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Abstract

We study combinatorial auctions where each item is sold separately but simultaneously via a second
price auction. We ask whether it is possible to efficiently compute in this game a pure Nash equilibrium
with social welfare close to the optimal one.

We show that when the valuations of the bidders are submodular, in many interesting settings (e.g.,
constant number of bidders, budget additive bidders) computing an equilibrium with good welfare is
essentially as easy as computing, completely ignoring incentives issues, an allocation with good welfare.
On the other hand, for subadditive valuations, we show that computing an equilibrium requires exponen-
tial communication. Finally, for XOS (a.k.a. fractionallysubadditive) valuations, we show that if there
exists an efficient algorithm that finds an equilibrium, it must use techniques that are very different from
our current ones.
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1 Introduction

Combinatorial auctions have received much attention in recent years. The literature is quite large, but
roughly speaking it is fair to say that most papers take an engineering-like approach, by designing algo-
rithms that find allocations with high welfare (e.g., [11, 26]), or designing algorithms that achieve good
approximation ratios when bidders play their dominant strategies.

Recently, several papers (e.g., [3, 7, 12, 15, 19, 18, 22, 24,25]) took a more “existential” approach to
analyzing combinatorial auctions. Instead of designing algorithms that give a specific recipe for computing
an efficient allocation, a simple game is defined; usually it is assumed that each item is sold separately but
simultaneously via some kind of an auction. The implicit assumption is that the players somehow reach an
equilibrium, and the quality of this equilibrium is analyzed. The literature considers several variants of such
games that differ in the single item auction type (first or second price), and in the solution concept (pure
nash, mixed nash, etc.).

The goal of the current paper is to somewhat narrow the gap between these two mindsets. That is, given
such a game we want to determine whether we can compute a good equilibrium efficiently.

The Setting. In a combinatorial auction there is a setM of items (|M | = m) for sale. There is also a setN
of bidders (|N | = n). Each bidderi has a valuation functionvi : 2M → R that denotes the value of bidderi
for every possible subset of the items. We assume that the valution functions are monotone (for allS ⊆ T ,
vi(S) ≥ vi(T )) and normalized (vi(∅) = 0). The goal is to find an allocation of the items(S1, . . . , Sn) that
maximizes the social welfare:Σivi(Si). We are interested in algorithms that run in timepoly(m,n).

If each valuation is naively represented by2m numbers, reading the input alone will be too slow for
our algorithms. Therefore, the standard approach assumes that the valuations belong to some subclass that
can be succinctly represented, or that the valuations are represented by black boxes that can only answer
specific types of queries. The standard queries are value query (given a bundleS, what is the value ofv(S)?)
and demand query (givenp1, . . . , pm, what is a bundle that maximizesv(S) − Σj∈Spj?). For impossibility
results we will also consider the communication complexitymodel, where the queries are not restricted and
we only count the number of bits communicated. See [4] for a thorough description of these models.

Christodoulou, Kovacs, and Schapira [7] were the first to analyze the quality of such equilibria in com-
binatorial auctions. They study simultaneous second priceauctions. In this game the strategy of each bidder
is to bid one numberbi(j) for every itemj. Playeri gets itemj if bi(j) ≥ bi′(j) for all playersi′ (if
there are several players with the maximal bid forj, thenj is given to some arbitrary one of them). When
playeri wins the set of itemsSi, his payment isΣj∈Si

maxi′ 6=i bi′(j). To avoid trivial equilibria, they use
the standard no overbidding assumption which states that for every playeri and bundleS we have that
vi(S) ≥ Σj∈Sbi(j). See [3, 7] for a discussion.

Our Goal: The Computational Efficiency of Finding a Good Equilibrium. In this paper we study the
basic task of computing a pure equilibrium when the auction format is a simultaneous second price auction.
We start with discussing submodular valuations, where for every itemj and bundlesS ⊆ T we have that
vi(j|S) ≥ vi(j|T ).1 A special class of submodular valuations also of interest for us is thebudget additive
valuations, where the valuation is fully described by a budgetb and the value of each single item, withv(S)
given bymin{b,

∑

j∈S v(j)}.
In [7] it is proved that if all valuations are submodular thenthe (pure) price of anarchy is at most2.

They even show that this bound can be achieved constructively: the greedy algorithm of [17] — coupled
with appropriately chosen prices — actually finds an equilibrium that necessarily has a price of anarchy of
2. As better algorithms are known for the general case (ane

e−1
-approximation algorithm [26]) and for some

interesting special cases (e.g., a4
3
-approximation algorithm for budget additive bidders [6],and an FPTAS

for a constant number of budget additive bidders [1]), they ask whether we can find an equilibrium with an

1We use the standard notationv(A|B) to denotev(A ∪B)− v(B), the marginal value of bundleA given bundleB.
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approximation ratio better than2 in polynomial time.
Our first set of results partially answers this question by providing a series of black-box reductions that

show that in several interesting cases we can exploit an arbitrary approximation algorithm to efficiently find
an equilibrium that provides the same (or better) approximation ratio:

Theorem: Suppose that we are in one of the following settings: (1) a constant number of submodular
bidders, or (2) an arbitrary number of budget additive bidders. Then, given any allocation(S1, . . . , Sn),
using only polynomially many value queries it is possible tofind a no-overbidding equilibrium with welfare
at leastΣivi(Si).

In fact, we show that the portion of the theorem that deals with a constant number of submodular bidders
can be extended to the more general setting ofbounded competition, where the number of bidders may be
arbitrary, but the number of bidders that compete for any single item is at most a constant. (See the definition
of t-restricted instances in Section 2.) As an additional consequence of our analysis, we observe that for
general submodular valuations one can modify anyα-approximation algorithm to compute an equilibrium
that provides anα-approximation, at the cost of an additional pseudo-polynomial number of value queries.

Next, we discuss supersets of submodular valuations such assubadditive valuations, where for everyS
andT , v(S) + v(T ) ≥ v(S ∪ T )). For this class, in [3] it was observed that sometimes thereis no pure
equilibrium at all. We show that even if equilibrium is knownto exist, it is impossible to efficiently find it:

Theorem: It takes exponential communication to find a pure no-overbidding equilibrium in combinatorial
auctions with subadditive bidders, even if such equilibrium is known to exist.

This is the first computational impossibility result for finding a pure equilibrium in combinatorial auctions.2

Of particular interest is the class of XOS valuations that lies between submodular and subadditive valu-
ations in the complement free hierarchy [17]. In [7] it was shown that the price of anarchy is at most2 also
if the valuations are XOS. They furthermore provide a natural dynamic that always finds an equilibrium, but
the communication complexity of this dynamic is exponential.

Whether this dynamic can be altered to converge in polynomial time is unknown. In fact, in [7] even the
more basic question of whether this dynamic converges in polynomial time if the valuations are known to
be submodular (and not just XOS) was mentioned as open. We provide a negative answer to this question
by showing an instance of combinatorial auctions with two submodular bidders in which the dynamic takes
exponential time to end. This example leads to a more generalimpossibility result — in fact our most
technically involved result — we therefore take this opportunity to dive into a more technical discussion.

The Surprising Flexibility of XOS Oracles. Recall the definition of an XOS valuation. A valuationv is
called XOS if there exist additive valuations (clauses)a1, . . . , at such thatv(S) = maxk ak(S). An XOS
oraclereceives as input a bundleS and returns themaximizing clauseof S — an additive valuationak from
a1, . . . , at, such thatv(S) = ak(S).

