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Abstract

When processing data with uncertainty, it is desirable that the output of the algorithm
is stable against small perturbations in the input. Varma and Yoshida [SODA’21] recently
formalized this idea and proposed the notion of average sensitivity of algorithms, which is
roughly speaking, the average Hamming distance between solutions for the original input and
that obtained by deleting one element from the input, where the average is taken over the deleted
element.

In this work, we consider average sensitivity of algorithms for problems that can be solved
by dynamic programming. We first present a (1 — §)-approximation algorithm for finding a
maximum weight chain (MWC) in a transitive directed acyclic graph with average sensitivity
O(0~ " 1og® n), where n is the number of vertices in the graph. We then show algorithms with
small average sensitivity for various dynamic programming problems by reducing them to the
MWC problem while preserving average sensitivity, including the longest increasing subsequence
problem, the interval scheduling problem, the longest common subsequence problem, the longest
palindromic subsequence problem, the knapsack problem with integral weight, and the RNA
folding problem. For the RNA folding problem, our reduction is highly nontrivial because a
naive reduction generates an exponentially large graph, which only provides a trivial average
sensitivity bound.
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1 Introduction

Dynamic programming (DP) is one of the most successful frameworks for solving practical prob-
lems. From the inception of optimization theory, DP has been used to solve problems in various
areas, such as string problems [2] [7, [13] [14], [I8], 2], scheduling problems [I], 10 19], and those of
bioinformatics [Il, 5 14, 19, 21]. For example, the problem of computing the correspondence be-
tween the lines in two text files is often formulated as the longest common subsequence problem [18]
or the longest increasing subsequence problem [3].

In practice, it is desirable to use “stable” algorithms wherein the output does not significantly
change by a slight change in the input. For example, considering a situation in which two people
(e.g., Alice and Bob) are editing the same article, after Alice edits the source text file, Bob may
compute the correspondence between the lines in the old and new files, and then proofread the
edited lines only. However, if the correspondence between the lines significantly changes after Bob
edits a few lines, it is very difficult for him to continue the proofreading.

Varma and Yoshida [I7] recently introduced the notion of average sensitivity to formally argue
the stability of an algorithm against input change, and they studied the average sensitivity of
algorithms for various graph problems. Here, the average sensitivity of a (randomized) algorithm
ALG on the input set V of size n is defined as

%ZEM(ALG(V), ALG(V )\ {i}), (1)
eV

where ALG(V) and ALc(V \ {i}) denote the distributions of the outputs of ALG on V and V' \ {i},
respectively, and EM(-, -) is the earth mover’s distance [16] between two distributions defined as

EM(Xl, XQ) := min E |X1AX2|, (2)
D (X1,X2)~D

where the minimum is taken over distributions of a pair of sets such that its marginal distributions
on the first and the second coordinates are equal to X} and X5, respectively. Then, we informally
say that an algorithm is stable on average if it has a small average sensitivity.

Although it is natural to require stable-on-average algorithms for DP, the naive implementation
of a DP is rarely stable on average. This is because DP iteratively solves subproblems building
on the solutions of previously solved subproblems; furthermore, if a change in the input causes a
change in the solution for some of the subproblems, it will be propagated and amplified and will
cause drastic changes to the final output.

1.1 Owur Contributions

In this work, we design stable-on-average algorithms for various problems that can be solved by
DP. To this end, we first design a stable-on-average algorithm for a problem called the maximum
weight chain (MWC) problem, and we then reduce various problems to it. The details are follows.

1.1.1 Maximum Weight Chain

A directed acyclic subgraph (DAG) G = (V, E) is called transitive if for any three vertices vy, v, v3 €
V with (v1,v2), (va,v3) € E, (v1,v3) € E holds. In the MWC problem, we are given a weighted



Algorithm 1: Naive DP for the MWC problem
1 Procedure DYNAMICPROGRAMMING(G = (V, E, w))

2 for v € V' in their topological order do
3 if v has an incoming edge then

1 u* < argmax,ey, e w(DP[u]):
5 DP[v] <— DP[u*] U {v};

6 else

7 L DP[v] « {v};

8 | return DP [argmax,cy (w(DP[v]))];

transitive DAG G = (V, E,w), where w : V — R is a vertex weight function. The goal is to find
a chairll] P of vertices that maximizes the total weight, > - pw(v).

The MWC problem is a typical problem that can be solved by DP, as in Algorithm [l Moreover,
it serves as a target problem to which we can reduce various DP problems by regarding each vertex in
G as a state of the source DP and each edge in G as the dependency between the states corresponding
to the endpoints. Hence, if we have a stable-on-average algorithm for the MWC problem, we can
automatically obtain stable-on-average algorithms for various other problems (unless the generated
graph G is exponentially large).

When studying the average sensitivity of algorithms for the MWC problem, we use a slight
extension of () that is convenient to show reductions from other DP problems. Let G = (V, E,w)
be a transitive DAG, and let Sy,...,S, be antichains of G, that is, for any i € {1,2,...,n}, any
two vertices u,v € S; do not form an edge in G. Now, the average sensitivity of an algorithm ALG
for the MWC problem on G with respect to S1,...,Sy, is defined by

% f: EM(ALc(V),ALc(V \ S;)). (3)
i=1

In the context of reducing some source DP to the MWC problem, n represents the number of
elements in the instance of the source DP, and 5; corresponds to the set of the states of the source
DP that would disappear if an element 7 is deleted from the instance. To emphasize this role of \5;,
we call each S; potentially missing.

In this work, we show that there is an approximation algorithm for the MWC problem with a
nontrivially small average sensitivity:

Theorem 1.1. For any 0 > 0, there is a polynomial-time randomized (1 — 0)-approzimation algo-
rithm for the MWC problem with the following property: Let G = (V, E,w) be a transitive DAG and
S1,...,S, be antichains such that each vertex in V' appears at least one and at most K of Sy, ..., Sn.
Then, the average sensitivity of the algorithm on G with respect to Si,..., Sy is O(K& 1 1log?®|V]).

We note that the linear dependency on ! is necessary. Let C' > 2 be a constant. Consider a

disjoint union of the transitive closure of a chain with length n/2 and an antichain with size n/2.

We set the weights of the vertices in the chain and the antichain as 1 and 1—705717 respectively.

!We save the word “path” here because we will use it later in the analysis of the ribonucleic acid (RNA) folding
problem.



Then, any (randomized) (1 — §)-approximation algorithm must output a subset of the chain with
probability at least 1/2. However, if we delete random 2Cdn vertices without replacement, then
any (1 — §)-approximation algorithm must output a vertex in the antichain with probability at
least 1/2 because the weight of the chain becomes 1_505 in expectation. Therefore, 2C'on times
the average sensitivity is £2(n) by the composition theorem of average sensitivity [I7]; hence, the
average sensitivity is Q(671).

It is also natural to consider the worst-case sensitivity, which is obtained by replacing the
average in (B]) with the maximum over i’s. However, there is no algorithm for the MWC problem
with a reasonable approximation ratio and a small worst-case sensitivity. To see this, consider a
transitive DAG consisting of the transitive closure of a long chain and an isolated vertex with a
large weight. Although the isolated vertex forms the optimal solution in the original graph, we
must use many vertices in the chain for the graph obtained by deleting the isolated vertex.

1.1.2 Applications

We can obtain stable-on-average algorithms for various DP problems by reducing them to the
MWC problem (with constant K for measuring the average sensitivity). Here, we describe some
representative examples.

Computing Differences Between Two Text Files. As discussed, when computing the dif-
ferences between two text files, it is desirable to use stable-on-average algorithms. One of the
most basic methods is to use the longest common subsequence. Another popular algorithm is the
patience diff [3], which focuses more on lines whose copies appear only a small number of times in
the files. This algorithm solves the longest increasing subsequence problem (see Section B.1] for the
definition) as a subroutine.

Because both of the longest common subsequence problem and the longest increasing subse-
quence problem can be solved by textbook DPs that can be formulated as an MWC, Theorem [T
immediately implies (1 — §)-approximation algorithms with average sensitivity O(6~"'log®n) for
these problems. See Sections Bl and for more details.

Scheduling and Resource Allocation. The interval scheduling problem is one the most popular
problems for scheduling tasks. In practice, tasks may be cancelled owing to several reasons such as
the lack of participants or a bad weather. However, we do not want to drastically change the task
schedule because that would incur huge cost. Hence, it is preferred to have a stable-on-average
algorithm for the interval scheduling problem. Because this problem can be solved by a textbook
DP that can be formulated as an MWC, Theorem [Tl immediately implies (1 — §)-approximation
algorithm with average sensitivity O(6~!log®n) for this problem. See Section for more details.

Another popular problem used to schedule tasks is the knapsack problem. If the costs of each
task and the budget constraint, C, are integers, a textbook DP solves the knapsack problem in
pseudo-polynomial time, where the pseudo-polynomial factor depends on C. Because this DP can
be formulated as an MWC, Theorem [[LT] immediately implies a (1 — §)-approximation algorithm
with average sensitivity O(67" log3(nC)) for this problem. See Section for more details.

Bioinformatics. For computational problems in bioinformatics, it is natural to assume that the
input has some discrepancy with the true data because the process of observing a biological object



injects errors. Therefore, if we want to obtain a useful output, then the algorithm used must be
stable against errors; otherwise the output may not be significantly close to that of the true data.
One approach to resolving this issue is to design algorithms with small average sensitivity.

Many problems of bioinformatics are solved by DP. For example, the interval scheduling prob-
lem is applied to the problem of determining protein structure from nuclear magnetic resonance
(NMR) peak data [Il [19]. As another example, we note that DP have been used to determine
the secondary structure of RNA, which represents how the RNA is physically folded. One popular
formulation is the RNA folding problem proposed by Nussinov and Jacobson [14].

Besides its usefulness in bioinformatics, the RNA folding problem is theoretically interesting
because it is a slight variant of two- and one-dimensional (2D/1D) DP [6], wherein a value of the
DP array is given by the maximum over the sum of two values in the DP array. For example,

D[] = max (OP(i ] + DPlE + 1)),
1<k<j

which cannot be directly formulated as an MWC. To resolve this issue, we introduce a novel

technique to formulate such a DP as an MWC using a quasi-polynomial number of vertices, and

we show that there is a (1 — §)-approximation algorithm with average sensitivity O(5~'log” n). See

Section for a more detailed technical overview and Section [ for the details of the algorithm

and the analysis.

We note that the longest palindromic subsequence problem is a special case of the RNA folding
problem. As opposed to the general RNA folding problem, the textbook DP algorithm for this
can be directly formulated as an MWC, and hence Theorem [Tl implies a (1 — §)-approximation
algorithm with average sensitivity O(6~! log® n) for this problem. See Sections B4l for more details.

1.2 Related Work

As mentioned, the notion of average sensitivity was recently proposed by Varma and Yoshida [17].
They studied various graph problems, including the minimum spanning tree problem, minimum cut
problem, and maximum matching problem and analyzed the average sensitivities of existing prob-
lems as well as developed new algorithms with small average sensitivities. Zhou and Yoshida [20]
demonstrated a (1 — €)-approximation algorithm for the maximum matching problem with sensitiv-
ity solely depending on €, where sensitivity is defined as ([B]) with the average being replaced with
the maximum over i. Peng and Yoshida analyzed the average sensitivity of spectral clustering [15],
a popular method for graph clustering, and showed that it is stable-on-average if there is a relevant
cluster structure in the input graph.

