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Abstract

We investigate pseudopolynomial-time algorithms for Bounded Knapsack and Bounded Subset Sum. Recent
years have seen a growing interest in settling their fine-grained complexity with respect to various parameters.
For Bounded Knapsack, the number of items n and the maximum item weight wmax are two of the most
natural parameters that have been studied extensively in the literature. The previous best running time in
terms of n and wmax is O(n—i—w?nax) [Polak, Rohwedder, Wegrzycki '21]. There is a conditional lower bound of
(n+ wmax)%o(l) based on (min, +)-convolution hypothesis [Cygan, Mucha, Wegrzycki, Wlodarczyk '17]. We
narrow the gap significantly by proposing an 5(n + w,l,ii/f )-time algorithm. Our algorithm works for both 0-1
Knapsack and Bounded Knapsack. Note that in the regime where wmax =~ n, our algorithm runs in 6(7112/ 5)
time, while all the previous algorithms require Q(n3) time in the worst case.

For Bounded Subset Sum, we give two algorithms running in 5(nwmax) and 5(n+w,3n/fx) time, respectively.
These results match the currently best running time for 0-1 Subset Sum. Prior to our work, the best running
times (in terms of n and wmax) for Bounded Subset Sum are 6(71 + w,sn/fx) [Polak, Rohwedder, Wegrzycki
’21] and 6(71 + pin/fxw?n/fx) [implied by Bringmann ’19 and Bringmann, Wellnitz ’21], where pimax refers to the
maximum multiplicity of item weights.

1 Introduction

Knapsack and Subset Sum are two of the most fundamental problems in combinatorial optimization. In 0-1
Knapsack, we are given a set of n items and a knapsack of capacity ¢t. Each item i has a weight w; and a profit p;.
Assume t, p;, w; € N. We should select items so as to maximize the total profit subject to the capacity constraint.
Subset Sum is a special case of Knapsack where every item has its profit equal to its weight. In 0-1 Subset Sum,
given a set of n items with weight {w;};c[,) and a target ¢, we are asked whether there is some subset of items
whose total weight is t. The two problems can be naturally generalized to the bounded case where each item ¢
can be selected up to u; times. We investigate Bounded Knapsack and Bounded Subset Sum. Throughout the
rest of the paper, Knapsack and Subset Sum always refer to the bounded case unless stated otherwise.

Knapsack and Subset Sum are both weakly NP-hard, and can be solved in pseudopolynomial time using
standard dynamic programming [5]. In recent years, there has been a series of works trying to settle the best
possible pseudopolynomial running time for these problems with respect to various parameters, including n, t, the
total number of item copies N = ZZ uj, the maximum weight wpax, the maximum profit ppax, and the optimal
total profit OPT. Table 1 and Table 2 list the known pseudopolynomial-time algorithms for Knapsack and Subset
Sum, respectively. Of particular interest are those algorithms that have only n and wya.x as parameters, because
n and Wmax can be much smaller than N and ¢, but not vice versa.

For Knapsack, the standard dynamic programming has a running time of O(N2?wpax) as t < NwWmax-
Tamir [28] gave an O(n3w?2,, )-time algorithm, which is the first algorithm with running time depending only on n

and Wmax. The results via fast (min, +)-convolution in Reference [3, 4, 21] imply an O(Nw?2

2 o )-time! algorithm.

Bateni et al. [4] also gave an improved O(n- w2, -min{n, wmax })-time algorithm. Eisenbrand and Weismantel [16]
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Table 1: Pseudopolynomial-time algorithms for Bounded Knapsack.

Bounded Knapsack Reference
O(n - min{t, OPT}) Bellman [5]
O(N - Wmax * Prmax) Pisinger [25]
o(n? - w2,.) Tamir [28]
O(n + Wiax - t) Kellerer and Pferschy [21], also [3, 4]
O(n + Pmax - 1) Bateni et al. [4]
O(n- w2, - min{n, wynay}) Bateni et al. [4]
O(N - min{w? ., %)) Axiotis and Tzamos [3]
O(n - min{w? ., p2,...}) Eisenbrand and Weismantel [16]
O(n + min{wy, .y, Phax Polak et al. [26]
O(n + (t+ OPT)*?) Bringmann and Cassis [§]
6(N - min{ Wmax -pfn/sx,pmax . w?n/;fx ) Bringmann and Cassis [9]
6(71 + min{wrlfa/f,pﬁ{f ) This Paper

Table 2: Pseudopolynomial-time algorithms for Bounded Subset Sum. In (¥*),

Hmax = maxw{Zi:wi:w u;}.

Bounded Subset Sum Reference
O(n - min{t, OPT}) Bellman [5]
O(N - Wax) Pisinger [25]
O(n + min{\/n - t,5/4}) Koiliaris and Xu [22]
O(n +1t) Bringmann [6], Jin and Wu [20]
5(N + Mrln/azx . wi{fx)* Bringmann and Wellnitz [11] + [6]
O(n + wfn/;’x) Polak et al. [26]
5(n “ Winax) This Paper
5(n + w;?;l/fx) This Paper

o ax)-time algorithm for Knapsack can be obtained. Combining
the proximity result [16] and the convolution framework [3, 4, 21], Polak et al. [26] showed that Knapsack can be
solved in O(n+w3 . ) time. There is also a conditional lower bound (for 0-1 Knapsack) of (1 +wmax)?~°") based
on the (min, +)-convolution conjecture [14, 23]. It remains open whether Knapsack can be solved in O(n +w?2,,,)
time [8].

For Subset Sum, Pisinger [25] improved the standard dynamic programming and obtained a running time of
O(Nwmax). We remark that the dense Subset Sum result by Galil and Margalit [17] implies an O(n + wi{fx)—time
algorithm, but their algorithm requires all w; to be distinct and up.x = 1 and is not applicable for Bounded
Subset Sum. Hence, we do not include it in Table 2. Nevertheless, Bringmann and Wellnitz [11] later refined
and extended the dense Subset Sum result, and their result implies an 5(N + ué{fxwil/fx)—time algorithm where
Ihmax = MaX,, Zi:wi:w u;. (Note that Zi:wi:w u; is the total number of item copies whose weight is w). Polak et
al. [26] gave the first algorithm for Bounded Subset Sum that depends only on n and wy,ax. Their algorithm runs
in 5(n+wr5n/§’x)—time. There is a conditional lower bound of Q(n—l—wrln;f((l)) implied by the Set Cover Hypothesis [6]
and Strong Exponential Time Hypothesis [1].

proved a proximity result, with which an 6(nw2

1.1 Our Results

THEOREM 1.1. There is an 6(71 + wrlfa/,?)—time algorithm for Bounded Knapsack.

Our result significantly narrows the gap between the previous upper bound of O(n +w? . ) and the lower bound

of Q(n + w,z{ai(l)). Moreover, in the regime where wmax is O(n), our algorithm outperforms all the previous



algorithms that have only 7 and wmax as parameters. In particular, when wpax =~ n and ¢t ~ n2, our algorithm is

the first to guarantee a subcubic running time in this regime, while all previous algorithms require 2(n3) time?.
Due to the symmetry of weights and profits, we can also obtain an O(n+ p}i{f )-time algorithm by exchanging

the roles of weights and profits [3, 26].

COROLLARY 1.1. There is an 6(n —l—pﬁ{f)-time algorithm for Bounded Knapsack.

THEOREM 1.2. There is an 6(nwmax)—time algorithm for Bounded Subset Sum.

THEOREM 1.3. There is an 5(71 + wﬁl/fx)-time randomized algorithm for Bounded Subset Sum.
The best algorithms (in terms of n and wyay) for 0-1 Subset Sum run in O(nwmay) and O(n + wf’n/fx) time,
but they cannot be generalized to Bounded Subset Sum. Indeed, prior to our work, the best-known algorithm for

Bounded Subset Sum in terms of these two parameters is that of Polak et al. [26] running in 5(71 + wi{j’x) time.
Pisinger’s algorithm [25] runs in O(nwmax) time on 0-1 Subset Sum but requires O(Nwmax) on Bounded Subset
Sum?. Meanwhile, the works of Galil and Margalit [17] and Bringmann and Wellnitz [11] imply a running time of
O(n + w;o’n/fx) only when all {wy,...,w,} are distinct and all u; = 1. For Bounded Subset Sum, their algorithms
either do not work or have additional factors in the running time. It is natural to ask whether Bounded Subset
Sum can be solved as fast as 0-1 Subset Sum. Our results provide an affirmative answer to this question (at least

with respect to the known algorithms).

