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SHARP THRESHOLD SEQUENCE AND UNIVERSALITY FOR ISING PERCEPTRON MODELS

SHUTA NAKAJIMA* AND NIKE SUN®

ABSTRACT. We study a family of Ising perceptron models with {0, 1}-valued activation functions. This includes the classical
half-space models, as well as some of the symmetric models considered in recent works. For each of these models we show
that the free energy is self-averaging, there is a sharp threshold sequence, and the free energy is universal with respect to
the disorder. A prior work of C. Xu (2019) used very different methods to show a sharp threshold sequence in the half-
space Ising perceptron with Bernoulli disorder. Recent works of Perkins—Xu (2021) and Abbe-Li-Sly (2021) determined the
sharp threshold and limiting free energy in a symmetric perceptron model. The results of this paper apply in more general
settings, and are based on new “add one constraint” estimates extending Talagrand’s estimates for the half-space model
(1999, 2011).

CONTENTS
1. Introduction
2. Talagrand’s results on the half-space perceptron 6
3. Adding a single constraint in perceptron models 14
4. Universality on average in perceptron models 24
5. Concentration, sharp threshold sequence, and universality 29
References 34

1. INTRODUCTION

The perceptron is a classical model in high-dimensional probability theory [Cov65, Wen62], which can be inter-
preted as a toy model of a simple neural network [Gar88]. In the simplest version, the Ising (half-space) perceptron
refers to the random set S defined by intersecting the discrete cube {—1, +1}N with M = Na i.i.d. random half-
spaces (formal definitions below). In the late 1980s it was shown that heuristic analytical tools of statistical physics
(i.e., the “replica method” or “cavity method”) can be applied to derive precise predictions on the limiting behavior of
the perceptron model [Gar88, GD88, KM89, Méz89]. In particular, it was predicted that the free energy N ! log|S|
of the model concentrates around an explicit constant (depending on the parameters of the model), and that there is
a sharp threshold a. such that P(|S| > 0) transitions from 1 — ox (1) to on(1) in an on(1) window around «..

In contrast with what has been conjectured via physics heuristics, mathematical understanding of Ising perceptron
models remains quite limited. For the half-space Ising perceptron, it follows by a trivial first moment calculation that
P(|S| > 0) = on(1) for « = M/N large enough, but this bound is typically not tight. On the other hand, it was
shown by [KR98] (see also [Tal99a]) that P(|S| > 0) = 1 — ox(1) for « = M/N small enough. Moreover, for small
enough a, the free energy concentrates around the value conjectured by physicists [Tal00, Tal11, BNSX21]. A result
of [DS18] shows that, under an additional condition, the random set S is nonempty with positive probability for any
a smaller than the critical value predicted by physicists [KM89]. These results leave open the question of whether
the model has a sharp threshold, and whether the free energy concentrates for general «.

For the half-space Ising perceptron with Bernoulli disorder — meaning that the half-spaces point in directions
chosen uniformly at random from {—1, +1} — C. Xu applied Hatami’s pseudo-junta theorem [Hat12] to show
that the model has a sharp threshold sequence [Xu21]. In a different direction, numerous recent works have
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studied symmetric perceptron models, which are significantly more tractable than the half-space models and can
be analyzed for much finer properties [APZ19, PX21, ALS21b, ALS21a, GKPX22]. In particular, for a symmetric
interval variant of the Ising perceptron (intersecting {—1, +1}" with iid. random symmetric slabs rather than
half-spaces), recent work rigorously pinpoints the limiting free energy and sharp threshold [PX21, ALS21b].

In this paper we study a family of Ising perceptron models with {0, 1}-valued activation functions (defined more
formally below). This includes the classical half-space models as well as some of the symmetric models considered
in more recent works. Further, we allow the disorder random variables to come from any subgaussian distribution,
in contrast with previous works which have assumed gaussian or Bernoulli disorder. For each of these models we
show:

e There is a sharp threshold sequence, meaning that IP(|S| > 0) transitions from 1 — on(1) to on(1) in an
on (1) window of a values, although the location of the transition may depend on N.

e The model is self-averaging, meaning that the free energy N ! log |S| concentrates around a deterministic
value which may depend on N.

o The free energy and sharp threshold sequence are universal with respect to the disorder.

Our sharp threshold sequence result extends the main theorem of [Xu21], although by very different methods — our
approach does not use Hatami’s theorem or other tools of boolean analysis.

For the half-space Ising perceptron model with gaussian or Bernoulli disorder, the sharp threshold sequence
and self-averaging property appear to be relatively straightforward consequences of “add one constraint” estimates
proved in [Tal99b, Tal11] (and discussed below). While Talagrand does indicate the implications of his estimates for
self-averaging, to the best of our knowledge he does not explicitly address the sharp threshold problem; and one of
the aims of this article is to clearly spell out this simple connection. The main technical contributions of this paper
are new “add one constraint” estimates for general (not necessarily symmetric) interval perceptron models estimates
with general (subgaussian) disorder. These results cannot be deduced by an easy generalization of Talagrand’s ar-
guments, and we describe some of the main ideas in §1.1 below. We then apply our “add one constraint” estimates
to deduce the sharp threshold sequence and free energy concentration results. Lastly we combine these with some
central limit theorem considerations to deduce the universality results. A weaker version of our universality results
(comparing gaussian with Bernoulli disorder, and with additional smoothness assumptions) appears in [Tal11, §9.9].

The remainder of this introductory section is organized as follows:

e In §1.1 we formally define the various perceptron models that we consider. We state our first set of results
(Theorems 1.3-1.5) which control the effect of adding a single constraint in these perceptron models. We
also describe some of the basic proof ideas.

o In §1.2 we state our second set of results (Theorems 1.7-1.11) which address self-averaging, sharp thresholds,
and universality in the perceptron models. These may be viewed as consequences of the “add one constraint”
estimates described in §1.1.

e In §1.3 we discuss the context given by the surrounding literature on perceptron models.

At the end of this section we give the outline for the rest of the paper.
1.1. “Add one constraint” estimates for perceptron models. In the above we used S to denote the Ising per-

ceptron solution set, a random subset of {—1, +1}". In this paper we only consider the size of the random set, and
we hereafter always denote Z = |S|. We will prove results for the classical Ising perceptron model

k
Z=ZunN(x,0,&) = Z 1_[ 1{(‘S ) > K}, (1.1)

1/2
ge{—1,+1}N k<M N

which we will refer to as the half-space (Ising) perceptron. We also consider more general models of the form

k
ZunUsE) = ) Hu(i};?) (1.2)

oe{—1,+1}N ksM

where U : R — [0, 1] (measurable) is the activation function. We refer to this as the U-perceptron; most of this
paper concerns the case that U is {0, 1}-valued. We refer to the case U(x) = 1{x € [a, b]} as the interval (Ising)
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perceptron. The symmetric interval perceptron mentioned above corresponds to the case 4 = —b. We assume
that the &, &k (k = 1) are ii.d. random vectors satisfying the following:

Assumption 1.1. The &; are i.i.d. random variables with mean zero, unit variance, such that
2

Eexp(A&;) < exp (/\_21/)

for all A € R (that is, the &; are subgaussian with variance proxy v). This assumption includes the two most widely
studied cases of the perceptron model: gaussian disorder (the £ are standard gaussian vectors) and Bernoulli
disorder (the &F are sampled uniformly at random from {—1, +1}). Note that in general we must have v > 1,
since the cumulant-generating function (1) = log E exp(A¢;) satisfies 87(0) = Var &; = 1.

We first restate a result of Talagrand:

Theorem 1.2 (half-space perceptron, gaussian disorder [Tal9ob, Tal11]). Let S be any subset of {—1, +1}N with
S| = exp(N &), where 6 is a small positive constant. If g is a standard gaussian random vector in RN, then

1 (8,0) 1 w
P(SMGES' N2 2"} <exp<w>) <e"p(‘c5>'

provided Cs < w < N/Cs, where Cs is a large finite constant that depends only on x and 6.

Theorem 1.2 was in fact already proved by Talagrand in the more difficult setting of Bernoulli disorder (see [Tal99b,
Propn. 2.3]). The result for the gaussian case follows by a simplification of the argument for the Bernoulli case, which
we review in §2.1. Most of the argument for the gaussian case also appears in [Tal11, Ch. 9]. (The latter reference
[Tal11] does not appear to treat the case of small 6, but this was already done previously in [Tal99b].)

As we discuss further in §2.2-2.3 below, the proof of Theorem 1.2 relies on two main ingredients:

(i) alower bound on the expected supremum of a stochastic process; and
(ii) a concentration estimate for the supremum of a stochastic process.

In the gaussian setting these ingredients are supplied by the well-known Sudakov minoration lower bound and
Borell-TIS (Tsirelson-Ibragimov-Sudakov) concentration inequality, restated in Lemmas 2.1 and 2.2 below.
For more general distributions, however, both of these ingredients can be quite nontrivial.

By contrast, our next result gives a weaker bound than Theorem 1.2, but has the advantage that it uses only the
simplest gaussian versions of the results mentioned above (Sudakov minoration and Borell-TIS). We transfer these
bounds to general distributions by a rather weak form of the multivariate CLT. As a result, the bound of Theorem 1.3
is almost certainly suboptimal, but it has the advantage that it is relatively straightforward to derive, and applies for
a general class of subgaussian distributions. To the best of our knowledge, using existing methods, the argument of
Talagrand for Theorem 1.2 may only be extended to a limited subclass of subgaussian distributions (see §2.2-2.3 for
the details).

Theorem 1.3 (half-space perceptron, general disorder). Let S be any subset of {—1, +1}N with |S| = exp(N ), where
6 is a small positive constant. Suppose & is a random vector in RN satisfying Assumption 1.1. Then

1 .(5/‘7) 1 w
P(altees %7 =} < ) <= (- &)

provided Cs < w < N'/2/Cs, where Cs is a large finite constant that depends only on x, v, and 6.

The next two results concern the U-perceptron (1.2), under the assumption that we have U : R — {0, 1} with
U(x) = 1{x € [a, D]} for some —0 < a < b < o0.

Theorem 1.4 (U-perceptron, gaussian disorder). Let S be any subset of {—1, +1}N with |S| = exp(N ) whered is a
small positive constant. If ¢ is a standard gaussian random vector in RN, then

]P<|?1| {a €S: (fj’l/az) € [a,b]} < expl(w)> < exp <— Cﬂg)

provided Cs < w < N'/2/Cs, where Cs is a large finite constant that depends only on a, b, and 6.
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Theorem 1.5 (U-perceptron, general disorder). Let S be any subset of {—1, +1}N with |S| > exp(N ) where 0 is a
small positive constant. Suppose & is a random vector in RN satisfying Assumption 1.1. Then

(e 7 0| < ) <o (- )

provided Cs < w < N'/3/Cs, where Cy is a large finite constant that depends only on a, b, v, and 5.

We now describe some of the basic ideas that appear in the proofs of Theorems 1.3-1.5. We repeatedly leverage
a basic observation that comes from Talagrand’s proof of Theorem 1.2: if S is a large subset of {—1, +1}V, then it
must contain many elements that are well separated in Hamming distance. If ¢ is a standard gaussian vector in RN,
then the separation guarantee can be used to show that

max { (1%172) 10 € S}

is likely to be quite large. The details of this argument are reviewed in §2.1 below. We point out that it relies on

theorems for gaussian processes, namely, concentration of the supremum and a Sudakov minoration lower bound on
the expectation of the supremum. As we discuss in §2.2-2.3, these do not easily extend to more general subgaussian
distributions.

In this paper we devise a more flexible version of Talagrand’s approach, as follows. First we decompose [N] =
{1,..., N} into L blocks of size K each, where KL = N. Denote the blocks Iy, ..., I;. For any subset I = [N] let
01 = (0})ier; we will say that two configurations o, 7 € {—1, +1}" are well-separated on I if 6 and 7; are not too
close (see Definition 3.1 below). We show that if S € {—1, +1}" is large, then it must contain many elements that
are well-separated on a positive fraction of the blocks — say, on the final Ly blocks. We then consider the process

k

D&y, 01) (1.3)

j=1

1

My (o) = Nz

for 0 € S, starting from My(0) = 0 and with the goal of having say M (o) € [a,b] (for the U-perceptron (1.2),
assuming U (x) = 1{x € [a, b]}). In the case that £ is gaussian, we can apply Talagrand’s estimates for the half-
space model (1.1) to control the increments of My (o) over the final Ly steps, using the separation guarantees on
the final Ly blocks. With this approach we show that, with very good probability, S must contain many elements o
with My (o) € [a, b].

In the case that £ follows a more general subgaussian distribution, we follow a similar strategy of first obtaining
estimates for the half-space model (1.1), then using a block decomposition to obtain estimates for the U-perceptron
(1.2). However, as we already noted, it does not appear that Talagrand’s results for the half-space perceptron extend
easily to the full class of subgaussian distributions. Instead, to prove the desired estimates in the half-space model,
we again use the block decomposition approach, combined with a (rather weak) form of the multivariate central
limit theorem which allows us to borrow the estimates from the gaussian setting. In particular, we restrict ourselves

to quantities of the form
max{(é'a) 1o € X}
N1/2
for subsets X < {—1, +1}N of bounded size, allowing us to apply central limit theorems only in bounded dimensions.