Kiirala et al. [9] investigated stable algorithms for the RNA folding problem. Their idea is to
enumerate all bases that are paired in all optimal solutions and those that are never paired in any
of the optimal solutions, then they construct the output using the enumerated bases.

1.3 Technical Overview

Maximum Weight Chain. Our algorithm is based on the divide-and-conquer method. For a
vertex v € V in the input graph G = (V, E,w), let V_, (resp., Vi) be the set of vertices v' such
that there is a chain from v’ to v (resp., from v to v’). Then, we pick up a “middle” vertex o as a
pivot and recurse on the two subgraphs induced by V_z and V., respectively. The output of our
algorithm is obtained by concatenating that for V_z, the vertex v, and that for V3 in this order.
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We use the exponential mechanism [I2] to select the pivot ©. Specifically, we sample a vertex
v € V as a pivot with probability proportional to exp(r(v)/c), where r(v) is the maximum weight
of a chain containing v, and ¢ is an appropriately chosen constant.

We first discuss the approximation ratio. Because the maximum 7(v) over v € V equals the
optimal value of the original instance, in expectation, the optimal value does not decrease much
by forcing v to be in the output. Indeed, for some appropriate choice of ¢, we can prove that
the expected value of r(v) is at least 1 — € times the optimal value of the original instance, where
€= O(ﬁﬂ‘,‘) This means that, intuitively, one depth deeper in the recursion decreases the approx-
imation ratio by e. Hence, if the depth of recursion were to be O(log [V'|), then the approximation
ratio would be bounded by 1 — 4.

Generally, however, the depth of the recursion can go beyond O(log|V]). This is because the
choice of ¥ is not uniformly at random, and there is a chance that one of V_z or V5 has almost the
same size as V with high probability. To resolve this issue, we sample ¢ from a set Uy of vertices
v € V such that |[V_,| < d and |V,,| < d, where d is |V| times some constant in (0,1). We can
prove that such a vertex set still has a vertex v such that r(v) is equal to the optimal value of the
original instance. With this modification, we can bound the depth of the recursion by O(log|V])
and obtain the approximation ratio of 1 — .

By contrast, the average sensitivity analysis is far more involved. The main part of our analysis
is to prove that the distribution of the pivot © does not change much on average by deleting one of
the potentially missing sets. Specifically, we bound the following average total variation distance:

% f: TV(ALG(V), ALc(V \ S))), (4)
i=1

where TV (X, X,) represents the total variation distance of two output distributions X; and Xs.

Let us assume for now that the average total variation distance is small. To bound the average
sensitivity of our algorithm, for each i € {1,2,...,n}, we transport probability mass of ALc(V)
corresponding to a particular choice of the pivot v to that of ALG(V'\S;) corresponding to the same ©
as far as possibleﬁ In this way, we can transport 1—TV(ALG(V), ALG(V'\S;)) amount of probability
mass for each i. For the probability mass transported this way, we recursively transport probability
mass from ALG(V_5) to ALG(V_5\S;) and from ALG(V5) to ALG(V5\S;), and then apply the same
analysis. The remaining probability mass of TV(ALG(V), ALG(V '\ S;)) is transported arbitrarily.
Its contribution to the average sensitivity can be bounded by TV(ALG(V), ALc(V'\ S;)) - n, which
is small.

We now explain how we bound (]). An important observation is that when we delete a poten-
tially missing set uniformly at random, the value r(v) decreases by at most # in expectation for
every v € V. Then one may think that if the factor ¢ is chosen appropriately, the decrease of the
probability to select a particular v as a pivot is small in expectation. However, this idea does not
work. The main reason for this is that we sample a pivot from Uy, not V. When |V| decreases a lot
by deleting a potentially missing set, a large number of vertices may join Uy, and the probability
of choosing a vertex as a pivot may drastically change.

To resolve this issue, we sample the threshold d from an interval, e.g., [3[V], 2|V[]. Then, we
analyze the average sensitivity by transporting the probability mass of ALG(V') corresponding to

When we bound the earth mover’s distance from above, we can use any joint distribution D because we take
the minimum over all possible joint distributions in (2). In our analysis, we often construct D by specifying how we
transport probability mass from one distribution to the other.
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a particular choice of the threshold to that of ALG(V \ S;) corresponding to the same threshold.
Note that we can do so, except for the probability mass that the threshold is in ALG(V) is in
[31V \ Si|, 3|V[]. However, the average of this mass over i is small and does not contribute much
to the average sensitivity.

Similar issues arise when we choose the scaling factor ¢ and the value € because they depend on
|[V|. We can also resolve them by sampling these values from some intervals instead of fixing these
values uniquely.

RNA Folding. Here, we describe the intuition behind our reduction from the RNA folding
problem to the MWC problem. Our reduction is inspired by a pseudo-polynomial time algorithm
for solving constrained knapsack problems on trees [11], in which they reduced the dependency of
the time complexity on the weight limit from quadratic to linear. Before getting into details, we

formally define the RNA folding problem.

Problem 1 (RNA folding [I4]). Let A be a string of length n over the alphabet 2. Let R C ¥ x 3
be a binary relation. Two pairs of indices (I,7) and (I',7") are pseudoknot if exactly one of I’ and
r’ is located between | and r, exclusively. The output is a set of pairs of indices {(l1,71), ..., (lt,7¢)}
such that any two of li,7r1,...,l;,r¢ are distinct. The goal is to maximize t subject to l; < r;,
(Ay,, Ay,) €R forallie{l,...,t}, and no two different pairs in the output form a pseudoknot.

In this work, the average sensitivity of an algorithm ALG for the RNA folding problem is defined
as 13" | dpm(ALG(A), ALG(AY)), where for i € {1,2,...,n}, A" = (a1,...,ai-1,Qi11, . .. ay) is the
sequence obtained from A by dropping a; and the distance between two solutions used in the earth
mover’s distance is the size of their symmetric difference.

Let A be an instance of the RNA folding. We want to construct a transitive DAG G such that
a chain in G corresponds to a solution for A of the same weight and vice versa.

First, we observe that a feasible solution X = {(I1,7r1),...,(lt,r¢)} for an instance A of the
RNA folding problem defines the transitive closure of a forest Tx as follows. We introduce a
vertex in Ty for each pair in X. Then, we add an edge from (I,7) € X to another (I',7') € X
whenever [I',7'] C [I,7]. The resulting graph is the transitive closure of a forest because the feasible
solution does not have a pseudoknot. For the sake of analysis, we introduce a root vertex in T'x
corresponding to a pair (0,n + 1) and regard Tx as a rooted tree.

For a feasible solution X and (l;,7;) € X, let Py ; be a path in T’x from the root to the vertex
(I;,7;). Let us consider a graph G’ whose vertex set is the set of all possible paths {Pxi}x,. We
introduce only one vertex even if the same path arises from different feasible solutions. For each
feasible solution X and a pair of base pairs (l;,7;), (li7,7i7) in X, we introduce an edge from Px ;
to Px i if in some fixed pre-order transversal of T'x, (l;,r;) appears earlier than (I;,ry). We can
then show that the resulting graph G’ becomes acyclic and transitive if the pre-order transversals
are consistent among X'’s in a certain sense, and each chain in GG corresponds to a feasible solution
for the original instance and vice versa.

An issue here is that the size of G’ is exponentially large, and thus Theorem [T applied on
G gives a polynomial bound on the average sensitivity, which is trivial. To resolve this issue, we
consider the heavy-light decomposition of T'x. An edge (u,v) in T’x, where v is a child of u, is heavy
if the size of the subtree rooted at v is the maximum among those of all children of u. Otherwise,
it is light. Ties are broken arbitrarily so that each non-leaf vertex in Tx has exactly one heavy
child. Then, we construct a graph G as follows. For each feasible solution X and (l;,7;) € X, let
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Qx,; be the list of all light edges in the path Px;. The vertex set of G is the set of all possible
lists {Qx.,i}x,i. We introduce only one vertex even if the same list arises from different feasible
solutions. For each feasible solution X and a pair of base pairs (l;,7;), (l;7,7#) in X, we introduce
an edge from Qx; to Qx i if in some fixed pre-order transversal of T'x, (I;,7;) appears earlier than
(lir,r#). An important observation here is that because there are at most logn light edges on a
path in T'x and hence in @y ;, the size of V(G) is bounded by nOUogn)  Therefore, by applying
Theorem [LT on G, we obtain a polylogarithmic average sensitivity bound.

1.4 Organization

The rest of this paper is organized as follows. In Section [, we introduce our algorithm for the
MWC problem and analyze its approximation ratio and average sensitivity. In Section [B] we discuss
some DP problems for which we can directly obtain stable-on-average algorithms by reducing to the
MWC problem. Finally, in Section dl we show a stable-on-average algorithm for the RNA folding
problem.

2 Stable-on-average Algorithm for the Maximum Weight Chain
Problem

In this section, we prove Theorem [Tl We describe our algorithm and show its basic properties in
Section 211 We analyze the approximation ratio and average sensitivity in Sections and 23]
respectively. The proof of a key technical lemma (Lemma [2.6]) in the analysis of average sensitivity
is provided in Section 2.4

2.1 Algorithm Description and Basic Properties

Let G = (V, E,w) be a transitive DAG with a vertex weight function w : V" — R,. For a vertex
set U C V and a vertex v € U, let U_, C V (resp., Uy, C V) be the set of vertices u such that
there is an edge from u to v (resp., from v to u). Note that owing to the transitivity of G, if there
is a chain from u to v, then there is an edge from u to v, and hence v € U_, holds. Let Sy,...,S,
be potentially missing antichains of G such that each vertex in V' is contained in at least one and
at most K of them. Because a chain cannot have two or more vertices from the same S;, the size
of any chain in G is at most n. Let U C V be a vertex set. Then, let w(U) =3 .y w(v), G[U] be
the subgraph of G induced by U, and opt(U) be the maximum weight of a chain in G[U].

Our algorithm is given in Algorithm [2 Given a vertex set U, we select a vertex v € U, which
we call a pivot, in a nearly optimal chain with respect to G[U]. Then we recursively apply the
algorithm on U_, and U,,. To bound the depth of the recursion, we select a vertex v from Uy
(defined at Line B) so that both |U_,| and |Uj,| are of at most a constant, say 2, fraction of |U|.
Clearly, the running time is polynomial.

The following lemma ensures that an optimal chain has a vertex in Uy for any d > %|U|

Lemma 2.1. For any U CV and d > $|U|, there is a vertex v € Uy with r(v) = opt(U), where
r(v) is as defined at Line[7 of Algorithm[2. In particular, max,cy, 7(v) = opt(U).