1.2 Technique Overview

Knapsack A proximity result [16] states that a certain greedy solution g and an optimal solution z differ in
O(wmax) items. It directly follows that the total weight A of these items is O(w?,. ). Therefore, it is possible to
obtain z from g by deleting and adding only O(w?,,, ) volume of items. The upper bound on A plays an important
role in accelerating the (min, 4)-convolution framework [3, 4, 21| for Knapsack. The (min, +)-convolution-based
algorithm first partitions items by their weights, and for each group, computes an all-capacities solution which is
a vector of length ¢ + 1. These vectors are combined one by one using a linear-time concave (min, +)-convolution
algorithm [2], and every intermediate vector is also truncated to be of length ¢. Since the concave (min,+)-
convolution are performed for at most wmax times, each taking O(t) time, the total running time is O(n 4 wyaxt).
Applying the proximity result, every solution vector and intermediate vector can be truncated to be of length
roughly w2, ... Therefore, a running time of O(n + w3 ) can be obtained in [26].

The upper bound of O(w?,,) on A is tight in the sense that there are instances on which A = O(w2,,,).
Nevertheless, A only characterizes the total difference of g and z on all groups, and it does not provide satisfactory
answers to questions like: how much can a particular group (or a particular set of groups) contribute to A?

Intuitively, since the total contribution of all groups is O(w?2,,, ), only a few groups can have large contribution.
Our first fine-grained proximity result states that only O(wrln/azx) groups can contribute as much as O(w?,.),

and rest of the groups together can contribute at most O(wf’n/fx). Then except for 6(101111/&2,() convolutions, every

convolution can be done in O(wr?’n/fx) time, which leads to an 5(71 + wfn/fx)—time algorithm. Then we further

improve the proximity result and obtain an 6(71 + wrlfa/,? ) algorithm.

We define the efficiency of an item to be the ratio of its profit to weight. Our proximity result is based on
a natural intuition that only the choice of items with median efficiency can differ a lot in g and z, while the
items with high efficiency or low efficiency are so good or so bad that both g and z tend to make the same
decision. Formal proof of this idea requires additive combinatorics tools developed by a series of works including
[6, 17, 24, 27]. Basically, when we select enough items with median efficiency, the multiset of weights of these
items becomes “dense”. Then we can use tools from dense subset sum due to Bringmann and Wellnitz [11] to
show that items with high and low efficiency cannot differ too much in g and z.

We remark that a recent work of Deng et al. [15] also utilized the additive combinatorics result in Subset
Sum [11] to show a proximity result in the context of approximation algorithms for Knapsack. Both our approach

2The only exception is the 5(Nwmaxp,2n/§’x)—time algorithm by Bringmann [9], but they additionally require pmax < O(n3/2) and
N = n.

3Note that the idea of binary encoding each wu; as 1+ 2 + 4 + ... + 2!°8%i (bundling item copies) does not help to reduce the
running time to O(nwmax ), because although it reduces u; to a constant, it increases wmax by a factor of w;.



and theirs share a similar high-level idea, that is, if the optimal solution selects many low-efficiency items, then
the high-efficiency items not selected by the optimal solution cannot form a dense set (in terms of their weights
or profits), for otherwise it is possible to utilize additive combinatorics results to conduct an exchange argument
on low- and high-efficiency items. There are, however, two major differences in techniques: (i). The density
requirement on the high-efficiency item set in Deng et al.’s work [15] is very strong. In particular, they require
any large subset of this set to be dense. This works in approximation algorithms where the input instance can be
reduced to a bounded instance in which item profits differ by a constant factor. For exact algorithms, such kind
of density requirement is not achievable. Nevertheless, we give a similar exchange argument that only requires
a weaker density condition. (ii). Multiplicity of item weights or profits has not been considered in Deng et al.’s
work [15]. We remark that the additive combinatorics result in Subset Sum by Bringmann and Wellnitz [11] is
for multisets, which actually provides a trade-off between “dense threshold” and item multiplicity. Very roughly
speaking, for a multiset X that consists of integers up to w, it can become dense if it contains ©(y/w) or more
distinct integers, but it can also become dense if it only contains (:j(wOA) distinct integers where each integer
has ©(w’2) multiplicities. Deng et al.’s work only utilized the former result. We achieve an O(n + wi{fx)—time
algorithm using the former result, and show that it can be further improved to 6(71 + wrﬁ{f )-time by exploiting
the multiplicity to build a stronger proximity result.

Subset Sum Observe that the gap between O(nwmax) and O(Nwmax) arises from tmax as N < Numax. A
standard method for reducing umax is to bundle item copies. For example, by bundling every k copies of each
item, we reduce upy,x by a factor of k. Doing this, however, increases wp,ax by the same factor. As a consequence,
any trivial treatment of the resulting instance will not improve the running time. Let X be the input instance. Let
S(X) be the set of all subset sums of X. The effect of bundling is essentially decomposing X into X = Xy + kX,
where X stands for the set of the items that are not bundled (called residual items), and kX; stands for the
set of the bundled items. We can prove that S(X) = §(Xy) + £S(X1). Since both the residual items and the
bundled items have smaller multiplicities, computing S(Xy) and S(X1) is faster than directly computing S(X).
Computing S(Xy) + kS(X1) using standard FFT, however, still requires 6(m5(xo) +k-mg(x,)) time where mg(x,)
is the maximum element in S(X;). Note that mgs(x,)+k-mg(x,) can be as large as Nwnax, 5o it leads to the failure
of the bundling idea. We propose an FFT-based algorithm that can determine whether ¢ € S(Xo) + £S(X1) in
5(1113( Xo) T Ms(x,)) time for arbitrary ¢. This algorithm can be extended to arbitrary many levels of bundling.
After recursively applying the bundling idea for logarithmic levels, we can reduce the multiplicities of items in
each level to a constant. Therefore, the S(X;) for each level can be computed in O(nwmax) time. Then we can
determine whether ¢ € >, k'S(X;) using our FFT-based algorithm in O(ntmax) total time.

Then we observe that when the number of distinct weights in the input is bounded by 5(w,11{3X), after O(n)-

time preprocessing, Subset sum can be solved in 5(w§1/d2x) time using our 6(nwmax)—time algorithm. It remains
to tackle the case where the number of distinct weights is at least @(wrln/azx) In this case, the set of item weights
is “dense”, so we can apply additive combinatorics tools as we did for Knapsack. Moreover, since every item has

the same efficiency in Subset Sum, we can get stronger proximity result. Indeed, we show that there is a greedy

solution g and an optimal solution z that differ by at most A = 5(10?,1/3,() volume of items. Obtaining z from g

can be basically reduced to two Subset Sum problems with ¢ = 5(w13n/a2x) Then using Bringmann’s 5(n + t)-time

algorithm [6] for Subset Sum, the dense case can be solved in O(n + w;o’n/fx) time.

1.3 Further Related Work For Knapsack, N, t, ppax, OPT are alternative parameters that have been used in the
literature. The standard dynamic programming due to Bellman together with the idea of bundling item copies
gives a running time of O(nt) [5, 25]. Using a balancing technique, Pisinger obtained a dynamic programming
algorithm that runs in O(NwmaxPmax) time [25]. Several recent advances in Knapsack build upon (min,+)-
convolution [3, 4, 8, 12, 21]. In particular, Bringmann and Cassis used the partition and convolve paradigm to
develop an algorithm that runs in O(N wmaxpfn/:x}) time [9]. The additive combinatorics techniques used in these
papers also inspired progress in approximation algorithms of Knapsack [15]. Pseudopolynomial-time algorithms
have also been studied extensively for Knapsack and Subset Sum in the unbounded case where u; = co. See
Reference [4, 6, 8, 13, 18, 28|.

For Subset Sum, when taking the target ¢ as a parameter, the best-known deterministic algorithm is due to
Koiliaris and Xu [22], which runs in O(n +min{\/nt,t>/*}) time. The best-known randomized algorithm is due to



Bringmann [6], which runs in 5(n +t) time. An alternative randomized algorithm with almost the same running
time is given by Jin and Wu [20].

1.4 Paper Outline In Section 2, we introduce necessary terminology and preliminaries. In Section 3, we prove
two exchange arguments that are crucial to our algorithms. In Section 4, we present a simpler algorithm to
illustrate our main idea. The O(n + wrlfe{f )-time algorithm for Knapsack is presented in Section 5. In Section 6,

we give two algorithms for Subset Sum. Omitted proofs can be found in the appendix.

