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Higher degree sum-of-squares relaxations robust against
oblivious outliers *

Tommaso d’Orsi’ Rajai Nassert Gleb Novikov' David Steurer®

November 14, 2022

Abstract

We consider estimation models of the form Y = X* + N, where X* is some m-dimensional
structured signal we wish to recover, and N is symmetrically distributed noise that may be
unbounded in all but a small « fraction of the entries. This setting captures problems such as
(sparse) linear regression, (sparse) principal component analysis (PCA), and tensor PCA, even in
the presence of oblivious outliers and heavy-tailed noise.

We introduce a family of algorithms that under mild assumptions recover the signal X*
in all estimation problems for which there exists a sum-of-squares algorithm that succeeds in
recovering the signal X* when the noise N is Gaussian. This essentially shows that it is enough
to design a sum-of-squares algorithm for an estimation problem with Gaussian additive noise in
order to get the algorithm that works with the symmetric noise model.

Our framework extends far beyond previous results on symmetric noise models and is even
robust to an e-fraction of adversarial perturbations. As concrete examples, we investigate two
problems for which no efficient algorithms were known to work for heavy-tailed noise: tensor
PCA and sparse PCA.

For the former, our algorithm recovers the principal component in polynomial time when
the signal-to-noise ratio is at least O(nP/*/a), that matches (up to logarithmic factors) current
best known algorithmic guarantees for Gaussian noise. For the latter, our algorithm runs in
quasipolynomial time and matches the state-of-the-art guarantees for quasipolynomial time
algorithms in the case of Gaussian noise. Using a reduction from the planted clique problem, we
provide evidence that the quasipolynomial time is likely to be necessary for sparse PCA with
symmetric noise.

In our proofs we use bounds on the covering numbers of sets of pseudo-expectations, which
we obtain by certifying in sum-of-squares upper bounds on the Gaussian complexities of sets of
solutions. This approach for bounding the covering numbers of sets of pseudo-expectations may
be interesting in its own right and may find other application in future works.

*This project has received funding from the European Research Council (ERC) under the European Union’s Horizon
2020 research and innovation programme (grant agreement No 815464).

YETH Ziirich.
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1 Introduction

Consider an estimation problem over R™, in which we observe (a realization of)! the random
variable Y = X* + N where X* € () C R" is some structured signal we seek to recover and N is
some additive noise. This generic primitive captures widely studied models such as compressed
sensing, linear regression, principal component analysis, clustering mixture distributions, matrix
completion or tensor principal component analysis.

From both a statistical and computational point of view, as one weakens the assumptions on the
noise N, the task of reconstructing the hidden signal X* becomes harder. > Recent years have seen
tremendous advances in the design of efficient algorithms able to recover the planted structure
X*, under weaker and weaker assumptions on the noise (e.g. [KKM18, Hop20, dKNS20, DANS21,
BDJ22]). In particular, a certain line of work [CLMW11, ZLW™*10, TJSO14, BJKK17, SBRJ19, SZF20,
PJL20, dNS21, Cd22, dLN*21] has aimed to identify the weakest possible requirements on the
signal-to-noise ratio so that it is still possible to efficiently recover the signal X* with vanishing error.
In this context an established model® is that of assuming the entries of N to be (i) independent, (ii)
symmetric about zero and (iii) to have some probability mass in a neighborhood of 0. That is, to
satisfy P[|N;| < 1] > a, for i € [m] with the parameter a possibly vanishingly small.

Remarkably, the framework emerging from these results shows that the Huber loss estimator—
when equipped with an appropriate regularizer— offers provably optimal error guarantees among
efficient estimators. In particular, it recovers the error convergence rates of classical least squares
algorithms in the presence of Gaussian noise.

The general recipe behind these results relies on two main points: first an upper bound on the
gradient of the Huber loss function at the true solution X*,* and second a lower bound on the
curvature of the loss function (in the form of a local strong convexity bound) within a structured
neighborhood of X*. Here the structured neighborhood of X* is a superset Q 2 Q. The curvature of
the loss function depends on the directions (and the radius) considered and (one expect that) it is
sharper in the directions contained in Q. Thus one can establish stronger statistical guarantees by
forcing the minimizer of the loss function to be in a small set of directions close to Q. The crux of
the argument is that the set Q is controlled by the regularizer: If the chosen regularizer is norm
decomposable’ with respect to a meaningful set Q), then indeed it will force the minimizer to fall in one
of the desired structured directions.

The inherent consequence of this approach is that, in settings where no such decomposable
norm regularizer is known —such as for tensor principal component analysis— these estimators
cannot provide any error guarantees. In this paper, we overcome this limitation and introduce a
family of algorithms (based on sum-of-squares) that recover the parameter X* for a remarkably
large set of models. More concretely, our result can be informally read (under certain reasonable
conditions) as:

Whenever there exists a degree-t sum-of-squares algorithm that recovers X* from Y when the

1We denote random variables in boldface.

2The complexity of the problem may also be affected by the structure of X*.

3Sometimes denoted the oblivious adversarial model.

4The attentive reader may notice that no such upper bound exists for the least square estimator, under the noise
assumptions above. This is evidence confirming the intuition that "least squares estimator are fragile to outliers".

5We formally define decomposability in Appendix D.



entries of N are Gaussian with standard deviation® o = (1 + || X*||max)/ @, there also exists an
algorithm running in time mO©) that recovers X* with the same guarantees, even if N only
satisfies (i), (ii), (iii).

In other words, we introduce a framework that allows to directly generalize sum-of-squares
algorithms designed to recover the hidden signal in the presence of Gaussian noise, to the
significantly more general settings of symmetric noise.

Our result relies on a novel use of the sum-of-squares hierarchy. The core of the argument consists
of bounds on the covering number of sets of pseudo-expectations, which we obtain via sum-of-squares
certificates of the Gaussian complexity of the space of solutions. We then use these small covers to
ensure that feasible solutions must fall in one of a few directions close to X*.

1.1 Results

Our main result is the following meta-theorem for recovering a structured signal from symmetric
noise.

Theorem 1.1 (SoS meta-theorem, Informal). Let m, £ € IN. Let Q3 C R™ be a set defined by at most mOM
polynomial constraints of degree” at most . Suppose that for some r > 0 and y > rVInm the following
bounds are certifiable by degree O(€) sum-of-squares proofs (from the constraints that define Q):

(1) supyqllXllmax <1,
(2) SupXeQ”X”z < 7’,

(3) Bw-N(1d,) SUPxea(X, W) <.
Let 0 < a < 1 and let N be a random m-dimensional vector with independent (but not necessarily
identically distributed) symmetric about zero® entries satisfying P[|N;| < 1] > a forall i € [m].
There exists an algorithm running in time m©© that on input Y = X* + N outputs X satisfying

=%l < 0(y/a)
with high probability.

Moreover, for ¢ < ——L—, the same result holds if an arbitrary (adversarially chosen) e-fraction of
rZ-mlnm
entries of Y is replaced by adversarially chosen values.

It is possible to gain an understanding of the importance of Theorem 1.1 even before applying
it to specific problems. First, notice that if y/a < o(r?), the error guarantees are non-trivial. In
particular this means that the fraction a of entries with bounded noise can be vanishingly small
and the algorithm can still reconstruct a meaningful estimate. Second, observe how the error rate
crucially depends on the upper bounds we are able to certify on the Gaussian complexity of the
space of solutions Q. By certifying tighter bounds on it one can obtain tighter guarantees on the error
of the estimation. This shows the existence of a trade-off between error of the estimate and running
time. Finally we remark that the algorithm is robust to an e-fraction of adversarial corruptions, the
magnitude of ¢ will become clearer when discussing the various applications.

Next we apply Theorem 1.1 to specific problems.

¢As we will see in the context of sparse PCA problem, it is unlikely that we can relax the condition ¢ > || X||max-
"These constaints may use up to mOM auxiliary variables, and degrees of all polynomials in all variables are at most £.
#L.e., N; and —N; have the same distribution for every i € [m].
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Tensor principal component analysis. We consider the following tensor PCA model (we remark
that one may consider further tensor models, in Section 5 we study other versions of Model 1.2 as
well).

Model 1.2 (Tensor PCA with asymmetric tensor noise). Letn,p € N, n,p > 2,and0 < a < 1. We
observe (an instance of) Y = A - v® + N, where A > 0, v € R" is an unknown unit vector and N is
a random order p tensor with independent (but not necessarily identically distributed) symmetric
about zero entries such that

]P[|Nz‘1...i,,| <1]>a, foralll<iy,...,ip<n.

In the significantly more restrictive settings when the noise is standard Gaussian (captured by
Model 1.2 by the special case with a > (1)), this model was studied in [MR14, HSS15]. In these
settings, one can recover the hidden vector v in exponential time whenever the signal-to-noise ratio A
is at least Q(y/n), but existing polynomial time algorithms are known to require at least A > Q(n?/4).
Moreover, evidence of an information-computation gap exists in the literature in the form of lower
bounds against different computational models (sum-of-squares lower bounds [HSS15, HKP*17] or
low degree polynomial lower bounds [KWB19]), showing that these computational models cannot
recover the hidden vector in polynomial time if A < np/4/ polylog(n).

Less restrictive noise models have been considered more recently. [DHS20] proved that when
the noise has zero mean and bounded variance and v is a random vector whose entries have small
fourth moment, then one can recover it as long as A > Q(n” /%), Later, [AY21] showed that if the
noise has zero mean and bounded variance, there exists an algorithm that, under mild assumption
on the magnitude of the entries of v, can recover v as long as A > n?/* - (In n)t/4,

However, an application of Theorem 1.1 shows that whenever the entries of the noise are
symmetric about zero, no assumption on the moments is needed to recover the parameter v. The
application of Theorem 1.1 only relies on known sum-of-squares certificates for the injective tensor
norm of random tensors [HSS15].

Theorem 1.3 (Robust Tensor PCA). Let p > 2. There exists an absolute constant C > 1, and an algorithm
running in time nOP) that, given Y as in Model 1.2, outputs a unit vector o € R" satisfying

[{v,0)| > 0.99

with high probability, whenever

o Ifpiseven: A > S -nP/* and ||v]lmax < %/p -4,

allp -1/4

C(p lnn)1/4
a C(pInn)l/4r n

o Ifpisodd: A > 1P’ and ||0|lmax <

Moreover, if p is odd, the algorithm recovers the sign of v, that is, (v, ©) > 0.99 with high probability.

Furthermore, for ¢ < (C-p - n?/2-1n n)_l, the same result holds if an arbitrary (adversarially chosen)
e-fraction? of entries of Y is replaced by adversarially chosen values.

9For odd p we allow slightly greater fraction of corruptions ¢ < (C-p -n? -In n)_l/ 2,



Let us briefly and informally describe how this result can be obtained from Theorem 1.1.
Consider the case when p is odd™. Let b = #ﬁ;lm -n~1/% We may rescale Y by 1/(Ab?) < 1 s0
that || X*||max < 1 and the bound ]P[|Nz‘1...z‘p| < 1] > astill holds for all 1 < 7y,...,7, < n. Note that
now r := || X*|]2 = 1/b?. So we trivially have the desired sum-of-squares certificates for (1) and (2) in
Theorem 1.1. Most importantly, from [HSS15] we know that for the set Q) of rank-one symmetric

tensors of norm r there is a degree O(p) sum-of-squares proof that certifies the bound

E sup(X, W) < O S(nn)-nP)*
W~N(0,Id, p) X€g< ) (p- () )

Thus using the value on the right-hand side as y, we get that X that is obtained from Theorem 1.1
satisfies

|x* _XH; < O(y/a) < O((CT;))P) = O(é) 2,
and hence X is highly correlated with X* and the result follows!!.

