moment-based
spectral analysis of large-scale networks wusing local
structural information, ACM/IEEE Transactions on
Networking, 21 (2013), pp. 373-382.

V.M PRECIADO, A. JADBABAIE, AND G.C. VERGH-
ESE, Structural analysis of laplacian spectral properties
of large-scale networks, IEEE Transactions on Auto-
matic Control, 58 (2013), pp. 2338-2343.

L. VANDENBERGHE AND S. BOYD, Semidefinite pro-
grammaing, SIAM review, 38 (1996), pp. 49-95.



	1 Introduction
	1.1 Previous Work
	1.2 Our contribution

	2 Problem Formulation.
	2.1 Notation and Preliminaries.
	2.2 Problem Statement.

	3 Spectral Moments for Random Egonets
	3.1 Spectral Moments as Averages.
	3.2 Sampling Egonets and Moment Estimation.

	4 Moment-Based Spectral Analysis.
	4.1 Moment-Based Spectral Bounds
	4.2 Bounds on Spectral Radius from Sampling Egonets

	5 Numerical Analysis
	6 Conclusion