2 Preliminaries

2.1 Notation We use Z = {1,...,n} to denote the set of all items, each with weight w; and profit p;. We assume
that items are labeled in decreasing order of efficiency. That is, p1/wy > ... = pp/w,. Ttem ¢ has u; copies. Let
W = {w; : i € Z} be the set of all item weights. The maximum weight is denoted by wmax-

Let ¢ be some item. We denote the set of item {1,...,7 — 1} as Z; and {i,...,n} as Z>;. Let ¢ and j be two
items with ¢ < j, we say 4 is to the left of j, and j is to the right.

For w € W, we denote the set of items with weight w as

IV ={i €T :w; =w}.
For any subset W’ of W, we write (J,,cy % as IV, We also write ZW' N T<; as Iz/, and ZV' N Is; as Ig;/.
Basically, the superscript restricts the weights of items in the set, while the subscript restricts the indices.
For any subset Z' of items, we refer to the multiset {w; : i € 7'} as the weight multiset of Z'.

A solution to Bounded Knapsack can be represented by a vector x where x; is the number of selected copies
of item 1.

2.2 The Previous Proximity Result Let g be a maximal prefix solution that can be obtained greedily as follows.
Starting with an empty knapsack, we process items in increasing order of index (i.e., in decreasing order of
efficiency). If the knapsack has enough room for all copies of the current item, we select all these copies, and
process the next item. Otherwise, we select as many copies as possible, and then stop immediately. The item at
which we stop is called the break item, denoted by b. Without loss of generality, we assume that no copies of the
break item b are selected by g (i.e., g = 0). If g, # 0, we can view those copies selected by g as a new item i’
with u; = gp, and set up = up — gp. It is easy to observe that g; = u; for all i < b and that g; = 0 for all 7 > b.

The following proximity result states that there is an optimal solution z that differs from g only in a few
items.

LEMMA 2.1. ([16, 26]) Let g be a mazimal prefix solution of Knapsack. There exists an optimal solution z such
that

n
||Z - ng = Z |ZZ - gl| < 2wmax-
=1

Throughout the rest of the paper, we fix g to be a maximal prefix solution and z to be an optimal solution
that minimizes ||z — gl|1. For any subset Z’ of items, we define the weighted ¢;-distance from g to z on Z’ to be

A(I/) = Z wi|gi — Zi|.

i€’

2.3 Proximity-based (min, +)-Convolution Framework Both the algorithm of Polak et al. [26] and our algorithm
use the proximity-based (min, +)-convolution framework. We present a general form of the framework through
the following Lemma. Recall that W is the set of all item weights.

LEMMA 2.2. Let g be a maximal prefix solution to Bouned Knapsack. Let W1 U ---U Wy be a partition of the
set W. For j € {1,...k}, let U; be an upper bound for A(ZW7). Then Bounded Knapsack can be solved in

O(n+ kY5, |W;| - U)) time.

We only give a sketch of the proof. The complete proof is deferred to Appendix A.



Proof Sketch. We construct an optimal solution x through modifying g. Specifically, we have x = g — x~ + xT,
where x~ represents the copies of items in Z.; that are deleted from g, and x* represents the copies of items in
Z>p that are added to g, while noting that b is the break item. We shall compute two sequences, namely: (i).
x” = (Tg,...; Ty, ) Where z;, is the minimum total profit of copies in Z;, whose total weight is exactly t'; (ii).
zt = (:vaL, e QE;UQ’ where x;C is the maximum total profit of copies in Z5;, whose total weight is exactly ¢'. The
optimal solution can be found easily using these two sequences in O(kUy) time.

The computation of = and & follows the same method as Polak et al. [26]: we consider all copies of items
whose weight is exactly w, and let s* denote the sequence whose #'-th entry is the maximum total profit of
these items when their total weight is exactly ¢'. After computing all s“’s, we iteratively update £~ and =™ by
computing their convolutions with each s*. The key point is that we can strategically pick an order of the s“’s
to perform convolution. In particular, assuming that U; < ... < Uy, we have A(ZW1Y--UWir) < 25;1 U; <K Uy
for any 1 < k&’ < k. We first convolve s¥’s in W7, then W5, etc. When we compute the convolution with s¥ where
w € Wy, we can truncate the sequence after the k’-Uj,/-th entry, and thus the convolution takes O(k’- Uy ) time via
SMAWK algorithm [2]. It is easy to verify that the total time is 6(71—!—2?21 |[W;l|-5-U;) = O(n+k E_];:l |W;1-Uj;).
0

2.4 Additive Combinatorics Additive combinatorics has been a useful tool for Subset Sum. With additive
combinatorics tools, Galil and Margalit [17] gave a characterization of the regime within which Subset Sum can
be solved in linear time. Their result was later improved by Bringmann and Wellnitz [11]. Our exchange argument
in Section 3 heavily utilizes the dense properties by Bringmann and Wellnitz. We briefly descibe these properties
in this subsection.

Let X be a multiset of positive integers. We denote the sum of X as Xy, the maximum element in X as my,
the maximum multiplicity of elements in X as px, and the support of X as suppy. The number of elements in
X is denoted by |X| (with multiplicities counted). We say X can hit an integer s if some subset of X sums to
this integer, i.e., there is a subset X’ C X that Xx/ = s.

DEFINITION 2.1. (Definition 3.1 in [11]) We say that a multiset X is 6-dense if it satisfies | X|? > § - uxmx.

DEFINITION 2.2. (Definition 3.2 in [11]) Let X be a multiset. We denote by X (d) := X NdZ the multiset of all
numbers in X that are divisible by d. Further, we write X (d) := X\X(d) to denote the multiset of all numbers
in X not divisible by d. We say an integer d > 1 is an a-almost divisor of X if |X(d)| < o - uxSx /| X%

THEOREM 2.1. (Theorem 4.2 in [11]) Let X be a multiset of positive integers and set

cs == 1699200 - log(2| X |) log® (2px ),
Co = 42480 - log(2ux),
ey = 169920 - log(2pux).

If X is c5-dense and has no co-almost divisor, then for Ax := c,\uXmXEX/|X|2, X can hit all the integers in
range [Ax,Xx — Ax].

THEOREM 2.2. (Theorem 4.1 in [11]) Let X be a multiset of positive integers. Let §,« be functions of n with
0>1and0< a<4d/16. Given a §-dense set X of size n, there exists an integer d > 1 such that X' := X (d)/d
1s 6-dense and has no a-almost divisor. Moreover, we have the following additional properties:

(i) d <4uxEx/IX]?,
(i) [X'] > 0.75/X],
(iii) Ty > 0.758/d.

3 A General Exchange Argument

In this section, we establish two additive combinatorics results that are crucial to proving our proximity result.
Basically we show that given two (multi-)sets A and B of positive integers, if A is dense, and Y.g is large, there
must be some non-empty subset A’ of A and a subset B’ of B such that ¥ 4 = X g,. We first give a result where
multiplicities of integers are not utilized.



LEMMA 3.1. Let w be a positive integer. Let p be an arbitrary real number such that 0.5 < p < 1. Let A be a
multiset of integers from {1,...,w} such that |supp,| > cawPlogw, B be a multiset of integers from {1,...,w}
such that 5 > cpw? P, where c4 and cp are two sufficiently large constants. Then there must exist a non-empty
subset A’ of A and a non-empty subset B’ of B such that ¥4 = Xpr.

Proof. Let S = supp,. Note that |S| > cqw? logw. What we actually prove is that there is a non-empty subset
S’ of S such that some subset B’ of B have the same total weight as S’. We first characterize the set of integers
that can be hit by S. Then we show that B can hit at least one of these integers.

Note that mg < w, pus =1, and |S| < w. Since ¢4 is sufficiently large, we have that

1512 > Aw? log? w > Awlogw > ¢ usms log |S| > cspsms.

By definition, S is ¢s-dense. By Theorem 2.2, there exists an integer d such that S’ := S(d)/d is ¢s-dense and has
no cy-almost divisor. And the followings hold.

(i) d < 4us¥s/|SP?,
(i) |9'| = 0.75]S].
(ili) B¢ > 0.75%g/d.

Note that pug: = 1, mgs < w/d, and g < Xg/d. Applying Theorem 2.1 on S’, we get S’ can hit any integer in
the range [/\S/, ES/ - /\S’] where

C)\,LLS/HIS/ES/ C)\wzs min{cA,cB} UJES

As = IS1Z T (0.75[8])242 2 FEICIER

The last inequality holds since c4 and cp are sufficiently large constants. We can conclude that S can hit any
multiple of d in the range [dA\s/,d(Xs — As/)]. We also have that the left endpoint of this interval

cg wXs _cp w?S| e w? _cp
d g < — - < R T )
S UASES 2 T sE S22 s s Y

and that the length of the interval

325 ’LUES
d(Xg —2Xg) = — .