Proof. Let P = (vy,...,vr) be a maximal chain that attains opt(U). Let ¢ be the last index with
U] < % We prove |Uy,,| < |ﬂ2‘



Algorithm 2: Stable-on-average algorithm for the maximum weight chain problem
1 Procedure REC(U, ¢)

2 Sample ¢ uniformly from [10;?‘%('21), . 10;?%(‘5,)1)];
3 Sample d uniformly from [3|U], 2|U|];
if U = () then
L return (;
for v € U do

L Let r(v) be the maximum weight of a chain that includes v;

Let Uy be the set of vertices v € U with max (|[U_,|, |[Uty|) < d;
Sample v € Uy with probability proportional to exp(r(v)/c);
10 return REC(U_z,¢) U {v} U REC(U,,¢€);

11 Procedure MWC(G = (V, E,w), )
12 Sample e uniformly from [176~ ! log(|V]), 346 log(|V|)];
13 | return REC(Ve);

If i = k, then |U4,,| = 0 because P is maximal, and we are done. Otherwise, we have

Ul

’U-H)i‘ = ’U-H)i \ U_y ’ + ’U'H)i N U_'Uz'+1‘ = ‘U-i-vi \U_'Uz'+l‘ < ’U \ U—Ui+1’ < 77

41

where the second equality is from Ui, NU_,, | = 0 that is obtained from the maximality of P,
and the last inequality is from the definition of 7. O

For a vertex set U and an index i, let U* = U\ S;. The following lemma is useful in our analysis.

Lemma 2.2. We have

n

> (opt(U) = opt(U")) < Kopt(U). ()
i=1

Proof. Let P be a chain that attains opt(U). Then, we have

n

> (opt(U) —opt(U") <> (w(P) —w(P\ S;) = > w(PNS;) < K-w(P) = Kopt(U),
i=1 i=1 i=1

where the first inequality is from the fact that P\ S; is a feasible solution and the second inequality
is from the fact that each vertex in P belong to at most K of Sy,...,5,. O

Throughout the paper, for a distribution X and a condition P, we denote the conditional
distribution of X’ conditioned on P by (X | P). The following lemma is useful in our analysis. The
proof is given in Appendix [Al

Lemma 2.3. Let D(-,-) denote either the earth mover’s distance or the total variation distance.
Let ALG be a randomized algorithm. Suppose there is a parameter p (resp., p') used in ALG



for the instance U (resp., U'), sampled from the uniform distribution over [B,(1 + t)B] (resp.,
[B, (1 +t)BY]). Let M be an upper bound of D(ALG(U), ALG(U?)). Then for any t > 0, we have

%En: D(ALG(U), ALa(U))

1 (1+¢)B

étB < ZD ALG )| p=0p), (ALG(U")|pi:ﬁ))>dﬁ+%-¥-Z

2.2 Approximation Ratio

In this section, we analyze the approximation ratio of Algorithm [Pl First we analyze the loss caused
by the exponential mechanism at Line

Lemma 2.4. Let U CV and v be as defined in REC. Then, we have
E[r(v)] > (1 — 2¢€)opt(U).

Proof. We have

ZveUd:r(v)S(l—e)opt( exp( ( )/C) < ’Ud’ exp((l — e)opt(U)/c)
2 veu, &p(r(v)/c) T 2en, exp(r(v)/o)

= |U4| exp(—¢ - opt(U) /c) = |Uq| - W <e

Pr[r(v) < (1 — €)opt(U)] =

< Ul exp((1 = e)opt(U)/c)
B exp(opt(U)/c)

where the first inequality is from the algorithm and the last equality is from the definition of c.
Therefore, we have

E[r(9)] > (1 —€)(1 — €)opt(U) > (1 — 2¢)opt(U). O
Next, we analyze the loss caused by recursion and complete the analysis of approximation ratio.
Lemma 2.5. For any U CV and € > 0, we have
E [w(REC(U,€))] > (1 — 17elog |U|)opt(U).

Proof. We prove by induction on |U|. The statement clearly holds when |U| = 1.
Suppose |U| > 1. Let © be as defined in REC(U). Then, we have

E[w(f(U)]=E Z Pr[v [w(REC(U-,))] +w(v) + B [w(REC(U+y))])
UEUd
>E Z Pr[v ((1 = 17elog |U_y|)opt(U—y) + w(v) + (1 — 17elog |Usy|)opt(Usy))
velUy

2<1_17610g<§|m>> S Prfo = 0 (0pt(U—) + w(v) + 0pt(U))

vely



<1 ~ 17elog <§|U|>> z Prlv = 3lr(v)
_ <1 ~ 17elog <§|U|>> E[r
> <1 ~ 17elog <2|U|>> (1 — 26)opt(U)

<1 ~17elog ( \U!) > opt(U

—

> (

where the first inequality is from the induction hypothesis, the third inequality is from the definition
of 7(v), the fourth inequality is from Lemmal[24] and the last inequality is from 17log ( ) >2. 0O

— 17elog |U|)opt(U),

2.3 Average Sensitivity

In this section, we give an average sensitivity bound of Algorithm [2] and complete the proof of
Theorem [T

To evaluate the earth mover’s distance in (B), we consider transporting probability mass of
MWC(V) corresponding to a particular choice of € to that of MWC(V '\ S;) corresponding to the
same choice of e.

First, we focus on analyzing the average sensitivity of the procedure REC for a fixed ¢, which is
defined by

% En: EM(REc(V,€), REC(V \ Si,€)).
i=1

As € is fixed, we drop it from the argument below. We transport probability mass of REC(V)
corresponding to a particular choice of the pivot v to that of REC(V \ 5;) corresponding to the
same pivot as far as possible. For a fixed v, we transport probability mass from REC(V_3) (resp.,
REC(Vig)) to REC(V_5\S;) (resp., REC(V45\S;)) as far as possible, where the mass is transported
recursively in the same way as was done from REC(V) to REc(V \ S;). Because REC(V_3) and
REC(Vyg) (resp., REC(V_; \ S;) and REC(V 5 \ S;)) are independent for fixed v, we obtain a
probability transportation from the probability mass of REC(V) to that of REC(V \ S;) as their
direct product. The remaining probability mass is transported arbitrarily.

For U C V, we denote the random variable ¥ chosen in REC(U) by 9(U). Let nyy be the number
of potentially missing sets S; with U N'S; # (. The main part of our analysis is to bound the
average total variation distance of the pivot. Specifically, we prove the following.

Lemma 2.6. For any fired 0 < € < 0.05, we have
1 1
— Y TV@EU),5U\S)) <0 <— - Ke 'log (|U|e—1)> . (6)
ny . ny
i: UNS;#0
We postpone the proof of Lemma [2.6] to Section 2.4] and continue our discussion assuming that

Lemma holds.
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For each i € {1,...,n} with U N S; # (), we transport the probability mass from REc(U) to
REC(U \ S;) as far as possible. Using our transportation scheme, the total amount of probability
mass that is transported to that with a different pivot is TV (9(U),o(U \ S;)). For this mass, we
bound the Hamming distance between solutions on U and U \ S; by ny, which is a trivial upper
bound from the fact that U is covered by ny antichains. By taking the average over i, we have
that this bound contributes to the average sensitivity by at most (@) - ny = O (K e !log (|U|e_1)).

Next, we focus on the mass transported to that with the same pivot. Here, we must also analyze
the average sensitivity incurred by recursions. For an integer j > 0, let U/; be the family of sets
U C V such that REC(U) is called in one of the recursion steps of depth j. Here, we regard REC(V)
as the unique recursion step of depth 0, and hence Uy = {V'}. Because we choose the pivot from
Uq, we have |U| < (3)” |V for all U € U;, and it follows that the maximum integer j with U; # 0,
denoted k, is O(log |[V']). Now the average sensitivity of REC is bounded by

—ZE Z S TVEO),UNS)) | - 7

J=0Ueld;,S;inU#0

For any i € {1,...,n}, at least one of U_3 N S; and U5 N S; is empty because S; is an antichain.
Therefore for every j € {0,...,k}, there is at most one set U € U; with S; N U # (), which implies
that the third summation in (7)) is taken over at most one set.

We have the following main lemma.

Lemma 2.7. We have
1 n
- > EM(REC(V),REC(V \ S;)) < O (Ke ' log|V|log ([V[e™)).
=1

Proof. We have

%zn:EM(REC(V) REC(V \ S;)) ZE Z Y TV@EU),BU\S)) n
i=1

J=0 Ueld;,S;NU#D

%Z S TV @U), R\ S) 0

vel; \i: S;nU#D

- Z O (Ke 'log (|Ule™)) -nu

UGZ/{

<
I
o

IN I

<.
Il
o

O (Ke 'log (|V]e™))

] =

<.
Il

—~ O

<O (Kelog|Vl]log ([VIe™)),

where the first inequality is from (), the second inequality is from Lemma 2.6] the third inequality
is from ZUeuj ny < n and |U| < |V], and the last inequality is from k& < O(log |V]). O

We analyze the average sensitivity of MWC:

— 11 —



Proof of Theorem [Tl If 5=' > |V|, then the theorem clearly holds because the average sensitivity
is at most |V| = O(K6 'log®|V|). Therefore, we assume 6! < [V/|. Then, from Lemma 23] the
approximation ratio is at most 1 — 4.

Let B = 176"'log |V|. The average sensitivity is bounded as

% Zn: EM (MWC(G, ), MWC(G[V'\ S],4))

izll 2B 1 n
: E/B <E ZEM (MWC(G,9)) [ et =b),(MWC(GIV \ §],0) | " = b)>> db
log\V\

IN

28 " log(VI-ISi)
— O (Kblog? (|V|b)) db+ 2 - <1——Z>
5 /B (<blog? (V1) b+2-3 L

pat log |V|
<O (KBlog®(|V|B)) +2-1- |1I/{||Y|1
< O (KBlog?(|[V|B)) + O(K)
< O (KBlog*(|[V|B)) = O(K¢ 'log |V|log? (|V|§71)) < O(K5 ' log® |V]),

where the first inequality is from Lemma 23] the second inequality is from Lemma [2.6] the fourth
inequality is from the convexity of log =, and the last inequality is from 6=! < [V]. O

2.4 Proof of Lemma

In this section, we prove Lemma 2.6l We focus on the case U = V because the statement for U C V
is obtained by replacing n by ny and the potentially missing sets S1,...,.S, by S;;NU, .. San N,
where S, ... 7SinU are the potentially missing sets with nonempty intersection with U.

Since Lemma is trivial when |V| = 1, we assume that |V| > 2. In this section, we denote
V '\ S; by V' for notational simplicity. We also denote r(v) and v in REC(V?) by 7%(v) and o,
respectively. Furthermore, we assume that each potentially missing set is a proper subset of V.
This assumption does not lose the generality because adding V itself as a potentially missing set
increases the LHS of (@) by at most 1 and its RHS by at least O (£e~!log (|V[e71)).

Now, we analyze the contribution of sampling parameters ¢ and d in Algorithm [ to the total

variation distance, using Lemma 23l We start by analyzing c.