Concerning the noise N, it is easy to observe that the algorithm works with symmetric heavy
tailed noise (e.g., Cauchy noise) and achieves guarantees similar to the best known guarantees
for standard Gaussian noise. Moreover, the number of adversarial corruptions that the algorithm
allows is nearly optimal: For instance, for constant even p and constant @ our bound on the entries
allows v to be O(y/n)-sparse. Hence for such v, if the adversary is allowed to make more than
npl2 corruptions, the signal can be completely removed and the problem becomes information-
theoretically unsolvable. Our theorem guarantees that if the number of corruptions is o (/% /log n),
we can find a vector highly correlated with v in polynomial time.

The dependence of A on a is also likely to be optimal since we match (up to (logn) A factor)
the current best known guarantees for Gaussian noise with standard deviation ©(1/«).

We remark that some bound on the magnitude of the entries is needed!? even if we do not allow
adversarial corruptions. For example, if the vector v is 1-sparse (so it has one large entry), then
the unbounded noise removes the information about v with probability 1 — a. Indeed, if the noise
entries are sampled from the mixture of the uniform distribution on [-1, 1] with weight a and the
Gaussian N(0, 2") with weight 1 — a, then with probability 1 — « the entry that corresponds to the
support of v has vanishing small signal-to-noise ratio.

Evidence of the tightness of these requirements can also be found in the observation that,
for p = O(1) and arbitrarily small constant 6 > 0, it is unlikely that a n'/2-%-sparse flat v can be
recovered in polynomial time from the upper simplex of the input (i.e. the set of entries Yii..i, such
that i1 <... <1ip). Indeed the planted clique in random hypergraph problem can be reduced to this
question (see Section 6.2). In other words, for certain vectors with ||7||max < n~1/4+0/2 the problem
of recovering v from the upper simplex is likely to be computationally hard. It is not difficult to
see that if we can use our SoS-based approach to recover k-sparse flat vectors from Y, then we can
also add additional sparsity constraints and get an SoS-based algorithm that recovers k-sparse flat
vectors from the upper simplex of Y (if p = O(1)). This shows that the assumption on || ||max in

10The case when p is even is similar.
11We also need to perform rounding to obtain the vector from the output tensor. See Appendix B.1 for more details.
12In fact, this is a recurring theme for unbounded noise models.



Theorem 1.3 is likely to be inherent, at least for our SoS-based approach. It remains a fascinating
open question whether for specific noise distributions (e.g., Cauchy) the bound on ||v||max from
Theorem 1.3 is tight.

Sparse principal component analysis. We consider the following sparse PCA model with sym-
metric noise.

Model 1.4 (Sparse PCA, single spike model). Let n,k € N, k < n and 0 < a < 1. Observe (an
instance of) Y = A - vo" + N, where A > 0, v € R" is an unknown k-sparse unit vector and N is a
random n-by-n matrix with independent (but not necessarily identically distributed) symmetric
about zero entries such that

P[IN;j| <1]> @, foralll<i,j<n.

When the noise is Gaussian this model is called the spiked Wigner model [FP07, JL09, DM16,
DKWB19, dKNS20]. For Gaussian noise, when A > v/n (this is called the strong signal regime) the
leading eigenvector of Y correlates with the signal and thus a simple singular value decomposition
provides optimal guarantees. In the weak signal regime —that is when A < y/n— polynomial time
algorithms are known to recover the principal component v whenever A > k+/log(n/k?) [DM16,
dKNS20]. In the sparse regime k < n%3=° (for arbitrary constant 6 > 0), one can improve over these
results in quasipolynomial time. Concretely, there exist algorithms [DKWB19, dKNS20, CdO21]

that can recover the signal v in time n°") as long as A 2 k\/@ for arbitrary 1 < ¢t < k. So for
t = ©(log 1) these algorithms can recover the signal in time n°0°8") as long as A > k. In the regime
k < 19570 no n°(108") time algorithm is known to recover the signal if A < O(k), and there exist
lower bounds (see [CdO21]) against restricted computational model of low degree polynomials,
showing that in this model such algorithms do not exist.

In the context of spare PCA, Theorem 1.1 provides guarantees matching those of known
quasipolynomial time algorithms, but also works with the heavy tailed noise of Model 1.4 (e.g.,
standard Cauchy noise):

Theorem 1.5 (Robust Sparse PCA). There exists an absolute constant C > 1 such that ifk > C -In(n)/ a?,
A > kand ||| pax < 100/ Vk, then there exists an algorithm running in time n©108m/ ) that, given Y as
in Model 1.4, outputs a unit vector o satisfying

(0, )] > 0.99

with high probability.
Moreover, for ¢ < %,
of Y is replaced by adversarially chosen values.

the same result holds if an arbitrary (adversarially chosen) e-fraction of entries

A natural question to ask concerning Theorem 1.5 is whether one could hope to obtain non-trivial
guarantees in polynomial time. In Section 6.1 we provide evidence that the quasipolynomial time
requirement for the noise model in Model 1.4 might be inherent (and thus the running time of
Theorem 5.9 is nearly optimal) via a reduction from the Planted Clique problem. As in the context
of tensor PCA, it is an interesting open question whether for specific heavy-tailed distributions (e.g.,



Cauchy) one can design polynomial time algorithms recovering the signal v (for not very large A,
say, A = k polylog n).

Finally, we remark that the number of adversarial corruptions that the algorithm can handle is
nearly optimal: If the adversary that can change ¢ = k?/n? fraction of the entries then all information
about the signal may be removed.

Comparison with other results for symmetric unbounded noise models. Various other estima-
tion problems in the presence of symmetric unbounded noise have been studied, such as linear
regression, sparse regression and principal component analysis. We remark that our framework
can be used to recover the best previously known results for these models [dNS21, dLN"21]. We
point out however that compared to these algorithms, Theorem 1.1 provides a slow rate of error
convergence. That is, when those algorithms guarantee an error bound O(¢), Theorem 1.1 provides a
bound O(+v/¢). This phenomenon is a consequence of the decomposability of particular regularizers
used in previous works. Our framework does not require a decomposable regularizer and can thus
deal with signal sets Q) that may be significantly more challenging than the ¢;1-ball and nuclear
norm ball considered in other works. We provide a more detailed discussion in Appendix D.

2 Techniques

Let Q2 C R™ be a set of structured signals we wish to recover (e.g., a sparse rank-1 matrix or a rank-1
tensor). Let N be an m-dimensional random noise with independent, symmetrically distributed
entries such that min;e[,,) P{|N;| < 1} > a. Given (a realization of) a random vector Y = X* + N for
some unknown signal X* € (), our task is to approximately recover the signal X*.

A common approach for this task is to minimize a loss function L(X — Y) over X € Q. In the
special case of Gaussian noise, this approach recovers the maximum likelihood estimator if we
choose the least-squares loss function L(X - Y) = || X - Y||§- However, a well known weakness of this
estimator is that it is extremely susceptible to outliers, thus it cannot be used with noise distributions
with diverging moments. In contrast, an estimator that has been observed (both in practice and
theory) to be significantly more robust to outliers is the Huber loss function Fy(Z) := Xicm) fu(Z:)
where f, is the following Huber penalty,

%ZZ.Z for |Z;| < h,

A _ (2.1)
h-(Zi| - 35) otherwise.

fu(Zi) = {
Here, h > 0 is a parameter of the estimator to be determined later.

From a computational perspective, the problem is that for many (perhaps most) signal sets Q
one may be interested in, this kind of loss minimization turns out to be NP-hard (regardless of the
concrete choice of the loss function). Therefore, we can only expect to solve specific relaxations of
this optimization problem.

Previous work [dLN"21] considered these kinds of relaxations, but could only obtain meaningful
error guarantees for sets () that admit convex regularizers with a certain decomposability property.
Unfortunately, only few regularizers with this property are known (e.g., the {;-norm for vectors
and the nuclear norm for matrices) and so this limitation turned out to be a fundamental obstacle
to the application of this framework to many estimation problems.
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Our machinery overcomes this obstacle, extending the approach in [dLN"21] to a significantly
broader set of choices for Q. Concretely, we can consider all choices of Q) such that a natural family
of convex relaxations —-namely the sum-of-squares hierarchy- succeeds in recovering the signal
from Gaussian noise.

Tensor PCA as arunning example. In order to illustrate our techniques, we consider the following
example. Let x € R" be a unit vector and let 0 < A < n3/2. For simplicity of the exposition, we
assume here that x has entries from {il /N } We would like to recover a tensor X* = Ax®3 from
Y = X* + N, and determine how small A can be so that the recovery of X* is possible. Notice that in
these settings the signal setis Q = {1 - x®3 | x € {il /An }n, |[x]| = 1} . This set is non-convex —in
fact the problem is NP-hard in general- but let us temporarily disregard computational efficiency.
Suppose we optimize the Huber loss with parameter i1 = 3 over this set Q of rank-1 tensors.

Let X € Q be a minimizer, and denote A = X* — X. A common approach is to apply Taylor’s
theorem and obtain

Fy(Y = X*)=Fy(N) > F, (Y - X) > Fi,(N) + (VF,(N),A) + %K(A) , (2.2)

where x(A) is some lower bound on the values A" H(X)A for all X from the segment between X* and
X, where H(X) is the Hessian'?® of the Huber loss at point X. It is not hard to see (see Lemma 3.2)
that one can choose

m m

K(A) = > <y Lagen-1A? = > T j<njA2.
i=1 i=1
Now it is clear that if we can show |[(VF,(N), A)| < y(A) for some y(A) and x(A) > 0.9 - «a - ||A||§,

Eq. (2.2) immediately implies the bound

IAZ <3y(A)/a. (2.3)

That is, the estimator guarantee depends only on an upper bound on the gradient and a lower bound on
the curvature of the space in the direction of A.
Let us first obtain the bound

m
x(A) = Z v, <jA2 > 0.9 - a - [|A]3.
i=1

For simplicity assume |[Al, = 7 for some 7 > n=9M. A successful strategy here is

to derive a lower bound on «k(A) for a fixed A, and then construct an e-net over () =
{(X-X:X,X €Q,||X-X'|z = 7}. Theidea s that if our lower bound holds with sufficiently large
probability and if the size of the covering is not too large, then we will be able to show the desired
curvature in all the possible directions of A. Now for fixed A, the expected value of k(A) is ||A||§,

13The second derivative of the Huber penalty does not exit at the points {+/1}. However, the indicator function I, of the
interval [, h] is the second derivative of Huber penalty in L1 sense, that is fI; [b] - f]; [a] = fg b I,(t)dt foralla, b € R. So
by the Hessian at point X we mean a quadratic form whose matrix in the standard basis is diagonal with (diagonal)
entries I, (X;).

4Estimation error 7 cannot be n~®() in our parameter regime.



and by Hoeffding’s inequality, the deviation from the mean is bounded by O (llAlliy/log(l / 6)) with
probability at least 1 — 6. Since ||Allmax < 2, ||A||i < 2||All2. Thus we have

K(8) > allAIE - 1AL O(\/loga/é)) - r(m - O(\/loga/é))) ,

which is close to its expectation when 7 > /log1/6/a .
We need now to extend this bound to all possible directions of A. To this end note that if
A, A" € () are e-close to each other for some small enough ¢ = n~ 90 then?s

lk(A) — k(A)| < at?.

So it remains to show a cover of (). Notice that the size of the cover determines in a very strong
way the quality of the error guarantees of the estimator. For example one could try to use the ¢-net
covering the unit ball in R", this does not exploit the structure of QQ and has thus size (O(1/ e))"s.
By the above calculations, with this e-net we could provide a meaningful lower bound only when
T > n3? /a. In other words, our error estimate would be worse than the trivial estimator outputting
the zero tensor! To obtain a tighter covering, recall Q is a subset of the set of rank one tensors of
norm A < 132, The size of minimal e-net in Q is at most O (no(l)/ s)n (since the mapping x — x®3
is n9W-Lipschitz for || x|l < n°W). Hence the size of the e-net in (' is bounded by n°", and by
union bound we get

k(A) > a||A||§ = IA]l2 - O(\/n log n) =at? - O(T\/TZ log n) ,

with high probability. Hence for 7 > - OB e get the desired bound.