(Es s1) 2=~ —ca e
ﬁ(3|5|2_c w
ISP 4 A
ES 30?4
2_ 4
SpU
Ys
4. 25
IS

(since |S| > caw'/?logw and d > 1)

~—

SW—CA W) (since c4 is sufficiently large)

> Sw (since d < 4us¥s/|S|* and pg = 1)

>dw

To complete the proof, it suffices to show that there is a subset B’ of B whose sum is a multiple of d and
is within the interval [dAg/,d(Zg — Ags)]. We claim that as long as B has at least d numbers, there must be
a non-empty subset of B whose sum is at most dw and is a multiple of d. Assume the claim is true. We can
repeatedly extract such subsets from B until B has less than d numbers. Note that the total sum of these subsets

is at least

4¥s

_ 4'[1}2 cBw2_p
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|S| = CB = 2

That is, the total sum of these subsets is at least the left endpoint of [dAs/,d(Xs — Ag/)]. Also note that the
sum of each subset is at most dw, which does not exceed the length of the interval. As a result, there must be a
collection of subsets whose total sum is within the interval. Since the sum of each subset is a multiple of d, so is

any collection of these subsets.

2—p _



To see why the claim is true, take d arbitrary numbers from B. For i € {1,...,d}, Let h; be the sum of the
first ¢ numbers. If any of h; = 0 (mod d), then we are done. Otherwise, by the pigeonhole principle, there must
be i < j such that h; = h; (mod d). This implies that there is a subset of j — ¢ numbers whose sum is h; —h; =0
(mod d). Note that 0 < j — 4 < d. So this subset is non-empty and has its sum at most dw. O

Lemma 3.1 has no requirement on the multiplicities of elements in A. Therefore, in order to be dense, A
must contain at least ¢ w'/?logw distinct integers. The following Lemma 3.2 generalizes Lemma 3.1 by taking
the multiplicity of integers into consideration. Its proof is similar to that of Lemma 3.1, so we defer it to the
appendix B.

LEMMA 3.2. Let w be a positive integer. Let A and B be two multisets of integers from {1,...,w} such that

(i) at least cow?/® log? w distinct integers in A have multiplicity of at least w'/?,

(ii) ¥ > cpw®/”,
where ca and cp are two sufficiently large constants. Then there must exist a non-empty subset A’ of A and a
non-empty subset B’ of B such that ¥4 = Xpr.

4 An O(n + w?/2 )-time Algorithm for Knapsack

max

To illustrate our main idea, we first present a simpler algorithm that runs in O(n + wm/dx) The algorithm uses
the proximity-based (min, +) convolution framework (See Subsection 2.3). By Lemma 2.2, the key to obtaining
a fast algorithm is to find a good partition of W.

Polak et al. [26] did not partition W at all. That is, they used k = 1 and W; = W. Lemma 2.1 implies an
upper bound of 2w?, on A(Z"). Together with the fact that |IW| < wmpax, they obtained a running time of
O(n+ w3 ). Although the upper bound of O(w?,.) on A(Z"W) is actually tight, an improvement in the running
time is still possible. Indeed, our first proximity result states that A(Z") concentrates at the small set W* of

roughly wm/fx welghts and that the rest of the weights together contribute at most O(wm&x) Moreover, W* can

be identified in O( ) time. Then an O(n + wm/&x) time algorithm directly follows by Lemma 2.2.
This section is divided into two parts: the structural part and the algorithmic part. The structural part
proves the existence of W*, and the algorithmic part gives algorithms for finding W* and solving Knapsack.

4.1 Structural Part — Fine-Grained Proximity In the structural part, Bounded Knapsack and 0-1 Knapsack are
equivalent, in the sense that every item with wu; copies can be viewed as u; items. Therefore, only 0-1 Knapsack is
discussed in the structural part. In 0-1 Knapsack, each item 4 has only one copy, so there is no difference between
items and copies of items. We can use them interchangeably. As a result, any solution to 0-1 Knapsack can be
represented as a subset of Z. Let x € {0, 1}|I| be a solution to 0-1 Knapsack. With slight abuse of notation, we
also use x to denote the set of items selected by x. For any subset Z’ of items, x(Z') =Z' Nx and X(Z') = 7' \ x
denote the sets of items from Z’ that are selected and not selected by x, respectively.
Our first proximity result is the following.

LEMMA 4.1. There exists a partition (W*,W*) of W such that
(i) [W*| = élc,uurln/;fX log wax, and
(i) AZ™") < depuwnia,

where ca and cp are two large constants used in Lemma 3.1.

Proof. We will define W* via a partition of Z, and then show that W* satisfies properties in the lemma.
Defining W* via a partition of Z. Recall that we label the items in decreasing order of efficiency. That is,
p1/wi = ... = pp/wy,. Without loss of generality, we assume that for any two items ¢ < j < b, if 7 and j have
the same efficiency, then w; < wj, and that for any two items b < i < 7, if 7 and j have the same efficiency, then
w; > w;. We partition the items into four groups (Z1,Z2,Z3,Z4) according to their indices. See Figure 1 for an
illustration. We shall define Z and Z3 in such a way that (i) they are “close” to the break item b and that (ii)



items within them have @(wrln/;fx log wmax) distinct weights separately. Because the items in Z; and 75 have their
efficiency close to that of b, it is difficult to tell how many of them should be selected by the optimal solution. In
other words, z and g may differ a lot in these items. In contrast, the items in Z; and Z, have very high and very
low efficiency, respectively, so z tends to select most of Z; and few of Z, . As a result, z and g are similar in 7,
and Z,.

Il IQ I,?, Z-4

larger index and lower efficiency

Figure 1: Il, IQ, Ig, and I4

Now we formally describe (Z1,75,73,Zy4). For any i < j, let Zj; ;) be the set of items {i,...,j —1}. Let i* be
the minimum index ¢ such that the items in Zj; ;) have exactly 2¢ Awrln/fx log wmax distinct weights. Let Zo = Zj; p),
and let Z; = Z.;+. When no such i* exists, let Zo = Zy, and let Z; = (. Z3 and Z4 are defined similarly as follows.
Let j* be the maximum index j such that the items in 7, ;) have exactly 2c Awé{fx log wmax distinct weights. Let
I3 =1+, and let Zy = Ty ;. When no such j* exists, let T3 = 7>, and let 7, = 0.

W* is defined as the set of the weights of the items in Zo U Z3.

Verifying properties. It is straightforward that |W*| < 4c AW 10g Wiax. We are left to show A(ZW") <
2cme/&x Note that ZW" C Z; UZy, so I can be partitioned into IW =I"" N7, and IW* =" NIy, we
have A(ZW") = AZVV )+ A(ZIV7). Tt suffices to show that A(Z)V") and A(Z)V") are both bounded by 2cpws/a.
In the following, we only provide proof for A(Ilw ). Bounds for A(IW ) can be proved similarly due to symmetry.

Suppose, for the sake of contradiction, that A(IW ) > 203w13n/ax That is, a great volume of items in IW are

deleted when obtaining the optimal solution z from the greedy solution g. (Note that g selects all items in I{’V
IV C Ty, so A(Z]V") is exactly the total weight of items in Z; that are deleted.) Obviously, Z}V" is non—empty
since otherwise A(Ilw ") would be 0. This implies that Z, has exactly 2cAwr1n/a2X log wax distinct weights. The

greedy solution g picks all the items in Zs as Zo C Z.,. When obtaining z from g, at least one of the following
two cases must be true.

(i) z keeps lots of items in Zy so that z(Z;) have at least ¢ Awrln/fx log wpax distinct weights.

(ii) lots of the items in Zy are deleted so that z(Z>) have at most ¢ Awfn/fx log wmax distinct weights. In other
words, Z(Z) have at least ¢ Awlln/fx log wmax distinct weights.