Let us now describe the exponential time algorithm of [7] forfinding an equilibrium with XOS val-
uations. For simplicity, assume that there are only two players. Start with some arbitrary allocation
(S1, S2). The algorithm queries the XOS oracle of player1 for the maximizing clausea of S1. Player
1 bids b1(j) = a(j) for eachj ∈ S1 andb1(j) = 0 otherwise. Player2 now calculates his demandS′

2 at
priceb1(j) for each itemj and is allocatedS′

2. The algorithm continues similarly: we query the XOS oracle
of player2 for the maximizing clausea′ of S′

2. Player2 bidsb2(j) = a′(j) for eachj ∈ S2 andb2(j) = 0
otherwise. Player1 now calculates his demandS′

1 at priceb2(j) for each itemj and is allocatedS′
1.

This is essentially a game with two players that are both following best reply strategies. Will this process

2Related is [8] which shows that a Bayesian equilibrium is hard to find if the distributions are correlated. Independentlyfrom
and concurrently with our work, Cai and Papadimitriou [5] showed computational complexity of Bayesian Nash in similar settings.
Our work focuses on pure Nash and gives both algorithmic results andcommunicationcomplexity lower bounds. We consider the
two works incomparable and complementing each other.
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ever end? First, it is not hard to prove that at every step the sum of prices (i.e., winning bids) goes up. Since
the sum of prices of an allocation is at most the welfare of an allocation (by the definition of XOS) and since
the number of all bundles is finite, the process ends after finitely many steps. The proof that the algorithm
ends with an allocation that is a two-approximation essentially follows from the earlier algorithm of [9] that
is identical to the exponential-time algorithm above except that in the algorithm of [9] each player responds
exactly once. As noted above, the dynamic may take exponentially many steps to end. However, we observe
that the dynamic is not well defined as there are many possibledifferent XOS oracles for a single valuation
v, each may lead to a different path; some paths may potentially end after polynomially many steps.

To see that there are many possible different XOS oracles fora single valuationv, consider a submodular
valuationv (recall that every submodular valuation is also XOS). It is known [9] that the following algorithm
finds a maximizing clausea of a bundleS: arbitrarily order the items, and rename them for convenience to
1, 2, . . . , |S|. Now for everyj ∈ S, let a(j) = v(j|{1, . . . , j − 1}). Observe that different orderings of the
items result in different maximizing clauses.

This observation may seem useless, but in fact our positive results for submodular bidders are all based
on it. More generally, our algorithms can be seen as a variantof the best-reply algorithm of [7], where
instead of best-reply strategies we use better-reply strategies.3 We show that specific implementations of the
XOS oracle can guarantee a fast termination of the better-reply algorithm. (The implementation of the XOS
oracle also depends on the valuations of the other players.)

We are unable to extend our algorithms for submodular bidders to XOS bidders, nor to prove that find-
ing an equilibrium with XOS bidders requires exponential communication. However, we do observe that
all existing algorithms for general XOS valuations that useXOS oracles (including pure approximation al-
gorithms that do not take incentives issues into account, e.g., [10]) work withany XOS oracle and do not
assume a specific implementation4. For this kind of algorithms we can prove an impossibility result.

Definition: A no-overbidding equilibrium(S1, S2) is calledtraditional with respect to some XOS oracles
Ov1 andOv2 if for each bidderi and itemj, if j ∈ Si thenbi(j) equals the price ofj in Ovi(Si), and if
j /∈ Si thenbi(j) = 0.

In other words, an equilibrium is called traditional if the prices are consistent with the XOS oracles of the
players. Notice that the equilibrium obtained by the algorithm of [7] is indeed traditional.

Theorem: Let A be a deterministic algorithm that always produces a traditional equilibrium with respect
to some XOS oraclesOvi . If A is allowed to make only XOS queries to the oraclesOvi ’s in addition to
demand and value queries, then,A makes an exponential number of queries.

The proof is inspired by a proof of [21] for the hardness of finding an equilibrium in games using only
queries that are analogous to value queries. Our proof differs in several technical aspects: first, it holds also
for the stronger and more complicated demand queries and notjust value queries (for that we use techniques
from [2]). Second, the additional structure of our setting implies a more subtle construction, e.g., we have
to prove a new isoperimetric inequality for odd graphs.

2 Algorithms for Bidders with Submodular Valuations

We now provide algorithms that find good equilibria when the valuations are submodular. Our goal is to take
an allocation and convert it with “little” computational overhead to an equilibrium that has at least the same

3A strategy is abetter replyfor a player if it increases his utility over the current strategy that he is playing (but does not
necessarily maximize it).

4In a sense, every reasonable algorithm must work with any implementation. Otherwise, for example, the choice of an “unfair”
implementation as to which clause to return among several possibilities may be correlated with global information on the valuation,
and hence may convey “illegal” information.
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welfare as the initial allocation. We first present a genericprocess that will be our main workhorse, after
which we show that different implementations of this process allow us to compute an equilibrium with little
computational overhead for several different settings. Inparticular, this will allow us to prove the main result
of this section: one can take any allocation of combinatorial auctions with a constant number of submodular
bidders and find an equilibrium with at least the welfare of the given allocation, using only polynomially
many value queries. We note that a similar auction was considered in [13] in a slightly different context.

The Iterative Stealing Procedure

1. Start with an arbitrary allocation(S1, S2, . . . , Sn).

2. Each bidderi arbitrarily orders the items inSi. For everyj ∈ Si, setbi(j) = vi(j|{1, ..., j − 1}∩Si).
For j /∈ Si let bi(j) = 0.

3. If there exist some playersi, i′ and itemj ∈ Si′ such thatvi(j|Si) > bi′(j) then letSi′ = Si′ − {j}
andSi = Si + {j}. We say thati stealsthe item fromi′. Return to Step (2). If there are no such
playersi, i′ and no itemj, the process ends.

Remark 2.1. It is interesting to note the relationship of the iterative stealing procedure to the exponential-
time algorithm of [7] (which was described in the introduction). For simplicity assume that there are only
two bidders. Step 2 can be essentially seen as a call to an XOS oracle [9]. In the XOS algorithm each bidder
“steals” from the other bidders the set of items that maximizes his profit, i.e., best-responds given the bids
of the others. In contrast, in our procedure whenever a player steals an item he essentially plays a “better
reply”, i.e. plays a strategy better than his current one. Tosee that, observe that since the valuations are
submodular, if there exists a set of items that a player can steal to maximize the profit, then there exists a
single item that the player can steal to improve his profit. Note that an XOS valuation does not necessarily
have this property.

To give a full specification of the process, one has to specifyhow each player orders his items (Step 2)
and which player steals which item if there are multiple possible steals in Step 3. The implementation of
Step 3 will turn out to be less important to us, and we will focus on considering different implementations
of Step 2. Before this, we show that stealing can only improvethe welfare:

Claim 2.2. Every steal increases the welfare.

Proof. Consider bidderi stealing itemj from bidderi′. Let (S1, . . . , Sn) be the allocation before the steal
and(S′

1, . . . , S
′
n) be the allocation after the steal. We show thatvi(Si) + vi′(Si′) > vi(S

′
i) + vi′(S

′
i′) which

suffices to prove the claim since the allocation of bidders other thani, i′ did not change. To see this, observe
thatvi(S′

i) + vi′(S
′
i′) = vi(Si) + vi(j|Si) + vi′(Si′)− vi′(j|Si′ − {j}).

By submodularityvi′(j|Si′ − {j}) ≤ bi′(j) (sincebi′(j) is the marginal value ofj given some subset
of Si′ − {j}). On the other hand, since bidderi steals itemj, vi(j|Si) > bi′(j), and thereforevi(j|Si) >
vi′(j|Si′ − {j}). This finishes the proof.