This results in weaker bounds which can potentially be improved by appealing to stronger forms of the central limit
theorem.

1.2. Self-averaging, sharp threshold sequence, and universality. We next describe the main results which we
obtain as consequences of the “add one constraint” estimates presented in §1.1. To emphasize the dependence on the
“add one constraint” estimates, we state some of our results for a more abstract model of the form
Z=ZmN = Z H Ok (o), (1.4)
oe{—1,+1}N kM
where the @y are a sequence of [0, 1]-valued random functions, adapted to a filtration (F )=, satisfying a fairly
weak “add one constraint” estimate:
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Assumption 1.6. For the model (1.4), let Zj41 be the partition function that results from introducing one more
factor ®p141. Suppose that for all 6 > 0 small enough that on the event Zj; > exp(N ) we have

p( 2 < o) < hw)

Zm  exp(w)
for all Cs < W < Whay, such that the function f; satisfies the bound

wmax
J 2w fs(w) dw < Cs,z . (1.5)
Cs

In the above, Cs and C; ; are finite constants that depend only on the model and on 6, while W,y can depend on
the model as well as on 6 and N.

The half-space and U-perceptron models (1.1) and (1.2) are clearly a special case of the model (1.4). Therefore,
Theorems 1.2-1.5 imply that the perceptron models (1.1) and (1.2) satisfy a stronger condition than Assumption 1.6;
see Assumption 5.1 at the start of Section 5. However, we will show that the weaker Assumption 1.6 suffices for
some similar results. Denote logy s Z = max{log Z, N6}.!

Theorem 1.7 (concentration of free energy). For the model (1.4), under Assumption 1.6, we have

N—w

for any positive constant 0, where the limit holds in probability as N — 0.

Our next result concerns the behavior of the probability P(Zy; > 0) for the model (1.4). For this question, we
may as well assume that the ©, are {0, 1}-valued, since otherwise we can replace ©,(x) with 1{®,(x) > 0}. We
introduce one more assumption below, which together with Assumption 1.6 ensures that P(Zy; > 0) has a transition
in the proportional regime M = N. This assumption is typically easily verifiable in practice:

Assumption 1.8. There is a positive constant ¢ such that E(@; | F¢) < exp(—c) almost surely for all k > 0.

Theorem 1.9 (sharp threshold sequence). For the model (1.4), if the ®, are {0, 1}-valued and satisfy Assumptions 1.6
and 1.8, then there is a sharp threshold sequence: that is to say, there is a sequence ay = 1 such that P(Zna, N > 0)
transitions from 1 — on (1) to on (1) in an on (1) window around ay.

In particular, by Theorems 1.2—-1.5, the results of Theorems 1.7 and 1.9 apply to the perceptron models (1.1) and
(1.2), assuming in the latter model that U is {0, 1}-valued with U(x) > 1{x € [a, b]}, and further assuming the &
satisfy Assumption 1.1. For the sharp threshold question, we can replace U (x) by U (x) = 1{U(x) > 0}, so we can
allow the original U to take all values in [0, 00]. Thus Theorem 1.9 implies the following:

Corollary 1.10. For a measurable function U : R — [0, 1], let U (x) = 1{U(x) > 0}. IfU(x) > 1{x € [a,b]} for
some —o0 < a < b < o0, and U is not almost everywhere one, then the results of Theorem 1.9 hold for the model (1.2),
provided that the EF satisfy Assumption 1.1.

Proof. Since we are only interested in whether the partition function Z of (1.2) is nonnegative, we may assume
without loss that U = U. By the condition U(x) > 1{x € [a,b]}, combined with Assumption 1.1 and Theo-
rem 1.5, the model (1.2) satisfies Assumption 5.1. The condition that U is not almost everywhere one guarantees that
Assumption 1.8 is also satisfied. The claim then directly follows from Theorem 1.9. O

Finally, we can combine the above results with some central limit theorem estimates to obtain the following:

Theorem 1.11 (universality). In the perceptron model (1.2), suppose U is {0, 1}-valued and piecewise continuous, and
neither identically one nor identically zero. Suppose the EX are i.i.d. random vectors satisfing Assumption 1.1. Then the
threshold sequence and free energy are universal with respect to the disorder.

U'This differs slightly from the notation of [Tal11, §8.3] which has log 4 ¥ = max{log x, —A}. We choose a notation which is more convenient
for our choice of normalization.
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1.3. Related work. Asmentioned earlier, the perceptron model was analyzed in the (nonrigorous) statistical physics
literature in the 1980s [Gar88, GD88, KM89, Méz89]. We refer to [Cov65, Gar88, MRSY19, MZZ21] for discussions of
statistical motivations for the model.

There is an important variant of the perceptron model which is well understood at a rigorous level: the spherical
(half-space) perceptron, defined by intersecting the sphere N/2$N~! with i.i.d. random spherical caps. When
the spherical caps are exactly hemispheres (pointing in uniformly random directions), the critical threshold a, = 2
was determined by combinatorial arguments [Cov65, Wen62]. Later work showed that as long as the spherical caps
have up to half the volume of the entire sphere, the limiting free energy and critical threshold coincide with the
physics predictions [ST03, Sto13]. These results rely crucially on the convex nature of the model. In the regime
where the spherical caps have more than half the volume of the entire sphere, the problem is no longer convex, and
the expected behavior is more complicated [FP16, FPS™ 17, AS20].

For Ising perceptron models, in comparison with the spherical versions, rather less has been rigorously proved.
Many of the relevant works were already mentioned at the start of the section. There has been a very fruitful
line of works investigating symmetric perceptron models, which are much more tractable because the moment
method typically gives fairly sharp results [APZ19, PX21, ALS21b, ALS21a, GKPX22]. Several of these recent works
have investigated algorithmic properties of the solution landscape, inspired in part by conjectures in the physics
literature (see e.g. [BBC™16]). In particular, for a symmetric interval perceptron model — more precisely, the model
(1.2) with U(x) = 1{x € [—«,«]} and gaussian or Bernoulli disorder & — the sharp threshold and free energy
were determined by [PX21, ALS21b]. The symmetric interval model is also related to the discrepancy minimization
problem; see e.g. [Spe85, Ban10, LM15, TMR20, ALS21c].

For non-symmetric Ising perceptron models, it is much more difficult to understand the typical size or behavior
of the perceptron solution set S. The moment method does not give sharp results. Bounds on the critical window
were given by [KR98, Tal99a]; and the free energy was computed for small a by [Tal00, Tal11, BNSX21]. A result of
[DS18] shows that, under an additional condition, the random set S is nonempty with positive probability throughout
the predicted regime; our result allows to improve this statement to high probability. For the half-space model with
Bernoulli disorder, [Xu21] proved a sharp threshold sequence using a characterization of Hatami for low-influence
boolean functions [Hat12]. It would be of interest to see if the methods of [Xu21] can be extended to more general
perceptron models, in ways that do not require more precise estimates on these models [Xu22]. With respect to our
current paper, the most closely related previous results are the estimates obtained by Talagrand for the half-space
perceptron model [Tal99b, Tal11].

Organization. The remainder of this paper is organized as follows:

o In Section 2 we review Talagrand’s proof of Theorem 1.2, for the half-space perceptron (1.1) with gaussian
disorder. We indicate the obstructions to extending this result to more general disorder distributions.

e In Section 3 we prove our main “add one constraint” estimates, Theorems 1.3-1.5, for the models (1.1) and
(1.1) with general disorder.

o In Section 4 we give a weak form of the multivariate central limit theorem, and use it to prove an averaged
universality statement, Theorem 4.1, for the perceptron models (1.1) and (1.2).

e In Section 5 we prove Theorems 1.7-1.11.

Acknowledgements. We wish to thank David Belius, Erwin Bolthausen, Ryoki Fukushima, Elchanan Mossel, Joe
Neeman, and Changji Xu for many interesting conversations. S.N. is supported in part by SNSF grant 176918. N.S.
is supported in part by NSF CAREER grant DMS-1940092 and NSF-Simons grant DMS-2031883.

2. TALAGRAND’S RESULTS ON THE HALF-SPACE PERCEPTRON

In this section we review Talagrand’s results on the half-space perceptron (1.1). We begin with the case of gaussian
disorder, and then discuss the possibility of extending to more general distributions of &:
e In §2.1 wereview Talagrand’s proof of Theorem 1.2. We highlight two key ingredients in the proof, Lemma 2.1
(Sudakov minoration) and Lemma 2.2 (Borell-TIS).
o In §2.2 we discuss extensions of Lemma 2.2 to more general distributions.
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e In §2.3 we discuss extensions of Lemma 2.1 to more general distributions.

Throughout this paper we use C, C , C’, and C” to denote absolute constants. Following common convention, the
value of the constant may change from one occurrence to the next, but in a way that does not depend on N or any
of the parameters of the model. We use the different labels C, C, C’, and C” to avoid ambiguities when different
constants interact in the same proof.

2.1. Intersection of cube and half-space with gaussian disorder. In this subsection we review some results
from [Tal99b, Tal11], including the proof of Theorem 1.2. As commented above, the paper [Tal99b] considers the
model (1.1) where the sum goes over x € {—1, +1}", and the ¢” are replaced with & which are i.i.d. uniform from
{—1, +1}N. Meanwhile [Tal11, Ch. 9] treats the gaussian case, but presents a simplified argument that does not
appear to handle the small 6 regime. We present a more complete summary of the gaussian case below. We begin
by recalling two well-known results:

Lemma 2.1 (Sudakov minoration for gaussian processes). Let (14;)i<y be a centered gaussian process with E[(1;)?] =
1 foralli, and E(u;juj) <1 —€ <1 foralli # j. Then

IE(max u;

i<n

1/2
) - (elogn)
21/2

Proof. See for example [BLM13, Thm. 13.4]. This is discussed further in §2.3 below. ]

Lemma 2.2 (Borell-TIS inequality). Let (u;)i<, be a centered gaussian process with E[(u;)?] = 1 for all i. Let
Umax = MaXj<y U;. Then, for any s = 0, we have
1
2 P (. — Bt > 5 ), P (tmas — B < =5) { < ———.
exp(s?/2)
Proof. See for example [BLM13, Thm. 5.8]. The concentration for 1,y is the consequence of a more general concen-
tration result for Lipschitz functionals of gaussian processes; see [BLM13, Thm. 5.6]. This is discussed further in §2.3
below. O

An immediate consequence of the two preceding lemmas is the following:

Corollary 2.3. Let (u;)i<n be a centered gaussian process with E[(u;)?] = 1 for all i, and E(u;uj) < 1—€ < 1 for
alli # j. Let U,y = max;<y ;. Then

1/2
(elogn) >< 1

IP(MmaX < 5 S

Proof. 1t follows by Lemma 2.1 combined with Lemma 2.2 that
1 1/2 1 1 .
P Umax < M <P Umax — ]Eumax <—|\—75 — 3 (6 log 7’1)1/2 < ’
2 212 2 n€/50

as claimed. m]

We next record some basic notations which will be used throughout:

Definition 2.4. For t = 1 — €, denote the binary relative entropy function

ko(t) = H(lzi %) - lgtlog(l )+ lgtlog(l —t) = log2 — Ps(e), 2.1)

50 0 < ko(t) < log2 with k5(0) = 0 and ky(—1) = k(1) = log 2. It will also be useful to recall a simplified bound:
for0 <p <land 0 < tp <1 we have

1—t
H(tp|p) =tplogt + (1 —tp)log P > tplogt + (1 —tp)log(l—tp) = tplog é , (2.2)

1—p
where the last step uses that (1 — x)log(1 — x) > —x for all x < 1. (Note however that since the relative entropy is
always nonnegative, the bound (2.2) is vacuous unless t > e.)
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The following estimate says that in any large subset of {—1,+1}N, most pairs of elements of that subset are
separated in Hamming distance, where the separation guarantee depends on the size of the set:

Lemma 2.5 (rephrasing of [Taloob, Lem. 2.2]). Let S be any subset of {—1, +1}N with |S| > exp(N). If u denotes
the uniform probability measure on S, then

[u®2< (0(1),0(2)) 2

zl—€) < —F——=/
N ’ ) exp(N6/2)
forany e € (0,1) with,(€) < /2.2

Proof. Abbreviate t = 1 — €. Conditioning on ¢!, we have

4 -

\%

(g(l), 0(2))
=

{0(2) e{—1,+1}N:

i

N N+1 _
< 2 p( |Bin( N, 1\ N S Nt - 28l exp(—Nkz (1)) < 2exp(Ni2(€))
exp(N0) 2 2 2 exp(N0O) exp(N0O)
The claim follows. O

The next result is the main ingredient in Talagrand’s proof of Theorem 1.2:

Proposition 2.6 (adaptation of [Tal99b, Propn. 2.1]). Let S be any subset of {—1, +1}N with |S| = exp(NJ) where
0 is a positive constant. Let € € (0,1) with {2(€) < 6/2. Then

1 (g,0) . 1 1
P| — : = 2 x < ’
<|5|‘{”S N2 25| S ap(Csh) ) S ap(ste/C)

provided C' < s < (Nb)?/C’, where C' is an absolute constant.