We will show that both cases lead to a contradiction. The high-level idea is the following. In case (i), when
obtaining z, lots of items in 7y are kept while a great volume of items in I}’Vi* are deleted. We will show that
there is a subset Z C z(Z3) of items kept by z and a subset D C Z(Z)V ") of the deleted items such that D and Z
have the same total weight. Note that items in D have higher efficiency than those in Z as D is to the left of Z.
But then, when obtaining z from g, why not delete Z rather than D? In case (ii), lots of items in Z, are deleted.
Also, since a great volume of items (in Ilwi*) are deleted, at least the same volume of items should be added in
order to obtain the optimal solution z. We will show that there is a subset D C z(Z») of the deleted items and a
subset A C z(Zsy) of the added items such that A and D have the same total weight. Since the items in D have
higher efficiency than those in A, When obtaining z from g, why bother to delete D and add A?

Case (i). z(Z2) has at least C AW e 10g Wnayx distinct weights. Note that Z(Z)V") is exactly the set of items
in Z" that are deleted when obtaining z and the total weight of Z(Z}V") is A(ZV") > cpwile.. The weight
multisets of z(Z3) and Z(IW) satisfy the condition of Lemma 3.1, which implies that there is a non-empty subset
Z of 2(Z,) and a non-empty subset D of Z(Z¥ ") such that Z and D have the same total weight. Let z = (z\ Z)UD
be the solution obtained from z by deleting Z and adding D back. Clearly z is feasible. Note D is to the left of Z
(see Figure 1 for an illustration). According to the way we label items and break ties, we have that D has either



strictly higher average efficiency than Z, or — if the efficiency is the same — strictly smaller average weight than

Z. In the former case, z has a larger profit than z. In the latter case, |D| > |Z|. Since g selects all items in D

and Z, it follows that 2 is an optimal solution with ||z — g||1 < ||z — g||1. Both cases contradict our choice of z.
Case (ii). z(Zz) has at least ¢ Awé{fx log wpax distinct weights. When obtaining z from g, the total weight of

items that are added is exactly A(Z>;), while the total weight of items that are deleted is at least A(Ilwi*). Since
the total weight of z and g differ by at most wy.x (they are both maximal solutions), we have the following.

A(Zzp) = A(IYV_*) — Wmax > (2¢5 — 1)w3/2 > cpwd/?

max max-*

Also note that A(Zsy) is exactly the total weight of items in z(Z>;). Again, the weight multisets of Z(Z2) and
z(Z>p) satisfies the conditions of Lemma 3.1. By Lemma 3.1, there is a non-empty subset D of Z(Zz) and a
non-empty subset Z of z(Zs;) such that D and Z have the same total weight. Moreover, D is to the left of Z.
By an argument similar to that in case (i), we can obtain a solution z = (z \ Z) U D that is better than z, which
contradicts with our choice of z. This completes the proof. O

4.2 Algorithmic Part
LEMMA 4.2. In 5(n) time, we can compute the partition (W*, W*) of W in Lemma 4.1.

It is easy to see that the process of identifying W* in the proof of Lemma 4.1 can be generalized to Bounded
Knapsack and can be done in O(n) time.
The following theorem directly follows by Lemma 4.2 and Lemma 2.2.

THEOREM 4.1. There is an 6(71 + wfn/fx)—time algorithm for Bounded Knapsack.
5 An O(n + w'2?/5)-time Algorithm for Knapsack

In the structural part of the O(n+ wfn/fx)-time algorithm, in order to make the weight multiset of z(Zz) (or Z(Z2))

dense, we require that items in it have @(wrln/fx log Wmayx) distinct weights. The multiplicities of these weights are
not considered. In this section, we develop a better proximity result by exploiting the multiplicities of weights, and
therefore obtain an algorithm with improved running time. As before, this section is divided into the structural
part and the algorithmic part.

5.1 Structural Part - Fine-Grained Proximity As in Subsection 4.1, it suffices to consider 0-1 Knapsack, and
the notations defined at the beginning of that subsection will be used.

LEMMA 5.1. There exists a partition of W into W* and W* such that
(i) [W*| < deawdlS log wimax,
(i) AZ™7) < depwilax,

where co and cp are two large constants used in Lemma 3.1.

Lemma 5.1 does not exploit the multiplicities of weights, and can be proved in exactly the same way as Lemma 4.1.
The trade-off between |W*| and A(Z"") essentially results from Lemma 3.1. When |W*| is O(w?,,,
p=1/2, AZV7) is O(w?,P).

max

) for some

W* already meets the requirement since |W|A(IW_) < cBwllfb{f . W*, however, may be problematic since

A(Z™W7) can be as large as O(w?,,,). We further partition W* into two sets and prove a similar result as before.

But this time, we will take advantage of the multiplicities of weights and use Lemma 3.2 instead of Lemma 3.1.

LEMMA 5.2. There exits a partition of W* into W and W+ = W*\ W such that
(i) (W] < deawnta 108 Wax,
(i) AZY") < 8epwili,

where ca and cp are two large constants used in Lemma 3.2.



5.2 Algorithmic Part The construction of W* and W can be easily generalized to Bounded Knapsack and can
be done in O(n) time. So we have:

LEMMA 5.3. In O(n) time, we can compute the partition (W, W+, W*) of W such that
(i) [WH] < deawntax 10g? Wnax,
(ii) |W| < 4cAw,3n/a5X log Wyax and A(IW) < 803’[1)21/5,(,

(i) A(ZV) < depwllZ.

It is easy to verify that

[WHAEZYH) + [WHAIZY ) + W AZY) < O(wl2/5).

max

Therefore, Theorem 1.1 follows by Lemma 5.3 and 2.2.

6 Algorithms for Bounded Subset Sum

We consider Bounded Subset Sum. We have the following observation by Lemma 2.1.
OBSERVATION 6.1. Without loss of generality, we may assume u; < 4wmax for all 1 <i < n.

6.1 An 6(nwmax)-time Algorithm In this subsection, we present an 19) (nWmax )-time algorithm. It builds upon
two ingredients: (i). a faster algorithm for computing the sumset of sets with a special structure, and (ii). a
layering technique that transforms the input into a special structure.

6.1.1 Faster sumset algorithm for sets with a special structure We first introduce some notations for integer
sets. Given an integer (multi-)set X and a number a, we let X —a:={z —a: 2z € X}. We let my denote the
largest number in X. We let rX := {rz : x € X} for any real number r. Given two integer multisets A, B, we let
A+B:={a+b:ac AU{0},b€ BU{0}}. It is easy to verify that r(A+ B) = rA +rB.

It is known that the sumset A + B can be computed via Fast Fourier Transform (FFT) in O(ms +mp) time.
More generally, the following is true:

LEMMA 6.1. [10] Given sets S1,S2,-+,S¢ C N, we can compute S+ Sa+---+ S¢ in O(ologologl) time, where
o =ms, +ms, +- -+ mg,.

For our purpose, given a target value ¢, we want to decide whether ¢ € A + kB quickly for some positive
integer k. Using FFT, it takes O(ma + kmp) time, which is too much when k is large. We show that O(ma + mp)
time is sufficient, and the result can be further generalized by the following lemma.

LEMMA 6.2. Given sets Sp, S1, - ,S¢ C N, an integer k € Z~qo and a target number t, we can determine whether
t€So+kS 4+ +k'Sy in O(a(f + 1) logo) time, where o = ms, + mg, + -+ + mg,.

Proof. We prove by induction. The lemma is obviously true for £ = 0. Suppose it is true for £ = h — 1. That
is, we can determine whether ¢t € S + kSy + - +k"71S),_1 in ¢; (Z;:Ol mg,)(h —1) log(Z?;Ol mg, ) time for some
sufficiently large constant ¢;. Now we consider the case ¢ = h.

Note that t € Sy + kS1 + --- + k"S), if and only if ¢t = tg + t' where ty € Sp and ' € kS; + --- + k"S),.
It follows that ¢’ is a multiple of k. Therefore, ¢t = ¢y (mod k). Let rg € [0,k — 1] be the residue of ¢ modulo
k, So C Sy be the subset of integers in Sy whose residue is rg. It is clear that every element in So— 19 is a
multiple of &, so %(S‘O —1p) is an integer set. Moreover, it follows that t € Sy + kSy + --- + k"S}, if and only if
t € So+ kS + -+ + k"S), or equivalently, if and only if

t—T‘O

- (So —10) 4+ S1 + kSy +--- + k1S,

x| =

1, _
EE((SO—TO)+kS1+'--+khSh):



Now we compute 5'1 = %(5’0 —19) + 51 via FFT, which takes cooqlogos time for some constant co and
02 < mg,/k + mg,. It thus remains to determine whether

t—TO

A €g1+k52+"'+kh715h.