[24

We can now focus on bounding the gradient [(VF,(N), A)|. The choice of the Huber loss function
makes this very easy: VFj,(N) is a random vector with symmetric independent entries bounded

by h = O(1) in absolute value, so for fixed A, [(VF;(N), A)| is bounded by O (IIAllzwllog(l/é)) with
probability 1 — 6. By union bound over the ¢-net in {)’, with high probability
(VEW(N), A)] < IAll2 - O(nTog )

Hence by Eq. (2.3), we can conclude that with high probability

\/nlogn)
" .

Al <O

Therefore, the minimizer X of this inefficient estimator is highly correlated with X* as long as
A 2 y/nlogn/a. This bound is nearly optimal: if N has iid Gaussian entries with standard deviation
O(w), it is information-theoretically impossible to recover X* if A < o(vn/a) (see [PWB20]).

®Here we assume that a > 1/n, otherwise the problem is information theoretically intractable.



Tensor PCA as a running example: efficient estimation. We take now into account the computa-
tional complexity of computing the desired estimator. To have a loss function we can minimize
efficiently, the idea is to replace the set of rank-1 tensors () by some set Q > Q over which we
can efficiently optimize. We cannot do this via the framework in [dLN*21] since no appropriate
decomposable regularizer is known for high-order tensors. Thus we use instead sum-of-squares
relaxations, and take Q = C); to be the set of pseudo-expectations of degree t that satisfy certain
constraints. Crucially, in order to apply the argument of the previous paragraph, we need a tight
upper bound on the covering number of the set of pseudo-expectations ;.

In the exponential time algorithm described above we had a natural #°)-Lipschitz mapping
from n-dimensional space to n3-dimensional space, which allowed us to construct such a covering.
In the case of pseudo-expectations, we do not have such a mapping, so different techniques are
required to to get a bound on the size of ¢-net.

We use Sudakov minoration: For every bounded set A C R™, the size of the minimal e-net of A

is bounded by exp(O(G(A)?/&?)), where

m
SupZ a;w;
acA i

gA)= E

w~N(0,Id,n)

The quantity G(A) is called the Gaussian complexity of the set A. So in order to bound the size of
optimal e-net of the set Q of pseudo-expectations it is enough to bound its Gaussian complexity.
The good news is that we can bound the Gaussian complexity of the set of pseudo-expectations by
certifying in sum-of-squares a bound on the Gaussian complexity of the set () of rank-1 tensors!
Concretely, QO can be defined by polynomial constraints with variables X € R" and auxiliary
variables x € R":

Sxx={X=2Ax%, |x|}=1, Viel[n], x?<1/n}.

If we can show that with high probability'® over the tensors W with iid Gaussian entries there
exists a degree t sum-of-square proof that these constraints imply

Z xiXjxkWijk < i,
1<igj<k<n
then we can conclude that G(€;) < O(Ay).
In [HSS15, HKP*17] it was shown that there exists a 4-degree sum-of-squares proof that Sx
imply the inequality
Z xixjxxWijg < O(hn(n))l/4 RS
1<igj<ksn
Hence, Q(Q4) < O(An3/4) as desired.
Note that the analysis of the exponential time algorithm does not work here because the
dependence of the size of e-net on ¢ in Sudakov’s minoration is exponential and not polynomial as
in the case of {>-ball. However, it turns out that via a more careful analysis we can show

And/4
a )

IAJ2 < o(

16For Gaussian distribution it is not hard to obtain from this a bound on expectation since we have good tail bounds
for it.



This bound implies that X is highly correlated with X* as long as A 2 (log n)"/4n%/4/a, which
matches (up to a logarithmic factor) the current best known guarantees for polynomial time
algorithms when N has i.i.d. Gaussian entries with standard deviation ©(«), but also works with
significantly more general noise (e.g., Cauchy noise at scale O(«)).

Recovery in the presence of adversarial corruptions and oblivious noise. Our framework is
robust to additional adversarial corruptions resulting from an adversary corrupting an e-fraction of
the entries of Y. In light of our discussion so far, to show this it suffices to check how do the values
[(VF4(N), A)| and x(A) = 331, 1 Nl.|<1]Af change in the presence of corruptions. For simplicity, we
limit our discussion to the first inefficient estimator introduced in previous paragraphs.

First assume that the adversary corrupts a set of entries of size ¢n® that is random (not
adversarially chosen). In this case [(VF,(N), A)| can only be increased by an additive term

h2A 0|2 . - nle < O(n3/2/\€) ,

since the entries of VF;(N) are bounded by h, and the entries of A are bounded by 21||v][3,,. The
value x(A) also does not change significantly if a small random set of entries is corrupted. Hence in
this case, if n3/21¢ < |All24/7 log 1, the error does not increase in any significant way. Note that in
the regime ||All, > Q(A) (when we can still have 0.99 correlation with the signal), the number of
corruptions ¢n? is allowed to be up to n2.

In the general case, when the adversary is allowed to choose the corrupted set, we need to use a
union bound over all sets of size en3 (we use it to bound both [{VF,(N), A)| and x(A)). Here, the
gradient bound becomes

[{VF,(N),A)| < ||A]l2 - O(\/n logn + 4/en3log n) .

Hence the number of corruptions is only allowed to be at most 1. Observe that Theorem 1.3 is
robust up to Q(n%2) corrupted entries. This is not surprising. The reason is that the algorithm
requires signal strength A = Q(n%/) compared to A = Q(n'/?) that is required by the exponential
time algorithm.

Sparse PCA. As a second example of the applications of Theorem 1.1 consider the sparse PCA
problem: We are given Y = A -vv" + N, where v € R" is a k-sparse vector, and the goal is to recover
0. For simplicity we assume here that v is flat, i.e., that its non-zero entries are in {+1/Vk}.

In order to use our framework, we need to certify in sum-of-squares an upper bound on the
Gaussian complexity of the set of sparse vectors. So we need to show that for some (as small as
possible) y, with high probability over matrices W with i.i.d. Gaussian entries there exists a (not
very high degree) sum-of-squares proof that some system of constraints C defining sparse vectors
implies

Z xixjWij <y,
1<i,j<n
where x are variables that satisfy sparsity constraints of C.

We use the system of constraints C; (the subscript ¢t € IN indicates that the constraints involve

degree t polynomials) from [dKNS20] (see Section 5.2 for a precise definition). The authors in
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[dKNS20] used the program for a different sparse PCA model, but it is possible to adapt their proof
and show that with high probability there exist a degree O(t) sum-of-squares proof that C; implies
the inequality

Z xixjWij < O

1<i,j<n

t

r logn)‘

Hence if A = k and t 2 log(n)/a?, then Theorem 1.1 implies that the Huber loss minimizer has
0.999 correlation with vv ' (and hence its top eigenvector has correlation 0.99 with v or —v).

The running time is n°0*) = 5 Olog(n)/ ) and it is likely to be inherent: For & = 1 we can reduce
the planted clique problem (with clique size k) to the problem of recovering v from the upper
triangle (without the diagonal) of matrix Y. The best currently known algorithmic guarantees for
sparse PCA are captured by algorithms that can recover v from the upper triangle of the input
matrix, hence it is likely that sparse PCA with symmetric noise is at least as hard as the planted
clique problem. Finally, we remark that there is a conjecture stating that there is no 7°1°8™)-time
algorithm that can solve the planted clique problem for some values of k (see [MRS21]).

The reduction works as follows. We use the notation U(M) to denote the upper triangle of
matrix M. It is not hard to see that if A is an instance of the planted clique problem (the adjacency
matrix of the graph) and ] is the matrix with all entries equal to one, then U(2A — ) is the upper
triangle of an instance of the sparse PCA problem with symmetric noise, where A = k, Vk - v is the
0/1 indicator of the clique, and the noise N is as follows: For the entries i, j € supp(v), N;; = 0, and
for other entries Nj; are iid sampled from the uniform distribution on {£1}.

3 Preliminaries

Notation. We use boldface to denote random variables. We hide absolute constant multiplicative
factors using the standard notations O(-), Q(:), 2, <. Similarly, we hide multiplicative logarithmic
(in the dimension m of the input) factors using the notation O(-), Q(). We use the notation ||-||,
for the Euclidean norm, [|-||g for the Frobenius norm, || X|| ., = max;e[,;]|X;|. We write log for the
logarithm to the base e.

max

Definition 3.1 (Huber loss function). The Huber loss penalty is defined as:

Falh) = %tz for |t| < h, 3.1)
e h(|t] - %) otherwise. '
For a vector x € R" we denote by Fj,(x) := e, fu(xi).
The Huber loss satisfies the following inequality.
Lemma3.2. Leth > 0. Forallt,0 e R,andall0 < C < h,
62
it +0) = fu#) = f(£) - 6 > — A<y - Loji-ay - (3.2)

Proof. We have two cases:

11



e If [t| > Cor |6] > h — C, then either 1jj;<¢; = 0 or 1jj5<x-¢) = 0. Hence,

1< - ysj<n-g = 0. (3.3)

For this case, we simply use the convexity of f; to get

Fult +6) = fult) = fL(£) -6 > 0 (3.4)
62
= S Lpr<cr - Lslen-qr - (3.5)

o If|t| < Cand |8] < h—C, then |t + 6| < h. In this case, we have f,(f +06) = 3(t +0)?, fu(t) = 3t*
and f/(t) = t. By direct inspection, we get

, 1 1 &2
fult +8) = fult) = f(£) - 6 = S(t+6)* = St* 46 = = (3.6)
2
= 5 lin<a - Loien— - (37)
O

3.1 Sum of squares and pseudodistributions

Let x = (x1, x2,...,x,) be a tuple of n indeterminates and let R[x] be the set of polynomials with
real coefficients and indeterminates x1, . .., x,. We say that a polynomial p € R[x] is a sum-of-squares
(s0s) if there are polynomials q1, ..., g, such that p = g2 + - - + g2,

3.2 DPseudo-distributions

Pseudo-distributions are generalizations of probability distributions. We can represent a discrete
(i.e., finitely supported) probability distribution over R" by its probability mass function D: R" — R
such that D > 0 and X, cqupp(p) D(x) = 1. Similarly, we can describe a pseudo-distribution by its
mass function. Here, we relax the constraint D > 0 and only require that D passes certain low-degree
non-negativity tests.

Concretely, a level-{ pseudo-distribution is a finitely-supported function D : R" — R such
that 3}, D(x) = 1 and 3, D(x)f(x)? > 0 for every polynomial f of degree at most £/2. (Here, the
summations are over the support of D.) A straightforward polynomial-interpolation argument shows
that every level-co-pseudo distribution satisfies D > 0 and is thus an actual probability distribution.
We define the pseudo-expectation of a function f on R? with respect to a pseudo-distribution D,
denoted ]ED(X) f(x), as

Epwf(x) = ) DE)f(x) . (338)

The degree-{ moment tensor of a pseudo-distribution D is the tensor Epy)(1, x1, x2, ..., x,)®C.
In particular, the moment tensor has an entry corresponding to the pseudo-expectation of all
monomials of degree at most £ in x. The set of all degree-£ moment tensors of probability distribution
is a convex set. Similarly, the set of all degree-{ moment tensors of degree d pseudo-distributions
is also convex. Key to the algorithmic utility of pseudo-distributions is the fact that while there

12



can be no efficient separation oracle for the convex set of all degree-f moment tensors of an actual
probability distribution, there’s a separation oracle running in time n°() for the convex set of the
degree-{ moment tensors of all level-¢ pseudodistributions.