Proof. Let i denote the uniform probability measure on S. The basic idea of the proof'is the following. By Lemma 2.5,
y®" gives large weight to well-separated 71-tuples of configurations. By Corollary 2.3, given a well-separated 7-tuple,
it is very unlikely that all n configurations violate the new constraint. This implies the desired bound. The details
are as follows.

Step 1. First we show that u®" gives large weight to well-separated 7-tuples of configurations. Lett = 1 —¢€ > 0

with 12(€) < /2 as in Lemma 2.5 above. For any positive integer 1, let C,, denote the subset of configurations in

({—1, +1}N)" that are pairwise well-separated:

(6, 5())
N

It follows from Lemma 2.5 that u®"(C,) must be large: indeed, a union bound over all pairs i < j gives

®n (MY, e ({0 o). Eﬁﬂiﬁ?ﬁ‘ }) __<”>___J£___ 3
u&"(Cp) = 1 (2)” ({(01,0 E N >t >1 ) exp(N6/2)>4' (2.3)

where the last inequality holds provided that
No/4
1<n< %/) ) (2.4)

Step 2. Now let Hy denote the set of all 0 such that (g, 0)/N Y2 > (e log n)"/2/2; we now lower bound the probability

that ;i(Hy) is too small. Let D,, ¢ denote the subset of configurations in ({—1, +1}")" where all n points lie outside
H,:
8

Cyn = {(0(1)’.“10(@)6({_11+1}N)n: gtVi?é].}-

(i) 1 1/2
Y GV (n) _ vy, 8:07) _ (elogn)
Dn,g_{(a /"'/Gn)e({ 1’+1} )n. N1/2 = 2 &

N

i< n} = (-1, +0MH)

2Note this result is similar to but stronger than [Tal11, Lem. 9.2.1].
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On the event that i(H,) < 1/(4n), the complement of D, ¢ has measure at most 1/4 under u®", so

3 (23)
T S HOM(Ca) < p®"(Co 0 Dig) +

Rearranging the above gives u®"(C, n D;,¢) = 1/2 on the event u(Hg) <

. (2.5)

_ =

/(4n). It follows that

1) 29 1 2
® ®
]P(y(Hg) < 2 ) < IP(# "(Cy N Dn,g) > 2) < ZIE[/J "(Cy N Dn,g)] < /50

where the intermediate step is by Markov’s inequality, and the last step is by Corollary 2.3. Making a change of
variables s2 = (log 1) /4 gives the claim. O

Proof of Theorem 1.2. If C' < 's < (N§)Y/?/C’ and se'/? > «, then Proposition 2.6 immediately implies

1 (8,0) 1 1
]P(EH“ES' NG ”}‘ < exp(C's2>> < ap(s2e/C)

The claim follows. Note that if x < 0 then the condition se€'/2 > « holds trivially for all s > 0, so the Cs in the
theorem statement can be taken independently of k. By contrast, if ¥ > 0 then Cs depends on x as well. O

For comparison, the next proposition is a variant of Proposition 2.6 which was also proved by Talagrand but with
different methods. It gives similar although not exactly comparable results. In this paper we will only make use of
Proposition 2.6, so Proposition 2.7 can be skipped by the reader.

Proposition 2.7 (adaptation of [Tal11, Thm. 8.2.4]). Let (u;)i<n be a centered gaussian process with E[(u;)?] = 1 for
alli, and E[uju;] < 1 — € foralli # j. Then

1 1 1
Pl—|{i<n:u=>sel? < - ><
<n H H exp(Cs?/e) exp(s?/2)

provided C < s < (logn)'/2/C, where C is an absolute constant.

Proof. Fix s > 0 and consider the functions

F(u) = log ( > exp(su,-)) , Fy(u) =log (Z exp(ZSui))

I<n I<n
It follows from [Talll, Propn. 8.2.2] (based on [Talll, Lem. 8.2.1]) that if (u;)i<, and (v;)i<, are two centered
gaussian processes with IE[(u;)?] > E[(v;)?] for all i, and E(u;u;) < E(v;v;) for all i # j, then EF(u) > EF(v).
In the current setting we can take v; = (1— €)%z 4 €'/2z; where z, z; are i.i.d. standard gaussian random variables.
It follows by combining with [Tal11, Lem. 8.2.3] that

2
EF(u) = EF(v) = log <Z eXP(Sel/ZZi)> > logn + % ,

i<n
where the last inequality holds provided C < se'/? < (logn)'/?/C, where C is an absolute constant. Moreover,
gaussian concentration gives

tZ
P(F(u) <EF(u)—t) <exp( - ),
(1) < BF ) —1) < o (- 1)
and combining the last two bounds implies
s?e s?e
P|{F(u) > 1 — | <1- -— .

( (u) = logn + m > exp < 40())

On the other hand, it follows using Markov’s inequality that

]E F 2 2
P( Fy(u) = logn +3s% ) < exp Fp(1) _ exp(2s”) _ ‘
n exp(3s?) exp(3s2)  exp(s?)

It follows by combining the last two bounds that the event

2
E.= {F(u) > logn + %,Fz(u) < logn + 352}
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has probability P(E,) > 1 — 2 exp(—s?€/400). Let P, be the uniform probability measure on {1, ..., 7}, and on the
probability space ([1], P,;) consider the random variable X : i — X (i) = exp(su;). Then E, X = n~'exp F(u) and
E,(X?) = n~'exp F5(u), so the Paley-Zygmund inequality implies

P, <X - EnX> - (E,X)? (nlexpF(u))* _ exp(s®e/5) 1

2 4E,(X?) 4n—lexpFy(u) dexp(3s?) ~ exp(3s?)

where the second-to-last inequality holds on the event E,, and the last inequality holds using se'/? > C. Moreover,
E,X expF(u) _ exp(s®e/10) (sze)
= = = exp ,

2 om 2 20

where the last inequality again uses se€'/2 > C. Thus, X (i) = exp(su;) > E, X /2 implies u; > s€/20, so
1

E, X . S€
P,(X>=2 < i<n:u=>—;|.
2 n 20

Since the bound (2.6) holds on the event E,, it follows that

1 1 E, X 1
Pl-li<niu> e — ) <pP(p (x> 22) <
n 20 exp(3s?) 2 exp(3s?)

2 2
<1—P(E*)<2exp(—%) <exp(—%).

Taking s’ = se'/?/20 gives, for C < 20s’ < (logn)'/?/C,

). /)2 1 (s")?
Pl-{i<n:u;>s'e < <exp| — .
n exp(1200(s’)?/€) 2

The claimed bound follows by setting C = max{1200,20C}. O

2.2. Concentration of supremum of canonical processes. In the remainder of this section we discuss the possi-
bility of extending the approach of Theorem 1.2 to more general distributions of the disorder &. The main conclusion
of this discussion is that the proof of Theorem 1.2 can likely be extended to a limited class of distributions using
results from the existing literature. By contrast, our main results follow a different (and perhaps simpler) approach,
and apply to the wider class of all subgaussian distributions. However, we obtain somewhat weaker bounds than in
Theorem 1.2 (e.g., Theorem 1.2 applies for w < N/C;s while Theorem 1.3 applies for w < N'/2/Cj).
Theorem 1.2 can be obtained as a consequence of either Proposition 2.6 or Proposition 2.7. Proposition 2.7 relies on

a gaussian interpolation bound and appears difficult to extend more generally, so we turn to discussing the possibility
of extending Proposition 2.6. The proposition relies on two essential ingredients:

(i) The Sudakov minoration (Lemma 2.1), lower bounding the expected supremum of a gaussian process;

(if) The Borell-TIS inequality (Lemma 2.2), giving concentration of the supremum of a gaussian process.

We discuss each of these ingredients separately below, for a stochastic process
(€, 9)
<N1/2 :0€S ), 2.7)
where S is a subset of RN. The rescaling of S by N'/2 is not essential; we chose it to maintain consistency with
the scaling in the rest of this paper, where S is generally a subset of {—1,+1}N. In the literature, the stochastic

process (2.7) is sometimes termed the “canonical process” for & indexed by S/N'/2. In this subsection we discuss
concentration of the supremum of the process (point (ii) above); in §2.3 we discuss lower bounding the expected
supremum (point (i) above).

For S € RN, let us consider the supremum of the canonical process (2.7) as a function of the disorder &:

o= 1(e5) = {62 oes). o
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If S is any subset of N'/2B, where B, is the euclidean unit ball in RN, then f : RN — R will be Lipschitz with
respect to the euclidean norm on RV:
(é/ 0) (él - EI G)

flen = sup{ S+ B

for any &, &’ € RN. The Borell-TIS inequality gives concentration for any Lipschitz functional of a gaussian random

:oeS} < @)+ — &l (2.9)

variable, hence Lemma 2.2 (since the gaussian process (14;);<, can be expressed as ((g, v;))i<n, where g is a standard
gaussian vector and (v;)i<y is a collection of unit vectors). We know of similar bounds in two other settings:

e Suppose &; has density exp(—V (x)) dx where V is uniformly convex (i.e., the second derivative of V is
uniformly bounded below by a positive constant). Then it follows from [Led01, Propn. 2.18] (see also [Ver18,
Thm. 5.2.15]) that (2.9) satisfies a similar concentration bound as Lemma 2.2, for any S < N'/2B,.

o If the &; are almost surely bounded random variables, then it can be deduced via the method of bounded
differences (see e.g. [BLM13, Thm. 6.2]) that (2.9) satisfies a similar concentration bound as Lemma 2.2, again
for any S € N'/2B,.

For subgaussian distributions, we do not have such strong guarantees, but we have the following lemma which gives
a weaker result under the further assumption S € {—1, +1}N (rather than S € N'/2B,):

Lemma 2.8. Suppose & is a random vector in RN satisfying Assumption 1.1. IfS < {—1, +1}N, then

S S [ u® NY2%y
IP<’f<5W) —Ef(é;w) > u> < exp <—mm{m,7})

for f as defined by (2.8), and A a constant depending only on v.

Proof. Let %; denote the g-algebra generated by the first i coordinates (&1, ..., &;), and decompose
N

F(E) —Ef(&) = X (Xi — Xi1)

i=1
where X; = E(f (&) | #i). Let E; be expectation over &; only, and let E’ be expectation over all the (&))j=i» so that
we have X; = BE'*1f(&) while X;_; = E'f(&) = E;B*!f(&). We then have, using Jensen’s inequality,
Ei(A) = ]E[exp (A1 = Xi1) ’ %_1] — EE " exp (/\‘]E”l (F&) - Eif(9)) >

<EE ep (1]7(0) - B (0)]),

Let £() denote the vector that results from replacing the i-th coordinate of & with an independent copy (;, and let
E( denote expectation over ; only. Then applying Jensen’s inequality again gives

Ei(A) < BE* exp (A)JE<"> (F&) = f(cD) )) < BEMED exp (A) £ - f(é“’)D .
We then note, since we assume S < {—1, +1}N, the bound (2.9) can be refined to

; (&' =& 0)
f(g(z))gf(é)wLmax{W:ae{1,+1}N gf(g)JrW.
Since for any x € R we have exp(|x|) < exp(x) + exp(—x), we can use Assumption 1.1 to bound

MG — & APy
EZ(A) < ]Eexp (W < 2exp W .

In particular, taking A = N'/2 gives E;(N'/?) < 2exp(v). Another application of Jensen’s inequality gives that for
A large enough (depending on v only), we have

E; <NI;/Z) < (Ei(Nl/z))l/A < (2 exp(v))l/A <2.

|Ci — &l
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It then follows by the martingale Bernstein inequality (see [Tal11, Thm. A.6.1]) that

p(lre - Br(e)] > u) < om (- min {15 524 })

for all u > 0, as claimed. O

We note that, for the purposes of Theorem 1.2, Lemma 2.8 can be substituted for Lemma 2.2 with similar results.
Thus, in our setting, concentration of the supremum of (2.7) does not appear to be a major issue. Rather, as we next
discuss, lowering bounding the expected supremum appears to be the main obstacle to extending the argument of
Theorem 1.2 to more general distributions.