By the induction hypothesis, this takes ¢;(h—1)o’ log o’ time where 0’ = mg +mg, +---+mg, <ms,/k+mg, +-- -+
mg, . Therefore, it is easy to verify that the overall running time is bounded by ca02logos + ¢1(h — 1)’ logo’ <
c1hologo when ¢; > co. 0

6.1.2 Item Grouping We follow a standard idea to bundle item copies into groups. A solution to the grouped
instance will take item copies within a group as a whole. Thus, the key point is to show that, after grouping, we
do not lose any solution, and thus the optimal solution.

Recall that u; refers to the copy number of item j. It is obvious that u; can be represented as
w;[0] + wi[1] - 28 + -+ 4w [l;] - 2% where 2 < w;[i] < 4 for all 0 < i < ¢; — 1 and u;[¢;] < 4. This can be
easily achieved recursively: let r be the residue of u; modulo 2; set u;[0] =2+ r, u; + W
above procedure.

As uj < 4wmax for all 1 < j < n, ¢; < 2+ logwmax. For ease of discussion, we let w;[¢] = 0 for ¢ > ¢; and
¢ = max; ¢;. Now we define X; as a multiset that consists of exactly u;[i] copies of weight w; for every j, and note
that by 2°X; we mean the multiset that consists of exact u;[i] copies of weight 2iwj, which represents a multiset
of groups (where each group contains 2¢ copies of weight w; but has to be selected as a whole).

Let X denote the multiset where every w; occurs u; times. Recall that S(X) denotes the set of all possible
subset-sums of multiset X. We show the following in the appendix.

and repeat the

LEMMA 6.3. ,

S(X) = 2'8(X;) =2°8(Xo) + -+ + 2°S(Xy).
i=0
That is, for any t € S(X), there exist t; € S(X;) such that t = Zf:o 2it;.

Polak et al. [26] derived a similar lemma for ¢ = 2.

6.1.3 Finalizing the 6(nwmax)-time algorithm Now we are ready to present our 6(nwmax)—time algorithm. By
Observation 6.1, we have u; < 4wmax. Consequently, for ¢ = O(log wmax), the given instance can be grouped as
Uf_y2'X;. Note that X; contains at most 4n elements as there are n item weights, and each item has u;[i] < 4
copies. Our goal is to determine whether ¢ € S(Uf:OQiXi) for an arbitrary target value t. By Lemma 6.3, it
suffices to determine whether ¢ € Zf:o 21S(X;). We first compute each S(X;). This is equivalent to computing
sumset ) {0, e}. According to Lemma 6.1, this can be achieved in 6(01) time, where o1 < 4nwmyax. Next, we
apply Lemma 6.2 to determine whether ¢ € Zf:o 215(X;), which takes O(cf) time, where o = Zf:o ms(x,), where
ms(x,) refers to the largest integer in S(X;), which is bounded by 4nwmax. Consequently, the overall running time

is 6(€2nwmax) = 6(nwmax).

REMARK 6.1. We do not require that in the input instance, item weights are distinct. If, however, there are items
of the same weight, we can simply merge them and update w;’s. After preprocessing, we apply our algorithm.
Hence, the running time of our algorithm can also be bounded by 6(71 + |W|wmax) where W stands for the set of
distinct weights.

6.2 An 6(n +w3/2 )-time Algorithm for Subset Sum We present an alternative algorithm for Bounded Subset

max

Sum of running time O(n—i—wf’n/fx). We start with the following observation. Recall that W is the set of all distinct
weights.

OBSERVATION 6.2. We may assume without loss of generality that |W| > 4cAw,1n/a2xlogwmax, and
2014“’1%1/&2)( 10g Wmax < t < EI/2



Proof. If |[W] < 4cAwr1n/a2X log wyax, our 6(71 + |W|wmax) algorithm in the previous subsection already runs in
5(71 + wi{fx) time. It remains to consider the case when |W| > 4cAw11n/32x log Wpax-

If t > Y1/2, we let ' = 37 —t. It is straightforward that the instance (Z,t) is equivalent to the instance
(Z,t') and that ¢ < Xz/2. If t < 2cAw§n/§x log wax, the 5(71 + t)-time algorithm already runs in 5(n + wfn/fx)
time. O

We will use our technique developed for Knapsack to deal with Subset Sum. Like Knapsack, this whole
subsection is divided into two parts: the structural part and the algorithm part. In the structural part, we will
conceptually take the given instance as a special Knapsack instance, and transform it into a 0-1 Subset Sum
instance. This allows us to carry over the proximity results from Knapsack. In the algorithm part, we take the
original instance and show that it is possible to leverage the proximity results to design our algorithm without
involving the instance transformation.

6.2.1 The structural part In this part, we conceptually view Bounded Subset Sum as a 0-1 Knapsack. Recall
that our Knapsack algorithm starts with a greedy solution. For Subset Sum, every item has the same efficiency,
which means we may construct a greedy solution with respect to any order of items. For technical reasons,
however, we need to start with a special greedy solution g. Towards this, we will first define item sets Z, and Z3,
use them to define g, and then use g to further define item sets Z; and Z,. These four sets will be treated in a
similar way as we treat Z; to Z, in Knapsack.

Let W be the set of all item weights. Let

e W5 be the set of the largest 2cAwrln/a2x log wyax weights in W;

e V3 be the set of the smallest 20,411)3,1/3,( log wiax weights in W.

Clearly, Wy N W3 = (). For each w in Ws, we put an arbitrary item of weight w into Z,. For each w in W3, we
put an arbitrary item of weight w into Z3. The following statements hold.

(i) the total weight of items in Z, is at most 2cAwI3n/a2x log wpax < t.

(ii) the total weight of items not in Z3 is at least Xz /2 > ¢.

Let g be an arbitrary maximal solution such that g selects every item in Zy but no item in Z3. In the algorithm
part, we shall construct such a solution g.

Assuming g, let Z; = g(Z) \ Z, and let 7, = g(Z) \ Zs. We relabel the items so that for any 7 < j, every item
in Z; has smaller index than any item in Z;.

Recall that Subset Sum is a decision problem. Since we treat it as a special Knapsack problem, we define its
optimal solution as the solution that returns a subset-sum ¢* < ¢ and is closest to ¢t. In particular, if the answer
to Subset Sum is “yes”, then t* = t. Let z be the optimal solution with the largest lexicographical order. That is,
z always prefers items with smaller indices. We have the following fine-grained proximity between g and z.

LEMMA 6.4. A(Z) =3, c7 wi|gi — 2| < (4ea + 2CB)w§1/a2x log Wax -

Proof. Note that A(Z) = E?:l A(Z;). It is obvious that A(Z) + A(Z3) is at most de w2 log wmax since the
total weight of items in Zp U Z5 is bounded by this amount. Next we show that A(Z;) < cBwI3n/a2x. A(Zy4) can be
proved similarly due to symmetry.

Suppose, for the sake of contradiction, that A(Z;) > cBw}O’n/aQX. As in the proof of Lemma 4.1, we can show
that either there is a subset D of Z(Z;) and a subset Z of z(Zy) such that D and Z have the same total weight,
or there is a subset D of Z(Z) and a subset A of z(Z3 UZ4) such that D and A have the same total weight. Note
that in Subset Sum, every item has the same efficiency of 1. In the former case, z = (z \ Z) U D is an optimal
solution whose lexicographical order is larger than z. In the latter case, z = (z \ \A) UD is an optimal solution
whose lexicographical order is larger than z. Both contradict our choice of z. 0



6.2.2 The algorithmic part Note that the input consists of n pairs (w;,u;), meaning that item ¢ has a weight
w; and has u; copies. Despite that g is defined on the transformed 0-1 instance, as we can get and sort W in
O(nlogn), constructing it can be done efficiently.

LEMMA 6.5. g can be computed in O(n) time.

LEMMA 6.6. Assuming g, with 1 — o(1) probability we can determine whether there exists z € Z", 0 < z; < u;
such that ), wiz; =t in O(wﬁ{fx) time.