Next we show that the iterative stealing procedure ends in pseudo-polynomial time for any implemen-
tation of Step (2) . We then provide two specific implementations of Step (2): in one, if all valuations are
budget additive then regardless of the initial allocation the procedure terminates in polynomial time, and in
the other the number of steals is at mostmn. We get that:

Theorem 2.3. There exist implementations of the iterative stealing procedure such that:

• If there exists anα-approximation algorithm for combinatorial auctions withsubmodular bidders then
a no-overbidding equilibrium for the simultaneous second-price auction with the same approximation
guarantee can be found by running the approximation algorithm and then an additional pseudo-
polynomial number of value queries.
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• If there is anα-approximation algorithm for combinatorial auctions withbudget additive bidders then
a no-overbidding equilibrium with the same approximation guarantee can be found by running the
approximation algorithm and an additional polynomial number of value queries.

• If there exists anα-approximation algorithm for combinatorial auctions withsubmodular bidders
then a no-overbidding equilibrium with the same approximation guarantee can be found by running
the approximation algorithm and then an additionalpoly(m,n) ·mn value queries.

Next we prove the third bullet, and the interested reader canlook for the proof of the first two bullets
in the appendix. Notice that it is clear that the number of value queries that the iterative stealing procedure
makes ispoly(m,n) · (number of steals).

Constant Number of Submodular Bidders. The main result of this section concerns combinatorial auc-
tions with a constant number of submodular bidders — or, moregenerally, those in which the number of
bidders competing for any single item is bounded above by a constant. To get some intuition, it will be
instructive to consider instances with two bidders. Let(S1, S2) be some allocation. Set bidsbi(j) as in the
process using some arbitrary order. If we happen to arrive atequilibrium, then we are already done. Else,
call bidderi a top competitor of itemj if vi({j}) ≥ vi′({j}), wherei′ is the other bidder. If there is some
bidderi and itemj ∈ Si such thati is a top competitor forj, then if we use an order wherej is first, player
i′ does not want to steal itemj from playeri. Hence we can imagine that playeri’s valuation isvi(·|{j})
(which is still submodular), and look for an equilibrium using the set of itemsM − {j}.

Suppose now that all items are not held by their top competitors. Since we are not at equilibrium, some
playeri can steal some itemj from the other playeri′. Observe thati is a top competitor for itemj (since
either bidderi′ or bidderi is the top competitor ofj and we assumed thati′ is not the top competitor).
Hence, after stealing the item we are back to the previous case: bidderi puts the item first in the order, and
we recurse again. It is not too hard to see that the process ends after at mostm steals with an equilibrium.
This will be rigorously shown in Lemma 2.6.

We start the formal description of the implementation with afew definitions. Fix valuationsv1, . . . , vn.
For every itemj let its competitorsbeCj = {i|vi({j}) > 0}. Bidder i is a top competitorfor item j if
vi({j}) ≥ vi′({j}), for every other bidderi′. An instance ist-restricted if for every itemj we have that
|Cj | ≤ t. Notice that every instance isn-restricted. We will usevi,|S to denote the valuationvi(·|S), and the
terms “prices” and “bids” interchangeably when there is no confusion.

We now give a recursive implementation of the process fort-restricted instances withn bidders and
m items. Let the maximum number of steals that this procedure makes befm(t). We show thatfm(t) ≤
1 + fm(t− 1) + fm−1(t), fm(2) ≤ m for everym, and thatf1(t) ≤ 1 for everyt. Hence,fm(n) ≤ mn−1,
as needed.5 We now describe the process,TOP-STEAL((v1, . . . , vn), (S1, · · · , Sn),M, t). The procedure
takes in a profile of valuations(v1, . . . , vn), an initial allocation(S1, · · · , Sn) on a set of itemsM where
each item ist-restricted, and returns an allocation(S′

1, . . . , S
′
n) and bids{bi(j)} for each bidderi and

item j. We show that it produces a no-overbidding equilibrium whose social welfare is at least that of the
initial allocation. The implementation itself consists ofthe definition ofTOP-STEAL in three disjoint
cases.

In every procedure we assume that no item belongs to a non-competitor in the initial allocation (we can
check this condition and move items from non-competitors tocompetitors if necessary – this only increases
welfare). Observe that items with no competitors can be ignored.

ProcedureTOP-STEAL((v1, . . . , vn), (S1, · · · , Sn),M, t) (for |M | = 1)
If the item does not belong to a top competitor, then one top competitor steals the item.

ProcedureTOP-STEAL((v1, . . . , vn), (S1, · · · , Sn),M, t) (for |M | > 1, t = 2)

5Formally, one can prove by induction thatfm(t) ≤
(

m+t−1

t−1

)

− 1.
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1. If there exist an itemj and a bidderi such thatj ∈ Si andi is a top competitor forj:

(a) Let(S′
1, . . . , S

′
n) and{b′i′(j

′)}i′∈N,j′∈M be the allocation and prices returned by
TOP-STEAL((vi,|{j}, v−i), (Si \ {j}, S−i),M \ {j}, t).

(b) Letbi′(j′) = b′i′(j
′) for everyj′ 6= j. Let bi(j) = vi({j}) andbi′(j) = 0 for eachi′ 6= i. Return

(S′
i ∪ {j}, S′

−i) and the prices{bi(j)}i∈N,j∈M .

2. Else, there is no itemj and bidderi such thatj ∈ Si andi is a top competitor forj:

(a) Each bidderi arbitrarily orders his items. For everyj ∈ Si, setbi(j) = vi(j|{1, ..., j − 1}∩Si).
For j /∈ Si, setbi(j) = 0.

(b) If (S1, . . . , Sn) and the prices{bi(j)}i∈N,j∈M are an equilibrium, return them.

(c) Otherwise, find some bidderi that can steal some itemj from bidderi′, such thati is a top
competitor forj.

(d) Define(S′
1, . . . , S

′
n) to be the allocation afteri stealsj from i′; thusS′

k = Sk for k 6= i, i′,
S′
i = Si ∪ {j}, S′

i′ = Si′ \ {j}.

(e) Return:
TOP-STEAL((v1, . . . , vn), (S

′
1, . . . , S

′
n),M, t).

ProcedureTOP-STEAL((v1, . . . , vn), (S1, · · · , Sn),M, t) (for |M | > 1, arbitrary t > 2)

1. If there exist an itemj and a bidderi such thatj ∈ Si andi is a top competitor forj:

(a) Let(S′
1, . . . , S

′
n) and{b′i′(j

′)}i′∈N,j′∈M be the allocation and prices returned by
TOP-STEAL((vi,|{j}, v−i), (Si \ {j}, S−i),M \ {j}, t).

(b) Letbi′(j′) = b′i′(j
′) for everyj′ 6= j. Let bi(j) = vi({j}) andbi′(j) = 0 for eachi′ 6= i. Return

(S′
i ∪ {j}, S′

−i) and the prices{bi(j)}i∈N,j∈M .

2. Else, there is no itemj and bidderi such thatj ∈ Si andi is a top competitor forj:

(a) For each bidderi, let Ti be the set of all items for whichi is a top competitor. Definev′i(S) =
vi(S − Ti) for any bundleS.

(b) Let (S′
1, . . . , S

′
n) and {bi(j)}i∈N,j∈M be the allocation and prices returned by

TOP-STEAL((v′1, . . . , v
′
n), (S1, · · · , Sn),M, t − 1).

(c) If (S′
1, . . . , S

′
n) and the prices{bi(j)}i∈N,j∈M are an equilibrium with respect tov1, . . . , vn then

return this allocation and prices.

(d) Otherwise, find some bidderi that can steal some itemj from bidderi′, such thati is a top
competitor forj.

(e) Define(S′
1, . . . , S

′
n) to be the allocation afteri stealsj from i′; thusS′

k = Sk for k 6= i, i′,
S′
i = Si ∪ {j}, S′

i′ = Si′ \ {j}.

(f) Return:
TOP-STEAL((v1, . . . , vn), (S

′
1, . . . , S

′
n),M, t)

We now analyze the running time ofTOP-STEAL (see the appendix for the omitted proof). The base case
will be proved first followed by the key claim of this section.