2.3. Sudakov minoration lower bound. We now discuss lower bounding the expected supremum

]Ef(ci, NSI/Z) =]E[Sup{(li'1(/j2) :GES}], (2.10)

for f asin (2.8) and S < RV. In the gaussian case, the desired lower bound is given by Lemma 2.1. In the Bernoulli

case a comparable lower bound is given by [Tal93, Propn. 2.2]. Minoration bounds for more general processes do exist
(e.g. [Tal93, Tal94, Lat97, Tal05]), but the dependence on the law of &; is somewhat complicated. The most relevant
results come from [Lat97] (see also [Tal05, Ch. 5]), for the situation that the &; are symmetric random variables such
that the tail probability function

is convex. For simplicity, we will restrict most of our discussion to the case that the distribution of &; has density
el (2.12)
Za
with respect to Lebesgue measure, where 1 < @ < o0 and z,, denotes the normalizing constant. This is a special case
of the setting of [Lat97], and was treated earlier by [Tal93, Tal94].
If &; follows the distribution (2.12) with 1 < a < 2, or more generally if ¢¢(x) < x® for x > 1 (meaning that
&i has heavier tails than the gaussian distribution), then it follows from [Lat97, Thm. 1] (see also [Tal94, Thm. 1.2]
and the discussion around [Tal05, Thm. 5.2.6]) that a similar lower bound as Lemma 2.1 holds. In more detail, for an
N-dimensional gaussian vector ¢ and for any X < RV, it was proved by [Tal87] that

]E[sup {(g,x) xe x}] = 72(X, |- |2) = inf sup Y. 22 min{Ht —xp:xe x}
(Xy’) teX n=0

where X, is a subset of X of cardinality at most 2% (), is a standard notation in the topic of majorizing measures
or generic chaining). If the &; are symmetric random variables with ¢z (x) < x? for x > 1, then we have

E| sup {(6,3) € X}| 2 326, 1) = | sup { (g0 3 2 x}|

for any X < RN (cf. and [Tal05, Thm. 2.1.1 and display (5.44)]). If X is a subset of the unit sphere in RN such that
(x,x") <1—eforall x # x’ in X, then the right-hand side of the above is lower bounded by Lemma 2.1.°

If &; follows the distribution (2.12) with a > 2 (so that &; has lighter tails than the gaussian distribution), then
characterizing the expected supremum is in general more complicated; see [Tal94, Thm. 1.3]. A lower bound that is
easier to work with is given by [Tal94, Thm. 3.1] (see also [Lat97, Thm. 1]) which in fact applies for all &« > 1: writing
m = m(S/N'?) for the quantity in (2.10), and writing § for the dual (Hélder conjugate) of a, we have

S
m 2 logn (W, Uﬁ(m)) , (2.13)

3The resulting lower bound on the left-hand side may not be tight when a < 2, although this in itself does not appear to be an issue.
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where n1(X, U) denotes the number of translates of U needed to cover X, and
x*  for|x| <1,
Ug(u)=<x: x;)<uy, x) =
() { ;W 0 } 1) {|x|ﬁ for || > 1.

Adapting the argument following [Tal94, Thm. 3.2] yields the following bound, which (like Lemma 2.8) relies crucially
on the restriction S < {—1, +1}V:

Corollary 2.9. Suppose S < {—1,+1}N, and assume that for all 6 # 7 in S we have |(0,7)|/N < 1 — €. Suppose &
is an N -dimensional random vector with i.i.d. entries &; distributed according to (2.12) with a > 1. Then

]E[sup { (f],l(/jz) 10 € S}] > e(log|S|)V2.

Proof. As above, we abbreviate m = m(S/N'/?) for the quantity of interest. Let 6 denote a positive constant.
Applying (2.13) (from [Tal94, Thm. 3.1]) with 6S in place of S gives
6S
Om 2 logn <

Nz U,;(Qm)) .

Suppose two points x,y € [—1/2,+1/2]" are covered by the same translate of Ug(6m). Then there must exist
z € [~1/2,+1/2]N such that both x and y belong to the translate of Ug(Om) centered at z: that is,

maX{ Dnplxi—zi), Y np(yi —Zi)} <Om.

i<N i<N

Since |x; — z;| < 1and |y; — z;| < 1for all i < N, the definition of 1g implies that both x and y must lie within
euclidean distance (Om)'/? of z, and so x and y must also be covered by the same translate of (On)'/?B,, where B,
denotes the unit ball in euclidean norm. Thus, as long as 6/N 1/2 <1 /2, we have

0sS 1/2 S m 1/2
Om 2 logn <N1/2/ (Om)/“By | =logn INAN By |.
If m/e < N'/?/2, then setting O = m /e gives

mz>1
?/ Ogn Nl/z,

since the separation assumption in the statement of the corollary implies that each translate of €'/2B, can cover at

e1/232> — log|S],

most one element of S. Otherwise we must have m > eN'/2/2 = e(log |S|)"/?, since |S| < 2N. Combining these
two cases gives the claimed lower bound. O

For simplicity we have stated Corollary 2.9 for the distribution (2.12) with @ > 1, so that the bound can be
obtained by applying [Tal94, Thm. 3.1]. For the more general setting where the function ¢ (x) of (2.11) is convex,
a similar lower bound as Corollary 2.9 can be obtained by applying [Lat97, Thm. 1]. In summary, we have similar
lower bounds for the canonical process (2.7) in the cases

e The &; are gaussian (Lemma 2.1);

e The &; are Bernoulli ([Tal93, Propn. 2.2]);

e The &; are symmetric random variables such that the function ¢s(x) is convex ([Tal94, Thm. 3.1], [Lat97,
Thm. 1], and Corollary 2.9).

We do not know of a similar lower bound for the more general class of subgaussian vectors.

Summary of conclusions of §2.2-2.3. The conclusion of the last two subsections is that, using only existing results
in the literature, it may be possible to extend Theorem 1.2 to cover the case that the &; are symmetric subgaussian
random variables such that the function ¢ (x) of (2.11) is convex. One can adapt the argument of Theorem 1.2 with
Corollary 2.9 in place of Lemma 2.1, and Lemma 2.8 in place of Lemma 2.2. To cover all subgaussian distributions,
the main difficulty appears to be in obtaining a lower bound comparable to that of Lemma 2.8.
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In the remainder of this paper we prove versions of Theorem 1.2 for general subgaussian disorder, using as input
only the gaussian results Lemma 2.1 and Lemma 2.2. This results in weaker (and likely suboptimal) bounds. On the
other hand, our argument is relatively simple, as it bypasses the more difficult Sudakov minoration bounds proved
by [Tal94, Lat97].

3. ADDING A SINGLE CONSTRAINT IN PERCEPTRON MODELS

In this section we prove our main estimates for the perceptron model, Theorems 1.3-1.5.

e In §3.1 we prove a preliminary estimate (Proposition 3.2) towards our main results, which says that large
subsets of {—1, +1}"N must contain many pairs of configurations that are well-separated within blocks of
the coordinates [N].

o In §3.2 we prove Proposition 3.8, which is a version of Proposition 2.6 for general disorder. This leads to the
proof of Theorem 1.3.

o In §3.3 we apply Proposition 3.8 to give the proof of Theorem 1.5. As we explain at the end of that subsection,
a similar argument (using Proposition 2.6 in place of Proposition 3.8) yields the proof of Theorem 1.4.

3.1. Extraction of subsets with separation on blocks. Recall that we decomposed [N] into blocks Iy, ..., I,
each of size K = N/L. Given S < {—1, +1}" of size |S| = exp(8N ), our first goal is to extract Q < S large, such
that configurations in Q have “good separation” on some of the blocks I;. Formally:

Definition 3.1. For any subset of coordinates I < [N] of size |I| = K, we say that two configurations ¢, €
{1, +1}"N are e-separated on [ if
(o1, T
—F <1l-—e€.
K

Equivalently, the euclidean distance between oy and 1y is at least (2Ke)"/2.

Note that in an extreme case we could have for instance

S={ae{—1,+1}N:ai=1foralll<i<N(1— 80 )},
log 2

so in this case [S| > exp(8N0), but clearly any pair of elements in S will not be well-separated on most blocks I;.
Thus it will only be possible to guarantee good separation on a small fraction y (depending on 0) of the blocks I;.
The main result of this subsection is the following:

Proposition 3.2. LetS be any subset of {—1, +1}N with |S| = exp(8N ) where § is a small positive constant. Suppose
€ and y are positive constants with 12(8€) < 0 and y < 8/(2log2). Suppose C'/y < L < NO/C’, and divide [N]
into consecutive blocks Iy, ..., I of size K = N /L each. Then there exists . < [L] with |J.| = Ny, and Q < S with
|Q| = exp(NS/L), such that all pairs ¢ # T in Q satisfy

|(Glj’ Tl,‘)l
K ~
forallj € J.. That is to say, all pairs 0 # T in () are €-separated on I; for all j € ],.

The proof of Proposition 3.2 appears at the end of this subsection.

Lemma 3.3. As in Proposition 3.2, assume that S is any subset of {—1, +1}N with |S| > exp(8N0); and that we have
P,(8€) <0,y < 6/(2log2),and C'/y <L < No/C'. Then

(o1, 1)) 1
oy —<1- S —=
: <j<L1{ K l 86} - ZLy) exp(5N0) ’

where U is the uniform measure on S, and (0, T) is a pair of i.i.d. samples from L.
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Proof. Write t = 1 — 8¢. For 0 € {—1, +1}", we can bound

Uo :[J({T:Z 1{% <1—8€} <2L7/}>

j<L

{TG (-1, 4N ) 1{@ <1 —86} < ZL)/}‘.

j<L

<
S|

For any fixed o, if T is sampled uniformly at random from {—1, +1}", then the scalar product (01;,71;) is equidis-
tributed as 2(Bin(K, 1/2) — K/2), so the chance for |(oy;, 71,)| = K(1 — 8€) is

(o1, 1)) . 1 Kt 2
<t} = (fn(x.5) K‘ -5 < exp(Kk(D))

K.
{T[j € {,1,+1} : X
Moreover the (01]., 7y;) are independent across the different j, so

_ 1
P=ox

< L]P Bin(L,p) = L(1—-2y) ) < L L pra-2n
Ho S exp(8N0) e Vs exp(8N0) \2Ly '
Combining with the preceding bound on p, and recalling k;(¢) = log 2 — 12(8€), we obtain
2N exp(LH(2y)) 2 L=2y)
Ho S exp(8N0) exp(Kky(t))
1
< exp {N( — 80 + 2(8€) + 2y log2 — 2y¢2(86)) + L(H(z;/) + log z)} < P3N’

where the last bound holds for parameters 0, €, y/, L as in the statement of the lemma. The result follows by averaging
over o € S. m|

Corollary 3.4. In the setting of Lemma 3.3 (and with all the same parameters), there must be a subset S’ = S with
|S| = exp(5N8/2) such that all pairs o # T in S’ are well-separated in the sense that

‘(ij,le)|
P! — g Sl1-sep>aly. (3.1)
j<L

Proof. Let oV, ..., 0" be n = exp(5N/2) iid. samples from u (the uniform measure on S). By Lemma 3.3, the
probability that for any 1 < i < j < 1 the configurations o', o/ fail to be well-separated is upper bounded by

n\ &2 |(OI]‘/TI]')‘ _ n 1 l
(z)” (};1{ gk Siosep=zy) sy, exp(5N6)<2’

where the last bound holds by the choice of 7. Therefore the random set {c(!),..., ("} satisfies the required
condition with probability at least 1/2; and this implies the existence of the claimed set S’. O

Lemma 3.5. Let S’ < {—1,+1}N with |S'| = exp(5N&/2), such that all pairs 6 # T in S’ are well-separated in
the sense of (3.1). If n satisfies (2/|S'|)Y/F < n < 1/2, then there exist |, < [L] with |Jo| = 2Ly, and T < S’ with

IT| = n*|S’|, such that we have
O1.,TI:
{T eT: oy )l >1-— e}

I < 27. (3.2)

1
IT|
foralloe T andallj € J..

Proof. We first give the construction of T and J... For o € {—1, +1}N, Q < {—1,+1}¥, and 1 < j < L, denote

o1, T,
T}‘(O’,Q):{TEQ:%>1—€}.
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o Initial step. Let Q(®) = & If for all ¢ € Q(®) and all j € [L] we have
|T(0, Q)| |Tj(—0, Q)]
<
{ |Q(0)| 7 |Q(0)| }\n/

then we are done by simply taking T = Q(®) and ], = [L]. If this is not the case, then we must have a configuration
o e QO y (—Q©) and an index j) € [L] such that

Iij (G(1>,Q(0))|
QO]

>1.

Then set Q) = Tj(l)(o(l),Q(o)) c QO
e Inductive step. Similarly, suppose inductively that we have constructed ¢(%), j 0, QW) 1f for all ¢ € QK and all
je [LI\GD,..., "} we have

(5@, 99 [T(—0, )y
Qb T ol ST

then we end the process by setting T = Q) and J, = [L]\{j",...,j®)}. If this is not the case, then we must
have a configuration c**1 € Q®) & (—Q®)) and an index j*+V) e [L]\{jV, ..., %)} such that

| Tieen (0®+D, QW)
QM)
Then set QY = Ty (0D, QM) < Q).
We claim that the above construction ends with T = Q&) for some k' < ¢ = L(1 — 2y). Indeed, suppose for

>1).

contradiction that it does not. For simplicity of notation, let us re-index such that j¥) = k for all k. Now consider
the set F = QU+ = T, (6D, Q0) for £ = L(1 — 2y). If T € F, then for each k < £ + 1 the configurations T
and o) must be close on the block of coordinates I k:
”Tfk B (G(k))lk HZ _ 2K — Z(Tfk/ (G(k))lk)
K a K
By the assumption n%|S’| > 2 we must have

(0) o |Q(k)‘ I nl4+1 /4L
FI= 109 ] 5y = 18" = 18" > 2,
k=1

<2-2(1—¢€)=2e.

so we can find a pair of distinct elements 0 # 7 in F. For this pair, the triangle inequality gives

_ 2 2
Ho_lk KTIkH < (2(2€)1/2) — 8¢

for each k < £ + 1. This contradicts the assumption that ¢ and T must satisfy (3.1), since they are both elements of
the original set S’. This verifies the claim that T = Q") for some k’ < £ = L(1 — 2y), and

k' (k)
%'—H'Q | okt

Uiamw=m =m=m

Finally, the required bound (3.2) holds because otherwise the above construction would not stop at T = Q).