Proof. From g we define two sets as follows: G~ = {(wi,u; ) : u; = g;}, Gt = {(wi,u)) : uf = w; — g;}.
Intuitively, when changing g to z, G~ and G represent copies that may need to be deleted and added, respectively.
By Lemma 6.4, the total weight of item copies to be deleted in G~ is at most O(wﬁ{fx), and the total weight of

copies to be added from G is also at most 6(wf’n/3x)

Let ¢ = (deq + 2cB)w§1/§x log wmax and to = >, .7 wigi. Define S(GT,¢') = {y <t :y = Yo wiwi, 0 < a; <
uj‘} and S(G—,t")={y<t :y= Z?:l w;z;, 0 < x; < uj b

We first compute S(G1,t') and S(G~,t’) using Bringmann’s algorithm [6]. Note that it is a randomized
algorithm. We will compute St C S(G*,#') and S~ C S(G~,t') in O(t') = 6(wf’n/3x) time such that every
number in S(G~,t') and S(G*,t) is contained in S~ and St with probability 1 — (n 4+ /)~ respectively.
Therefore, with probability 1 — o(1) we get S(G~,¢') and S(G™T,1'). Next, we compute S(G*,t') — S(G™,t') via
FFT in O(t) = 5(wf’n/a2x) time. Finally, we test whether ¢ € to+S(Gt,')—S(G,t'), which takes O(') = 6(w§n/a2x)
time. Thus, Lemma 6.6 is proved. O

Remark

We note that very recently, Bringmann [7] and Jin [19] independently improved the running time to O(n + w2 )
by generalizing our technique.



A Proof of Lemma 2.2

LEMMA 2.2. Let g be a maximal prefix solution to Bouned Knapsack. Let W1 U ---U Wy, be a partition of the
set W. For j € {1,...k}, let U; be an upper bound for A(ZV7). Then Bounded Knapsack can be solved in
O(n+k Y5y [Wy| - U)) time.

Proof. Without loss of generality, assume that U; < ... < Ug. We construct an optimal solution x from g,
which can be interpreted as x = g — x~ + x*. Here x~ stands for the copies in g but not in x, which must be
copies in Zp,. Likewise, x* stands for copies in x but not in g, which must be copies in Zsy. It is obvious that
k W;
A(I<b) = Zj:l A(I<b]) < k-U and A(I)b) <k -Ug.
From now on we shall use the bold symbol x to represent a sequence. We shall compute 3 sequences:

o x” = (x5, :v,:,Uk), where z,, is the minimum total profit of copies in Z.;, whose total weight is exactly ¢';
o T = (:C(T s ey :v:,Uk), where x; is the maximum total profit of copies in Z>;, whose total weight is exactly ¢'.

o et + + ; ; ; ;
o L = (), .s Typ, ), Where 27, means the maximum value we can obtain by choosing copies from T,

whose total weight does not exceed ¢’'. To simply the writing up, we let xzk,UkJrh = xzk,Uk foralll < h <A,
where A =t — 3, w;g;.

Suppose we have computed the above three sequences, then Knapsack can be solved as follows: For every
t' € {0,....,k - Ux}, we compute yp = ;.7 vigi — T, + xz(t,JrA), and select maxy yy.
It remains to compute the three sequences. We show that, 7 = <x8r ,...,:c;U,J can be computed in

O(n + kz‘];zl |W;|U;) time. The computation of ™ is similar. Moreover, once we have computed x™, wz

can be computed in a straightforward way using that xzt, = maxi<h<t/ :cZ

Now we describe our algorithm for computing x* = (a:ar e szk> Towards this, we use the fast structured
(min, +)-convolution as a basic operation. The (max, +)-convolution a @& b between two sequence a and b is a
sequence o, ..., Cptm Such that for any i,

_ b ).
Ci 012?51,(@7 +bi—j)
Let s¥ = (s¥, .., sﬁj}, where s}; denotes the optimal objective value of copies in 73, whose total weight is exactly
t’. Note that copies in 7%, have the same weight w. Hence, s3j equals the total profit of the ¢ most valuable copies
in 73, when t’ =4 - w for some i, or equals —oo otherwise.

Given s, 1 can be computed by iteratively convolving s, see Algorithm 1. Due to the special structure of
sY, a single convolution step =1 @ s can be performed in linear time by SMAWK algorithm [2] (also see Lemma
2.2 in [26]). As A(IZ)IU"'UWk') < Z?:l U; < k' - U, we can truncate ™ after the k' - Up-th entry when we
compute the weights in Wy. We can compute ™t in time: O(n + E?:lj W5 - U;) < O(n + k2§:1 |W;|U;).
0 :

Algorithm 1 The Algorithm to Compute =™

1: sort Wl, ,Wk that U; < ... < Uy

2: 1 := empty sequence

3: for j=1,....k do

4: for w € W; do

5: 8" := the sequence of maximum value get from 7Y,

6: zt =zt ®sv > using SMAWK algorithm
7 Truncate ™ after the j - U;-th entry

8: return z*

B Proof of Lemma 3.2
LEMMA 3.2. Let w be a positive integer. Let A and B be two multisets of integers from {1,...,w} such that



(i) at least caw?/5 log2 w distinct integers in A have multiplicity of at least w'/®,

(ii) ¥ > cpw®/®,
where ca and cg are two sufficiently large constants. Then there must exist a non-empty subset A’ of A and a
non-empty subset B’ of B such that ¥4 = Xpr.

Proof. Let S a maximal subset of A such that each integer has multiplicity w!/® in S. Note that |suppg| >
caw?/5 log2 w. What we actually prove is that there is a non-empty subset S’ of S such that some subset B’ of
B have the same total weight as S. We characterize the set of integers that can be hit by S. Then we show that
B can hit at least one of these integers.

Since the items in S has the same multiplicity, we obtain the following two equalities that will be frequently
used in the proof.

MSEsuppS = ES,
pus|suppg| = |S|.

Note that mg < w, s = w'/?, |suppg| = |supp,| > caw?/® log® w. Since c4 is sufficiently large, we have that

|S|* = uglsupps|® > pg - huw'/"log'w > ¢ log! w - msps.

The last inequality is due to g4 > w'/®. Since |supp 4| < w and pa < w,

(log(2[S]) log*(211s))
(log(us|suppg|) log?(15))
(log(w?) log?(w))

(log® w).

Cs

()
()
()
()

When ¢4 is sufficiently large, c% log* w > ¢5, s0 S is cs-dense.
By Theorem 2.2, there exists an integer d such that S’ := S(d)/d is cs-dense and has no c,-almost divisor.
And the followings hold.

(i) d <4psSs/|S|2
(i) |S'] = 0.75|S].

(ili) Sg > 0.75%g/d.

Note that ps < ps, mgr < w/d, and Xg: < Xg/d. Applying Theorem 2.1 on S’, we get S’ can hit any integer in
[)\5/, Es/ - )\5/] where

Capsms N CApswWEg min{ca,cp} W psEg

As = IS2 - T (0.758])2@2 2 FERRTIE

The last inequality holds since c4 and cp are sufficiently large constants. We can conclude that S can hit any
multiple of d in [d\g/,d(XZs — Ag/)]. We also have that the left endpoint of this interval

e < cB W psXs  Cp W  Dsuppg CB w CB  3/5
B 8 Ases 08 W Zewes OB W OB
2 d |SP 2 d |suppg|® " 2 |[suppg| = 2

)



and that the length of the interval

d(Xs —2Xsr) 2325 —ca- wj;ﬁs
=/L|SS|E25 (34|5|S2 —ca- %) (since |S| = pug|suppg| and d > 1)
>M|SS|E25 3|Suizz|2/‘2s —ca-w) (since |suppg| > caw??log® w and pg = w'/?)
/MES'??S (3621” —caw) (since ¢4 is sufficiently large)
>4 “lfg?j ‘w (since d < 4ps¥s/|S|?)
>dw.

To complete the proof, it suffices to show that there is a subset B’ of B whose sum is a multiple of d and
is within the interval [dAg/,d(Zg — Ags)]. We claim that as long as B has at least d numbers, there must be
a non-empty subset of B whose sum is at most dw and is a multiple of d. Assume the claim is true. We can
repeatedly extract such subsets from B until B has less than d numbers. Note that the total sum of these subsets
is at least

16w Xsypp,

8/5 _ . Miss _
|suppg|?

Y —wd > cgpw’ —w ISP /cBw8/5

> cBw8/5 — 16w/ > C7Bw8/5.

That is, the total sum of these subset is at least the left endpoint of [d\s/,d(3Xs: — Ag/)]. Also note that the
sum of each subset is at most dw, which does not exceed the length of the interval. As a result, there must be a
collection of subsets whose total sum is within the interval. Since the sum of each subset is a multiple of d, so is
the any collection of these subset. o

C Proof of Lemma 5.2
LEMMA 5.2. There exits a partition of W* into W+ and W+ = W*\ W such that

(1) |W+| < 4CAw12n/a5x 10g2 Wmax
(i) A(ZVT) < 8cpwilss,
where ca and cp are two large constants used in Lemma 3.2.