Fact 3.3 ([Sho87, Par00, Nes00, Las01]). For any n,{ € N, the following set has a n°O-time weak
separation oracle (in the sense of [GLS81]):

{]ED(X)(L X1,X2,..., xn)®d | degree-d pseudo-distribution D over ]R”} . (3.9)

This fact, together with the equivalence of weak separation and optimization [GLS81] allows us
to efficiently optimize over pseudo-distributions (approximately)—this algorithm is referred to as
the sum-of-squares algorithm.

The level-¢ sum-of-squares algorithm optimizes over the space of all level-{ pseudo-distributions
that satisfy a given set of polynomial constraints—we formally define this next.

Definition 3.4 (Constrained pseudo-distributions). Let D be a level-¢ pseudo-distribution over R".
Let A={f1>0,/2>0,..., fu >0} be a system of m polynomial inequality constraints. We say
that D satisfies the system of constraints A at degree r, denoted D If A, if for every S C [m] and every
sum-of-squares polynomial & with degh + };cs max{deg f;, 7} < (,

Eph-| | fi>o0.
i€eS
We write D |= A (without specifying the degree) if D I% A holds. Furthermore, we say that D If A

holds approximately if the above inequalities are satisfied up to an error of 271 1] - TTiesll fill,
where ||-|| denotes the Euclidean norm'” of the cofficients of a polynomial in the monomial basis.

We remark that if D is an actual (discrete) probability distribution, then we have D |= A if and
only if D is supported on solutions to the constraints A.

We say that a system A of polynomial constraints is explicitly bounded if it contains a constraint
of the form {||x||*> < M}. The following fact is a consequence of Fact 3.3 and [GLS81],

Fact 3.5 (Efficient Optimization over Pseudo-distributions). There exists an (n + m)°O-time algorithm
that, given any explicitly bounded and satisfiable system® A of m polynomial constraints in n variables,
outputs a level-C pseudo-distribution that satisfies A approximately.

3.3 Sum-of-squares proofs

Let f1, f2,..., fr and g be multivariate polynomials in x. A sum-of-squares proof that the constraints
{fi=0,..., fu > 0} imply the constraint {g > 0} consists of sum-of-squares polynomials (ps)sc[m]

such that
g=> ps-|]f (3.10)

Sc[m] ieS

¢
7The choice of norm is not important here because the factor 27" swamps the effects of choosing another norm.
18Here, we assume that the bitcomplexity of the constraints in A is (1 + n1)°0(1).
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We say that this proof has degree ¢ if for every set S C [m], the polynomial ps [];cs fi has degree at
most £. If there is a degree ¢ SoS proof that {f; > 0| i < r} implies {g > 0}, we write:

{(fiz0li<r}f{g>0}. 3.11)

Sum-of-squares proofs satisfy the following inference rules. For all polynomials f, g: R* — R
and for all functions F: R” —» R", G: R" — R, H: R? — R” such that each of the coordinates of
the outputs are polynomials of the inputs, we have:

Al f 20,9300 Al {f>0}, Al {g >0}
Al {f+g>0 Al {f-g>0) ’
Al 8,8l C
Al C
{F >0} |7 {G > 0}
{F(H) > 0} bgeoay {G(H) > 0}

Low-degree sum-of-squares proofs are sound and complete if we take low-level pseudo-
distributions as models.
Concretely, sum-of-squares proofs allow us to deduce properties of pseudo-distributions that

(addition and multiplication)

, (transitivity)

(substitution)

satisfy some constraints.

Fact 3.6 (Soundness). If D If A for a level-t pseudo-distribution D and there exists a sum-of-squares proof
Al 8, then D == 8

If the pseudo-distribution D satisfies A only approximately, soundness continues to hold if
we require an upper bound on the bit-complexity of the sum-of-squares A |7 B (number of bits
required to write down the proof).

In our applications, the bit complexity of all sum of squares proofs will be n°() (assuming that
all numbers in the input have bit complexity 7°). This bound suffices in order to argue about
pseudo-distributions that satisfy polynomial constraints approximately.

The following fact shows that every property of low-level pseudo-distributions can be derived
by low-degree sum-of-squares proofs.

Fact 3.7 (Completeness). Suppose d > r’ > r and A is a collection of polynomial constraints with degree
at most r, and A+ {1, x? < B} for some finite B.

Let {g > 0} be a polynomial constraint. If every degree-d pseudo-distribution that satisfies D If A also
satisfies D If {g > 0}, then for every € > 0, there is a sum-of-squares proof A l? {9 > —¢}.

We will repeatedly use the following SoS version of Cauchy-Schwarz inequality and its

generalization, HAtlder’s inequality:

Fact 3.8 (Sum-of-Squares Cauchy-Schwarz). Let x,y € RY be indeterminites. Then,

(2] <[22

1
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We will also use the following facts about triangle inequalities and spectral certificates within
the SoS proof system.

Lemma 3.9. There is a degree-2 sum-of-squares proof of the following weak triangle inequality:
2(2 af) + 2(2 bf) - (Z(ai + bi)z) = Z(ai — b)), (3.12)
i=1 i=1 i=1 i=1

Fact 3.10 (Spectral Certificates). For any m X m matrix A,

o {qw, Auy < AT )

We will also use the following results about pseudo-distributions.

Fact 3.11 (Cauchy-Schwarz for Pseudo-distributions). Let f, g be polynomials of degree at most d in
indeterminate x € R?. Then, for any degree d pseudo-distribution D, Ep[fg] < \/]ED Lf 2]\/]ED [42].

4 Meta-theorem

In this section we prove Theorem 1.1.

Theorem 4.1 (Meta-theorem). Let 6, a € (0,1) and C > 0. Let Q C R™ be a compact convex set. Let
b,r,y € Rbe such that

max||X|lmax < b,

XeQ

max|| X2 <7,
XeQ

and
E sup(X, W) [ < ».
W~N(0,1d) | 4 Eg< ) 4
Consider
Y=X"+N,

where X* € Q and N is a random m-dimensional vector with independent (but not necessarily identically
distributed) symmetric about zero entries satisfying P[|N;| < C] > a.

Let )
_ )4

~ r2mlogm’
and let Z be an m-dimensional vector such that at least (1 — €)m entries of Z coincide with entries of Y, and
other entries are arbitrary.
Then the minimizer X = argminy ¢ Fy(Z — X) of the Huber loss with parameter h > 2b + C satisfies

, <O \/g(y + r,/log(l/é)))

with probability at least 1 — 6 over the randomness of N.

A

X-X
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Note that without loss of generality we can assume that /1 - ¢ - mlog m < . Indeed, otherwise
we would get h -y > r2, and the error bound becomes trivial. Similarly, we can assume that

hlog(1/6) < r4/log(1/9).

To prove the theorem we need the next two intermediate lemmas.

Lemma 4.2 (Gradient bound). Consider the settings of Theorem 4.1. Then with probability at least 1 — 6
over the randomness of N, for every X, X’ € Q, we have

[(VF,(N+Z-Y),X - X")| <100h - ()/ + rwllog(l/é)) .

Proof. Let C be the set of entries where Y differs from Z. The size of C is at most ¢m, hence

Zfé(Ni+Zi—Yi)-(Xi—Xz’.) <h-2b-em <h®-em<hy. 4.1)

ieC

Now consider some fixed (non-random) subset S of entries of size (1 — ¢)m. By Lemma C.4, the
random variable supy y.cq Zies f; (Ni) - (Xi - X:) has expectation bounded by 6 - 1 - , and for
every 0 < ¢’ <1, we get that with probability at least 1 — ¢’,

<h- (67/ + 10r,/log(1/6’)) )

>N - (X - X))

ieS

Now choose
o 0

m > e\ Em °
()~ (£)
By taking a union bound over all subsets'® of size (1 — ¢)m, we can see that with probability at least

1 -0, we have
<h- (6)/ + 10r‘/log(1/6’))
<h- (67/ +1074/log(1/6) + 10r\[em log(e/s))

for all subsets of size (1 — ¢)m. In particular, for S = [m] \ C, with probability at least 1 — 6, we have

Z fr(Ni) - (Xi-X))|<h- (67/ +10r4/log(1/0) + 10r/em log(e/e)) . 4.2)

ie[m]\C

o =

2 i) - (Xi = X))

ieS

Now notice that

7/2

Zm1
r’emlog(e/e) = r* - ——— rmosm
r2mlogm

~m(1+10g 2
y? r’ 2
= logm(l+logm+10glogm +log?) < 4y”.

19The number of such subsets is ((1_";)"1) = (")
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By combining this with (4.1) and (4.2), we get that with probability at least 1 — 6, we have

KVE,(N+Z-Y),X-X")<h- (10)/ +10ry/emlog(e/¢) + 10r,/log(1/6))
< 1004 - (y + rwllog(l/é)) .

O

Lemma 4.3 (Local strong convexity). Consider the settings of Theorem 4.1 and let h > C + 2b. Denote
M =N +Z-Y = Z - X*. With probability at least 1 — 6 over the randomness of N, for every X, X’ € Q

satisfying || X — X'|| > 20\/§ (4y + blog(1/6)), we have

FulM + X = X) > Ep(M) + (VE,(M), X — X'} + 1“—0||X - X'|13.
Proof. Fix some X, X" and let A = X — X’. Using Lemma 3.2,

Fi(M+A)= > fi(M; + A

i€[m]

A?
> > (fh(Mz') + fi (M) - Ai + STt - Lal<hc)
ie[m]

1
= Fy(M) + (VER(M), ) + 5 3" Lagieq) A2

i€[m]

Denote U = {i € [m] : Z; = Y;}. It suffices to show that with probability at least 1 — 6, for every
X, X’ € Q satisfying || X - X’|| > 20\/§ (4y + blog(1/0)), we have

o
Z Lnyj<g) A7 > EHAH% ,
iel

where A = X — X’. To this end fix such an X, X’ € Q. For every i € [m], define the random variable
. 2
zi = 1nl<cy A7 -

Let S be an arbitrary fixed (non-random) set of size (1 — ¢)m and let
zZ= Z zZ;.
ieS
We have
Elz]= ) Elzil= ) PINI<Cl-A2> ) - A2 —dem- b2 > 5 AI2,
i€S i€S i€[m]

where the last inequality holds because we assumed (without loss of generality) that i-e-m logm < y,

and hence N
dem -b* < h*-e-mlogm < hy < 5 ||A||§.
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On the other hand, since 0 < z; < A% < ||AJax < 4b?% for all i € [m], we have

D E[22] < ) 40 Elz] =40 - E[z].

i€S ieS

It follows from Bernstein’s inequality that for every ¢t > 0, we have

P[z — E[z] < —t] € exp|-— /2 < exp|-— /2
S TS O T Bz AR ) P\ a2 Efz]+ 402 £
By taking t = Egz] > 7 ||A||§, we get
E
]P[z < %HAH%] <P|z< Egz] <P|lz-FE[z] < - gz]}
< ool E[z]*/8 < oo JEL21) _ [ alial;
S OP\ T2 Bz + 42 E[z]/2) S P\ Tean2 ) S P 12802 |

By taking a union bound over all subsets? of size (1 — ¢)m, we get

(om (m,[_alalB
1 -e)m b ~\em | P\ 12802

e\em allAll3 allAll3
< (Z) eXP(_ ToRps | = &P emlogle/e) -

P

allAll7

2 & 2
2 Lawi<oy A7 < AL o5

ield

12802
2y allAll3
< - - 7 ‘
eXp( b 128b2 *3)

where in the last inequality, we used the fact that we assumed (without loss of generality) that
h-e-mlogm <y, which means that

r>mlogm

emlog(e/e) = em 1+logT
r? 4y 2y
=em(1+logm +loglogm +10g? <4demlogm < 7 <

=X

? .
Now define

L= zo\/g (4y + blog(1/5)),

D= {X-X:X X €Q, IX-X2>L},
and

Lva
10 '

g =

2The number of such subsets is ((; "y),,) = (,)-
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and let N:(D) be an é-net of © of minimal size. Using Sudakov’s minoration Fact C.5, we have

g [ /
—JlogIN:(®)| < E sup{g, A)| < E su X - X
2 gl S( )| g~N(O,Im) »A€g<g > g"N(O/Im) X,X’Eﬁ<g >
< E sup (g, X)+ sup (g, —X')
g~N(0,I,) _X,X’GO X,X’EQ
= sup(g, X)|+ E sup(g, X')| =2y .
NN( ’ m) XIEQ

= E
g’”N(O/Inz) Xeh

By taking a union bound over N;(D) and applying (4.3), it follows that
al? - 1600y s 2y al?
SOP\Tar T T 1282

a
3A € Ne(D), )" Ty -AF < AL

P
el
2y al? 16y2 2y
< IN:(D 2 <exp| — 42X _
IN:( )|eXp(b 128b2) eXp( 2 5 1802
O N al? al? < al? (L)(S
160002 " s00b2 12862 S P\ Tao0p2) S ¢
L2 2y L2
Teooz and 3~ < g

( al?