Claim2.4. When the setM has only one element,TOP-STEAL((v1, . . . , vn), (S1, · · · , Sn),M, t) reaches
a no-overbidding equilibrium after one steal (i.e.,f1(t) ≤ 1).

Proof. When the itemj reaches a top competitori no other bidderi′ wants to steal it sincevi(j) ≥ vi′(j)
by the definition of a top competitor.
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Claim 2.5. Let j be an item and leti be a top competitor for this item. Letv′i(S) = vi(S|j). Let S′ =
(S′

1, . . . , S
′
n) be a no-overbidding equilibrium with respect to the valuations(v′i, v−i) where bidderi′ bids for

itemj′ atb′i′(j
′). ThenS = (S′

i∪{j}, S′
−i) is an equilibrium with no overbidding with respect tov1, . . . , vn

when for itemj′ 6= j each bidderi′ bids bi′(j′) = b′i′(j
′), and for itemj bidderi bids bi(j) = vi(j) and

every other bidderi′ bidsbi(j) = 0.

Proof. We first show that there is no overbidding: this is certainly true for every bidderi′ 6= i since the
allocation and bidding ofi′ did not change from the first equilibriumS′ in which there was no overbidding.
In addition, bidderi does not overbid either. This is certainly true for every bundle S wherej /∈ S (since
v′i(S) = vi(S)). Forj ∈ S we have that:

vi(S) = vi({j}) + vi(S \ {j}|j) = vi({j}) + v′i(S \ {j})

≥ bi(j) + Σj′ 6=j,j′∈Sb
′
i(j

′) = Σj′∈Sbi(j
′).

To see thatS is an equilibrium, observe that for every itemj′ /∈ S′
i ∪ {j} it holds thatvi(j′|S′

i ∪ {j}) =
v′i(j

′|S′
i), so bidderi will not steal any item from any other bidderi′. Similarly, since the valuation of

every other bidderi′ 6= i did not change and the prices of all items exceptj are the same, the only possible
steal may involve some bidderi′ stealing itemj from bidderi. However,i is a top competitor forj so
bi(j) = vi({j}) ≥ vi′({j}) ≥ vi′(j|S

′
i′), hence this steal is not profitable fori′.

Lemma 2.6. 6 When each item is competed by at most two bidders, i.e.,t = 2, the procedure
TOP-STEAL((v1, . . . , vn), (S1, · · · , Sn),M, 2) returns a no-overbidding equilibrium afterfm(2) ≤ m
steals.

Proof. We prove this by induction on the number of itemsm, where the case ofm = 1 is proved in Claim
2.4. We assume correctness form− 1 and prove form. We divide into two cases:

Case 1:There exist an itemj and a bidderi such thatj ∈ Si andi is a top competitor forj: the fact that this
is a no-overbidding equilibrium follows since by the induction hypothesisTOP-STEAL((vi,|{j}, v−i), (Si\
{j}, S−i),M \ {j}, 2) returns a no-overbidding equilibrium with respect to(vi,|{j}, v−i) and then we can
apply Claim 2.5. Notice that by the induction hypothesis,TOP-STEAL((vi,|{j}, v−i), (Si \ {j}, S−i),M \
{j}, 2) makes at mostm− 1 < m steals.

Case 2: There is no itemj and bidderi such thatj ∈ Si and i is a top competitor forj: if we reached
an equilibrium in the first step we are done. Else, some bidderi steals itemj from another bidderi′.
Since|Cj | = 2 andi′ ∈ Cj, by assumption we have thati is a top competitor ofj. The recursive call to
TOP-STEAL in Step 2(e) will satisfy Case 1, so by the first part of this proof the recursive call will reach
a no-overbidding equilibrium after at mostm− 1 steals. Combining this with the one steal in Step 2(d) we
have at mostm steals in total, as claimed.

Lemma 2.7. For general values oft, the procedureTOP-STEAL((v1, . . . , vn), (S1, · · · , Sn),M, t) re-
turns a no-overbidding equilibrium afterfm(t) ≤ 1 + fm(t− 1) + fm−1(t) steals.

Proof. We again prove using induction on the number of items and on the size oft where the base case
m = 1 was proven in Claim 2.4 and the case of arbitrarym andt = 2 was proven in Lemma 2.6. We divide
again into two cases:

Case 1.There exist an itemj and a bidderi such thatj ∈ Si andi is a top competitor forj: the fact that this
is a no-overbidding equilibrium follows since by the induction hypothesis,TOP-STEAL((vi,|{j}, v−i), (Si\
{j}, S−i),M \ {j}, t) returns a no-overbidding equilibrium with respect to(vi,|{j}, v−i) and then we can

6One could in principle incorporate the next two lemmas into one by starting the induction fromt = 1. We explicitly prove the
case oft = 2 since it provides an explicit simple proof for the importantsetting of two bidders.
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apply Claim 2.5. Notice that by the induction hypothesis,TOP-STEAL((vi,|{j}, v−i), (Si \ {j}, S−i),M \
{j}, t) makes at mostfm−1(t) steals.

Case 2. There is no itemj and bidderi such thatj ∈ Si and i is a top competitor forj: first, observe
that if v1, . . . , vn is a t-restricted instance, then(v′1, . . . , v

′
n) is a (t − 1)-restricted instance. If running

TOP-STEAL on this(t − 1)-restricted instance results in an equilibrium S’, the lemma is proved and we
made only at mostfm(t− 1) steals.

Otherwise,S′ is not an equilibrium since some bidderi can steal some itemj from bidderi′, and i
is a top competitor forj. This is true since for every bidderi and itemj we havevi(j|S′

i) = v′i(j|S
′
i)

unlessi is a top competitor forj. The recursive call toTOP-STEAL in Step 2(f) will satisfy Case 1, so by
the first part of this proof the recursive call will reach a no-overbidding equilibrium after at mostfm−1(t)
steals. Combining this with thefm(t− 1) steals in Step 2(e) and the one steal in Step 2(b) we have at most
1 + fm(t− 1) + fm−1(t) steals in total, as claimed.

3 An Impossibility Result for Subadditive Valuations

Unlike submodular valuations, with subadditive valuations we have no hope to find an equilibrium.

Theorem 3.1. Exponential communication is needed to determine whether there is a no-overbidding equi-
librium in combinatorial auction with subadditive bidders. Furthermore, even when an equilibrium is guar-
anteed to exist, exponential communication is needed to findit. The results hold even if there are only two
players and even if the value of every bundle is in{0, 1, 2}.

We prove only the first statement, and the second one is an easycorollary of the first. We prove the
theorem for two players; extending the theorem for more thantwo players is straightforward by adding
bidders with valuations that are identically zero. For the proof we use a set-pair system:

Definition 3.2. A set-pair systemS = {(Sr
1 , S

r
2)}r is good if the following holds:

1. For every(Sr
1 , S

r
2) ∈ S it holds that|Sr

1 | = |Sr
2 | =

m
4

andSr
1 ∩ Sr

2 = ∅.

2. For everyr 6= l we have that0 < |Sr
1 ∩ Sl

2| ≤
m
8

.

It is well known that good set-pair systems with exponentially many allocations exist (e.g., [20]). Given
a good set-pair system, we reduce the disjointness problem to the problem of finding a no-overbidding equi-
librium in the simultaneous second-price auction involving valuations to be defined below. The disjointness
problem involves two players, each playeri having a stringAi = {0, 1}t, and the problem is to determine
whether there is somek such thatA1

k = A2
k = 1. It is known that deciding disjointness (or findingk if we

are given that suchk exists) requiresΩ(t) bits of communication [16]. In our reduction, the sizet will be
equal to the size of the good set system, which is exponentialin m. We construct the following valuation
functions (i = 1, 2) given a bit vectorAi ∈ {0, 1}t. As assumed by normalization,vi(∅) = 0; for S 6= ∅,

vi(S) =











2, if |S| ≥ 3m
4

+ 1;

2, if ∃r such thatSr
i ⊆ S andAi

r = 1;

1, otherwise.