Lemma 2.8. We have

%ZTV(@,#)_ sup ( ZTV v|c—é)(i|ci:é)))+%-8Klog(|V|e_1),
=1

¢€[B,2B]

__eopt(V)
where B = l()g(ap‘/ﬁ'

- 12 —



Proof. Fori=1,...,n,let B* = _copt(V1) Then, by applying Lemma 23] we obtain

og([V/ e D)
1 — .
_ TV (9.7
n; V(©,7')

S lzn:TV((fD]c—é) (0" | =¢)) | dé+ — Zil—gi

~ 2B n— - 1 B

< sup lzn:TV((’D’c:é) ('] =¢) +1-2.§:i|3—3i\. (8)

~ ¢e[B2B] ’ n L~ B

i=1 i=1
Now, we have
1 B - Bi‘ 1 copt(V?) ~_eopt(V)
B ~ Bllog([V'[e™!)  log(|V]e™!)
1] eopt(V?) eopt(V) 1| eopt(V) eopt(V)
S ey — - N ey i - _ ’ (9)
B [log(|Vie~t)  log([V*|e=!)| = B [log([V*]e~!)  log(|V]e~1)
where the inequality is from the triangle inequality. Now, we have
2": 1| eopt(V')  eopt(V) | _ E": log (|V]e™t) ~ opt(V)
2B [log (Ve Tog(Ve )| ~ 25 Tog (7 1) \'~ opt()
" log (|V|e_1)
< — .1
- Zlog(\w!e ")
K[V| log([V]e")

V=1 log(eh)
< 2K log (\V!e_l) , (10)

where the last inequality is from |V| > 2 and € < 0.2. The second inequality is obtained as follows.
Since Y (|V]—|V?]) = >0 |Si] < K|V, we have

max Z
Zlog |Vl|e—1 1<x1, SenS|V|=Larttan K|V £ log ((|V] —x) -1

K|V| 1
V=1 log(1-e1)’

where the second inequality is from the convexity of when considered as a function

1
log((|[V]—z)e~ 1)’
of x. Furthermore, we have

"1
25
=1

eopt(V) eopt(V
log([V7e1)  log ( |V|€‘1

1 1
Zlog Vie™ <1og(|Vi|e—1) - log(|V|6_1)>

[ KV 1 1
< log (IVI™) - <|V| . <log<e—1> - 1og<|V|e—1>>>
<2Klog ([V]e!), (11)
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where the first inequality is obtained by the similar argument as above, using the convexity o
here the first lity is obtained by the simil t b th ty of
=Ty as a function of x, and the second inequality is from |[V| > 2 and ¢ < 0.05

O

Tog((V]—2)e 1)

1 1
=Ty " Tog([V]e~
We obtain the claim by combining (&), (@), (IQ), and (1))
Next, we evaluate the contribution of sampling d to the total variation distance

Lemma 2.9. We have

1 L
;ZTV(’U,’U)

=1

3
4 Vi1 o S . 1
< sup / — TV((v]ec=¢d=4d),@" | =¢d =d dd | +—-9Klog (|V]e "),
cem](rvr o (ng (@] ), (0" | >)> ) - (IVle™)
eopt (V)

where B = Tog([VIe=T)
Proof. We have

1 « .
EZTV((T)ICZC),(U’ICZ—C))
=1
LA RS N (5 b d 3|l
o —» TV((0|c=¢d=d), (@ | =¢d =d) 2
V1 Jiv (n; ( ) 31V
e,d=d), (0" | ¢ = d—d)) dd+ L. 3K
) - n 9

c=¢,d=

S 7
V1 v —
where the first inequality is from Lemma 23] and the second inequality is from the fact that each
vertex in V is contained in at most K of the potentially missing sets. Therefore, we have

1« ”,.
EZTV(U,U)
< sup ( ZTV =¢), (0" | =29) +— 8K log ([V]e™)
CE[B2B
3
4 iVl 1 . _ s 1
< sup —/ — TV((v|c=¢,d=d),@" | =¢d = dd+ — - 3K
ae[B2B <|V| v (ni:1 <( | ) " ))> n >
+— 8K log (|V]e™)
4 iVl (1 . .
< sup —/ TV((®|c=¢d=d),@" | =¢d =d dd
ée[B,2B}<|V| V| <n§; <(| ) (@] ))) )
1
+— 9K log (|V|e™!).
n
Now, we focus on bounding the value
1 - = % T oA U
;;TV((U d=d),@ | ¢ =é.d d))



for fixed ¢ and d. For notational simplicity, we write conditional probabilities such as Pr[v = v |
c=¢d=d) and Pr[v =o' | ¢ = ¢,d* = d] as Pr[v = v | ¢,d] and Pr[v = v’ | é,d], respectively.
Now, we have

Ly v G N =i | G A g5
H;Tv((vlc:c,dzd),(v ¢ =ad = d)

= %Z Z Pr[o = v|é, d] + % Z Z max (O,Pr[f) = vl¢,d] — Pr[o’ = vlé, (i]) . (12)

i=1 ves; i=1 veVy\S;

A A,

In the second term, because max (O, Prjv =v | é,d) —Prjo" = v | ¢, d]) is positive only if v € Vg,
we can take the sum over v € V; \ S; instead of v € V'\ S;.
We evaluate the two terms of (I2]) separately. The first term is simple.

Lemma 2.10. For any ¢ and af, we have

Proof. We have

i=1 veS; =1

where the inequality is from the assumption that each element of V' is contained in at most K of
S1, ., Sy, O

Let us evaluate the second term. Now, for v € V; \ S;, we have

max (O,Pr[T) =v|é ci] —Prfot = v ¢, cf]) = max (07 = exp(r(v)/c) B exp(r(v)/c) >

wev, P(r(v)/e) Yy exp(ri(v')/c)

) exp(r(v)/c) — exp(ri(v)/c) -+ max (07 exp(ri(v)/c) B eXp(ri(U)/C) ) 7 (13)

T Zvevexp(r(v)/c) Dwev, p(r(v)/e)  Yyevi exp(ri(v')/c)

where the equality is from the design of the algorithm and the inequality is from the following
inequality
max(0,b —a) < (b — z) + max(0,z — a),

which holds for any = < b.

Let us give some intuition about the two terms in ([3]). Consider deleting S;. The first term
of (I3) represents the decrease of the value Pr[t = v | &, d] caused by the decrease of r(v), which is
positive when S; crosses all MWCs v. The second term of (I3]) represents the decrease of the value
Pr[o = v | ¢,d] caused by the increase of the denominator > vev, €xp(r(v)/c), which happens when
Va C Vdi holds.

The next lemma bounds the first term of ([I3]).
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Lemma 2.11. Conditioned on having chosen c = c¢' = ¢ and d = d' = d, we have

_Z Z eXP v)/c) — exp(r ( )/¢) S% e_llog (|V|€—1)'

i=1 veVy\S; v "eVy eXp( ( )/C)

Proof. We have

explr(v)/c) — exp(ri()/e) (e ()0
S e (@9 ]<1 )

o r(v) — ri(v) (14)

where the first equality is from the algorithm and the inequality is from 1—exp(—z) < z. Therefore,
we have

ex c) —ex c 1 o r(v) — ri(v
DIPD pzve/vdexm F(w(c))/)ﬁﬁzpﬂﬁzv'q ¥ T

=1 veVy\S; veVy i S;Fv
1 - Kr(v)
< — Prio = %
<Y pgo—oled. K
veVy
1 K
< —-—-opt(V)
n
1
<— Kellog (Ve '),
n

where the first inequality is from (I4]), the second inequality is from Lemma [22] the third inequality
is from r(v) < opt(V') and the last inequality is from the definition of c. O

The next lemma bounds the second term of ([I3]).
Lemma 2.12. Conditioned on having chosen c = ¢ = ¢, we have

NS S e [0, @RE@eatrw)/e) iy
’V’/v nz Z <O7 2wev, exp(r(v')/c) vaevdzexp(r’( )/c)> ddgn K.

i=1 vGVd\SZ‘

Proof. First, we have

(o _ew)e @)/
7Zv’€Vdexp(( )/C) ZU’GVd’ eXp(TZ( )/C)

(el e/

S s ()] Sy, o, Xp(@)/0)

(el e/

S O S Sy, exp ()]0
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exp(r'(v)/c) exp(r'(v)/c)

T e o)) Tey,, ,, epr()/o)
exp(r(v)/c) exp(r(v)/c)
S S e e, SO/ (15)
where the first inequality is from V) C Vd+\ s;| that is from max (V7 [, |V, [) > max (|V_y], [Vio|) +

|Sil, the second and the last inequality is from r(v) < r(v), and the equality is from Vg C Vg,
By taking the expectation over d, we have

I (o, R0/ et/
\vw/ vl 2 ( T e, exp(r ()] zvfevdiexpw(v/)/c)) o

1=1 UEVd\S

e ep(r(v)/e)  exp(r(v)/o)
Srvw/ s = <zvfevdexp<r<v'>/c> zvfevwexp(r(v')/c)) 4

1y /N’ exp(riv)/e) ., 4 iV exp(r(v)/c) dd)
n =\ VI Jyv, GV\S Y wev, exp(r(v')/c) VIJswvisisi o, 2vev, xp(r(v)/c)

1y /2”'5 ep(r(v)/e) . 4 AV exp(r(v)/c)
ne \ Vw5 \S S e/ Vil S e, en(r()/e)

1y /2“'3 exp(r(v)/e)

Ton V] \4 e \s > ey, exp(r(v')/c)

<1 ZM 5<% - KIVI = 145,

where the first inequality is from (), the second equality is obtained by cancelling the integral
intervals, third inequality is from

<1,

Z exp(r(v)/c) < ZUEVd\Si exp(r(v)/c)

B S, O S o T

and the fourth inequality is from >, |S;| < K|V|. O
Combining (I3) and Lemmas 2T1] and yields the following.

Lemma 2.13. Assume Algorithm [ chose the parameter ¢ = ¢! = é. Then, we have

Vi1 > . , . ~ 1
- /4 =3 max <O,Pr[®:v | é,d] — Pr[o® = v | é,d]) dd < = -2Ke log (|V]e ™).
‘ ‘ V]| ni3 veV;\S; n

Proof. By applying Lemmas 2.11] and on ([3)), we have

|V|/ " (7112”: Z maX(O,Pr[TJ v|é (i] Pr[@':v|éjj]) dd

v i=1 veV,\S;
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4 v exp(r(v)/c) — exp(ri(v)/c)
= \4 /;v Z 1- <

n i=1 UEVJ\S Z’U’EVdA eXp(T('U/)/C)

exp(r'(v)/c)  exp(r'(v)/c) ;
e (0’ Sver, xp(r(0)/e) | Seys exp(r (/) ) )) dd

3

4 1IVIq .1

< —/4 —Ke tlog (Ve ) dd + — - 4K
VIJiv n n

L (s g (Ve )+ 410) < L ore et o (1),

where the first inequality is from (I3]), the second inequality is from Lemma 21T and Lemma 212
and the last inequality is from e < 0.2. O

Now we complete the analysis by combining all the aforementioned lemmas.