< exp
2
where (*) follow from the fact that L > 204/ %, which implies that % <

(1) follows from the fact that L > 20 %2 log(1/6).
We conclude that with probability at least 1 — 9, it holds that for every A € Nz(D), we have

a
2 Liwiscy A7 > ZIIAIL.
iel
Assume that this event happens, and let A € D be arbitrary. We can decompose A as
A=A+B,
where A € Nz(D) and ||B||max < &. We have
1
2 _ 2 2 2
Z Lynii<cy A7 = Z Lni<g (Ai +Bi)” > 5 Z Linii<y A7 = Z Lynii<cy “Bj
ield ied el ield
a a a
> ZIIAH% ~|IBll; = 2 1A= Bli; - IIBIl; > 7 Al ~ IBI2)* = IBII3
2 2
4" 10 10 ) 710
LVa _ Ay ]
10 10

where () follows from the fact that || B||max < & =

We can now prove the theorem.
Proof of Theorem 4.1. We may assume || X* — Xl > 20 %(47/ + blog(1/6)), since otherwise the

statement is trivially true. By definition, for M = Z — X*, we have
Fi(Z = X) < Fy(Z - X) = Fy(M),
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and by Lemma 4.3, with probability 1 — 6, we have
N TN TR
Fu(Z = X) > Fj(M) — (VE,(M), X* = X) + E||X - X||;-

Combining the two inequalities and rearranging, we get

< KR, X = 0] < Oy +r g0,

and the result follows. m]

|x - X

5 Applications

In this section we apply Theorem 4.1 to various estimation problems.

5.1 Tensor PCA with oblivious outliers

We show here how Theorem 4.1 can be used to recover a rank-1 tensor under symmetric noise. We
will need the following fact:

Fact 5.1 ([HSS15]). Let p > 3 be an odd number, and let W € (R™)®P be a tensor with i.i.d. entries from
N(0,1). Then with probability*' 1 — 6 (over W) every pseudo-distribution u of degree at least 2p — 2 on
indeterminates x = (x1, ..., xy) satisfies

~ ~ _P_
By (x®, W) < C- ((nP cp-Inn) "+ 0P n(1/6)"* + n4(In(1 /5))3/4) (B llx]P2) 72

for some absolute constant C.
The following corollary is a simple application of Lemma A.4 to Fact 5.1.

Corollary 5.2. Let p > 3 be an odd number and let W € (R")®" be a tensor with i.i.d. entries from N(0, 1).
Then for every d > 2p — 2, we have

E| sup (X, W)

p- 1/4
P <O((n” p-Inn) ),

where
Qg = {Baex® g € Py, Breyllnl? <1},

and Py is the set of pseudo-distributions over R[x] = R[x1, ..., x,] of degree d.

The following fact is an easy consequence of Fact 3.10 and the bound on the expected value of
the spectral norm of Gaussian n”/? x nP/? matrix:

2Note that Fact 5.1 follows from applying Theorem 56 of [HSS15] to p-tensors in the same way as it was applied to
3-tensors in order to prove Theorem 11 and Corollary 12 of [FHSS15]. It is worth mentioning that the probability that
was reported in [FISS15, Theorem 56] is 1 — O(n_loo). However, a closer look at the proof of Theorem 56 in Page 47 of
[HSS15], we can see that the probability at least 1 — 6 can be easily obtained for arbitrarily small 6.

20



Fact5.3. Let p > 2 be an even number and let W € (R")®? be a tensor with i.i.d. entries from N (0, 1). Then
for every d > p, we have

E| sup (X, W)

< O(np/4) ,
XEQn,d

where
Qna = {]ExNHx@”’ tuePq, ]EXNH||x||2 < 1} ,

and Py is the set of pseudo-distributions over R[x] = R[xq, ..., x,] of degree d.
Proof. Fix X € Qn,d and let p € P, be such that ]Exw |x]|> < 1and X = ]l::x~“x®p. Denote by W’ the
nP/2 x nP/? matrix that is obtained by reshaping W. We have:
. ® F op/2 s @p/2\ T op/212 /
(X, W) = B (x, W) = By (x®/2, W) < ||W o [|x®2]3 < W ]l2,
(*) follows from Fact 3.10 and (1) follows from the fact that
Boeu lx®2)2 = Beey (212072 < 1.
Therefore,

E| sup (X, W)

XEQn,d

<E[IW[] < O(n"4).

The last inequality follows from the well known bounds on the expected spectral norm of a Gaussian
matrix, and can be immediately seen from Fact A.1 and Lemma A 4. m]

The following two theorems are about tensor PCA with asymmetric tensor noise.

Theorem 5.4 (Asymmetric Tensor Noise of odd order). Let p > 3 be an odd number. Let n € N, n > 2,
A>0and o € (0,1]. Let T = A - v® + N, where v € R" is a unit vector and N is a random tensor
whose entries are independent (but not necessarily identically distributed), symmetric about zero and satisfy
]P[|Ni14,,,-p| <1| > aforaliy,..., i, € [n].

There exists an absolute constant C > 1 and an algorithm such that if

Az % (pInn)* . P/

and
(a/C)V

n1/4(p In n)l/(4p) !
0(1)

19 ]lmax <

then the algorithm on input T runs in time (n?)~"" and outputs a unit vector o € R" satisfying

(v,%) > 0.99

with probability at least 1 — 27",
Furthermore, for ¢ < (CnP -pln n)_l/ 2 the same result holds if an arbitrary (adversarially chosen)
e-fraction of entries of T is replaced by adversarially chosen values.
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Proof. We can apply Theorem 4.1 for input
Y=T/A=0v* +N’,

where

1
N'==N.
A

In order to do so, define the set
3 = {Byx®™  pe &),

where & is the set of pseudo- distributions over R[xq, ..
x~il||x||§ 1 and ]EXNMJC2 < }LZ/P forall i € [n].
Define C = A so that for every iy, ..., i, € [n], we have

., X, ] of degree 2p that satisfy the constraints

H i ‘ S C] = P[|Ni1...ip| <1l]>a

Now notice that

max|| X||max = maxll]Exwx O ||max = max max |]Ex~yx11 .. xip|
XeQ ue ues ii,...,ipeln]

~ () 1\ 1
<max max [Ecx2 .. .x7 < = =7
peE iy,...,ipe[n] 1 4 A2/p A

.....

where (+) follows from the fact that [E,. Hx < for all p € & and all i € [n]. Furthermore,

/\Z/P

~ - [= 2
max|| X||, = max||[E,.,x®" < max 4/ Eqy|[x®F 2 = max /By llx|I57 <1
XGQ” ”2 el ” X~ ”2 X & X y” ”2 el X y” ”2 =

where the last inequality follows from the fact that E.. ullx ||2 1forall p € &.

Let b = 1 and r = 1 so that maxyg|X|lmax < b and maxyg||X|> < r. By defining h = 2, we
can see that

h>C+2b,

Now from Corollary 5.2 and Fact 5.3, we can see that there is

y = @(O((p Inn)"*. np/4))

such that the Gaussian complexity of Q satisfies

E|sup(X, W)
XeQ

where W is a random tensor in (R")®” whose entries are i.i.d. standard Gaussian N(0, 1).
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If follows from Theorem 4.1 that with probability at least 1 — 27", the pseudo-distribution [E that
minimizes the Huber loss satisfies

0% — Ex®P||, < O \/Z (7/ + r,/log(l/Z‘”)))

3 V4 o/ _ofL
\/Aa((plnn) np/%+1 nlog2))—O(C :

By making C > 0 arbitrarily large, we can make the above bound on |[v® — Ex®*||, arbitrarily small.
Now we take 9 = Ex/||[Ex]||.
By Lemma B.1, 9 satisfies the desired bound with probability at least 1 —27". Note that Theorem
Theorem 4.1 also implies that we can also afford an ¢ fraction of arbitrary adversarial changes in the
observed tensor as long as

<O

2 O((plnn)l/z-n’”/Z)

€< =
r2n? log(nP) nPplogn

= O((np : plnn)_m) :

O

Theorem 5.5 (Asymmetric Tensor Noise of even order). Let p > 2 be an even number. Let n € N,
n>2,A>0anda € (0,1]. Let T = A - v® + N, where v € R" is a unit vector and N is a random tensor
whose entries are independent (but not necessarily identically distributed), symmetric about zero and satisfy
P(|Ni,..i,| <1] > aforalliy, ..., i, €[n].

There exists an absolute constant C > 1 and an algorithm such that if

A;Enpﬂl

a
and
(a/Q)""
10]lmax < Y
then the algorithm on input T runs in time 1n7)°Y and outputs a unit vector 0 € R" satisfying

[{v,0)| > 0.99

with probability at least 1 — 27",
Furthermore, for ¢ < (Cn?/?-pln n)_l, the same result holds if an arbitrary (adversarially chosen)
e-fraction of entries of T is replaced by adversarially chosen values.

Proof. The proof is very similar to the proof of Theorem 5.4, we only need to use Fact 5.3 to bound
the Gaussian complexity. For rounding, we can take % to be the top eigenvector of [Exx™ and by
Lemma B.2 9 satisfies the desired bound with probability at least 1 —27". m]

The next two theorems is about tensor PCA with symmetric tensor noise.
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Theorem 5.6 (Symmetric Tensor Noise of odd order). Let p > 3 be an odd number. Let n € N, n > 2,
A>0and a € (0,1]. Let T = A - v® + N, where v € R" is a unit vector and N is a random symmetric
tensor whose entries Ni, i, with indices iy < ip < ... < ip are independent (but not necessarily identically
distributed), symmetric about zero and satisfy 1P[|Ni1,,.,‘p| < 1] > .

There exists an absolute constant C > 1 and an algorithm such that if

!
A> % (plnn)* . pp/d

and
allp

< ,
(CpH)YP - nl/4 - (pInn)t/4

19]|max

0(1)

then the algorithm on input T runs in time (n?)~"" and outputs a unit vector o € R" satisfying

(v,%) > 0.99

with probability at least 1 — 27",
Furthermore, for ¢ < (Cn? -pln n)_l/ 2 the same result holds if an arbitrary (adversarially chosen)
e-fraction of entries of T is replaced by adversarially chosen values.