It is straightforward to verify that these value functions are subadditive. The theorem is a corollary of the
following two claims:

Claim 3.3. If there existsk such thatA1
k = A2

k = 1 then there is a no-overbidding equilibrium.
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Proof. Consider the following strategies: each bidderi bids some smallǫ > 0 for every j ∈ Sk
i and0

otherwise. Denote the outcome allocation in the simultaneous second-price auction of these two strategies
by (S1, S2). We claim that these strategies form an equilibrium (observe that there is no overbidding in these
strategies). First, observe that no item gets positive bidsfrom both bidders simultaneously (by the properties
of a good set-pair system) and that each positively bids on all items of some bundle that has a value of2 for
him. Thus, for every bidderi, vi(Si) = 2. Sincevi(M) = 2 as well and since the total payment of each
bidder is0, there is no strategy that gives bidderi a profit larger than2 (regardless of the strategy of the
other bidder).

Claim 3.4. If there is nok such thatA1
k = A2

k = 1 then there is no equilibrium with no overbidding.

Proof. Suppose that there is some no-overbidding equilibrium, anddenote bybi(j) the bid of bidderi for
itemj in that equilibrium. Let the allocation in the equilibrium be(S1, S2). Observe that by the properties of
a good set-pair system and the definition of the valuations iteither holds thatv1(S1) 6= 2 or thatv2(S2) 6= 2.
Thus, we may assume without loss of generality thatv1(S1) ≤ 1.

Let us call a set of itemsU unprotectedif v1(U) = 2 andΣj∈Ub2(j) < 1. Note that ifU is unprotected
and bidder 1 bidsb2(j) + ǫ for everyj ∈ U and 0 for everyj 6∈ U , then for sufficiently small positiveǫ this
satisfies no-overbidding(as the sum of all bids is less than 1) and strictly increases bidder 1’s profit. Thus,
existence of an unprotected set contradicts our hypothesisthat(b1, b2) is an equilibrium.

Let T , |T | = m/4, be such thatv1(T ) = 2. By the properties of a good set-pair system it holds that
v2(T ) = 1. If Σj∈T b2(j) < 1 thenT is an unprotected set, so suppose henceforth thatΣj∈T b2(j) = 1.
For everyj /∈ T we havev2(T + {j}) = 1 by the properties of a good set system, sincev1(T ) = 2 and
T +{j} has only one element that does not belong toT . Now the assumption that bidder 2 does not overbid
impliesb2(j) = 0 for all j /∈ T . ConsequentlyΣj∈Mb2(j) = Σj∈T b2(j) = 1. Now choose anyj′ such that
b2(j

′) > 0 and observe thatM − {j′} is an unprotected set.

4 An Impossibility Result for XOS Valuations

This section proves an impossibility result for XOS algorithms: we essentially show that every efficient
algorithm for XOS valuations must use techniques very different from traditional algorithms for XOS valu-
ations. Section 4.1 proves the impossibility result itself, but we start by negatively answering a related open
question from [7]: does the XOS algorithm of [7] end in polynomial time if the valuations are submodular?

Exponential Convergence for the XOS Algorithm with Submodular Bidders. We show that if the bid-
ders have submodular valuations, then the algorithm of [7] may terminate after exponentially many steps,
even when there are only two bidders. The key for this exampleis the XOS oracle: we choose the prices
in a legitimate way according to the algorithm, but one that will lead to a long convergence path. The de-
pendence of this lower bound on the implementation of the XOSoracle is unavoidable; as discussed earlier,
the stealing procedure presented in Section 2 is in fact a special case of the algorithm of [7] that essentially
differs only in the implementation of the XOS oracle. The example itself appears in Appendix B.1.

4.1 The Impossibility Result

Recall that an XOS oracle for an XOS valuationv returns for each bundleS a maximizing clause for
S in v. We refer to the coefficients of this maximizing clause as “prices.” In this section we denote an
XOS oracle for a valuationv by Ov. We now prove a lower bound on deterministic algorithms thatfind a
traditional equilibrium. For simplicity, we restrict ourselves to the case where there are only two players
(the impossibility result trivially extends to any number of players by adding players with valuations that
are identically zero).
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Definition 4.1. A no overbidding equilibrium(S1, S2) is calledtraditional with respect to some XOS ora-
clesOv1 andOv2 if, for each bidderi and itemj, if j ∈ Si thenbi(j) equals the price ofj in Ovi(Si), and
if j /∈ Si thenbi(j) = 0.

It is easy to verify that the equilibrium obtained by the algorithm of [7] is traditional.

Theorem 4.2. LetA be a deterministic algorithm that always produces a traditional equilibrium with re-
spect to some XOS oraclesOvi . Suppose thatA is only allowed to make demand and value queries, as well
as XOS queries to the oraclesOvi . Then,A makes an exponential number of queries in the worst case. The
theorem holds even if there are only two bidders with identical valuations.

The proof consists of three parts. First, we present a familyof XOS valuations (sensitive valuations) and
give conditions for equilibrium with this family. We then show that demand queries to sensitive valuations
are almost useless: every demand query can be simulated by polynomially many value queries. Finally,
we prove that any algorithm for finding equilibrium when bidders have sensitive valuations that uses value
queries makes exponentially many value queries in the worstcase. Our bound will then follow.

4.1.1 Proof part I: conditions for equilibrium

Let m > 20 be an odd integer and letm′ = ⌊m/2⌋. Given non-negativekS ’s such that for every bundleS,
|S| = m′ + 1, we have1

4
> kS > 0, consider the valuationv that is the maximum of the following additive

valuations (and hence XOS by definition):

1. There is an additive valuationCj for every itemj that gives a value ofm′ − 20 for j and value of0
for every other item.

2. For every bundleS, |S| = m′, there is an additive valuationAS that gives a value of1 to every item
j ∈ S and value0 for any other item.

3. For every bundleS, |S| = m′+1, there is an additive valuationMS,j, for one itemj ∈ S. MS,j gives
a value of1

4
+ kS for item j, a value of1 for every itemj′ ∈ S \ {j}, and0 for every item that is not

in S.

4. For every bundleS, |S| = m′ + 10, there is an additive valuationBS that gives a value ofm
′+1

m′+10
for

every item inS and0 otherwise.

We call such valuationssensitive. An XOS oracle for a sensitive valuation isstandardif for every bundle
S it returns an additive valuation that is specified in the above definition. It will sometimes be easier to work
with an explicit description of a sensitive valuation (see proof in the appendix):

Proposition 4.3. Letv′ be a sensitive valuation defined bykS ’s. Letvi be the following valuation:

vi(S) =























m′ − 20 |S| ≤ m′ − 20,

|S| m′ − 20 < |S| ≤ m′,

m′ + 1
4
+maxS′⊂S kS′ m′ < |S| < m′ + 10,

m′ + 1 |S| ≥ m′ + 10.

For everyS we have thatv(S) = v′(S).

Definition 4.4. A bundleS of sizem′ + 1 and a corresponding XOS clauseMS,j are called aj-local
maximumof a valuationv with respect to an itemj ∈ S if v(S) ≥ v(M − S + {j}).
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The definition ofj-local maximum and ofMS,j implies that the XOS clause ofS puts a weight strictly
smaller than1 on j. The conditionv(S) < v(M − S + {j}) alone does not imply thatS′ = M − S + {j}
is a j-local maximum, because even thoughv(S′) > v(M − S′ + {j}) = v(S), the XOS clause forS′

may beMS′,j′ for an itemj′ 6= j. The reference to the XOS clause is important for traditional equilibria, in
which a bidder allocated aj-local maximum necessarily bids strictly less than1 on j. The proof of the next
proposition is in the appendix.