Proof. Recall that we label the items in decreasing order of efficiency. Without loss of generality, we assume
that for any two items ¢ < j < b, if 7 and j have the same efficiency, then w; < wj, and that for any two items

b < i< j, if i and j have the same efficiency, then w; > w;. For a set Z' of items, we say a weight w is frequent

in 7' if 7/ contains at least 2wely items with weight w.

Defining W via Partition of ZW™. W will be defined via a partition of Z"" . We partition them into four

subsets (Z1, T2, Z3,24) as follows. For i < b, let Zj; 3y be the set of items {,...,b— 1} whose weight is in W™*. Let

¢* be the minimum index ¢ such that exactly 2cAwI2n/§x log? Wimax weights are frequent in Ty Let Io = L ),

and let 7y = Z;». When no such i* exists, let Zo = Z.p, and let Z; = (). Z3 and Z, are defined similarly as follows.

For any j > b, define Zp, ;; to be the set of items {b, ..., j} whose weight is in W*. Let j* be the maximum index

j such that exactly 2¢ Aw?n/fx log2 Wmax weights are frequent. Let 73 = T+ and let 7, = Z- j«. When no such

J* exists, let Zy = Iy, and let Zy = 0.

W is define to be the set of weights that are frequent in Zp or Zz, and W+ = W*\ W+,

Verifying Properties. It is straightforward that [W+| < 4cAw,2n/§)X 1og2 Wmax- 1t 1s left to show A(Im) <

SCngl/fx. We first partition Z" into I,?” —I" N Ty for k € {1,2,3,4}. Next we show A(IZVT) < 2cBw21/§x

for k € {1,2}.



Consider IQW_+ first. For any w € W+, w is not frequent in Zo. That is, [Zo N Z%| < wrln/af)x We have

ALY < Y wi= 3 wLnT) < W umanf = wifd

ZEZ;V+ weW+

Now consider I{’VT. Suppose, for the sake of contradiction, that A(I{’VT) > 2cBw21/§x > QCBwil/fx That is,

we delete a large volume of items in Z}V *. Clearly, IYVT is not empty, so there are exactly 2c Awm/&x log? Wmax

weights that are frequent in Zo. Recall that, by frequent, we mean |Z% NZy| > 2wrn/ax Then at least one of the
following two cases are true.

(i) there are at least cAwm/dx log Wmax Weights w such that |Z% N z(Zy)| > w,ln/fx

(i) there are at least caw?3 10g? Wax Weights w such that |Z% NZ(Z2)| > > wilax.

Case (i). _(IW+) is a set of deleted items whose total weight is A(IW+) > 2epwile,. z(13) is a set of items
remaining in z, and there are at least ¢ Awm/ax 1og Wmax Weights w such that |Z% Nz(Z3)| > wrln/ax One can verify
that the weight multisets of Z(Z}V +) and z(Zy) satisfy the conditions of Lemma 3.2. By Lemma 3.2, there is a

subset D of Z(Z}" ") and a subset Z of z(Z,) such that D and Z have the same total weight. Then z = (z\ Z)UD
would be a better solution than z. Contradiction. L
Case (ii). there are at least cAwm/dX log? Wmax weights w such that |Z% NZ(Z2)| > wm/fx A(IYW) > 2cBw§1/§x
implies that
A(I>b) A(IW+) Wmax 2 CBwrsn/;x

Note that the total weight of z(Zs;) is exactly A(Zsp). One can verify that the weight multisets of z(Z2) and
z(Z>p) satisfy the condition of Lemma 3.2. By Lemma 3.2, there is a subset D of Z(Z;) and a subset A of
z(Z>p) such that D and A have the same total weight. Then z = (z \ \A) U D would be a better solution than z.
Contradiction. -

Due to symmetry, it can be similarly proved that A(Z}V") < 2cpwala for k € {3,4}. We provide a full proof

for completeness. Consider Igw. For any w € W+, w is not frequent in Z. That is, |Z3 N Z%| < w,ln/fx.

W+ T 1/5 9/5
A(Z, E w; = E w|Zs N TY| < [WH wmaxwl/3 = w5 .
161""‘/Jr weWw+

Consider IXVT. Suppose, for the sake of contradiction, that A(IXVT) > 2cpwilex > 2cpwila. That is, we add

a large volume of items from Z;" " when obtaining z from g. Clearly, IXVT is not empty, so there are exactly

2¢c Awm/ax 1og2 Wmax Weights that are frequent in Z3. Recall that, by frequent, we mean |Z% NZ3| > me/aX Then

at least one of the following two cases are true.

(iii) there are at least cAwm/dx log? Wmax weights w such that |Z% NZ(Z3)| > w,ln/fx

(iv) there are at least cAw?n/fX log2 Wmax Weights w such that |Z% N z(Z3)| > wrln/a‘r)x

Case (iii). (IW+) has a total weight of A(IW+) > 2cpwhl. For Z(Z3), there are at least CAwEla 10g? Winax
weights w such that |Z% NZ(Z3)| > > wilax. One can verify that the weight multisets of z(IW+) and Z(Z3) satisfy

the conditions of Lemma 3.2. By Lemma 3.2, there is a subset Z of Z(IW ) and a subset D of Z(Z3) such that D
and Z have the same total weight. Then z = (z \ Z) U D would be a better solution than z. Contradiction.
Case (iv). there are at least cAw?n/aX log Wmax Weights w such that [Z% Nz(Zs)| > wm/af)x A(IXW) > 2cBwr8n/§X

implies that
A(Zop) = A(IW+) Wmax = cpwd/>

max"*

Note that the total weight of Z(Z<) is exactly A(Z<p). One can verify that the weight multisets of z(Z3) and
Z(Z<p) satisfy the conditions of Lemma 3.2. By Lemma 3.2, there is a subset A of z(Z3) and a subset D of
Z(Z<p) such that D and A have the same total weight. Then z = (z \ .A) U D would be a better solution than z.
Contradiction. O



D Proof of Lemma 6.3

LEMMA 6.3.
l

S(X) = _2'8(X;) = 2°S(Xo) + - + 2°S(Xy).
=0

That is, for any t € S(X), there exist t; € S(X;) such that t = Ef:o 2it;.

Proof. Tt is obvious that S(X) D Y°f_ 2/S(X;). We prove below that S(X) C Y3¢_, 2/S(X;), and Lemma 6.3
follows. Take an arbitrary ¢’ € S(X), by definition there exist 7; < u; = Zf:o u;[i] - 2" for all 1 < j < n such that

t/ = Z’ij]j.
J

We claim that

Cram D.1. Ifn; <uj = Zfio u;[i] - 2%, then there exist 1;[i]’s such that n; = Zfio n;li] - 2t and n;[i] < u;li] for

Suppose the claim is true, then since X; contains u;[i] copies of weight w;, we know that 3, n;[ilw; € S(X;).
Thus, Y-, 7;[i] - 2'w; € 2'S(X;), and consequently t' = 37, >~ n;[i] - 2'w; € Y-, 2'S(X;), and Lemma 6.3 is proved.

It remains to prove Claim D.1. We prove by induction on ¢;. Claim D.1 is obviously true for £; = 0. Suppose
it is true for £; = h — 1, we prove that it is also true for ¢; = h. Towards this, let r, € {0,1} be the residue of ¢
modulo 2. Recall that u;[i] € [2,4) for 0 < ¢ < ¢; — 1. There are two possibilities: (i). If r, < u;[0] — 2, then we
let n;[0] = ry +2; (ii). If u;[0] — 2 < ry < w;[0], then we let n;[0] = 7. It is clear that n;[0] < u,;[0] is always true.
Meanwhile, we also have 7;{0] + 2 > w;[0].

By the fact that 1;[0] = n; (mod 2) and u;[0] = u; (mod 2), n; — n;[0] and u; — u;[0] are multiples of 2.
Using that 7; < u; and 1;[0] + 2 > u;[0], we have

;5 — 50] < wj — uz[0] + 2.

Thus,
nj —13[0) _ uj — u;[0]
< 1.
2 2 +
Since "]‘%m[o] and “j%“j[o] are both integers, we have that

1

_n.10 RN .

1j 277J[ ] < uj 2“][ ] _ Zuj[i‘Fl]'T-
i=0

Using the induction hypothesis, there exists 7;[i] such that 7”%7“[0] = S e i;li) - 2° where 7 [i] < ujfi+1]. Recall

that 7,[0] < u,;[0]. Consequently, Claim D.1 is true. O
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