Proof of Lemma[Z.8. We have

1 o — A 7 —1 ) P ) 1 —
EZTV ((v|c:c,d:d),(v I =¢d :d))>dd) + = 9K log (|V]e™")

4 2V
< (i
¢€[B,2B] 14 2|V

max(o,Pr[@:me, A]—Pr[z‘;":v|é,d]) dd —|—%-9K10g(|V|e_1)

4 [ilvig o1 . . 1 .
< sup | == — - Kdd+ —-2Ke 'log (|[V]e ") | + =-9Klog (|[V|e ')
ceB2p) \ V] J1 n n

_ % (K +2Ke log ([V]e™) + 9K log (|V|e™1))

IN

% -3Ke tlog (|V|e_1) ,

where the first inequality is Lemma [2.9] the first inequality is from (I2]), the second inequality is
from Lemma 210l and Lemma 2.13] and the last inequality is from e < 0.2. O

3 Direct Applications

In this section, we provide stable-on-average algorithms for several DP problems by reducing them
to the maximum chain problem. For each of the problems discussed here, we construct a vertex-
weighted directed graph G = (V, E,w) and antichains S, ..., .S, from the instance A of the original
problem. If they satisfy the following conditions, then for any § > 0, we automatically obtain a
stable-on-average polynomial-time (1 — d)-approximation algorithm by Theorem [T}
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Algorithm 3: Textbook algorithm for the longest increasing subsequence problem
1 Procedure LIS(A)

2 DPi] « () foralli =1,...,n;

3 for j=1,...,ndo

4 L it argmax1§i<j:ai<aj ‘DP[i”;

5

DP[j] < DP[i*] U {j};

6 return DP [argmax, <, [DP[i]|];

G is acyclic and transitive.

e There is a surjective map from the chains in G to the solutions for the original instance
preserving the weight.

e For each element i € A in the original instance, the subgraph of G induced by V' \ S; is
isomorphic to the graph G constructed from the instance A \ {i}.

e There exists a constant K > 0 such that every vertex v € V belongs to at least one and at
most K of S;’s.

The resulting average sensitivity is O(K4§~! log? [V]). In the second condition, the surjectivety is
necessary to ensure that any solution for the original instance is represented by some chain in G
and hence that the optimal values of the two problems are equal.

3.1 Longest Increasing Subsequence

The longest increasing subsequence problem defined below showcases our methodology for obtaining
stable-on-average algorithms.

Problem 2 (Longest Increasing Subsequence). Let A = (ai,...,ay) be a sequence of integers.
Find the largest set X = {i1,...,i1} of indices such that iy < --- < iy and a;; < -+ < a;,.

The average sensitivity of an algorithm ALG for the longest increasing subsequence problem is
defined as 2 3" | dpni(ALG(A), ALG(A?)), where fori € {1,2,...,n}, A" = (a1,...,ai-1, 541, - .. an)
is the sequence obtained from A by dropping a;.

We construct the graph G = (V, E, w) to apply Algorithm 2lon as

V=A_L....,n}, E={(i,)):i<j,a; <a;}, w(i)=1foranyieV.

The graph G represents a textbook DP shown in Algorithm Bl At Lines Bl and @ of Algorithm [
we use the convention that for a condition P, DPargmax;.; stisfies p|DP[?]|] (or DP[i*] with i* <
argmax;.; «arisfies p|DP[?]|) denotes the empty set if no i satisfies P. We use the same convention in
the rest of this section.

We now check the four conditions required to apply Theorem [LIl Clearly G is acyclic and
transitive. A chain (i1,...,%) in G is bijectively mapped to a feasible solution {i1,...,4;} for the
original instance. Since F is defined solely by the inequality relation over integers, the subgraph
of G induced by V' \ {i} is isomorphic to the graph constructed from the instance A*. By applying
Theorem [T on G, S; = {i} fori=1,...,n, and K = 1, we obtain the following:

Corollary 3.1. For any § > 0, there is a polynomial-time (1 — §)-approzimation algorithm for the
longest increasing subsequence problem with average sensitivity O(5~! log? n).
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Algorithm 4: Textbook algorithm for the interval scheduling problem

1 Procedure INTERVALSCHEDULING(A, w)

2 DPi] « () foralli =1,...,n;

3 Sort input intervals in ascending order of 7; so that 1 < -+ < rp;
4 for j=1,...,ndo

5 L i* + argmax,., <, w(DP[1]);

6 DP[j] «= DP[i"] U {[l;,75)};

7 return DP [argmax; <;<,,w(DP[i])];

3.2 Interval Scheduling
The interval scheduling problem, defined below, can be used to model scheduling tasks.

Problem 3 (Interval Scheduling). Let A = {[l1,71),[l2,72),...,[ln,™n)} be a set of nonempty
intervals over R and let w(1),...,w(n) be positive weights. Find a subset X C {1,2,...,n} of
indices that maximizes the total weight ) ;s w(i) such that for any distinct i,j € X, the intervals
(li,ri) and [lj,r;) are disjoint.

The average sensitivity of an algorithm ALG for the interval scheduling problem is defined as
L5 dem(ALG(A), ALG(A?)), where for i € {1,2,...,n}, A’ is the set of intervals obtained from
A by dropping the i-th interval [l;,r;).

We construct the directed graph G = (V, E, w) to apply Algorithm 2l on as

V={1,....,n}, E={(,j):r<l}

and w is the same weight function as the one for the original instance. The graph G represents a
textbook DP shown in Algorithm [l

We now check the four conditions required to apply Theorem [[LIl Clearly, G is acyclic and
transitive. A chain (i1,...,4;) in G is bijectively mapped to a solution {iy,...,4;} for the original
instance. Since E(G) is defined only by the inequality relation over integers, the subgraph of G
induced by V' \ {i} is isomorphic to the graph constructed from the instance A’ (and w restricted
to {1,2,...,n}\ {i}). By applying Theorem [T on G, S; = {i} fori =1,...,n, and K = 1, we
obtain the following.

Corollary 3.2. For any § > 0, there ezists a polynomial-time (1 — §)-approzimation algorithm for
the interval scheduling problem with average sensitivity O(5~! log® n).

3.3 Longest Common Subsequence

The longest common subsequence problem is defined as follows:

Problem 4 (Longest Common Subsequence [4]). Let Ay,..., A be strings over some alphabet.
Find a set X ={(p1,1,---,P1k)s--->De,1,---,Pek)} of index lists of the same length that mazimize
t subject to 1 <p;1 < - <pig < |Ai] for alli and Ayp, ;, =+ = A py,.; for all j.

The distance between two solutions X7, Xs is defined by | X7 AX5|, where we regard X; as a set
of lists, each consisting of k indices, and two lists are regarded as equal if they consist of the same
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Algorithm 5: Wagner and Fischer’s algorithm
Procedure LCS(A4;,..., Ay)

=

2 DP[p1,...,pi] < 0 for all 1 < py < |Aq],...,1 < pp < |Al;

3 fOI’qlzl,...,|A1|dO

4

5 fOI'qk:1,...,|Ak|dO

6 if A17q1 == Ak#]k then

7 (pfv s 7p2) — argmaxp1<q1,...,pk<qk,A1,p1:---:Akypk |DP[p1, cee ,pk”;
8 DP[Q1,,Qk]<—DP[p>{,,pZ]U{(]b,Qk},

o | return DP [argmaxALplz,,,:Akypk IDP[p1, ..., pk]||;

set of elements in the same order. Note that this distance upper-bounds the edit distance [5] of the
two outputs regarded as strings.

We consider the situation that one of the |A;| 4 --- 4 [Ag| letters in the input is deleted. For
i€ {1,2,...,k} and j € {1,2,...,]A4;]}, let A] denote the string Air e AijaAijyr -, Agay)
Then, the average sensitivity of an algorithm ALG is defined as
kAl
1 j

= ZZEM (ALG(Al, .. ,Ak), ALG(Al, . 7Ai—1,AiaAi+1, .. ,Ak)> .
izt [Ail i j=1
We construct the graph G = (V, E, w) to apply Algorithm 2l on as

V={(p1,....ok):pie{l,..., |4} forall i =1,... .k, A1y, = = App, }}

E={((p1;--px), (155 qr): 1 < q1s- - Pk < Qi)
w(v) =1 for every v € V.

The graph G represents a DP due to Wagner and Fischer [I§] shown in Algorithm [l
We now check the four conditions required to apply Theorem [[LIl Clearly, G is acyclic and

transitive. A chain (p1717 cee 7p1,k)7 R (pt,17 cee 7pt,k) in G is bijectively mapped to a solution
{115 s01k)s s (P15 - -, Pe)} for the original instance. For i = 1,...,k and j = 1,...,|4;],
let

Sig =A{(p1,---.pe) € Vipi=j}. (16)

Note that S; ; is an antichain in G. Since F is defined only by the inequality relation over integers,
the subgraph of G induced by V' \ S; ; is isomorphic to the graph constructed from the instance

(Al,...,Ai_l,Ag,AiH,...,Ak). By applying Theorem [[LIl on G, S;; for all i = 1,...,k and
j=1,...,|4;], and K =k, we obtain the following.

Corollary 3.3. For any § > 0, there is a polynomial-time (1 — §)-approzimation algorithm for the
longest common subsequence problem with with average sensitivity O (/4;5_1 log? (Hle \Al\))
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Algorithm 6: Folklore algorithm for the longest palindromic subsequence problem

1 Procedure LONGESTPALINDROMICSUBSEQUENCE(A)

2 DP[p|[q] + 0 for all 1 < p < ¢ < n;

3 for pp=1,...,ndo

4 DP[ps][p2] = {p2};

5 for go =ps+1,...,n do

6 if A,, = Ay, then

7 L (p1,47) < argmax,, <, <, <q,.A,, =4, PP[P1][01];
8 DP[ps][g2] - DP[pillai] U {p2, a2};

9 return DP [argmaxpgqﬂp:AJDP[p] [q]];

3.4 Longest Palindromic Subsequence

The longest palindromic subsequence problem [2, 4] searches for a longest palindrome that is a
subsequence of the input string, where a string is called a palindrome if it is identical to itself
reversed. The problem is formally defined as follows:

Problem 5 (Longest Palindromic Subsequence []). Let A be a string of length n over some

alphabet. Find a largest set of indices {i1, ... i} such thatiy < --- < i; and the substring A;, ... A;,
1s a palindrome.

The average sensitivity of an algorithm ALG for the longest palindromic subsequence problem is
defined as 1 3°7 | dpn(ALG(A), ALG(AY)), where for i € {1,2,...,n}, A® is the substring obtained
from A by dropping the i-th letter.

We construct the graph G = (V, E, w) to apply Algorithm 2lon as

V(G)={(p,q): 1<p<qg<n, A=A},
EG)={((p1,q1),(®2,92)): p1 <p2 <2 < 1},
2 ifp<uy,

w((p,q)) = | ifp—g

The graph G represents the folklore DP shown in Algorithm [6] which is given as an exercise in [4].

We now check the four conditions required to apply Theorem[I.Il Clearly, G is acyclic and tran-
sitive. A chain ((p1,¢1),.-.,(pt,q)) in G is bijectively mapped to a solution (p1,...,pt, Gts---,q1)
for the original string if p; < ¢; and (p1,...,pt =qt,-..,q1) if (pr =q¢). Fori=1,...,n, let

Si={(p,q) €V:ip=iorq=i}. (17)

Note that S; is an antichain in G. Since FE is defined only by the inequality relation over integers,
the graph induced by V'\ S; is isomorphic to the graph constructed from the string A*. By applying
Theorem LI on G, S; for i = 1,...,n, and K = 2, we have the following:

Corollary 3.4. For any § > 0, there is a polynomial-time (1 — §)-approzimation algorithm for the
longest palindromic subsequence problem with average sensitivity O(5~! log? n).
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Algorithm 7: Textbook algorithm for the knapsack problem

1 Procedure KNAPSACK(A)
DP[i][p] « D foralli=1,...,nand p=0,...,C;
foris =1,...,n do
for po =c(iz)...,C do
L (i1, PT) = ATGMAX;, <y b, 4e(in)<po W (DP[i1][p1]);
DP[ia][p2] ¢ DP[i][pi] U {i2};

7 return DP [argmax] ,w(DP[i][C])];

o otk WN

3.5 Knapsack Problem with Integer Cost

The knapsack problem [§] is one of the most classical optimization problems and is defined as
follows.