Proof. The proof is similar to the asymmetric N, but we apply Theorem 4.1 for input
Y=T/A=X"+N’,

where T’, X’ and N’ are the restrictions of T, v®” and %N to the entries T;
with indices i; < i» < ... < iy, respectively. We also use the set

= {(]Exwyxil .”xi”)i1< <i e 8} '
<<y

where & is as in Theorem 5.4.

1
1...ip ’ (v®)i1...ip and XNlllp

We define C = % so that forevery 1 <i; <... < ip <n,we have

]P”N.’ . ’ < c] =P[|Niy..i,| <1] > a.

1...1p

By defining r = 1 and b = 1, we can show similarly to Theorem 5.4 that maxyq || X|lmax < b
and maxy. || X[l < r. By defining h = 2, we can see that

h>C+2b.

Also similarly to Theorem 5.4, we can show that for some y = @( (pIn n)l/ Lonp! 4), the Gaussian

complexity of Q can be bounded? as

E|sup(X, W)

XeQ

<y,

2We use Corollary 5.2 and Fact 5.3, together with Fact C.1 which implies that the Gaussian complexity does not
increase if we restrict to a subset of coordinates.
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where (W)il...i,, are i.i.d. standard Gaussian N(0,1) for 1 < i1 < ... <ip < n.
If follows from Theorem 4.1 that with probability at least 1 — 27", the pseudo-distribution [E that
minimizes the Huber loss satisfies

\/%((p In n)1/4 P4 41 logz))

1
< —.
O(CP!)

Therefore, with probability at least 1 — 2", we have

<0

_ ~ 2 1
0% — Ex®P||, = p!- Z (vil -+ v, — Ex; -~-xip) < O(E) :

1<i1<.<ip<n
The remaining of the proof is the same as in the asymmetric case. m|
We can similarly modify the proof of Theorem 5.5 to get the theorem for symmetric tensor noise:

Theorem 5.7 (Symmetric Tensor Noise of even order). Let p > 2 be an even. Let n € N, n > 2,
A>O0and a €(0,1]. Let T = A - v® + N, where v € R" is a unit vector and N is a random symmetric
tensor whose entries Ni, i, with indices i1 < iz < ... < iy are independent (but not necessarily identically
distributed), symmetric about zero and satisfy ]P[|Ni1,,,ip| < 1] > a.
There exists an absolute constant C > 1 and an algorithm such that if
Cp!

A>_.np/4
o

and
(a/(Cpy)"”
19]lmax < T ,

oM

then the algorithm on input T runs in time (n?)~"" and outputs a unit vector o € R" satisfying

[{v,0)| > 0.99

with probability at least 1 —27".
Furthermore, for ¢ < (CnP/?-pln n)_l, the same result holds if an arbitrary (adversarially chosen)
e-fraction of entries of T is replaced by adversarially chosen values.

5.2 Sparse PCA with oblivious outliers

We will use the system of constraints for sparse PCA from [dKNS20].

Let t < k and let S; be the set of all n-dimensional vectors with values in {0, 1} that have exactly
t nonzero coordinates.

We start with the following definition.

25



Definition 5.8. For every u € S; we define the following polynomial in variables s := (s1,...,5,)

-1
pu(s):(lz) : l_[ Si.

iesupp{u}

Note that if v is a k-sparse vector and s is the indicator of its support, then for every u € S, we
have

pals) = {(’?)_1 if supp{u} C supp{v},
0

otherwise.

Now consider the following system C; , of polynomial constraints.

Vi e [n], 51'2 =s;
Z Si = k
i€[n]
Vi € [n], S; - Xj = X;
2 _
Cox: 2=l (5.1)
Zpu(s) =1
MGSt
. t
Vi € [n], Z uipu(s) = a S;
uGSt

It is easy to see that if x is k-sparse and s is the indicator of its support, then x and s satisfy these
constraints.

In [dKINS20] a different model of Sparse PCA is considered than the one we study here. There,
abound on v" M is certified where M is the centered Wishart matrix, while we need to certify the
bound for standard Gaussian matrix M. The proofs of [dKINS20] can be easily adapted for our case.
In Appendix B.2 we show that the Gaussian complexity of the set of degree 4t pseudo-distributions

logn
t

that satisfy the constraints C; , is bounded by O (k

Now we are able to show how the algorithm from Theorem 4.1 can be used to solve the sparse
PCA problem with general noise with symmetric independent entries.

Theorem 5.9. Let n,k € N,k <n, A >0and a € (0,1]. Let M = A -vv" + N, where v € R" isa
k-sparse unit vector and N is a random matrix with independent (but not necessarily identically distributed)
symmetric about zero entries that satisfy ]P[|Nij| <1l]>a.

There exists an absolute constant C > 1 and an algorithm such that if A > k > Cln(n)/a? and
19 |lmax < 100/Vk, then the algorithm on input M runs in time n©0og/ ) gnd outputs o € R" satisfying

(v, )| > 0.99

with probability at least 1 — n=1%,

Moreover, the same result holds if we only get the upper triangle (without the diagonal) of the matrix M
as input.

Furthermore, for ¢ < %, the same result holds if an arbitrary (adversarially chosen) e-fraction of
entries of M is replaced by adversarially chosen values.
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Proof. We can apply Theorem 4.1 for input
Y=M/A=0v0" +N’,
where N’ = 1 N. We also use the set
Q={Ewpuxx":peé&},

where & is the set of pseudo-distributions over R[x1, ..., x, ] of degree 4t that satisfy the constraints
Eq. (5.1) and additional constraints ]Exf < 100%/k for all i € [n]. Note that we choose t =
[Cln(n)/a?] < k.

If we define b = % and r = 1, itis not hard to see from the constraints Eq. (5.1) and ]I::xi2 < 1002 /k
for all i € [n] that maxy.g | X|lmax < b and maxyn || X[ < 7. Leth = 2 5o that

h>C+2b.

From Lemma B.6, we can see that there exists y = @(k 1“7”) such that the Gaussian complexity

of Q can be bounded by y. We conclude from Theorem 4.1 that with probability at least 1 — n 1%,
the pseudo-distribution [E that minimizes the Huber loss satisfies

oo™ —]ExxT”2 <O \/g()/ + r,/log(l/n‘loo)))
201 [Inn
N
<O \/lwlln—n+ 8T <O L+L
aV t ka VC  Cyflogn
1

“0far).

where the last inequality follows from the fact that t > CIn(n)/a? and k > CIn(n)/a?. If we choose
C > 1 to be large enough, we can make the above bound on ||vvT - ]ExxTHz to be arbitrarily small.
Therefore, by Lemma B.2, the top eigenvector ¢ of Exx " satisfies the desired bound with probability
at least 1 — 1719 Note that Theorem Theorem 4.1 also implies that we can also afford an ¢ fraction
of arbitrary adversarial changes in the observed matrix as long as

s~ i () i)

< = = A - -
€S 22 log(n?)  2n?log(n) tn2 n?1n(n)

N

If we only get the upper triangle of M as input, we can optimize the Huber loss over

Q = {(]Exwyxixj)iq VS 8} .
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The Gaussian complexity of Q is bounded? by O (k1 / 1“7”), hence the pseudo-distribution E that
minimizes the Huber loss satisfies

Z(Uﬂ)]‘ — ]Exixj)z <2 Z (01‘0]‘ — ]Exixj)z < O(L)

i#] 1<i<j<n Ve
with probability at least 1 — n71%. Moreover,

> (0~ Bx})’ < max (02 + Ex?) )" (07 +Ex?) < O(1/k).

_ 1<j<n\ ) 1) £
1<ign 1<ign

-100

Hence, with probability at least 1 — n , we have

||vvT - ]I:ZxxT”2 <O

1.1
Ve k)
The remaining of the proof is the same as when the input is the whole matrix M. O

6 Reduction from the planted clique problem

6.1 Sparse PCA

In this section we show that the running time 7n°1°8" for sparse PCA with symmetric noise is
likely to be inherent. We will use a reduction from the planted clique problem. Reductions from the
planted clique problem to different models of sparse PCA were studied in [BR13a, BR13b, WBS16,
GMZ17, BBH18, BB19]. Our analysis is simpler since our noise model is less restrictive than models
considered in prior works. In fact, the planted clique problem can be seen as a special case of sparse
PCA with symmetric noise (when only upper triangle without the diagonal is given as input).

Recall that the instance of planted clique problem is a random graph sampled according to
the following distribution G(n, g, k): First, some graph is sampled from Erd§s-Rényi distribution
G(n,q) (where g € (0,1) is the probability of including an edge), and then a random subset of
vertices of size k < n is chosen and the clique corresponding to these vertices is added to the graph.
The goal is to find the clique. It is possible to find in time 701%™ for constant? q if k > w(logn),
but no polynomial time algorithm is known for w(logn) < k < o(v/n).

In this section we assume that w(logn) < k < n%4. Currently no n°1°8™)_time algorithm is
known to solve this problem in this regime (for constant q), and for g = 1/2 and for some k = n1)
it is conjectured to be impossible to solve it in time pollogn) (see [MRS21] for more details).

Let M = A-v0" + N, where v is a k-sparse unit vector whose nonzero entries are equal to 1/ \/E,
N is a random matrix with independent (but not necessarily identically distributed) entries that
satisfy ]P[|Nij| <1]=1

Also suppose that we get only the upper triangle (without the diagonal) of the matrix M as
input. There are algorithms that can solve sparse PCA problem that only observe the upper triangle
and match (up to a constant factor) current best known guarantees (if ||v||41L < 1 which is true if

BWe use Fact C.1 which implies that the Gaussian complexity does not increase if we restrict to a subset of coordinates.
#Le, Q(1) < g <1-Q(1).
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19/lmax < 100/Vk). Hence we assume that for flat vectors the problem does not become harder if we
get only the upper triangle of M as input. We denote the upper triangle matrix of M as U (M).

Now let G ~ G(n,1/2,k) be a random graph with a planted clique of size k. Let A be the
adjacency matrix of G. Let | be the matrix with all entries equal to 1 and let C = 2A — J. Note that
U(C) = Uk -voT + N), where Vk - v is the indicator vector of the vertices of the clique (so it is
k-sparse), and N is the noise whose entries that correspond to the vertices of the clique are zero,
and other entries are iid {+1}.

If we could recover v from U(k - vo™ + N) in time no(log ”), we would be able to find the planted
cliquein G ~ G(n,1/2, k) in time no(logn),

Moreover, we can make the noise even smaller and the problem is likely to remain hard. That is,
if we could recover v from U (k- vv™ + N) where for all (i, j) € [1n]?, ]P[Ni]- = O] > a, then we would
be able to find the planted clique in G(n, (1 — @)/2, k). Indeed, for p = (1 - a)/2let G ~ G(n, p, k)
and let A be the adjacency matrix of G. Let B be a random matrix such that B;; = 0 for all (i, j)
such that A;; = 1, and for other (i, ), B;; is 0 with probability p/(1 — p) and 0.5 with probability
1-p/(1=p)=a/(1-p).Let] be the matrix with all entries equal to 1 and let C = 2A + 2B - |.
Note that U(C) = U(k - voT + N), where Vk - v is the indicator vector of the vertices of the clique,
and N is the noise matrix with independent entries that satisfy P[N;; = 0] > a.

Hence if we could recover v from U(k - vo™ + N), where ]P[Nl-j = 0] > 0.99 in time no(log”),

then we could find the planted clique in G ~ G(n,0.005, k) in time no(log ”), which currently known
algorithms cannot do.