Proposition 4.5. Let v be a sensitive valuation and let(S1, S2) be a traditional equilibrium of two bidders
with the same valuationv with respect to the standard XOS representation. Then, either |S1| = m′, |S2| =
m−m′ = m′ +1, andS2 is a j-local maximum ofv (for some itemj ∈ S2), or |S2| = m′, |S1| = m−m′,
andS1 is a j-local maximum ofv (for some itemj ∈ S1).

4.1.2 Proof part II: simulating demand queries by value queries

We now show how to simulate a demand query using value queries, by adapting techniques from [2]. Since
we show an impossibility result and since the values of all bundles of sizes other thanm′+1 are known, we
may consider only demand queries that may return a bundle of sizem′ + 1.

Definition 4.6. Let dq be a demand query. A bundleS, |S| = m′+1, is coveredby dq if there is a sensitive
valuationv such that when queryingv for dq a profit-maximizing bundle isS.

The main point here is that the number of bundles covered by a query is bounded (see proof in the
appendix):

Lemma 4.7. Fix a demand querydq. LetS = {S|S is covered bydq}. Then,|S| ≤ poly(m).

Corollary 4.8. Any demand querydq for a sensitive valuationv can be simulated by polynomially many
value queries.

Proof. Query all the polynomially many sets covered bydq. Among these sets and all the others (whose
values are already known), return a profit-maximizing one.

4.1.3 Proof part III: the power of value queries

We now show that exponentially many value queries are neededto find aj-local maximum of a sensitive
valuationv. The adversary will construct the hard valuationv by following the algorithm: whenever the
algorithm queries some bundleS, |S| = m′+1 the adversary will make sure thatS is not a local maximum.
Obviously, sincev is sensitive there is no use for the algorithm to query bundles of size different fromm′+1,
since the values of those bundles are known in advance. We will assume that whenever the algorithm makes
a value query to some bundleS, it also makes an XOS query to the same bundle (this only makesour bound
stronger). Specifically, we show that:

Lemma 4.9. Any deterministic algorithm for finding aj-local maximum in sensitive valuations makes at

least 2
0.75m

′−1

m′ queries in the worst case.

In the proof we use a graphG that is composed of
(

m
m′+1

)

vertices, each of which is associated with
a different bundle of sizem′ + 1. Two verticesS andS′ of G are connected by an edge if and only if
S = M − S′ + {j}, for somej ∈ S′. This graph is known as theodd graphOm′+1. We will refer to the
subsets ofM (of sizem′ + 1) and vertices ofOm′+1 interchangeably, and the meaning should be clear, for
example, when we say a setS is a neighbor of another setS′. We will need the following isoperimetric
inequality on odd graphs (this inductive proof is inspired by [14]):
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Proposition 4.10. (ISOPERIMETRIC INEQUALITIES FOR ODD GRAPHS.) Let On = (V,E) be an odd
graph. Then, for anyS ⊆ V , k = |S|, at least(n − 4

3
log k)k edges have exactly one end inS. As a

corollary, sinceOn is n-regular, the number of neighbors ofS is at least
(

n− 4
3
log k

)

k
n

.

Proof. We use the following binary representation of the vertices of On: thet-th index ofv ∈ V is 1 if and
only if v corresponds to a set that contains thet-th element. LetE(k) denote the maximum possible number
of edges inside a setS ⊆ V of sizek. By the regularity ofOn, the number of edges having exactly one end
in S is at leastnk − 2E(k). It therefore suffices to showE(k) ≤ 2k log2 k

3
, and we prove this by induction

onk. For the base case ofk = 2 observe thatE(2) = 1.
We now assume correctness fork−1 and prove fork. Consider a setS of sizek. We claim that there exist

two distinct indicesx1, x2 such that for at most two-thirds of the elementsv ∈ S it holds thatvx1
6= vx2

. To
see this, consider somev and two randomly chosen distinct indicesx′1 andx′2. The probability thatx′1 = 1 is
exactly n

2n−1
since the Hamming weight of the representation of every vertex is exactlyn. The conditional

probability thatx′2 = 0 givenx′1 = 1 is n−1
2n−2

= 1
2
. The probability of the eventx′1 = 0, x′2 = 1 is the same,

by symmetry, and therefore the probability thatvx′
1
6= vx′

2
is 2 · n

2n−1
· 1
2
≤ 2

3
. By linearity of expectation,

for randomly chosenx′1 andx′2, the expected number of verticesv ∈ S such thatvx′
1
6= vx′

2
is at most2|S|

3
.

Hence, there exist two indicesx1, x2 such that at most two-thirds of the elements inS have exactly one1 at
the two coordinates. Call this set of elementsS0 and letS1 = S − S0. Let ℓ = |S0| ≤

2k
3

.
The edges inS are those insideS0, those insideS1, and those betweenS0 andS1. Crucially, there are

at mostℓ edges betweenS0 andS1: consider somev ∈ S0. The number of neighbors ofv in S is at most
one sincev has no neighbor whose coordinates atx1 andx2 are both0, and at most one neighbor whose
coordinates atx1 andx2 are both1. We have:

E(k) ≤ max
1≤ℓ≤ 2k

3

(ℓ+ E(ℓ) + E(k − ℓ))

≤ max
1≤ℓ≤ 2k

3

[

ℓ+
2ℓ log ℓ

3
+

2(k − ℓ) log(k − ℓ)

3

]

≤
2

3

(

k + max
1≤ℓ≤ 2k

3

[ℓ log ℓ+ (k − ℓ) log(k − ℓ)]

)

≤
2

3

(

k + k log

(

k

2

))

=
2k log k

3
.

Proof of Lemma 4.9

Denote byQi thei-th query that the algorithm makes (to a bundle of sizem′+1). For the first queryQ1 we
will return a value ofm′+ 1

4
+ǫ and fix the appropriate clauseMQ1,j, for somej. At this point the algorithm

cannot be sure ifQ1 is a local maximum, since the value ofM − S + {j} is still undetermined. In general,
when the algorithm makes thel-th queryQl, tentatively we would like to setv(Ql) = m′+ 1

4
+ l · ǫ, and set

the XOS clause ofQl to MQl,j, wherej is such thatQl was not queried yet.
The problem with this is that all neighbors ofQl may have been queried, so a local maximum may

quickly be found by the algorithm. To fix this, whenever the algorithm queriesQl, before determining
v(Ql) and the maximizing clause, we first consider “small” patchesof the graph that will be cut off by the
removal ofQl; we will first fix the values for vertices in these patches: in each small connected component
that is cut off, the values assigned is increasing from vertices furthest fromQl to those closest. At last, we
give the largest value toQl. We will mark these vertices as “colored”, and remove them from the graph,
together withQl, for future rounds. Importantly, the XOS clauseMQl,j for Ql is chosen such thatj is in an
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uncolored neighbor ofQl, and therefore the algorithm cannot know whether it has found a local maximum
or not.

More formally, the process is as follows. Letǫ > 0 be such that2m · ǫ < 1
4
.

1. Setx = 1. Let C = Q = ∅.

2. For each queryQi:

(a) If Qi ∈ C, return the already fixed value and clause, and go for the nextquery. Otherwise let
Q = Q+ {Qi} and proceed.

(b) For each connected componentCC of G− C −Q of size less thanc = 20.75m
′−1:

i. Let D be the diameter ofCC, let x = x +D + 1. For eachS ∈ CC that is of distanced
from Qi let v(S) = m′ + 1

4
+ (x − d) · ǫ. Let (S, S′, · · · , Qi) be a shortest path fromS

to Qi in CC. LetS ∩ S′ be{j}. Let the maximizing clause ofS beMS,j.
ii. Add CC to C.

(c) Updatex = x+ 1. Let v(Qi) = m′ + 1
4
+ x · ǫ. If there is an uncolored neighborS′ of Qi, let

S′∩Qi be{j} and let the maximizing clause ofQi beMQi,j . Otherwise the process terminates.