Problem 6 (Knapsack Problem [8]). Let A be a set of n items and C be a cost limit. The items
are numbered 1,...,n. FEach item i has a cost ¢(i) and a weight w(i). Find a subset X of A that
mazimizes the total weight ),y w(i) subject to ) ;-5 c(i) < C.

As with other problems discussed in this section, the average sensitivity of an algorithm ALG
for the knapsack problem is defined as 1 37 | dpai(ALG(A), ALG(A?)), where for i € {1,2,...,n},
A" is the instance obtained from A by deleting the i-th item.

Here, we consider a special case of the knapsack problem with an additional constraint that C
and ¢(7) are integers. The graph G = (V, E, w) to apply Algorithm [2 on is defined by

V=AG,p):ie{l,....,n},p € {c(i),...,C}},
E = {((i1,p1), (i2,p2)): i1 <i2,p1 + c(iz) < pa},
w(i,p) = w(t) for any (i,p) € V.

The graph G represents a textbook algorithm shown in Algorithm [7

We now check the four conditions required to apply Theorem [LIl Clearly, G is acyclic and
transitive. A chain ((i1,p1),- .., (it,p)) is bijectively mapped to a solution {ii,...,i;} for the
original instance. For i = 1,...,n, let

S ={(i',p) e V:i=14}. (18)

Note that S; is an antichain in G. Since F is defined only by the inequality relation over integers,
the subgraph induced by V \ S; is isomorphic to the graph constructed from the instance A’. By
applying Theorem [LTlon G, S; for i = 1,...,n, and K = 1, we obtain the following.

Corollary 3.5. For any § > 0, there is a polynomial-time (1 — §)-approzimation algorithm for the
knapsack problem with average sensitivity O(5~" log®(nC)).

4 RNA Folding
In this section, we provide a stable-on-average algorithm for the RNA folding problem.
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Algorithm 8: Nussinov and Jacobson’s algorithm [14]

1 Procedure CUuBICRNAFOLDING(A)
DP[i][j] < 0 for all 1 <i,j < m;
ford=2,...,ndo
fori=1,...,n—d+1do

Ji+d—1;

DP[i][j] <= max;<k<;(DP[i][k] + DP[k + 1][5]);

if (Aw AJ) € R then

| DP[i][5] < max(DP[i][j],DP[i + 1][j — 1] + 1);

® N o A W

9 return DP[1][n];

Theorem 4.1. For any 6 > 0, there exists a quasi-polynomial-time (1—0)-approzimation algorithm
for the RNA folding problem with average sensitivity O(5~ log” n).

The stable-on-average algorithm presented here is far more complicated than the algorithms in
the previous sections. First, we explain why a naive algorithm does not work. Algorithm [ is the
algorithm for computing the optimal value of the RNA folding problem according to Nussinov and
Jacobson [14]. Here, DP[i][j] is supposed to store the optimal value for the substring A;A; 1 --- A;.
Since we should calculate the maximum over the sum of two values stored in DP at Line [0l in
Algorithm [§ the DP performed in Algorithm [§] cannot be (easily) written as MWC. To resolve
this issue, we convert this DP into another DP that can be regarded as a maximum chain problem
on DAG.

4.1 Graph Construction

Consider constructing a graph G = (V, E,w) such that a chain in G can surjectively be mapped
to a solution for the original string with the same weight. The simplest (unsuccessful) idea for
constructing G is to introduce a vertex for each pair (/,r) with (A;, 4,) € R and define E so that
we can recover a solution for the original string from a chain in G, e.g.,

V={(lr):1<l<r<n,(A,A)€R}
E={((l1,m1),(la,r2)): r1 <lgor Iy <ly <19 <71}

However, this idea does not work because a chain in G may not correspond to a feasible solution.
For example, if A = abbcac, then there should be edges ((1,5),(2,3)) and ((2,3),(4,6)) in G but
((1,5), (4,6)) should not exist in G because ((1,5), (4,6)) is a pseudoknot. However G is no longer
transitive.

We can think of another (unsuccessful) idea for constructing G that resolves the aforementioned
issue. Here, a vertex in G corresponds to a list of pairs ((I1,71), ..., (I, rr)) with (4;,, A,,) € R for
every ¢ such that I; < [; <r; <l; for every i < j, which encodes the peeling structure of a solution.
To define the edge set of G, we define a partial order <’ over index pairs such that (I,r) <’ (I’,r’)
holds if r < I’. Then, we define G = (V, E,w) as

V:{((llarl)v"'v(lkark)): (Alj7A7‘j) € R for all] :17"'7]{7711 << < < <T1}7
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E = {(((11,7’1), ERRR) (llwrk))? (( /17743)7 ) (1;6774;)))
the former is lexicographically smaller than the latter under the partial order <'},

where for two lists v = (21,...,25),v" = (2],...,2},) of pairs, v is lexicographically smaller than
v" if v is a prefix of v" or x; <’ 2, holds for the first index j with x; # 7.

In this example, a chain ((I1,1,71,1), -5 (ks T180))s - (L1, me1)s -+ (Liky» Teky)) Of G can
be surjectively mapped to a solution {(lix,,71,k)s -, (L sr---+7ek,)} of the original problem.
Furthermore, if we set the weight of all vertices in GG as 1, this mapping preserves the weight.
However, an issue of this reduction is that |V| can be exponential in n. Since the average sensitivity
of MWC is polylogarithm in |V, the average sensitivity on G obtained by applying Theorem [L1]
becomes polynomial of n, which exceeds the trivial bound of n.

However, we can refine the second idea to reduce the size of G. Let X = {(l1,71),..., (lt,7¢)} be
a feasible solution for the original string. Let Tx be a tree on the vertex set {(l1,71),..., (lt,7¢)} U
{(0,n + 1)} such that (I,r) is an ancestor of (I’,r’) if and only if [I',7'] C [I,r]. We then make use
of the heavy-light decomposition of T in our construction.

Next, we consider the following construction. As with the second idea, a vertex in G corresponds
to a list of pairs ((I1,71),..., (lk, %)) with (A;,, Ar,) € R for every i such that [; < l; < r; < ; for
every ¢ < j, but we do not introduce vertices for all such lists. Instead, we only keep the ones in
which the pairs in the list represent the light edges along the path from the root to (I, %) in a tree
Tx for some solution X. The important observation here is that because there are at most logn
light edges on a path in T, [V is bounded by n®(°8™) Therefore, by applying Theorem [T on G,
we can obtain a polylogarithmic average sensitivity bound.

The graph we construct to apply Algorithm [2 on is designed to represent the computation of the
DP algorithm given in MWCRNA(A) of Algorithm @l For an interval I, let [(I) and r(I) denote
the left and right ends of I, respectively. For an interval I, RECRNA(J) computes an optimal
solution that matches bases in [I(I) + 1,7() — 1]. A call of RECRNA(TI) first tries all possibility of
an interval H, which is a heavy child of I in tree T. Then, we compute the optimal way to match
bases in [I(I) + 1,7(I) — 1]\ H via DP using a recursive call of RECRNA(L), where L is an interval
corresponding to a light child of I. Finally, we recursively call RECRNA(H) on the heavy child H
and take a solution of maximum weight over all possibility of H.

In Algorithm [0 Tmp[l(H ), r(H)][{] in RECRNA(I) represents a solution with maximum possible
weight under the constraints

e (I(I),r(I)) is matched,
e (I(H),r(H)) is matched,
e the way to match the bases in [I(I) + 1,4] \ [[(H),r(H)] is already determined, and

e all remaining bases, which are the bases in [0,n+1]\ [ and [i+ 1,1(1) —1JU[I(H)+1,7(H) —
1\ {i(H),r(H)} are not matched.

The transition in Line [0l and Line [I0 decides to match the bases in [[(L),r(L)]. Here, Line
considers the cases r(L) < [(H) and Line [0 considers the cases r(H) < [(L).

Let us formally construct the graph G = (V, E,w) so that Algorithm 2] can be applied on it. A
pseudo-interval is either an interval or (). The pseudo-interval I’ is strictly inside another interval
Iif I' CTand {I(I),r(I)}NnI' =10, ie., I'is contained in I but does not contain the endpoints of
I. A triple (I, H, L) of pseudo-intervals is well-ordered if all the following conditions hold:
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Algorithm 9: Algorithm for RNA Folding Problem Modeled by the MWC Problem
1 Procedure RECRNA(J)

2 for H = [I(H),r(H)] € [I(I) + 1,7(I) — 1] s.t. Ay = Apy do
3 Tmp[HI[I(1)] + {(I(H),7(H))};
4 forr=1(I)+1,...,l(H)—1do
5 (6%, L*) <= argmax(; ). L—{(L),r|Ci(I)+1,r(D)+1\H,I(1)<i<i(L), RECRNA(L) ;
(Ai(py,Ar)ERr—I(L)<r(H)—I(H)
6 Tmp[H][r] - Tmp[H][¢*] U {({(L*),r(L*))} U RECRNA(L*);
7 B > Reuse RECRNA(L*) computed above.
forr=r(H)+1,...,1(I) —1do
(i*, L")
argmax(; ). L=[i(L),r]C(I)+1,r(I)—1\H,I(1)<i<I(L),r(H)<I(L), ‘RECRNA(L) ;
(Ayry,Ar)ERr—I(L)<r(H)—I(H)
10 Tmp[H][r] - Tmp[H][¢*] U {({(L*),r(L*))} U RECRNA(L*);
11 B > Reuse RECRNA(L*) computed above.
12 R(H) + RECRNA(H) U Tup [argmaxie[lu)m)_” (Tmp[H] [z’]”
13 | H* < argmaxy—(m) (1) Ci(n)+1,0(1)—1), RH);
(A A ) ER
14 | return R(H");

15 Procedure MWCRNA(A)
16 | return RECRNA([0,n 4 1]);

(a) IT#0and (1) < r(I).

(b) H# 0 and I(H) < r(H).

(¢) H and L are strictly inside I.
(d) HNnL=0.

Intuitively, (I, H, L) encodes a light edge (I, L) in T'x for some solution X, where I is a parent of
L, and H represents the heavy child of I.

Our reduction is randomized and first samples a parameter B from the uniform distribution
over [logn,2logn]. Each vertex in G is represented by a list of well-ordered pseudo-interval triples
((Ii,Hy,Ly),...,(I, H, Ly)) of length at most B that satisfies all the following conditions.

(i) For each j, I; C [0,n + 1] and Hj, L; C [1,n].
(ii) For each j, (Al(Hj),A,,(HJ.)) € R holds.
(iii) For each j with L; # 0, <A1(Lj),Ar(Lj)) € R holds.
(iv) For each j < j', I;y C L; hold.
Intuitively, the vertex ((Iy, Hy, L1),. .., (Ix, Hg, Ly)) represents a path in Tx for some solution X

from the root to Ly if Ly # () and to Hj, otherwise. Moreover, for each j with L; # 0, (I;, H;, L;)
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represents the j-th light edge (I;, L;) on the path from the root in Tx. More specifically, the first
three conditions ensure that each I;, H; and L; can appear as a vertex of T’y for some X. Note that,
to consider the dummy vertex [0, n+ 1] that appears at the root of T'x, we allow I; C [0,n+ 1], not
I; C [1,n]. The last condition ensures that, the parent of the j’-th light edge is indeed a descendant
of the j-th light edge for j < 7'

For each vertex v € V, the weight w(v) of v is set to 1.