Lemma 3.6. Let S be any subset of {—1, +1}N with |S| > exp(8N6) where 6 is a small positive constant. Suppose
U2(8€) < 0,y < 0/(2log2), and C'/y < L < NO/C’. Then there exist a subset |, < [L] with |J,| > 2Ly, and a
subset T = S with |T| = exp(N0), such that for allo € T we have
N | [P (L
IT| K = aexp 4l

foreachj e J..
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Proof. Let S be any subset of {—1, +1} with |S| > exp(8N§). It follows from Corollary 3.4 that there must be a
subset S’ € S with |S’| > exp(5N6/2) such that all pairs 0 # 7 in S’ are well-separated in the sense of (3.1). It then
follows from Lemma 3.5 that if (2/|S'|)"/L < 1 < 1/2, then there exists |, < [L] with |Jo| = 2Ly, and T < S’ with

IT| = n*|S'],
01, 1
——-{Tel“:ﬁ—ﬁzil!>ln—e} <2y

forall o € T and all j € J,. In particular, we can choose 11 = exp(—9N/(4L)), so that

L (NN _5N6 o2
77 - p 4 = P |S/‘

holds for all N large enough, as required. O

Proof of Proposition 3.2. Let T < S be as given by Lemma 3.6, and let u be the uniform probability measure on T.
Similarly to the proof of Corollary 3.4, let (¢(), ..., (")) be sampled according to 1®", ie., uniformly at random
from T". Let us say that a block I} “fails” if there exists a pair of indices 1 < i < j < n such that the configurations

0 and ¢() are not e-separated on the block It. The probability that more than half of the blocks in ], fail can be
upper bounded with Markov’s inequality:

#®n(|]o| 3 1{block I; fails} > ) i 3 ( ) (OITT’) >1 —e)

j€lo j€lo
) ( 9N5> 1
snexp| ——— | < -,

where the last inequality holds for n < exp(INO/L). Therefore, with probability at least 1/2, for the random set
{c™, ..., 0} we can find |J,| = Ly such that the required properties are satisfied. If we take n = exp(N5/L),
then this implies the existence of the claimed set Q < T < S. O

3.2. Intersection of cube and half-space with general disorder. The main results in this subsection are Propo-
sition 3.8, which is a version of Proposition 2.6 for general disorder, and the proof of Theorem 1.3. The assumption
of the following is based on the result of Proposition 3.2:

Proposition 3.7. Suppose & is a random vector in RN satisfying Assumption 1.1. Suppose d is a small positive constant,
and €,y < 0. Divide [N] into consecutive blocks I, ..., 11 of size K = N/L each. Suppose Q < {—1,+1}N with
|QQ| > exp(NO6/L), such that all pairs o # T are €-separated onl; for all forallj € |, = [ +1,L], where{ = L(1—y).
Then we have the bound

Lel 1/2 Ly2el
]P( 1 {aeQ (5,0)2)/( elogp) } 1 ><4exp<_w>/
Q] N1/2 60 2- (4p)r 60V

providedlogp > C'v/e andC'/y < L < Nl/z/(c lOgP)l/Z

Proof. Let p be a large integer. Let F be the o-algebra generated by the vectors &, for 1 < j < k, so that M (o)
(as defined by (1.3)) is measurable with respect to F. Recall ¢ = L(1 — y), and define

V(Lelog;?)l/z}
- .

It follows using Markov’s inequality and the subgaussian tail bound that

Q0| ,
0= P( 6] <z><lp<|cz|

Ly?el
<2€Xp(—%> .

QO = {GGQ My(o) =

5

1/2
_ y(Lelogp) }‘ - %)

{aeQ My(o) <

Next, for £ + 1 < k < L, suppose inductively that Q) has been defined. Let

E(k) {Cf c Q( ) (gIk/ Ulk) < (Glogp)l/Z} c Q(k) '

Kz 7 2
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We will show below that Z(X) occupies a constant fraction of Q) with good probability:

E®] 1 4
P <— ) < . (3.3)
QB ap ) per
With this in mind, for £ + 1 < k < L we define the sets

ke _ [E®IIE®] = 100/ (ap)
Q®)  otherwise.

The construction guarantees for all ¢ < k < L that

Q/1\" _1 N
‘Q(k)| > |Q(L)‘ > % <§) > E exp <T — L)/ log(4p)) =2p, (3.4)

where the last bound holds by the assumed upper bound on L. Now, turning to the proof of (3.3), from Q) let us
extract disjoint subsets X, ..., X;, each of size p, whose union occupies more than half of QK — the preceding
bound guarantees that we can do this with m > 1, since |Q®)| > p. Combining Corollary 2.3 with the CLT estimate
Corollary 4.4 (deferred to §4.1 below) gives

(e 5200 < (o™ g (60 <elogp>1/2}]

oex, N1/2 = 2 N1/2 2

oeXy

(g,0) _ (elogp)"? 2
<]P(52%Z§ Nz ST g ) TS o

It then follows by the Markov inequality that

1 _ 1 4
]P(E > 1{EW nx, = o} > 5) <o

asm

On the complementary event we have

ER > Y EW AX, 20} > = > ,
asm 4p

which proves (3.3). Next let J, denote the subset of indices k € |, for which we have Q®F) = QK= 1t follows
from (3.3) that |J,| is stochastically dominated by a binomial random variable with Ly trials and success probability

4/p€/*°. Tt follows by the Chernoff bound and (2.2) that
4 B Lyelogp
perso ) [ ST Tey st )

Ly 1
M =P(|Js|>— ) <expy —LyH| —
6v
where the last bound holds because the restriction logp > C'v/e guarantees

m _ QW)
— >
2

6v

e e 6v 4
By a union bound over all subsets | < J,, we have

Z (EI]‘/O‘I/') V(Lel‘)gp)l/z

N < — s forany | < ]*)

Lyel Lyel

() = IP<
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where the last bound again uses the restriction logp > C’v/e. On the complement of the events bounded by (1), (II),
and (III), we have for all ¢ € Q) that

(é, O') éI] O_I (51]‘/ GI]')
Nz = Mi(0) )+ Z N1/2 Z N1/2
jel }EL\I.
2y(Lelogp)'/? €logp)'/? Lelogp)'/?
_ _2y(Lelogp) (1oL (elogp)"” _ y(Lelogp) ,
5 6v 2L1/2 60

where the last bound uses that we must have v > 1 (see Assumption 1.1). The claim then follows by recalling the
lower bound on |Q(®)| from (3.4). m]

The next proposition is a version of Proposition 2.6 which applies in the case of general disorder. It has a somewhat
worse €-dependence Proposition 2.6. From our perspective the more important difference is that Proposition 3.8
applies for a more limited range of s than Proposition 2.6:

Proposition 3.8. Let S be any subset of {—1, +1}N with |S| > exp(N0) where § is a small positive constant. Let €
be a positive constant with 12(8€) < 6/9. Then

1 (&,0) X C"ys? 4
P — : = /2 — < —.
(|S| Ha €S N s(ev) < exp e xp(s26)

provided C" < s < (Ne3/v)/*/C", where C" is a large absolute constant.

Proof. Since we can relabel the constants later, we assume |S| = exp(9IN ) and ,(8€) < 0. Recalling the statement
of Proposition 3.2, let y = €. (For 0 small enough, the assumption 1;(8¢) < 0 and the choice ¥ = € together
guarantee that the condition y < 6/(2log2) from Proposition 3.2 is satisfied.) It follows from Proposition 3.2 that
there exists J;  [L] with |J;| = Ly, and Q; < S with |Q| = exp(NO/L), such that all pairs 0 # 7 in Q are
e-separated on I; for all j € J;. We can apply Proposition 3.2 again on 5\(2;, and so on, to extract disjoint subsets
Qy,...,Q S S, up to the first m such that S|

Z Q0 = -

asm
Then for each a we will have [(;| = exp(N6/L), and all pairs 0 # 7 in , will be e-separated on I; for all j € g,
where J, € [L] with |J;| = Ly. Recalling the statement of Proposition 3.7, let logp = C’v/e, and define

_ (&,0) _ y(Lelogp)2y . _
HZ{OES:NV?Z %0 , Ea=EnQ,.
By Markov’s inequality and Proposition 3.7, as long as C’/y < L < N'/2/(C'logp)'/?, we have
g Ly%el
]P(lZI{a|< ! }>l)<4exp(—w).
m = Qa] 20 (4p)ty 2 60V
On the complementary event we must have
5| \Ql\ 1 S|
D Z ||._..a‘ ’ Ly = Ly
dsm 2-(4p) 8- (4p)

so we have shown that, for any L satisfying C’/y < L < N/2/(C’logp)"/?, we have

Lelogp)'/? Ly?el
p( L oeS:(é'U)2y(€ng) < ! < dexp _ DV EoRP )
S| N1/2 60 8- (4p)v 60V

Recalling that logp = C’v/e, the above implies

, C'Lv)V/? 2C'L C'Ly?
P L aeS:(éo)Z( vy <1exp — vy <dexp | — 4 .
S| N1/2 60 8 € 60
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Making the change of variables s = (C'Ly)!/?/60 gives
1 , 1 2-60%)vs? 4

P( — aeS:(é 0)25()/1/)1/2 < —exp _ ! Jvs < .

|S] N1/2 8 € exp(60ys?)

and the conclusion follows by recalling that we took » = €. Note that the bounds on s in the statement of the result

guarantee that L satisfies the requirements C’/y < L < N/2/(C’logp)'/2. mi

Proof of Theorem 1.3. Let € be a positive constant with 1,(8€) < 6/9. It follows directly from Proposition 3.8 that

<
(it s 5w 2o <oe (- 5)) < e

provided that s satisfies (with C” a large absolute constant)

/4
p 1 /(Ne*\'
maX{C (61/)1/2} <s < el <—V

The claim follows by fixing € to satisfy 1;(8€) = /9, and making the change of variables w = C"vs?/(2¢). m]

3.3. Intersection of cube and slab with general disorder. The proof of Theorem 1.5 appears at the end of this
subsection. The next two lemmas are motivated by the following considerations. In view of Proposition 3.2, suppose
we have a large subset Q < {—1, +1}N such that all pairs ¢ # 7 in Q are well-separated on the blocks Ij for j € J,.
By re-indexing, we may suppose without loss that J, = [L]\[{] for = L(1—). For ¢ € Q, recall the process defined
by (1.3), and suppose we have |M;(0)| < s for s large. Then, in order to achieve the desired outcome My (o) € [a, b],
the process My (o) may need to traverse a distance at most 2s over the final Ly blocks, k € [¢ + 1, L]. This suggests

that we consider the events
(81,01) _ 25 _(8noon) 2
Nz = LyJ’ N2 = Ly

so that the process can traverse enough distance on each block. On the other hand, if My_;(0) € [4, b], then we can
ensure My (o) € [a, b] by requiring one of the two events

o< 81 on) _b-a o< 8oL b—a
X N1/2 < 2 ’ X N1/2 X 2 .
This leads to the statement of the following:

Lemma 3.9. Let x € (0,1] be a constant. Let S be any subset of {—1, +1}X with |S| > exp(K5) where § is a positive
constant. Let € be a positive constant with 1(€) < 0/2.

1 (g,0) [reV? 1 2
]P Tl : < < 7
<|s {065 Nz © [Ll/z X exp(2C's?) )~ exp(ste/C')

provided that the parameters satisfy the bounds

12y 1/2
C'<r<s< 'n{L (Ké) }
(eCnyvzs

Proof. It follows directly from Proposition 2.6 that for C’ < 7 < s < (K6)"/2/C’ we have

p(L[f{oes. & T ) ——,
|S| N1/2 L1/2 exp(C’sz) exp(s?e/C’)
On the other hand, it following using Markov’s inequality and the gaussian tail bound that
/a2
p(L GES:MZX . 1 <exp(ZCs)< 1 ,
S| N1/2 exp(2C’s?) exp(x2L/2) ~ exp(C’s?)
where the last bound holds provided that s? < Lx?/(6C’). Combining these bounds gives the claim. O

The following is a version of Lemma 3.9 for general disorder. It has a worse e-dependence and applies in a more
limited range of s, as a consequence of applying Proposition 3.8 in place of Proposition 2.6.
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Lemma 3.10. Let x € (0,1] be a constant. Let S be any subset of {—1, +1}X with |S| > exp(Kd) where § is a small
positive constant. Let € be a positive constant with 1;(8€) < 6/9. Then

1 (&,0) [r(ev)? C"vs? 5
— . — < i
]P<|S| {O’ES Nz € [ 172 S X < exp - oxp(5%€)

provided that the parameters satisfy the bounds
(Le)2xy 1 [Ke3\Y*
"<r<s<min{——=—,— —
C \r\S\mln{Z(C”)l/ZV’C” " .
Proof. Tt follows directly from Proposition 3.8 that for C” < r < s < (Ke3/v)/*/C" we have

1 (E,0)  r(ev)V? C"ys? 4
P{ — : > - — < —.
(|5 HG = N1/2 L2 =P 2e exp(s2e)

On the other hand, it following using Markov’s inequality and the subgaussian tail bound that
' "2 1,62
]Pl i<n:i>)( S 1 <eXp(CVS/€)<exp ~ C'vs ’
n Lv2 exp(C"vs?/e) exp(x2L/(2v)) €
where the last bound holds provided that s? < Lx?e/(4C”v?). Combining these bounds gives the claim. mi

The assumption of the next proposition is based on the result of Proposition 3.2:

Proposition 3.11. Let x = min{1, (b — a)/2}. Define
max{|a|, |b|,C’}

17
RPf=—= (3.5
Y )4
As before, divide [N] into consecutive blocks 1, ..., I, of size K = N/L each, such that L satisfies
",,2% 1/3
M <LK w (3.6)

(xe)? =T C” x?
Now suppose Q < {—1, +1}N with |Q| > exp(2N/L), such that all pairs o # T are e-separated on I; for all for all
jeJ.=[f+1,L], where{ = L(1 — y). Then we have the bound

1% 2
]P(ﬁ {GEQ: (£,0) e[a,b]} < iexp(— 8C€WL)> <exp<—L7€>,

N2
provided that y = € < 0, and 6 is small enough.