Remark 6.1. Exact recovery of v by the sparse PCA algorithm is not necessary in order for the
reduction to work: As we shall see, if we only get unit ¢ that has correlation p = (1) with v, we
can still find the clique. First notice that since X[, [0i|9;i > X[, vi0i, we can assume without
loss of generality that the entries of 9 are nonnegative. Now consider the set S C [n] containing the
indices the of top 4k/p? entries of . Then

1.6 1 p
Dvibi= Y bi<k-—-——=p[2,
i¢S iesupp(v)\S \/E \/E ZVE
where (*) follows from the fact that | supp(v) \ S| < | supp(v)| = k and that for every i ¢ S, we have®
2
ﬁlz < 4p_k' We conclude that
Zviﬁi =(v,0) — Zvﬂ?i >p/2.
ieS i¢S
Now let S = S N supp(v). We have
1
\/Ep/2<\/EZUﬂA)Z‘:\/% Z —131‘22131'< |S’],
ieS ieSNsupp(v) \/E ieS’

i.e.,
1S'] > kp?/4.

ZThis is a consequence of e[, z?lz =1 and the fact that S C [1] contains the indices the of top 4k/p? entries of 9.
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So if we restrict the graph to the vertices corresponding to S, we can find? the clique corresponding
to S’ in polynomial time as long as |S’| > a)(m), which is true for p = QO(1) and k > w(logn).
Then we can then easily find the remaining of the clique by searching for all vertices that are
adjacent to every vertex in §’.

6.2 Tensor PCA

In this section, we provide evidence that the assumption on ||v||max in Theorem 5.4 is likely to be
inherent, at least for our SoS-based approach.

First, we notice that exactly the same reasoning as that of Section 6.1 for obtaining a reduction
from the planted clique problem to sparse PCA, can also be applied to get a reduction from the
problem of recovering a planted clique in a random p-hypergraph to the problem of recovering a
k-sparse unit vector v from the upper simplex of ¥ = k” 2. 9% + N, i.e., from the entries Yil,...,z‘p
such that iy < ... < i,. It is conjectured that for every constant p, if k < n%%°, then the problem
of recovering a planted clique in a random p-hypergraph cannot be solved in polynomial time
(see [LZ20] for more details). Hence, we expect that if k < n°4° then it is not possible to efficiently
recover a k-sparse unit vector v from the upper simplex of Y = kP/2 . v® + N.

Second, we show that recovering from the upper simplex is not harder than recovering from the
entire tensor Y = kP/2.v® + N, at least for the algorithmic approach that is provided in Theorem 5.4.
We proceed similarly to how we showed in Theorem 5.9 that recovering from the upper triangle
matrix (without the diagonal) is not harder than recovering from the entire matrix. More precisely,
we show that if it is possible to get a sum-of-squares certificate of the bound on the Gaussian
complexity in such a way that shows that the algorithm in Theorem 5.4 can recover a k-sparse
vector v from the entire Y, then by slightly modifying the algorithm in Theorem 5.4 we can also
recover v from the upper simplex of Y.

Let us start by considering the case p = 3. Let b = O(1/Vk) be a bound on the entries of .
Since we know that v is k-sparse, we can restrict the optimization problem in the algorithm of
Theorem 5.4 to the pseudodistributions satisfying the constraint Z}“:l |Ex;| < bk. Similarly to the
proof of Theorem 5.9, we notice that

_ _ G
> (@3 -Ex) < max(|v]3.| + |]Ex]3.|) > (1921 + [Ex3]) < O(kb®) < o(1),
1<isn l<jsn 1<isn

and

- 2 - -
D (0% —Bxlx))” < max (jodop|+[Bxdap]) - D (oFoj] + [Bxx])

1<i,j'<n

1<i,j<n 1<i,j<n

<2p’ Z (o] + [Exj]) p O(kb*) < o(1),

1<j<n

2%6We apply the well-known spectral algorithm for the planted clique problem. It is worth mentioning that the log n
factor comes from the fact that S is not independent from the graph, and hence the distribution of the graph that is
induced by the vertices in S does not exactly match that of the planted clique problem. By taking a union bound over
all sets of size |S| and using standard concentration bounds for the spectral norm of symmetric matrices with i.i.d.
subgaussian entries, one can show that the maximal spectral norm among all submatrices of the centered adjacency
matrix of the random graph is bounded by O(|S|log 1) with high probability.
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where (*) and (1) follow from the constraint Z}“zl |Ex j| < bk. The remaining of the proof is similar
to the proof of Theorem 5.9.
For general p-order tensors with 3 < p < O(1), we can get a similar bound if we add the

.....

Z ((U®p)i1...ip - ]E(x®p)i1...ip)2 <o(1).

1<i1,...,ip<n:
3j¢j/, ij=i]-/

The above implies that for pseudodistributions that satisfy the added constraints, we have

- - 2
lo® ~Ex* |3 <o +pt- 30 (@) — B ) - 6.

1<i1<...<ip<n

If we could get a sum-of-squares certificate of the bound on the Gaussian complexity showing
that our degree-{ SoS-based algorithm in Theorem 5.4 can recover k-sparse flat vectors from
Y = kP/? . v® + N, then the same bound would imply that in the case where we only observe the
upper simplex of Y, the algorithm of Theorem 5.4 restricted to pseudoexpectations on the upper
simplex would give? a pseudodistribution satisfying

Z ((U®p)i1..‘ip - ]E(xw)il...ip)2 <1.

1<i1<...<ip<n

If we also require that the pseudodistributions satisfy the constraints 1<, i <x |Ex;, ---x; | < bk
forall 1 < r < p —2, then (6.1) implies that we can get a pseudodistribution satisfying

[0®P — Ex®P|2 < 1,

from which we can recover v. Since we know that this is not likely to be possible if k < n%4°, we can
see that the assumption on ||v||max in Theorem 5.4 is likely to be inherent, at least for our SoS-based
approach.

¥This is mainly because of Fact C.1 which implies that the Gaussian complexity does not increase if we restrict to a
subset of coordinates.
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A Additional tools

This section contain tools used throughout the rest of the paper.

Fact A.1. [Wail9] Let W be an n X d random matrix with iid standard Gaussian entries. Then with
probability at least 1 — exp(—1/2), we have

Wl < Vi + Vd + .

Fact A.2. [Wai19] Let B be a unit m-dimensional Euclidean ball. Then for every ¢ € (0, 1) there exists an
e-net in B of size (3/¢&)™.

Fact A.3. Let & be a nonnegative random variable. Then E & = /000 P[& > t]dT.

Lemma A.4. Let 1 be a random variable such that for some a € R and for all t > 0, n < a + © with
probability at least 1 — f(7) for some nonnegative f € L1((0, 00)). Then

]Er]<a+/oof(r)d’[.
0

Proof. Denote & = 1[,7> a] (1 — a). Note that 1 < a + & and & is nonnegative, hence by Fact A.3 we
have

]EcE:/ODo]P[§>T]dT:/OOO]P[r1—a>T]dT:/0wf(T)dT<00.

Hence either [E ) = —oco and the bound is trivially satisfied, or we can take the expectations form
both sides of n < a + &. ]
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B Sum-of-squares toolbox

B.1 Rounding

Lemma B.1. Let v € R" be a unit vector. Let p > 3 be an odd number and let E be a pseudo-distribution
over R[x1,...,x,] of degree t > p + 1 such that ]E||x||§ = 1. If for some ¢ > 0

oo - Exor], < c,

then & = Ex /|| Ex||, satisfies
(v,7) >1-2¢.

Proof. The proof is almost the same as the proof of Lemma 50 from [HSS15].
Consider the univariate polynomial f(u) =1 —2u” + u. It is easy to verify that f(u) > 0 for all
u € [-1,1]. Hence by Theorem 3.23 from [Lau09], f can be written as

f) = s1(u)(1 +u) +s2(u)(1 - u),

where 51 and s; are SoS polynomials of degree at most p — 1.
Now consider E f((v, x}). Since ||v ||§ +]|x ||§ +2(v, x) are SoS polynomials of degree 2 in variables
X1,...,Xn, for every SoS polynomial s of degree at most p — 1, we have

E[s((o, x)(Iloll3 + l1x153)] < E[s((v, x))].

N[ =

[E[s((v, )){v, 0)]| <

Hence
Ef((v, x)) = E[s1({v, x))(1 + (v, x))] + E[52((v, x))(1 = (v, x))] > 0,

which implies that E(v, x) > 2IE(v, x)? — 1. On the other hand, since
IEx® |l > [[0®F[|2 = [[o® - Ex®|, > 1 -,

we have 1
~ 2 ~ ~
Eo, )" = 3 (1lol5” + 1B I - 110 — BxPI) > 1.

We conclude that
E(v,x) > 2E{(v,x)P =1 >1-2¢.

O

Lemma B.2. Let v € R" be a unit vector. Let p > 2 be an even number and let E be a pseudo-distribution
over R[x1, ..., xy] of degree t > p such that B||x||? = 1. If for some & > 0

oo - Exrll, < e
then the top (unit) eigenvector © of ExxT satisfies

(0,5)* >1—4e.
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Proof. Consider the polynomial f(u) = 1-2u? +u?. Itis easy to verify that f(u) > Oforallu € [-1,1].
Hence by Theorem 3.23 from [Lau09], f can be written as

fu) = s3(u) + sa(u)(1 - u?),

where s3 and s4 are SoS polynomials satisfying deg(s3) < p and deg(ss) < p — 2. It is easy to see
that Ef((v, x)) > 0, and so [E(v, x)? > 2IE(v, x)? — 1. On the other hand, since

IEx®Pl2 > [0%F|l2 = [[0® = Ex®F[|, > 1~ ¢,

we have 1
~ 2 ~ ~
Eo, %7 = 5 (1lol5? + IBxSP I - 110 ~ BxP ) > 1.
Therefore,
v (Exx")v = E(v, x)? > 2B(v,x)’ -1 > 1-2¢.
Hence, by Fact B.3, the top eigenvector of Exx T satisfies the desired bound. m]

Fact B.3. Let M € R4 pe such that M > 0 and Tr M = 1, and let z € RY be a unit vector such that
z'Mz > 1 — €. Then the top eigenvector vy of M satisfies (v1,z)? > 1 - 2e.

Proof. Write z = avy + V1 — a?v, where v, is a unit vector orthogonal to v1. Let A1 > ... > A3 > 0
be the eigenvalues of M. We have

1-e<z'Mz
= a’v1"Muo; + (1 - a?)v,"Mo,
=a*(A1—v,"Mo,) +v, Mo,
<a*+ UJ_TMUJ_ ,
where the last inequality follows from M > 0 and Tr M = 1, which imply that v, TMv, > 0 and

A< L
Now since M < A1l;, wehave A1 > z"Mz > 1 — ¢, and

M+ +A;=TrM-A1<1-(1-¢)=¢.

Therefore, v, "Mv, < ¢ and

2 2
<'U],Z> =a
>1_€_UJ_TMUJ_
>1-2e.
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B.2 Sum-of-squares certificates for sparse PCA

Lett € N be such that 1 < t < k and let S; be the set of all n-dimensional vectors with values in
{0, 1} that have exactly t nonzero coordinates.
We start with the following definition.

Definition B.4. For every u € S; we define the following polynomial in variables s := (s1,...,5,)
-1
k
pu(s):(t) '} l_[ Si .
iesupp{u}

Note that if x is a k-sparse vector and s is the indicator of its support, then for every u € S;, we
have

-1
pu(sy= A1) ifsupp{u) € supp{x},
! 0 otherwise .

Now consider the following system C; , of polynomial constraints.

Vi € [n], 51'2 =s;
Z S;i = k
i€[n]
Vi € [n], S; - Xj = X;
2 _

Con: =] (B.1)
ZPu(S) =1
ueSt

. t
Vi € [n], Z Uipu(s) = © - si
MES[

It is easy to see that if x is k-sparse and s is the indicator of its support, then x and s satisfy these
constraints.

Lemma B.5. Let M € R"™" be a matrix. Denote by m; the maximal spectral norm among all 2t X 2t
principal submatrices of M. Then

Cox by {xX™Mx <2-m; - kJt} .