Let us define the edge set E of G. To make G acyclic and transitive, we need a partial order
over V. First, we define a partial order < over well-ordered pseudo-interval triples. Specifically, for
two well-ordered pseudo-interval triples (I, H, L) and (I, H', L"), (I,H,L) < (I',H', L) holds if

e (I,H,L)=(I'H',L'), or

e I'CH,or

e [=1I'H=H and L =0, or

o [=I'H=H L+#0 L' #0and r(L) < I(L).

Meanwhile, these conditions imply I’ C I because H C I. Intuitively, (I, H,L) < (I',H', L") holds

if we traverse the light edge (I, L) before the light edge (I’,L’) in a fixed pre-order transversal of

Ty for some solution X. The pre-order transversal of a tree depends on the order of the children

of vertices. Here, we first traverse the light children L in ascending order of I(L), and we then we
traverse the heavy child.

We introduce an edge from the vertex ((I1, Hi, L1), ..., (I, Hy, Ly)) to (11, Hy, L), ..., (I}, Hl., L))

if the former is lexicographically strictly smaller than the latter, where we compare triples by the

order <. The next lemma ensures that < is indeed a partial order. This also ensures that G is
acyclic and transitive.

Lemma 4.2. < is a partial order.

Proof. The reflexivity of < is clear from the definition. Now, we prove < is antisymmetric. Assume
(I,H,L) # (I')H', L) satisfies (I, H,L) < (I')H', L") < (I,H,L). Then, we have I C I’ C I and
therefore I = I’ and H = H'. If L = (), we have L' = () because of (I’ H',L") < (I,H, L) and
therefore we have (I, H,L) = (I')H',L’). Finally, if L # ) and L' # 0, we have r(L) < (L) <
r(L') < I(L) < r(L), which is a contradiction. Therefore < is asymmetric.

Finally, we prove = is transitive. Assume (I,H,L) # (I'H',L") # (I",H",L") satisfies
(I,H,L) < (I'H',L') < (I",H",L"). We prove that (I,H,L) < (I",H",L""). T I' C H, we
have I” C I' C H. Therefore we have I” C H and the claim holds. Otherwise, we have I = I’
and H = H'. If I” C H', we have I” C H' = H. Therefore we have I"” C H and the claim holds.
Now, we can assume [ = I' = [ and H = H' = H"”. If L = (), the claim holds. Otherwise, none
of L, L', L" is empty and therefore r(L) < I(L") < r(L") < I(L"). Then, we have r(L) < I(L") and
the claim holds. Therefore, < is transitive and thus is thus a partial order. O

The entire algorithm is given in Algorithm

4.2 Mapping from Chains to Solutions

Let us establish a surjective map from chains in G to solutions for the original problem. Let
P = (v1,...,v) be a chain in G, and let v; = ((Lin, Hix, Lin), -, (Lig,, Hig,, Lik,)) for each
i =1,...,t. The solution to which P is mapped is obtained such that for each 7, matching two
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Algorithm 10: Stable-on-average RNA folding

1 Procedure CONSTRUCTGRAPH(A)

2 Sample B from the uniform distribution from [log n,2log n;

3 Let V(G) be the set of all lists of pseudo-interval triples of length at most B that

satisfies all conditions (i), (ii), (iii), and (iv);

4 | forv,v € V(G) do

if v is lexicographically smaller than v' when pseudo-interval triples are compared in
the order < then

6 L Add an edge (v,v") to G;
7 | return G;

8 Procedure RNAFOLDING(A)

9 Let G = CONSTRUCTGRAPH(A);

10 Let X be an empty set;
11 foreach (([1,H1, Ll), ey (Ik,Hk, Lk)) S MWC(G) do

12 if L; # () then

13 L Add (I(Lg),r(Lg)) to X;
14 else

15 L Add (I(Hyg),r(Hg)) to X;
16 return X;

endpoints of H;y, if Ly, = 0 and those of L;j, otherwise. The next lemma ensures that the
solution obtained this way does not contain a pseudoknot and two identical pairs of endpoints.

Lemma 4.3. Let v = ((I1, H1,L1),..., Iy, H, Ly)), v = ((I1, H{,LY),...,(I;,, H},, L},)) and
suppose that v is lexicographically strictly smaller than v'. Then, each of the pseudo-interval pairs
(Hg, Hy,), (Hy, L), (L, H;,), and (L, L},) satisfies one of the following: one of the two pseudo-
intervals is strictly inside the other, they are disjoint, or they coincide. Moreover, the third case
happens only when I, = I, and L}, # 0 holds, in which H, = H},,.

Proof. If v is a prefix of v/, we have
I, C L} = Ly,

where the set inequality is from k£ < &’ and condition (iv) and the equality is from the assumption
that v is a prefix of /. Therefore, we conclude that both of H},, L, are strictly inside Lj and
HkﬂH]/g/ =H,NL, =0.

Assume v is not a prefix of v" and let j be the first index such that (I, Hj, L;) < (I}, H}, L).
From the definition of <, we have I; C Hj or (I, H;) = (I}, H}). If I} C H; and j = k, we have

I ng’- C H; = Hy,

where the first set inequality is from j < k&’ and the equality is from j = k. Therefore, both Hj,, L},
are strictly inside Hy, and Ly N Hy, = Ly N Ly, = 0. I I} C H; and j < k, we have

LN, CL,NI; CI,NH; CHjNLj =0,
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Algorithm 11: Chain construction

1 Procedure DFS(J])
2 if I has no child then
3 L return;

4 Let H be the heavy child of I;

5 Append (I, H, () to the end of CurrentList;

6 Append CurrentList to the end of Chain;

7 Remove (I, H, () from the end of CurrentList;

8 foreach light children L of I in increasing order of (L) do
9 Append (I, H, L) to the end of CurrentList;
10 Append CurrentList to the end of Chain;
11 DFS(L);
12 Remove (I, H, L) from the end of CurrentList;
13 DFS(H);

14 Procedure MAKECHAIN(T )

15 Let CurrentList and Chain be an empty list;
16 DFS([0,n + 1]);

17 return Chain;

where the first set inequality is from 7 < &/, the second set inequality is from I J’ C Hj, the third set
inequality is from j < k and condition (iv), and the equality is from the condition (d). Therefore
we have H, N H;, = H,NL,, =L, NH;, =L, NL,, =0.

Assume (I;, Hj) = (I}, H}). If j < k, we have I C L; from condition (iv). Therefore, H} and
Ly, are contained in Lj, except for the case j = k, which Hy = H; holds. Similarly, H;, and L},
are contained in L', except for the case j = k', which Hy = H; holds. Now, we have H; N L =
HiNL, =0, L;NH; =L;NH; =0 and L;N L} = 0, where the last claim emrges from the fact that
7(L;) < I(L}) holds unless L; = (). Therefore, we have HyNH}, = HyNL), = LyNH;, = LyNLj, =0
for almost all cases. The only exception is that Hy = Hy holds if j = k = k¥’ and in this case, we
have L}, # 0 because of (I}, H;, L;) < (I}, H}, L};). Thus, the lemma is proved. O

Therefore, the solution we obtained from P is feasible. Moreover, this solution preserves the
weight of the chain P.

Next, we prove that this map is indeed surjective. Let X = {(l1,71),..., (l¢,7)} be a solution
for the original problem. We construct a chain in G that is mapped to X. Let Tx be a tree
such that the vertex set is {(I1,71),...,(lt,r+)} U{(0,n + 1)} and (I,7) is an ancestor of (I',r') if
and only if [I,r'] C [I,7]. Let us fix a heavy-light decomposition of Tx. For a tree Ty and its
heavy-light decomposition, the desired chain in G can be obtained by using MAKEPATH(Tx) given
in Algorithm [I11

We verify MAKECHAIN(Tx) in Algorithm [II] outputs a chain in G. First, we prove that each
list in MAKECHAIN(Tx) is a vertex of G.

Lemma 4.4. Fach list ((I1,Hy,L1),..., (I, Hy, L)) in MAKECHAIN(Tx) consists of only well-
ordered triples, satisfies the conditions (i), (i), (iii) and (iv), and has length at most logn.
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Proof. For j =1,...,k, it is clear from the algorithm that (I;, H;, L;) satisfies all the conditions
(a), (b), (c) and (d). Therefore, each triple is well-ordered. The conditions (i), (ii), (iii), (iv) are
also clear from the algorithm. The remaining problem is to bound the length £ of the list.
Throughout the algorithm, the length of CurrentList increases only when we call REC(L). From
the definition of a heavy child, the size of the subtree rooted at L is less than half of that of I.
Since the number of the vertices of T'is at most 5, the length of CurrentList can be at most logn —1
and hence we have k < logn. Therefore, the lemma is proved. O

Now we prove that MAKECHAIN(Tx) outputs a chain.
Lemma 4.5. MAKECHAIN(Tx) outputs a chain in G.

Proof. Letv = ((I1, H1, L), ..., Iy, Hy, Ly)) and o' = ((I1, H{, LY), ..., (I}, Hy,, L},)) in MAKECHAIN(T'x )
such that v/ comes next from v. It suffices to show that v’ is lexicographically larger than v when
we compare pseudo-intervals by order <. If v is a prefix of v/, then the claim is clear. Furthermore,
v/ cannot be a prefix of v because if it were, v and v’ should be added to Chain during and before
executing DFS(Iy/), respectively. Now, we assume v is not a prefix of v/, and we let j be the first
index such that (I, Hj, L;) # (I}, H}, L}).

Let I* be the shortest interval such that I, C I*, I;, C I* and DFS(I*) is called. Then, both
(I, Hg, Ly,) and (I;,, Hy;,, L},) are appended to CurrentList during the execution of DFS(I*). Since
DFS(I*) appends at least two lists to Chain, I* has at least one child. Let H* be the heavy child of
I* and let Lj, ..., L] be the light children of I*, where r(L;) < I(L;;) holdsforallp =1,...,s—1.

Let us closely look at how DFS(I*) works. Observe that v is not the first list that is appended
to Chain during the execution of DFS(I*). Thus, v’ is appended to Chain either in Line [I0 in
DFS(I*) or in Line [ of DFS(H™).

Assume the former. Then, we have k' = j. Let (I}, H;,, L},) = (I}, H}, L) = (I*, H*, Ly).
If p = 1, we have (I;,H;,L;) = (I*,H*,0) < (I*,H*,L}) = (I}, H},L}) holds. Otherwise,
(I;, Hj, L) = (I, H*, Ly, _y) < (I*,H*, Ly) = (I}, H}, L};) holds. Therefore we have (I;, H;, L;) <
(1;, H}, L) and v < 0.