Proof. We emphasize that all the randomness is in the N-dimensional random vector £. Let % be the o-algebra
generated by the vectors &j; for 1 < j < k, so that M (o) (as defined by (1.3)) is measurable with respect to F.
Recall £ = (1 — y)L, and define

R 1/2
QO = {o € Q: dist (Mg(o), [a,b]) <Ly- L€1/2 ~v1/2} .

Note that if o ¢ Q) then, by the definition (3.5) of R, we have
Re'? | Rell?

/2 > . L y1/2
TV max{|a|, |b|]} = Ly Lz v

where the last bound holds by using (3.5) together with the lower bound on L from (3.6), along with the assumption

|M¢(0)| =Ly -

y = € and the fact that v > 1 (see Assumption 1.1). It follows using Markov’s inequality and the subgaussian tail

bound that
QO] 1 1
0= ]P( < - )| <P|—=
Q[ 2 (8]

LR?*y?e 63) Lrye 4
<dexp| — < dexp | — <
8 exp

Re'? | 1
. . Lpl/2 Z
{aeQ.|M[(0)|>L7/ I }‘2 2)
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where the last inequality again uses ¥ = €, and the fact that 7 > C’ (a large absolute constant) by the definition
(3.5). Next, for £ + 1 < k < L let us define recursively the sets

R~1/2
ok = {a e Q=1 dist (Mk(o), [a,b]) <(L—k)- RLel/z -vl/z} :

For each ¢ < k < L we further define the following bipartition of Q)

a+b } , Qb = QnQ®+

Qb+ = {o e QM : My(o) =

One of these subsets must be at least half the size of Q(¥); without loss of generality we assume it is Q)+ Assuming
|Q0)+| > exp(K§), we can extract disjoint subsets X, ..., X, € Q")+ with |X,| = exp(K&) such that the union
of the X, occupies more than half the mass of Q(X)*_ Define

20 _ {g e Qo+, e Thn) [(GV)I/ZR,;(] } .

N1/2 Ly/2
It follows from the assumption that all pairs ¢ # 7 in Q) are e-separated on I .1, so applying Lemma 3.10 gives
1 X, nEW C"vs? 1 10
P(—Zl{géexp<— VS)}é—)é—z, (3.7)
m = | X4l € 2 exp(s2e)
provided that the parameters satisfy the bounds
- (Le)'?x 1 (Ke3\V*
< < max = < = = — . .
R S s 2(c//)1/2V c” v (3 8)

Note that in the restriction (3.6), the lower bound on L guarantees that we in fact have sy, = R above, while the
upper bound on L guarantees sy < Sz. Note that X; N 2 < Q&+ for all @ < m. It follows that, on the event
|Q®)| > 2 exp(K5), we have

QD g C"vs? 10
P < - — Fr | < ———. 3.9
( |QE)| 3 &P € k exp(se) (3:9)
To apply this bound, we define the stopping time ¢ < C < L by

Q%]

C= min{k >0:k=1L, or < exp(K(S)} . (3.10)

Applying (3.9) with s = sy and £ < k < C gives, on the event |Q()| > |Q|/2, the bound

Qk+1) "Y(Smax 2
(II):]P( min g < 1exp < M) ’Fﬁ)

t<k<C QB T 4 €
39  Ly-10 Lex? Lex?
< —21 =10 logl — —2— ) <10 =4 ),
exp((Smax)?€) yexp( °8 4C"y? yexp 8C"y?

where the last bound again uses the lower bound on L from (3.6). We then define the truncated random variables
Vit = mi |Q(k)| 4 C”V(SmaX)z
k+1 = Imin W , * €Xp T .

It follows by simplifying (3.9) that, on the event | Q)| > 2 exp(K5), we have for all s > R that

2C"vs? 10
Pl Viyr = Fr)| < ———.
("“ e"p( e )’ k) exp(s%e)

(More precisely, for R < s < Syay, the above bound holds due to (3.9). For s > syax, the bound holds trivially,
because the truncation in the definition of Vi implies that the left-hand side above is zero.) Making the change of
variables t = exp(se/2) gives, for all t > t;, = exp(R%e/2),

" 10
]P((VkH)ez/(“c V) > t‘%) <
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Recall from the definition (3.5), and the assumption y = €, that R%e = 7 = C’ (alarge absolute constant). Integrating
the above gives the moment bound

“ 10 10 -
] < tmin + J — dt frnin + P < eXp(RZE) , (3.11)
t

min min

where the last inequality uses that R%e = 7 is large by (3.5). Consequently, applying Markov’s inequality we obtain,
on the event |[Q()| > |Q|/2, for any w > 0,

4C"vw? (.11) exp(Ly - R%)
(I vesem (55 [ ) ¢

{<k<(C

Setting w? = 2LR?y then gives the bound

8C” LRZ 1 ; 1
(Im) = ( 1_[ Vi = exp <#> ‘9'7) < = = —.
1<k<C € exp(LRZ)/e) exp(Lre)

Finally, let us note that on the event

QO] 1 k) g C'V(Sm) SCrLRy
= { Q] = 2 ’fir}(lgc |QE)| > 1P\ T H Vi < exp — )
h €<k<c

we must have [Q*+D|/|Q®)| = 1/Vy, for all £ < k < C. Consequently, recalling K = N//L, we have
Q] Q] QY| T 1 sc"vLRZy>

= 2 K 7
2 2 Q] Vi exp(K?)

1
> - 7 &P (21((5 —
{<k<C
where the last inequality uses the upper bound on L from (3.6). From the definition (3.10) of C, this implies C = L.
Combining the above bounds gives

V) = ]P( QB 1 ( B 8C"vLR?y

< -
i 1P €

>> <1-P(E) < (1) + (II) + (1)
<L+10e —LGXZ + L <e —Li
= exp(Le?) yexp 8C"y? exp(Lie) *P 2 )’
where the last bound holds for € small enough (which is guaranteed by taking 6 small enough). Finally, recall that
o € QW) implies My (0) = (£,0)/N'? € [a, b] as desired, so this concludes the proof. o

Proof of Theorem 1.5. Since we can adjust the constants later, we can assume |S| > exp(9N0). Recalling the state-
ment of Proposition 3.2, let €, ) be positive constants with 1,(8¢) = 6 and y = €. Assume L satisfies (3.6). It follows
from Proposition 3.2 that there exists J; < [L] with |J;] = Ly, and Q; < S with ;| = exp(N/L), such that all
pairs 0 # T in Q; are e-separated on [; for all j € J;. We can apply Proposition 3.2 again on §\(2;, and so on, to

extract disjoint subsets Q3y,...,Q,, < S up to the first m such that
S
IR | N
asm

Then for each a we will have |Q;| = exp(N6/L), and all pairs 0 # 7 in Q,; will be e-separated on I; for all j € g,
where J, € [L] with |J,| = Ly. Let

- (&, 9) = _ =
:E{UES:NI/Z ela,bly, E=EnQ,.

By Markov’s inequality and Proposition 3.11,

1 B, 1 8C"vFL 1 Lée?
Pl — 1 < - — >-]< -—).
(v Srliag<ion (-57) ) 23) <o (-5
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On the complementary event we must have

g > Z B > m|Qy| 1 8C"vrL - S| 8C"v7L
Bl = Bl = - —ex —— | > —ex -,
o 2 4P e 16 P €

so we have shown that, for any L satisfying (3.6), we have
]P(E < iexp < —SC”FVL>) < exp ( — L—€2> .
S| < 16 € 2
The conclusion follows by recalling that we chose y and € depending on 0. O

Proof of Theorem 1.4. 'This follows essentially by the proof of Theorem 1.5, the main difference being that in the proof
of Proposition 3.11 we can apply Lemma 3.9 in place of Lemma 3.10. Thus in place of (3.7) we will have

= (k)
]PLZI|XumH |< ! gl g;,
m |X,| exp(2C’s?) 2 exp(s2e/C’)

asm

where instead of (3.8) we will require (from the conditions of Lemma 3.9)

_ Ll/ZX (K(S)l/z

RSS\SmaXEWgSZE C’
Since KL = N, this explains why we ultimately require w < N'/2/Cs, in contrast with Theorem 1.5 which requires
w < N'V3/Cs. mi

4. UNIVERSALITY ON AVERAGE IN PERCEPTRON MODELS

Most of this section is devoted to the proof of the following theorem, which says that the expectation of the
perceptron free energy (with a suitable truncation) is universal with respect to the disorder. In Section 5 we will
combine this with a concentration result (Proposition 5.4) to yield the proof of Theorem 1.11.

Theorem 4.1. Consider a perceptron model (1.2) where U is {0, 1}-valued and piecewise continuous. Let Z(g) be the
partition function with standard gaussian disorder, and let Z (&) be the partition function with general disorder, assuming
the (£%); are i.i.d. random variables with zero mean, unit variance, and finite third moment. Then

1
| Etogys Z(g) ~ Elogy, 2(6)| = on ().
for any small positive constant 6.

This section is organized as follows:

o In §4.1 we give some multivariate central limit theorem estimates. The main estimate is Corollary 4.4.

e In §4.2 we use Corollary 4.4 to prove a version (Proposition 4.5) of Theorem 4.1 for a “positive-temperature”
variant of the model.

e In §4.3 we show how to transfer the result of Proposition 4.5 from positive temperature to zero temperature,
leading to the proof of Theorem 4.1.

4.1. Central limit theorem estimates. In this subsection we state and prove a consequence of the multivariate
central limit theorem, Corollary 4.4 below, which was already used in the proof of Proposition 3.7. Corollary 4.4 will
also be used below in the proof of Proposition 4.5, which is a preliminary universality result. We begin with a central
limit theorem for sufficiently smooth functions, which is similar to [Mos10, Thm. 4.1]:

Lemma 4.2. Let ¢ be a standard gaussian vector in RN Let & be a random vector in RN with ii.d. coordinates &;,
with mean zero, unit variance, and finite third moment. If F : RP — R is a bounded function with derivatives up to
third order bounded uniformly by a finite constant Cr, then we have

() -+ (75) ] < 57

< R {B0aP + Eds) )
for any matrix L € {—1, +1}P*N,
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Proof. Write 0¥ € {—1, +1}N for the {-th row of . Let Yo denote the p x N matrix that results from zeroing
the j-th row of £.. We interpolate between ¢ and & by defining &= (&1/vo-s&js 81+, 8N)- Let &I° denote the
vector that results from zeroing the j-th entry of &. We then define the p-dimensional vectors

A ZE i i 8i(o");
I N2 N1/2 _ N1/2 fSp,

1=1 i=j+1

Ajo=

Zj,ogj,o B (f—l Ei(a(f))i N gi(g(f))i)
<p ‘

+
N1/2 P N1/2 i N1/2

Then the quantity of interest can be bounded as

JE[P(AN) —F(AO)H < ‘IE[F(Aj) —F(AH)] ,
j<N

so it suffices to bound [E[F(A;) — F(A]-_l)]| for each 1 < j < N. To this end we let
A =Ajo+ 5 (51( (1))1'/-"/5]'(0“))]"8]’(‘7(“%]’/-"/gj((’(p))j) :

Azfo—AJOJrNUz (‘EJ( Djs--- (0 D);1,0,84(0 [H))]’r--'fgf(‘j(p))f)’

and note that F(Aj_;) = F(A;,) while F(A;) = F(A, ). It follows that

p
B[F(a) — Fa ]| < Y
(=1

E[F(a)0) - Faj-0)]|

We then apply the assumption on F to Taylor expand

&i(0®)j (00)*F(Ajeo) (&) RE
F(A]',[) = F(Aj,g,o) + agF(A]',[,o) N1z > N + Nz
A5, 2
gi(0V); (00)*F(Ajeo) () RS
F(Aje-1) = F(Aje0) + 0eF(Bje0) =1 5 N TN

where E|R®| < CrE(|&;|*) and E|R$| < CrE(|g/|*). Matching the first and second moments of &; and g; gives