Proof. Without loss of generality we can assume that M is symmetric, since otherwise we can
replace M by its symmetrisation. Indeed, x' Mx = x" (1M + 1MT)x, and symmetrisation does not
increase the spectral norms of principal submatrices. Note that

K2 ,
Cs,x lzs_t {SST = t_2 Z u ”TPu'(S)Pu(S)} .

u,u’€S;

For x, y € R" we denote the Hadamard product of x and y as x © y, i.e., x © y is the vector in R"
with entries (x © y); = x; - y; for all i € [n]. It follows that

Cs x I% {xxT =(x0s)(x© S)T}
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2
I%{xxT=’t‘—2 >, <x@u'><xou>pr<s>pu<s>}

u,u’' €Sy
T k? T
iz (T Mx = 55 D (0w TM 0 w)pu(s)pu(s)
u,u’ €St

Im { x"Mx = k—Zz Z (xou)M(xou)+(xou) Mxo u))pu/(s)pu(s)} .

2t u,u’€S;

Now for every u, u’ € &, let M, ,,» be the matrix that coincides with M at the entries (i, j) such
that both i and j are from the union of the supports of u and u’, and is zero at other entries. Note
that (x © u) " M(x © u’) = (x © u) My, (x © u’). Since M, , is symmetric, it is a difference of two
PSD matrices M} , and M i whose spectral norms are at most ||M,, .|| < m;. Since for every PSD

matrix S we have lT {¢abT™ +baT,S) < (aaT +bbT,S)} for variables a, b € R", we get

> {(x O u) My w(x0u')+ (x ©u) My w(xou')

:(xGu)TM (xou)+(xou)' My (x O u)

+(=(xou)’ M, (x@u’)+(x®u’)TM;,u,(—(x®u))
<@@ou)'™M; (xou)+xou) M (xou)

+(xou)" Muu(xeu)+(x®u) M, ,(x o u’)

<2-mi- (x| +I(x © u’)||2)} :
Since C; x |% {pu(s) > O}, it follows that

2
C”W{TM" D) (mt-||(xeu)||2+mt-||(xou'>||2)pw(s>pu<s>}

u,u’€S;

l%{xTMx mttz( 5 ||<x@u>||2pu<s>( S pu <s>)+ S lxow)Ppy <s>( s Pu(s)))}

lﬁ{ K Mx < my— (Zn(xou)n pus)+ Y Ix o uw)Ppu (s))}
ueSt ueS,
lﬂ{ XTMx < 2m, 2 Z ||(x®u)||279u(5)}
UES

Now observe that

Cs,x t+2 {ZH(?CQM)”zPu(S) Z Z 'Pu(S)}

UES; ueS; i=1
3 {Zu(xemuzpu(s) DN m(s)}
ueS; i=1  ueS;
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ey {Z I © w)IPpuls) = - xfsz}

MESt k i=1
s,x t
[z {Z Iz © w)IPpuls) = %}.
uESt

O

Lemma B.6. Suppose that n > k > t > 2. Let P be the set of all pseudo-distributions of degree £ on
R[x,s] = R[x1,...,x,,81,...,8,] and let W € R™ " be a random matrix with i.i.d. standard Gaussian
N(0, 1) entries. We have

E| sup ]ExwyxTWx <O
UEP2t12:
[lecs,x

' logn)'
t

Proof. Fix a pseudo-distribution u € P, that satisfies Cs . By Lemma B.5, we have

E . x"Wx <2-w;-k/t,

where w; is the maximal spectral norm among all 2¢ X 2¢ principal submatrices of W. Since this
is true for every u € Py satisfying Cs ,, we get

E| sup Ey..x"Wx| <2 E[w;]-k/t. (B.2)
UEP2t12:
lecs,x

For every A C [n], let Wy be the principal submatrix of W that is obtained by taking the rows
and columns with indices in A. By Fact A.1, we know that for every fixed A C [n] of size 2t and

every 0 < ¢’ <1, we have
IWall < V21 + V2t + 4[2l0g(1/5"),

with probability at least 1 — &”. By taking a union bound over all (,;) subsets A C [n] of size 2t, we
can see that for every 0 < 6 < 1, the following holds with probability at least 1 — 6:

n e )2t
w; = max |[Wy|| < 2V2t + 4(2log Q < 2V2t 4+ 4|2log —( )

|A|=2t

= V2 + \/4t log(n) + 4t — 4t log(2t) + 21og(1/6)

< 10\/1L log(n) + \/2 log(1/6) .

In other words, for every T > 0, with probability at least 1 — exp(—12/2), we have

w < 104/t log(n) + 7.
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By applying Lemma A.4, we get

E[w;] < 104/t log(n) + ‘/000 exp(-1%/2)dt < 104/t log(n) + O(1).

Combining this with (B.2), we get the result.

C Facts about Gaussian and Rademacher complexities

Recall that for a bounded set A € R™, the Gaussian complexity G(A) is defined as

m
A E a;w;,
GA) = N(omm)ilellel iW;

and Rademacher complexity R(A) is defined as

R(A E a;s;,
(A) = N U<{+1}"’>T£Z iSi

where U({£1}™) is the uniform distribution over {+1, —-1}".

Fact C.1 ([Wail9], Proposition 5.28). Let A C R™ be a bounded set, and let ¢1,..., P : R — R be
1-Lipschitz functions that satisfy ¢;(0) = O for all i € [m]. Denote ¢ : R™ — R", ¢(x1,...,xp) =
(qbl(xl)/ ceey (Pm(xm)) Then

G(p(A) < G(A) and R(P(A)) < 2R(A).
Fact C.2. [Wail9] For every bounded set A c R™,
R(A) < \71/2-G(A).

Proof. Let wy, ... w,, be iid standard Gaussian variables. Denote s; = sign(w;) and z; = |w;|. Since
w; are symmetric, s; and z; are independent. Since E z; = /2/m,

supZawl supZaZSz

acA acA

GA) = =EE

supZa Si

acA

= R(A).

] 2/nE

O

Fact C.3 ([Wail9], Theorem 3.4). Let m € N, h > Oand let &, ..., &, be independent random variables
such that Vi € [m], |&;| < h with probability 1. Let L > 0 and let f : R™ — R be a convex L-Lipschitz
function. Then for all t > 0,

2
P[f(&1,.. &m) 2 Ef(&1,... &m) +t] < exp(—w,z—z,hz)-
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Lemma C4. Letm € N, h > 0andlet &1, ..., &, be independent, symmetric about zero random variables
such that Vi € [m], |&;| < h with probability 1. Let A C R™ be a bounded set and denote ro = sup,4||all2.
Let

m
Sp = supZaiéi.
a€A i=1
Then
ESy<2-h-RA)K3-h-GA),

and for all t > 0,

t2
P[Sa > ESs +t] <exp|-—————=].
[ atil< P( 16-ri-h2)
Proof. Let us first show the concentration bound. Consider the function f : R" — R defined as
f(x) =sup,4(x,a).Itis a convex function (as the supremum of convex functions), and r4-Lipschitz
since for all x, y € R™,
(x,a) = f(y) < x =y, a) < llall2llx =y,

and if we take sup over a € A, we get f(x) — f(y) < rallx — yl||>. The desired bound follows from
Fact C.3.

Now let us bound the expectation. Denote s; = sign(§;) and n; = %l&l sothat & =h-s;- 1.
Since &; are symmetric, s; and 7; are independent. We have

supZa & n”:h

acA
where ¢; : R — R is defined as ¢i(x;) = n;x;. Since 0 < 1; < 1 for all i € [m], we can see that
¢1, ..., Pn are all 1-Lipschitz. It follows fromFact C.1 that

supZ(p(a) S;

acA

supZ a;-h-nis;

acA

Efsup > ¢i(a;)-si <2R(A),
acA 121: l
and hence
ESAs<2-h-R(A)<3-h-GA),
where the last inequality follows from Fact C.2. m]

Fact C.5 (Sudakov’s Minoration, [Wail9], Theorem 5.30). Let A C R™ be a bounded set. Then

sup —\lloglN (Al <g4),

e>0

where |N:(A)| is the minimal size of e-net in A with respect to Euclidean distance.
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D Decomposability

In [dLN*21] the Huber loss minimization was studied with £;-norm and nuclear norm regularizers.
The authors of [ALN"21] used a well-known property of these norms that is called decomposability
(this property has been extensively used in the literature, see [Wail9]).

A norm ||-[|, in R™ is said to be decomposable with respect to a pair of vector subspaces (V, V)
such that V C V, if forall v € V,u € V*, we have ||[v + u|lo = ||7]lo + ||1]|o. In the context of
PCA, where the signal is rank-one symmetric matrix X* = A - vo7, and if X* € V and both
V and V contain only rank O(1) matrices, then decomposability of the nuclear norm implies
A € {M : |[M|lnuc < O(||M||r)}. This fact can be used to get a good bound on the error. It is easy
to see that for the nuclear norm there are natural spaces V and V that satisfy these properties:
V =span{vovT} and V = span{uv” + vu’ : u € R™}.

Now assume that the signal is a tensor X* = A - v®3. One could try to apply the same approach
for tensors: That is, to minimize the Huber loss with the dual norm of the injective tensor norm as a
regularizer (let us ignore in this discussion computational aspects of the problem for simplicity).
Recall that the injective tensor norm of order 3 symmetric tensor T is defined as

IT|linj := sup (x®3,T).
llb=1

Let us check whether its dual norm ||-|| ].’;1]. is decomposable with respect to some natural subspaces
of V and V of low-rank tensors. The choice of V is simple: it is always better if it is as small as
possible, so we should just take V = span{v®3}. And there are two candidates for V similar
to the corresponding subspace in the matrix case: V; = span{Sym(u ® u ® v) : u € R"} and
Vy = span{Sym(u ® w ® v) : u, w € R"}.

V2 is not a good choice: It contains some tensors of rank 7, and hence we cannot a get good
bound if we use it (additional v/ factor appears in the error bound if we use it).

Let us now show that V; is also not a good choice: The norm ||- ”;nj is not decomposable with
respect to (V, Vl). Indeed, for unit vectors u, w € R” such that all u, v, w are orthogonal to each
other, the tensor S = Sym(v ® u ® w) is in V*. By definition of |-||}

inj /

l0®® + Sl = max (T, 0% +S).
IT lliny<1

We can assume without loss of generality that T = Av®3 + uS for some A, u € R. Then (T, v®® +S) <
A+ uf6.
Note that [A] < 1, otherwise ||T'[|inj > 1. Now consider

x = —(sign(y) - u + sign(A) - v + sign(A) - w) ,

1
V3
and note that

(x®3,T) =3732|A| +3732)u| < 1.

The maximal value of the linear function A + /6 on the polygon

{A, W) eR2: Al <1, |A] + |l <337}
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is achieved at one of the vertices of this polygon, hence
A+ /6 < max{V3/2,1+V3/2 - 1/6} < 5/6+ V32,

and [|0®® + S||;; < 5/6 + V3/2.
It is easy to verify that ||0®3||> . = 1 and ||S||}, = V3/2, hence

inj inj

102 + Sllz, < 0%l + IS,
and the norm ||- ||fn]. is not decomposable with respect to (V, V7).

This shows that naive approach fails and either we need to look for other sets V and try to prove
decomposability for them, or not to use decomposability at all. We show that decomposability is
not necessary for obtaining vanishing error?, and hence we can study Huber loss minimization
over more complicated sets than nuclear norm ball or ¢; ball.

2The only advantage of the analysis that uses decomposability compared to our approach is that it guarantees better
error convergence: when the decomposability guarantees the error bound O(e), our analysis guarantees the bound

O(We).

44