Assume the latter. Then, we have [ = H* = H;. Therefore we have (I}, H;, L;) < (I}, H}, L})
and v < v'. O

4.3 Pseudo-antichain

Now, we consider deleting a letter from the original string and define S;’s so that the third condition
listed at the beginning of Section [3 is satisfied. For i = 1,...,n, let S; be the set of vertices v in
the graph G = (V, E,w) constructed such that the index i is “relevant” to v. Formally, the vertex
((I1,H1,Ly),...,(Ix, Hg, L)) is in S; if 7 is an endpoint of at least one of Iy, Hy, Ly, . .., I, Hg, L.
Since the edge set F is defined only by the inequality relation over integers, the graph induced by
V'\ S, is isomorphic to the graph constructed from the string A* := Ay ... A; 1 A;11... Ay,

If S; were an antichain, we would apply Theorem [[.T] to obtain a stable-on-average algorithm
for RNA folding problem. Unfortunately, S; is not an antichain in general. However, S; has a
property similar to an antichain. We will prove that, for any v € V(G), S; crosses both of V_,(G)
and Vi, (G) only if v € S;. To prove this, we characterize indices i with V_,(G) N S; # 0 by the
following lemma:
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Lemma 4.6. Leti € {1,...,n} and v = ((I1,H1,L1),..., (I, Hx,Lg)) € V(G) \ S;. Suppose that
there is a vertex v' = ((I{, H{,L}), ..., (I},, Hl,, L},)) € S; with v' < v. Then, i satisfies (exactly)
one of the following conditions:

° iQIl,
e ic L1\ I holds for some j, or
e icI;\(H;UL;j), Lj #0 and i <Il(L;) holds for some j.

Proof. Let j' be an index such that i appears as an endpoint of one of I ;,, H ;, or L;,. Then, v’ is
not a prefix of v because (I, Hj, L) cannot appear in a vertex in S;. Let j < j’ be the first index
with (I, H}, L) < (Ij, Hj, Lj). From the definition of <, we have I; C H} or (I}, H;) = (I}, Hj).

Assume I; C Hj. If j < j', then we have i € I}, C L, C I\ H} C I} \ I;, where the first
set inequality is from j < j’, the second set inequality is from well-orderedness, and the last set
inequality is from I; C HJ. If j = j', then 7 is an endpoint of either I, H} or L. Thus, i € I} \ I},
because I; is contained in H ]’ and cannot have i as an endpoint. Therefore, in both cases, we have
i€ li\1; CLj1 Cljforj>T1andigl;forj=1

Now, assume (I, H;) = (I}, H}). In this case, we have L; # () by definition of <. Since i can
neither be an endpoint of I} nor Hj, we have i € L). Therefore, from the definition of <, we have
i€ L CI;\(H;ULj)and i <r(L}) <I(L;) and the lemma is proved. O

Next, we characterize indices i with Vi,(G) N S; # 0.

Lemma 4.7. Leti € {1,...,n} and v = ((I1,H1,L1),..., (I, Hx,Lg)) € V(G) \ S;. Suppose that
there is a vertex v' = ((I1, Hy, L)), ..., I},, Hl,, L)) € S; with v < v'. Then, i satisfies one of the
following conditions:

o | € Ly,

e i € Hj holds for some j,

e icI;\(H;UL;j) and L; =0 holds for some j, or

e icIj\(H;UL;j), Lj #0 and r(L;) < holds for some j.

Proof. Let 7 be an index that ¢ appears as an endpoint of one of I ]’.,, H ;, or L;.,. If v is a prefix
of v/, we have k < j' because (I ]’-,, H j’-,, L;,) cannot appear as one of the triples in v. Therefore, we
have i € I J’», C L), = Ly, where the set inequality is from the condition (iv) and the equality is from
the assumption that v is a prefix of v'.

Now we assume that v is not a prefix of v/, and we let j < j” be the first index with (I;, H;, L;) <
(1}, Hj, L). From the definition of <, we have I} C H; or (I;, Hj) = (I}, Hj).

If I} C H;, we have i € I}, C I} C H;. Now, we assume (I;, H;) = (I}, H}). Since i can neither
be an endpoint of I} nor H}, we have i € L, C I; \ (H; N H}). Furthermore, if L; # ), we have
r(L;) <I(L}) < from the definition of <. Therefore, the lemma is proved. O

We can observe that the conditions in Lemma .6l and Lemma[L7] are disjoint. Indeed, if i € I,
we can take the last index j with i € I;. Then, exactly one of i € H;, i € Ljori € I; \ (H; U Lj)
holds. If i € Hj, there is nothing to state. If i € L;, unless j = k, we have i € L; \ I because j is
the last index wherein I; contains 7. Finally, If i € I; \ (H; U L;), we have either L; =0, i < I(L;)
or r(L;) < i because i is not in L;. Therefore we have the following.
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Lemma 4.8. Leti € {1,...,n} andv € V(G). Then, at least one of V_,(G)NS; = 0, Vi, (G)NS; =
0 or v € S; holds. Moreover, for any v € V(G), there are at most 6B < 12logn indices i that
satisfy both V_,(G) N S; # 0 and Vi,(G) N'S; # 0.

4.4 Proof of Theorem E.1]

We extend the analysis of Algorithm 2] to handle the case in which potentially missing sets S;
are not necessarily antichains, but they satisfy Lemma [£8 The discussion in Section [Z4] does
not depend on the fact that potentially missing sets are antichains. Thus, the same proof as in
Section 2.4 goes through, and the claim of Lemma 2.6l holds even when S; are not antichains. Thus
as in Section [2.3] we focus on proving the claim of Lemma [2.7] when S;’s satisfy Lemma [£.8]

Let us fix the random bits used in REC(V, €) in Algorithm 2l Let U; be the family of all sets U
such that REC(U, €) is called in a recursion step of depth j for j = 0,..., k, where k is the maximum
index j with U; # (). By the same observation as described in Section 23] we have k = O(log |V).

For a set U € U;, let ny be the number of the potentially missing sets with S; N U # 0. We
bound the sum of ny over j € {0,...,k} and U € U;. First, we prove the following.

Lemma 4.9. Let j € {0,...,k} and W be a subfamily of U;. Then, we have

Z ny <n+|W|-12log n.

vew
Proof. We prove by induction on j. If j = 0, the claim is clear. Assume j > 1. For each set U € W,
let the parent of U be the unique set U’ € U;_y with U C U’. Let W’ be the family of sets that is a
parent of some set in V. From the construction, each set in W’ is the parent of one or two sets in
W. If U’ € W' is the parent of exactly one set U € W, we have ny < nys. Similarly, if U’ € W' is
the parent of exactly two sets Uy, Ua € W, we have ny, + ny, < nyr + 12logn. Therefore, we have

Z ny < Z ny + ((W] = W) - 121logn
vew Uuew

<n+ W' 12logn+ (W] — [W'|) - 12logn = n + |[W| - 12log n,
where the first inequality is from the above observation and the second inequality is from the

induction hypothesis. 0

Now, we have the following bound on the sum of ng:

Lemma 4.10. We have i

Z Z ny = O (nlog |[V(G)]).

j=0 Uel;

Proof. First, we have Z?:o |U;| < %, since any chain in G contains at most § vertices and each

call of REC(U) add exactly one vertex to the output. Therefore, we have

k k
Z Z ny < Z (n+U;] -12logn) < (k+ 1)n + g -12logn = O(nlog |V (G)]),
=0 Uelt; =0

where the first inequality is from Lemma [£.9] the second inequality is from Z?:o |U;| < 5 and the
last inequality is from k& <log |V (G)| and n < [V(G)|. O
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Now for fixed €, the average sensitivity of REC is bounded by

n k;
%ZZ Y TV@O),8(U\S)) o, (19)

i=1 j=0 Ueld;,UNS;#0
where 9(U) is the random variable of the pivot chosen in REC(U). Then, we have the following:
Lemma 4.11. We have

1 n

S EM(MWC(G), MWC(GIV \ ) = O (K¢ g [V 1og ([V]e ™))

i=1

where K = 12logn.
Proof. We have

! 3 EM (MWC(G), MWC(G[V | S1)

i=1

ZEZ S TV@EU), U\ S)) - n

J=0Uel;,UnS;#0

k.
1 1 ~ ~
=) E|, ol Y TVvEW),.uU\S)) n
j=0 | Ueu; \i: UnSi#b
ki
§ZE - Z O (Ke 'log ([Ule™")) - iy
Jj= i Ueuj

—~ O

IN

O (Ke 'log|V]log (’V‘E_l)) )

where the first inequality is from (I9]), the second inequality is from Lemma [26] and the last
inequality is from Lemma (410 O

Therefore, for a fixed upper bound B on the length of the list that defines vertices, we ob-
tain a (1 — §)-approximation algorithm with average sensitivity O(K ¢~ log® |V|) by applying the
procedure MWC(G). Finally, we remove the conditioning of B.

Lemma 4.12. The procedure RNAFOLDING in Algorithm[I has an average sensitivity O(K 5~ log®|V]).

Proof. Recall that A’ denotes the substring Ay --- A;_1A;41--- A,. From Lemma 23] we have

! d " EM (RNAFoLDING(A), RNAFOLDING(A'))
n
=1

1 2logn 1 n
= logn / <; ZEM“MWC(G) | B=1b),(MWC(GV \ $]) | B = b))) b

logn

log(n —1)
logn
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< O(Ké~

_log(n—1)
logn

gO(K5_110g3\V])+O( ) O(K6 tlog? V),

where the first inequality is from Lemma 23] the second inequality is from Theorem [[.1] and the
last inequality is from log(n—1) > == 1 for n > 2. O

logn

Theorem E1l follows because log [V| < log (n®1°8™)) = O(log? n).
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A Proof of Lemma [2.3]
Fori=1,...,n, we have

D(ALG(U), ALc(UY))
< min D ((ALc(U) | p=p), (ALc(U") | p' =D
Lo e (0 (75 757 ) P (41600 1= ). (A |51 = )
1 1 R
+ max <0, 5 tBi> M)dp

+/ —Mdp
(B,(1+4)B\[Bi,(1+1)B1] tB

(1+t)B . .
< /B 2D ((ALG(U) | p =), (ALG(U") | ' = ) Mdp

(1+t)B 1 1
+/ max <0,—— .)Mdﬁ—l—/ —Mdp, 20
B tB B’ (B,(14+6) B\[B? ,(1+4)Bi] tB (20)

where the first inequality is obtained by transporting the probability mass of ALG(U) corresponding
to the case p = p is transported to that of ALG(U?) corresponding to the case p* = p. Now, if
B' < B, we have

(DB (1+1t)(B— BY) 1+t B
=0 —Mdp = Ul = 1— =—|M.
Otherwise, we have
(1+t) 1 1 B*
= — - dp — Mdp
©m /B <tB th> ), B
1 1 Bi— B
=((=-—=—)¢
(5 —a) 2+ ) M
1 1 : 1+t B
=(=+—=)B -Bn<—-]1-=| M.
(5 +7m) B i v
Therefore, we have
1 — .
- > D(ALa(U), ALc(U"))
1< [UH0B 7 o I~ 1+¢ B!
< — —D ((ALc(U =79), (A ¢ L - A b I i Vs
X[ (P e =9 ane) 1 =) )5 52 -2
1 [O+0)B . . M 1+t «— B!
- D 7 ’l: A A . . - — .
— ( Z (ALc(U) | p=p), (ALG(U?) | p p))>d + 3 -2
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