{6 + 1) |

Summing over 1 < ¢ < p and 1 < j < N gives the desired overall bound on |E[F(An) — F(Ao)]|- O

‘]E[P(Aj,é’) - F(Aj,e—l)]

Lemma 4.3. Let ¢ be a standard gaussian vector in RN Let & be a random vector in RN with ii.d. coordinates &;,
with mean zero, unit variance, and finite third moment. IfF : RP — R is a bounded continuous function, then

. S rg ‘ W
s e B[ (25 () 2 ) -

Proof. For 1 > 0 define the smoothed function F;,(x) = IEF(x + nz) where z is a standard gaussian vector in R”.
For any 1 > 0 the function Fn satisfies the conditions of Lemma 4.2, so we have

Cr,
1)) —max{‘]E[F,]<I§—f/2> _P”(Z\i%?)] WIS {—1,+1}N} < P F”{]E(IE,-P + |g,-3>}. (4.1)

N1/2
Since F is bounded and continuous, the function F;, converges locally uniformly to F as 17 | 0, so we have

X X IZE] oo
(25) ()} e ] e

(II) = max {]E[

10
< sup {u-n](x) _F)|: [l < R} UL
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for any finite R. For the complementary event |L&| o > R, we can use Chebychev’s inequality to bound

(m = m{]E[ 1%%) _ F<NZ§> JZEe R} . {_LH}N}

N2
=] 2p||F o
< 2|F|ocIP< NI/Z"O >R) <~ =,

which can be made arbitrarily small by choosing R = R(p) large. The claim follows by combining the estimates for
(D), (1), and (III). O

Corollary 4.4. Let ¢ be a standard gaussian vector in RN, Let & be a random vector in RN with i.i.d. coordinates éi,
with mean zero, unit variance, and finite third moment. If f : R — R is a bounded piecewise continuous function, and
we define F : RP — R by F(x1,...,xp) = f(x1)--- f(xp), then

E[F(%) —F<I§§2>” ‘Ye {—1,+1}PxN} — 0.

Proof. As in the proof of Lemma 4.3, consider the smoothed function

P
Fy(x) = BF(x +1z) = (fowm) [ LA
=1

We then have the approximation result of Lemma 4.2, which gives (as in (4.1))
X Lg PCr
max{‘]E[Fn<W> _F’]<W>:H :ZE{—1,+1}N} < N1/2 <|£]|3+‘g]| ) (42)
We next bound
re 1 o)\ (oY)
]E[F’7<N1/2> _F<N1/2>H (1flle0) > Z [ ’I( N1/2 -f N1/2 ’ (4.3)

and likewise with g in place of £. Recall the assumption that f is piecewise continuous, so its set of discontinuities
Dy is finite. Therefore, given any 6 > 0, we can construct a continuous function Y : R — [0, 1] such that Y = 1 on

N—w

lim max {

an open set O 2 Dy with R\Oy compact, but EY(g;) < 0 if g; is a standard gaussian random variable. Applying
Lemma 4.3 gives, for any fixed choice of O Ji and Y,

s = oo (§52) (52

For any fixed o € {—1, +1}V, the scalar product (g, 0)/N"/? is a standard gaussian random variable. It follows that

(I)Emax{ [f’Y((Nl/(z)))‘f((é{\ﬁ/(:)));(5[\5/(:))6@] o0 e (- 1+1}N}

<oiflBv(‘E) | <airio {on + B[ ()| b <ari{a + o)

We have f, converging to f uniformly on the compact set R\Oy, so
B (&,00) (&, c\]| (&,00)
(II):max{ [f,,( N2 —f N2 ; N1z
Of course, the estimates for (I) and (II) also hold with g in place of &. The claim follows by substituting those estimates
into (4.3), and combining with (4.2). O

:ae{1,+1}N}Ni‘i°o.

€ ]R\Of] 0 ¢ {—1,+1}N} fl_iO) 0.
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4.2. Universality at positive temperature. In this subsection we establish universality for a perceptron model at
“positive temperature,” more precisely, of the form (1.2) where logU : R — (—00, 0] is uniformly bounded. Note
that the Azuma-Hoeffding martingale inequality implies in this case that N~!log Z(U; &) is exponentially well
concentrated around its mean, although we will not ultimately use this fact. The following result shows that the

mean value is universal with respect to the disorder model:

Proposition 4.5. For the “positive-temperature” perceptron model (1.2) where logU : R — (—00, 0] is uniformly
bounded and piecewise continuous, let Z(U; g) be the partition function with standard gaussian disorder, and let Z(U; &)
be the partition function with general disorder, assuming the (&7); are i.i.d. random variables with zero mean, unit

variance, and finite third moment. Then

im —‘IElogZ U:g) — Elog Z(U; g)‘

Proof. Tt follows from Corollary 4.4 that, uniformly over ¢V, ..., () € {—1, +1}V, we have
o®) d i o)
(oM 80\ N
A0, 0 [nu( L ) [u (S 0.
=1

We interpolate between Z(U; g) and Z(U; &) by defining

Zj= Z H ( N1/2 ):fl 1U<(i;;/z)>}/

oe{—1,4+1}N i=1

i+
M .
_ (8',0)
Zjo= Z HU( N1/2 > n U( N1/2 :
oe{—1,+1}N i=1
Then Zy = Z(U; g) and Zpyr = Z(U; &), so

log Z(Us &) —log Z(Us g) = > (longflong_l) =Yy,
<M <M

Writing {-)j . for expectation with respect to the Gibbs measure 1 , corresponding to Z; ., we have

Z; Z; (&, 0) (g/,0)
j—1 ’ 8
Y, = lOgZ,o log Zi —log<u< Nz >>j,o —log<u< Nz >>j,o

Given any A < c0 and 17 > 0 we can choose p = p(A, n) < oo such that

sup {

It follows that |EY; — ij¢| < 1 where

=5 (o), (520, )]

Let ;¢ denote the coefficients such that

(= ¢ ¢
Z 7 (x—1)=2cp,gx.

<p <p

log(1 + x) Z (1)H1x‘]' L <1+x<0}<17
0 - : < < X
= exp(A)

Recalling that p jo 18 the Gibbs measure corresponding to Z j,0» We can rewrite

= Zer (((52),) - (),

!
= Z Cp e Z Aj(@W,...,0") Hy] (c®
k=1

(<sp 0,00

(4.4)



28 S. NAKAJIMA AND N. SUN

which by (4.4) converges to zero. The claim follows by recalling that |[EY; — ;| < 1, and n > 0 was arbitrary. O

4.3. Positive temperature to zero temperature. We first review a simple inequality (4.5) which was previously
proved by [Tal11, Lem. 8.3.7]. If x > y > 0, then for any I < 0 we have

logy —logx ifx >y = exp(),

logry —logrx = < T'—logx ifxzexp(l) >y
0 ifexp(l) = x > y.
If we further assume 1 > x > y > 0, then the above quantities are all in [T, 0]. It follows that

0 > logr y — logp x > max { log %,F} = logp % . (4.5)
We will use this inequality in the proof of the next result.

Proposition 4.6. Consider a perceptron model (1.2) where U is {0, 1}-valued and piecewise continuous. Let Z (<)
denote the partition function with general disorder, assuming the (£%); are i.i.d. random variables with zero mean, unit
variance, and finite third moment. Let us(x) = max{log U (x), —A}. Then for any positive constant 6 we have

1

| logys Z(1043€) — logs Z(8)| < on(1) + 04 (1)
in the limit N — oo followed by A — o0.
Proof. We now interpolate between Z (&) and Z(u4; &) by defining

Zj= Z CXP{ZMA( Nll/z )}ﬁ U<(i;;/z)),

oe{—1,+1}N i=1 i=j+1
j—1 M ( i
8',0)
e 3, {En(S) fu(s2)
]
oe{—1,+1}N i=1 N2 i=j+1 N2
ThenZg =Z(&) < Z1 < ... < Zy = Z(ua; &), so

1 1
_‘logNéz(“A;é) — logys Z(&) ‘ =37 Z <10gN6 Zj—logns Zj— 1) =N Yj .
N ]<M N <M

Let E; . denote the event that Z; . > exp(N0). Note that Z; , > max{Z;, Z; 1}, so Y; = 0 on the complement of
E; .. It follows that Y; = y; — 1j; where

Zi exp(N9)
. ] p
y; = YE;, O}(long —logys Zj, o) = 1E;, O}IOgmaX{ZJ ° T} ’

Zj_ No
. j—1 exp(No)
i = 1o} (logyy Zj -1 — logny Zjo ) = 1{Ej,o}1ogmax{ 7 T}

Writing (-); . for expectation with respect to the Gibbs measure corresponding to Z; ., we have

S/ (&,0)
V=7 :<U( N2 )>]

z, (&,0)
: ] s _ —AN
x]'zzjo =<expuA< N >>joze Ah(1—e A)xj,

and clearly 0 < X; < x; < 1. Moreover we can bound

. 7A 7A . 7A .
xi e+ (1—e )X e (1 —Xj) 1

1< = . L1+ — <1 (4.6)
x]- x]‘ x]- e xj
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Combining with [Tal11, Lem. 8.3.7] (i.e., the bound (4.5) above) gives

L. 49 Xj No
0=—-Yj=yj—yj = I{Ej,o}logmax{.—],m}
Xj Zje

(4.6) 1

> I{E]',O} max{ — log (1 + A_>’ —N logZ} . (4.7)
e X

Note log(1 + x) < x for all x > 0, and log(1 + x) < log(2x) for x > 1. Writing Wpa = N/3/Cs, we hereafter

assume A > Cg, and decompose

. 1 @7 ; 1
D=E|Y;xi< ——— | < Nlog2-P(xj < ———E;. |,
@ | exp(wmax)] & ( P exp(Wmay) >
[ 1 . 1] @n 2 1 . 1
M=E|Y; —— <¥% < —| < E|1{E; .} ] _ ). <i<—|,
( ) L o EXp(wmax) g eA:| |: { I } °8 (eij> exp(wmax) % eA:l
o1 1 @n [HEjo} 1 . 1
IMM=E|Y;— < <——| <E|———;, — <% < ——|.
=B =% exp<c5>] [ I exp(c(s)]

If U = 0 there is nothing to prove, so we may assume U (x) > 1{x € [a, b]} for some —00 < a < b < 00. We can
then apply Theorem 1.5 to bound the above quantities:

(I) < Nlog2-exp ( wmax> ,

Cs
1 e gy 1 (eA)lfl/Cb 9
< — < — < .
€ Jexp(Cs) ut/Cs ed 1— 1/Cb eA/Cs

Lastly, making a change of variables gives

2 1 e 2 \V©
]P(log (—> > t;E,-,o> = IP<T > —;E]-,o> < <—> ,
edx; X 2 eAtt

and integrating this tail bound over t > 0 gives

o0 2 I/CD 2C(5
(11)<L (EAH) it < ok

Combining the bounds for (I), (II), and (II) gives 0 < EY; < 04(1) + on(1), and the claim follows. O

Proof of Theorem 4.1. Follows by combining Proposition 4.5 with Proposition 4.6. O

The concentration of the free energy is addressed in the next section; see the proof of Theorem 1.7.

5. CONCENTRATION, SHARP THRESHOLD SEQUENCE, AND UNIVERSALITY

In this section we prove Theorems 1.7-1.11. Recall the abstract model (1.4). Since we mainly consider how the
system behaves as M varies, we will mostly drop N from the notation, e.g. we will abbreviate Zy1 = Zp n. Let %,
be the o-field generated by the random functions @y, . . ., ®,. The following is a stronger version of Assumption 1.6,
which accommodates the perceptron models considered in this paper:

Assumption 5.1. For the model (1.4), let Zps; be the partition function that results from adding one more factor
to Zps. Suppose for all 6 > 0 small enough that on the event Zy; > exp(N ) we have
ZM+1 1 w
P < F < _ =
< Zm exp(w) M P Cs
forall Cs < w < Wpayx, where Cs is a finite constant that depends only on the model and on 6, and wy,ax can depend

on the model as well as on 6 and N.

In the case of the perceptron model, Assumption 5.1 holds with the following parameters:

(2) For the half-space perceptron (1.1) with gaussian disorder, Theorem 1.2 gives W,y = N/Cs.
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(b) For the half-space perceptron (1.1) with general disorder, Theorem 1.3 gives Wyax = N'/2/Cs.
(c) For the U-perceptron (1.2) with gaussian disorder, Theorem 1.4 gives Wy = N/2/Cs.
(d) For the U-perceptron (1.2) with general disorder, Theorem 1.5 gives wpa = N/3/Cs.
(For both (c) and (d) above, we assume U is {0, 1}-valued with U (x) = 1{x € [4, b]} for some —00 < a < b < 0.)
We also will show that the weaker Assumption 1.6 suffices for our main claims. This section is organized as follows:
e In §5.1 we show that Assumption 1.6 or 5.1 implies that the partition function of the model (1.4) is unlikely
to decrease very sharply after the addition of a small linear number of constraints.
e In §5.2 we show that Assumption 1.6 or 5.1 implies concentration of the truncated free energy of the model
(1.4), leading to the proof of Theorem 1.7.
e In §5.3 we combine the results obtained thus far to give the proof of Theorem 1.9 (on the sharp threshold
sequence) and finally the proof of Theorem 1.11 (on universality).