Since the distanced in step 2(b)i is bounded by the diameter of the connected component, we are
guaranteed that the value we assign during the process is always increasing. Therefore until we cannot
find an uncolored neighbor in step (2c), the algorithm does not find a j-local maximum and therefore by
Proposition 4.5 it does not find a traditional equilibrium. At the moment we cannot do this, the connected
components newly colored in that step together withQi forms one connected componentCC∗ that was not
colored in previous steps, and therefore is of size at leastc. The crucial point is thatQ contains the set

of neighbors ofCC∗, and by the isoperimetric inequality,|Q| ≥ |CC∗| · (1 − 4 log |CC∗|
3m′ ) = 20.75m

′−1

m′ , as
needed.
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A Missing Proofs of Section 2

A.1 Pseudo-Polynomial Convergence Time

In this subsection we assume that all valuations are rational numbers. Letvmax = maxi vi(M).

Claim A.1. Let ∆ be such thatvi(j|S) is a multiple of∆, for every bidderi, item j, and subsetS. The
number of steals that the iterative stealing procedure makes is at mostn · vmax

∆
.

Proof. By Claim 2.2 after every step the welfare increases by at least ∆. A trivial upper bound on the
welfare isn · vmax

∆
. Thus the procedure ends aftern · vmax

∆
steals in every implementation.

Next we show a specific implementation that gives a slightly better bound than this last result.

Claim A.2. For each bidderi and itemj, let∆i
j = |{vi(j|S)}S∈2M |. There exists an implementation of the

iterative stealing procedure that terminates after at mostΣi∈NΣj∈M∆i
j .

Proof. We start with some allocation(S1, . . . , Sn). Each bidderi will maintain some order>i on the items
according to which Step 2 is implemented. After each steal wepossibly update>i. We begin with some
order>i such that for each bidderi it holds that each itemj ∈ Si precedes every itemj′ /∈ Si. The internal
order of items within these two groups is arbitrary. When bidderi steals itemj from bidderi′ we change>i

and>i′ so thatj is the last item in both>i (within the newSi) and in>i′ (among all items). The order of
the rest of the items remains the same.

For every itemj let the price of itemj be pj = maxi bi(j). An easy observation is that using this
implementation the pricepj of an item can only go up. Consider bidderi that holds itemj. First, right after
bidderi steals itemj from some other bidderpj can only go up since the price is simply bidderi’s marginal
value forj. If another itemj′ was stolen fromi then the price does not change ifj >i j

′ and cannot decrease
by submodularity ifj >i j

′. If bidder i steals another itemj′ thenj′ is the smallest item in>i and the price
of j did not change as well.

Using the fact that the price of an item can only increase it iseasy to get a bound on the number of
steals. Recall that after bidderi steals itemj the pricepj increases tovi(j|Si) and any other pricepj′ cannot
decrease. Thus bidderi may steal each itemj at most∆i

j times. Consequently, the total number of steals is
at mostΣi∈NΣj∈M∆i

j.

A.2 Budget Additive Bidders

Recall that a valuationv is budget additive if there exists someb such that for everyS we have thatv(S) =
min(b,Σj∈Sv({j})). Thisb is known as thebudgetfor the valuation. In the sequel we will denote bybi the
budget of bidderi.

The procedure for budget additive bidders is similar to the iterative stealing procedure presented earlier.
We start with some allocation(S1, . . . , Sn). Each bidderi will maintain some order>i on the items accord-
ing to which Step 2 is implemented. After each steal we will possibly update>i. We begin with some order
>i such that for each bidderi it holds that each itemj ∈ Si precedes every itemj′ /∈ Si. The internal order
of items within these two groups is arbitrary. When bidderi steals itemj from bidderi′ we change>i and
>i′ so thatj is the last item in both>i (within the newSi) and>i′ (among all items). The order of the rest
of the items remains the same. For every itemj let the price of itemj bepj = maxi bi(j). Similarly to the
proof of Claim A.2, using this implementation the price of anitem can only go up.
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Given some allocation(S1, . . . , Sn) we call an itemj ∈ Si loosefor bidderi if pj < vi({j}); otherwise
the item is calledtight. A loose itemj is strongly looseif pj = 0, otherwise it isweakly loose. We need a
few easy claims:

Claim A.3. For any allocation, every bidderi has at most one weakly loose item.

Proof. Let j be a loose item andT be the set of tight items held by bidderi. We know thatj is weakly loose
and thereforevi({j}) + T ) = bi. Thus the marginal value of any additional item is0, and therefore any
other itemj′ /∈ {j} + T is strongly loose.

ClaimA.4. If item j that is tight for bidderi (given the current allocation) is stolen theni will not steal item
j later.

Proof. After item j is stolen byi′, the new price ofj is greater thanvi({j}). Since by submodularity for
every bundleS, vi({j}) ≥ vi(j|S), and since the price ofj only goes up,i never steals itemj from any
other bidder later in the algorithm.

ClaimA.5. If item j that is weakly loose fori is stolen theni will not steal itemj again during the algorithm
before some tight itemj′ ∈ Si was stolen from him.

Proof. The marginal value ofj for i does not increase unless some itemj′ ∈ Si, j′ >i j, is stolen from
bidderi. Sincej is weakly loose, every other itemj′ precedingj by >i is tight.

ClaimA.6. If item j that is strongly loose fori is stolen theni will not steal itemj again during the algorithm
before some tight or weakly loose itemj′ ∈ Si was stolen from bidderi.

Proof. The marginal value ofj for i does not increase unless some item inj′ ∈ Si, j′ >i j, is stolen from
him. Observe that sincej is strongly loose, for the marginal value to change, itemj′ cannot be strongly
loose as well.

We are now ready to give an upper bound on the number of steals.An easy corollary of Claim A.4 is
that there are at mostn · m steals of tight items. The next claim shows that at least one of everyO(nm)
consecutive steals must be a steal of a tight item, and this gives us an upper bound of(n2 ·m2) on the total
number of steals.

Claim A.7. Every sequence ofO(nm) steals must contain at least one steal of an item that is tight.

Proof. The price of each item only increases, so a strongly loose item, once stolen, will never be a strongly
loose item again. Therefore altogether there may be at mostm steals of strongly loose items. We will
consider from now on only steals of weakly loose and tight items. Among everynm+ 1 such steals, there
is at least one bidder who lost the same item twice; if in both occasions the item was weakly loose, by
Claim A.5, the bidder has stolen this item back only because she has lost a tight item. This shows that at
least one of thesenm+ 1 steals was one of a tight item.

B Missing Proofs of Section 4

B.1 The Example: Exponential Convergence of the XOS Algorithm

Letm be odd and letm′ = ⌊m/2⌋. We now present a family of submodular valuations that is parametrized
by a family of positive constantskiS , for every bidderi andS such that|S| = m′ + 1 and someǫ > 0. Each
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member of this family is defined as follows:

vi(S) =











|S| if |S| ≤ m′;

m′ + 1
2
+ kiS · ǫ if |S| = m′ + 1;

m′ + 1 if |S| ≥ m′ + 2.

Notice thatvi is indeed a submodular function as long askiS · ǫ < 1
2
, which is easy to guarantee.

Obviously, the key to getting an exponential path is choosing thekiS ’s carefully. To simplify the presentation,
we will choose thekiS ’s as we proceed.

We start with an allocation(S1, S2) such that|S1| = m′ and|S2| = m − m′ = m′ + 1. SetkiS1
= 0

for i = 1, 2. Bidder 1 now bidsb1(j) = 1 for every itemj ∈ S1, except a single itemj′ ∈ S1 where
b1(j

′) = 1/2. The bid on the rest of the items is0. Notice that this is a valid XOS clause ofS1, and hence
a legitimate step in the algorithm. Now setk2S2+j′ = 1. Notice that the best response of bidder2 is to take
S2 + j′ (regardless of the choice of the otherk2S ’s).