5.1. Slow decrease of partition function with new constraints. In this subsection we prove Proposition 5.2,
which says that under Assumption 5.1, the partition function of the model (1.4) is unlikely to decrease very sharply
after adding a small linear number of constraints. We also prove Proposition 5.3 which gives a similar but weaker
estimate under Assumption 1.6.

Proposition 5.2. For the model (1.4), under Assumption 5.1, for all & > 0 there exists p5 > 0 such that for all
0 < p < ps we have

max N
P( Zmynp < exp(NO) | Zym = exp(2N06) | < Npexp | — Dmax ) exp| — No .
Cs 4Cs
In particular, if Wmay grows faster than log N, then this is on(1).

Proof. For 0 < { < Np let us abbreviate X; = Zp11¢ and &y = Fj14¢. It follows by Assumption 5.1 that on the

event X; > exp(N ), we have the bound
Xeg1 1 w
P < G| < -—=1, 5.1
( Xy exp(w) e> eXp( Cé) D

provided Cs < W < Wax. To apply this bound, we define a stopping time 0 < { < Np by

szin{€>o:€—Npong<exp(N6)}. (5.2)
Applying (5.1) with w = W,y gives, on the event Xy > exp(2N0),

XZ-H 1 Wmax
D=P < ) <N - . 5.3
v (I!E? Xy exp(Wmax) 0) pexp ( Cs (:3)

Next define the truncated random variables

Xy
Vii1 = mi
oo = min f X0

On the event Xy > exp(N0), (5.1) implies the tail bound

1
P((Vm)l/@‘:ﬁ) >y ‘ ?e) <y

Z
,exp(wmax)} = min{ M+t , exp(wmax)} .

M+E+1

for all y > exp(Cs/2). Integrating over y gives the moment bound

1/(2C5) Co T dy
E| (Ve )" |G| <exp | — | + — < exp(Cs). (5.4)
2 exp(Co/2) Y

Applying Markov’s inequality gives, on the event Zy; = X, = exp(2N9),

= exp(NpCs) N&
(I = (EV{ exp(No) ’ > <exp(N6/(2C5)) éexp(ﬁ>,
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where the last bound holds by taking p < ps small enough. Thus, on the event Zy1 = X, = exp(2N0), we have

max Né
?o) <(I)+(II)<Npexp<—wC—6> +exp<—E),

On the complementary event X¢ > exp(N0), it follows from the definition (5.2) that we must have { = Np, which
concludes the proof. O

P (Xc < exp(N0o)

Proposition 5.3. For the model (1.4), under Assumption 1.6, for all & > 0 there exists ps > 0 such that for all
0 < p < ps we have

4pC5,2

No?

]P(ZMJer <exp(NO) | Zp = exp(ZN(S)) < Npfs(Wmax) +
In particular, if fs(Wmax) tends to zero superpolynomially in N, then this is on (1).

Proof. Following the first few steps of the proof of Proposition 5.2, with Xy = Zp4¢, &4 = Fprre, and the same
stopping time C as defined by (5.2), yields that on the event X, > exp(2N ) we have

. 1
=P < E | <N max ) -
@ <?E? Xy exp(Wmax) O) P fo(@max)

(instead of (5.3)). Next define the truncated random variables

X
V(’Jrl = min {—l, exp(wmax)} ’
Xet1

and note that Vy1; > 1. Assumption 1.6 implies that on the event X; > exp(N0) we have

]E(log Vi

0
?z) <SG+ | folw)dw < Cs.
Cs

a0
?[) < (C(g)z +J wa(s(w) dw < C(S,z .

E (g Vi)
Cs

Now consider the Doob martingale decomposition

{ { 14
MiogVi = Y <Iog Vi — E(log Vi | ?k_l)) + 3 E(log Vi | 1) = My + A
k=1 k=1 k=1

It follows from the preceding bounds that 0 < A¢ < NpCs 1 and E[(M¢)?] < NpCs ;. We can take p small enough
to guarantee that pCs,; < 6/2. It follows using Chebychev’s inequality that, on the event X, > exp(2N0),

I = IP( >l log Vi = N&
k<C

~ _Nb 4pCs ,
go><]P(MC>N(S—NpCO,12 5 ?0>< No2 .

Combining the above bounds for (I) and (II) gives, on the event X, > exp(2N0),

4pC
]P(XC < exp(N0) ‘ ?0> < (D + (M) < Npfs(wWmax) + i];z'Z .
On the complementary event X; > exp(NJ), it follows from the definition (5.2) that we must have { = Np, and
this concludes the proof. O

5.2. Concentration of truncated free energy. The first result below, Proposition 5.4, is fairly similar to the result
of [Tal11, Propn. 9.2.6], and makes use of Assumption 5.1. The next result, Proposition 5.5, is a similar but weaker
estimate that uses only Assumption 1.6. We conclude the subsection with the proof of Theorem 1.7.

Proposition 5.4. For the model (1.4), under Assumption 5.1, for all 5 > 0 we have

Mlog?2 w , Nt? Nt
IP(‘logNéZ—]ElogN(sZ’?ZNt) < ; exp(—CL;X) —&-exp(—mm{m,m}),

where As is a large constant which depends only on Cs (where Cs is the constant appearing in Assumption 5.1). In
particular, if Wmay grows faster than log N, then the above is o (1) provided t » 1/N'/2,
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Proof. Recall that F denotes the o-field generated by the random functions @y, . .., @k. Consider the martingale
decomposition

k<M k<M

Let Zi o, be the partition function without the k-th factor:

Zko= ), [] ©lo)

oe{—1,+1}N <M, l+#k

Since we assumed the © functions are {0, 1}-valued, we have Z < Zj o, so if Zy o, < exp(N ) then we must have
logns Z = logys Zk,o- It follows that

Lk = logNé Z — 10gN5 Zk,o = <10gN6 Z — log Zk,O) l{zk,o = exp(Né)} .

Let By denote expectation over @ only, and let EX denote expectation over all the (©¢)¢=k. We can then rewrite

Yy = ]E(logNé Z —logys Zx,o %_1) = EFY(Lx — ExLy).

For comparison, let us also define y; = ]Ek_l(fk — Exf) where

7 1
b = <10gN5Z_IOngfO> {Zko exp(NO); Zy > exp(w )}

Since —N log 2 < logys Z — logys Zk,o < 0, we can use Assumption 5.1 to bound

H=P (Z Y — yi| = > —E( > |Yk—yk|)

k<M k<M
MN logz Z 1 MN log2 Wmax
< ———P| Zgo No6 > < -—— . 5.5
Nt ( ko = exp(N0); Zk,o exp(wmax)) Nt exp( Cs (5.5)

We will bound, for small enough 6, the exponential moment

]E(exp(9|yk|) ’97](_1> = ]Ek_llEk exp {Q]Ek_l(fk — ]Ekfk)‘} < ]Ek_l]Ek exp (9|fk — ]Ekfk|)

< B! [(Ek exp(9|€k|)) . exp(GIJEkl’kl)] < EF! [(]Ek exp(QIZkI))Z] .

We now proceed to bound Ej exp(6|¢|): for 6 = 1/(2Cs) > 0, Assumption 5.1 gives

Zi o\ V) Z 1
E < E - ;Z o = ’ < < 5) 1
wexp(0|¢]|) X [( ~ ) k, exp(N0O) 7 exp(wmax)] exp(Cs)

by the same calculation as in (5.4). It follows using Jensen’s inequality that for A5 a large enough constant (depending

E |gk| (& |Zk| 2C5/A5< 2(C5)2 -,
k €Xp Aé < k €Xp 2Cs < exp A, <2,

where the last inequality holds by choosing A large enough (depending only on Cg). It follows by the martingale

Bernstein inequality (see [Tall1, Thm. A.6.1]) that
- . [ Nt* Nt (5.6)
<exp| —min{ ———,—¢ . .
P 4(A(3)2 2A5

(I = ( D k| =

k<M
The claim follows by combining (5.5) and (5.6). O

only on Cs) we have
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Proposition 5.5. For the model (1.4), under Assumption 1.6, for all & > 0 we have
Mlog?2
t

MCs,,

fo(Wmax) + W .

In particular, if fs(Wmay) tends to zero superpolynomially in N, then this is o (1) provided t » 1/N1/2.

]P<‘logN5 Z - Elogy, Z| > 2Nt) <

Proof. Following the first few steps of the proof of Proposition 5.4 gives (instead of (5.5))
1 MN log2
O=P( Y Yoy =Nt} < —E( 3 1Y = yal ) € B £y () -
Nt Nt
as<M as<M

Recall that IE; denotes expectation over ®, only, while EX denotes expectation over all (®);=. Then

Z\* z 1
E.[(v2)?] < Eq[(4)%] < JEaKlog ~ ) 72 pome )] < Cssz,
a,0 a,o max

by Assumption 1.6. It follows using Chebychev’s inequality that

B MCs,,
(II):]P( H;Aya th) < N

The claim follows by combining the bounds on (I) and (II). O

Proof of Theorem 1.7. Follows from Proposition 5.5. In the perceptron model, a sharper concentration result can be
obtained using Proposition 5.4, where Assumption 5.1 is satisfied by Theorems 1.2-1.5. O

5.3. Sharp threshold sequence and universality. In this subsection we conclude with the proofs of Theorems 1.9
and 1.11. We summarize the results of the preceding subsections with the following assumptions:

Assumption 5.6. For all 6 > 0 there exists ps > 0 such that for all 0 < p < ps we have, forall M > 0,

IP(ZM > exp(2N0), Zminp < exp(N(S)) <on(1).
(Under Assumptions 5.1 or 1.6, this estimate is implied by Propositions 5.2 and 5.3.)

Assumption 5.7. For all 6 > 0 and any constant { > 0,
(Under Assumptions 5.1 or 1.6, this estimate is implied by Propositions 5.4 and 5.5.)

Proposition 5.8. For the model (1.4), suppose sup{E®,(x) : x € {—1,+1}N} < exp(—c) for a positive constant
c. Assumption 5.7 implies a sharp threshold sequence: that is to say, there is a sequence an such that P(Zy, > 0)
transitions from 1 — on (1) to on (1) in an on(1) window around an. Assumption 5.6 further implies any = 1 in the
limit N — 0.

Proof. Note that Z, = 2. The bound on E®, implies EZ); < 2N exp(—Mc), so P(Zn, > 0) = on(1) as soon
as a > (log2)/c. Thus P(Zyn, > 0) transitions from 1 — on(1) to on(1) as & increases from 0 to 2(log2)/c.
Now suppose for the sake of contradiction that there is not a sharp threshold sequence: this means that there exists
arbitrarily large N such that we have

€ < inf {]P(ZNa >0):a€ [al,az]} < sup {]P(ZNa >0):a€ [al,az]} <l-g¢, (5.7)

where the a; can depend on N, but a; — a; stays bounded away from zero as N — co. Then
N(a; — N(a, —
]P<ZNa1 < exp <M>) < P(Zya, = 0) + ]P<ZNa1 < exp <M>,ZM > 0)
N(az — a;)c

< P(Znga, =0) + exp (— 5

><1—e+0N(1).
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In the above, the second-to-last step is by the assumption on [E@, and the last step is by (5.7). Rearranging the above
inequality gives
N(az — a;)c

€ —on(1) <]P(ZND,1 >exp( 5

)) S]P(ZNal>0)<17€.

It follows that for any 6 < (a2 — a1)c/4, the quantity logy s Zna, is not well-concentrated: with probability at least
€ — on(1) it equals N0, but with probability at least € — on (1) it exceeds 2N 6. This contradicts Assumption 5.7.
This implies that P(Zy, > 0) transitions from 1 — on(1) to on(1) in an oy (1) window around a sharp threshold
sequence a . Finally, Assumption 5.6 implies that an stays bounded away from zero in the limit N — 0. O

Proof of Theorem 1.9. Follows from Proposition 5.8, where Assumptions 5.6 and 5.7 are satisfied by Propositions 5.3
and 5.5. O

Proof of Theorem 1.11. For the U-perceptron (1.2), let Z(&) be the partition function with general (subgaussian) dis-
order. It follows from the proof of Theorem 1.9 that there is a sharp threshold sequence ay ¢ (potentially depending
on the disorder), and the free energy log Zn na (&) is exponentially large for & < an s. Suppose the threshold
sequence depends nontrivially on the disorder, meaning that on a subsequence N — o0 we have ay : — an,g = €
or an,g — an,e = €. Without loss suppose an,¢ — an,g = €. Then, for an ¢ < a < an,s, Zn,Na(g) Will be expo-
nentially large while Zn no(&) is zero with high probability. By the concentration result Theorem 1.7, this will yield
a contradiction to Theorem 4.1. It follows Z(g) and Z (&) share the same sharp threshold sequence ay. Moreover,
since the partition function must be exponentially large for & < ay, it follows from Theorem 1.7 and Theorem 4.1
that N~!log Z(&) and N~ 'log Z(g) are on(1)-close with high probability for all « < an. O
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