The allocation now is(S′
1, S

′
2) = (S1 − j′, S2 + j′). Choose somej′′ 6= j′ in S′

2. Setk2
S′
2

= 2. Let

b2(j) = 1 for every itemj ∈ S2 other thanj′′ ∈ S′
2 andb2(j′′) = 1/2+ 2ǫ for j′′. The bid on the rest of the

items is0 again. Observe that, as long as we setk1
S′
1
+j′′

= 3, the best response of player1 is to takeS′
1+ j′′.

It should be clear that we can iterate this construction to produce an exponential path such that the two
players keep exchanging a single item in each best response.To be specific, we can use a monotone Gray
code [23] to explicitly construct such a path (we only use thenumbers that have hamming weight between
m′ andm′ + 1). The zeros in every codeword represent items allocated to player1, and the ones represent
items allocated to player2.

Proof of Proposition 4.3

We divide the analysis into cases, according to the size ofS:

1. |S| ≤ m′ − 20: Cj(S) = m′ − 20, while for every bundleS′ and itemj, MS′,j(S) = AS′(S) ≤

|S| ≤ m′ − 20 andBS′(S) = m′+1
m′+10

· |S| < m′ − 20.

2. m′ − 20 < |S| ≤ m′: AS(S) = |S|. On the other hand, for every other bundleS′ and itemj′,
Cj′(S) = m′ − 20, BS′(S) = m′+1

m′+10
· |S| < |S|, andMS′,j′(S) ≤ AS(S).

3. m′ + 1 ≤ |S| ≤ m′ + 9: let T ⊆ S be a maximum value bundle of sizem′ + 1. Observe that
vi(T ) = v′i(T ). There exists somej ∈ T such thatMT,j(S) = m′ + 1

4
+ kiS . However, for every

other bundleS′ and itemj′, AS′(S) ≤ MS′,j′(S) ≤ vi(T ), Cj′(S) = m′ − 20 andBS′(S) ≤
m′+1
m′+10

· (m′ + 9) = m′ + 1− m′+1
m′+10

≤ m′ + 1
4
≤ vi(S).

4. |S| ≥ m′ + 10: for some bundleS′ ⊆ S, |S′| = m′ + 10 we have thatBS′(S) = m′ + 1, and this
value is larger than the maximum value of every other additive valuation in the support ofv′i.

Proof of Proposition 4.5

We divide again into several cases. We only consider cases where |S1| ≤ m′, otherwise we have that
|S2| ≤ m′ and the proof is symmetric.

1. |S1| ≤ m′ − 20: in this case,v1(S1) = m′ − 20 and|S2| = m − |S1| ≥ m −m′ + 20 > m′ + 10.
Hence,v(S2) = m′ + 1. In particular, bidder2 bids 0 on m − m′ − 10 items (since we are at a
traditional equilibrium and in the standard XOS representation at mostm′ + 10 items get a positive
value). In this case bidder1 is better off biddingǫ > 0 on each of these items and0 on all other items,
since his value will increase to at leastm−m′ − 10 and his payment will be0.
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2. m′−20 < |S1| ≤ m′: here bidder1 bids1 on every itemj ∈ S1. Bidder2 is using either aBS clause
or anMS,j clause. If bidder2 uses aBS clause then the price of every item in that clause is less than
1. Furthermore,|S2| ≥ m′ + 10 and therefore|S1| ≤ m − m′ − 10. This implies that if bidder1
increases his bid to1 for any single item inS2: his value will increase by1 while his payment will
increase by a smaller amount. Notice that this is still a no-overbidding strategy for bidder1.

Hence, the only possibility is that bidder2 uses anMS,j clause. Without loss of generality|S2| =
m−m′ (otherwise there are some items inS2 that bidder2 bids0 on). Assume thatS2 is not aj-local
maximum. DenoteS′

1 = M − S2 + {j} and observe thatv(S′
1) > v(S2). Notice that Bidder1 can

increase his profit by takingS′
1: his profit in this case isv(S′

1)− pj = v(S′
1)− (v(S2)−m′) > m′,

and it is easy to see thatv(S1) ≤ m′ since|S1| ≤ m′.

Proof of Lemma 4.7

LetS be a bundle covered bydq, and letv be a sensitive valuation such thatdq(v) = S. Denote the price of
every itemj in dq by pj. Let t ∈ argminj pj. Notice thatpt ≤ 1

2
, otherwise any bundle of sizem′ is more

profitable thanS. Since the profit from{t} ism′− 20− pt and yet the demand query returnsS it holds that:

m′ +
1

4
+ kS −

∑

j∈S

pj ≥ m′ − 20− pt

m′ +
1

4
+ kS −

∑

j∈S

pj ≥ m′ − 20−
1

2

21 >
∑

j∈S

pj (1)

Next we observe that there is no setS′ ⊆ M − S, |S′| = 9, such thatΣj∈S′pj < 1
2
. This is true

since if suchS′ exists thenS ∪ S′ is more profitable thanS (observe thatv(S ∪ S′) = m′ + 1 since
|S ∪ S′| = m′ + 10):

v(S ∪ S′)− Σj∈S∪S′pj > m′ + 1−Σj∈Spj −
1

2
≥ v(S)− Σj∈Spj

Therefore, for all itemsj ∈ M − S but at most nine of them, it holds thatpj ≥ 1
18

. Denote these
expensive items byE and letC = M − S − E (i.e., the set of cheap items).

The crux of the proof is that if some bundleG is covered bydq, then it cannot contain more than
18 · 21 = 378 items fromE, otherwise21 < Σj∈Gpj, a contradiction to (1). Thus, eachG covered bydq is
composed of up to378 items fromE (of which there are at most(|E| + 1)378 possible choices, where we
use|E|+1 and not just|E| since less than 378 items might be chosen fromE), up to nine items fromC (of
which the number of possible choices is29), and additional items fromS (we use the bound(|S| + 1)387

since we have to choose up to387 = 378 + 9 items to exclude fromS). A bound on the number of bundles
that can be constructed this way — and hence also a bound on thenumber of bundles covered bydq — is
therefore:

(|E|+ 1)378 · 29 · (|S|+ 1)387 ≤ m378 · 29 ·m387

< 1000 ·m765

C Local Maximum vs. Nash Equilibrium

Consider combinatorial auction with submodular bidders. Alocal maximumis an allocation of the items
(S1, . . . , Sn) such that for everyj ∈ Si and playeri′ we have thatΣkvk(Sk) ≥ vi(Si − {j}) + vi′(Si′ +
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{j}) + Σk 6=i,i′vk(Sk). Already in [7] it was observed that if the valuations are submodular then for every
allocation(S1, . . . , Sn) that is a local maximum there are bids that together constitute a no overbidding
equilibrium (this is the reasons why the price of stability in these games is1: the welfare maximizing
allocation is obviously a local maximum).

One could have hoped that to find an equilibrium with a good approximation one could just find a local
maximum with a good approximation. However, finding a local maximum turns out to be PLS complete. To
see this, we start with the PLS complete problem of finding a maximal cut and convert it to a combinatorial
auction with two submodular bidders with identical valuations. Given a weighted graph, the set of items
will be the set of items and the value of a set of verticesS is the weight of all edges that have at least one
end point atS. Observe that a local maximum in the combinatorial auction corresponds to a maximal cut,
and vice versa.

Interestingly, in our reduction it is easy to find a nash equilibrium in polynomial time: this is a direct
consequence of our algorithm for a constant number of submodular bidders (the number of bidders is two
in our reduction). This in particular proves that the set of equilibria strictly contains the set of local maxima
(hence it is easier to find an equilibrium than a local maximum).
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