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Abstract

In an instance of the weighted Nash Social Welfare problem, we are given a set of m in-
divisible items, G, and n agents, A, where each agent i € A has a valuation vij > 0 for each
item j € G. In addition, every agent i has a non-negative weight w; such that the weights
collectively sum up to 1. The goal is to find an assignment ¢ : G — A that maximizes

wi
ILica (Zjea—l(i) vl-]-) , the product of the weighted valuations of the players. When all the
weights equal 1, the problem reduces to the classical Nash Social Welfare problem, which
has recently received much attention. In this work, we present a 5 - exp (2 - Dxp(w | %)) =
5-exp(2logn+2Y" ; w;ilog w;)-approximation algorithm for the weighted Nash Social Wel-
fare problem, where Dy, (w || 1) denotes the KL-divergence between the distribution induced
by w and the uniform distribution on [n].

We show a novel connection between the convex programming relaxations for the un-
weighted variant of Nash Social Welfare presented in [CDG"17,[AGSS17], and generalize the
programs to two different mathematical programs for the weighted case. The first program
is convex and is necessary for computational efficiency, while the second program is a non-

convex relaxation that can be rounded efficiently. The approximation factor derives from the
difference in the objective values of the convex and non-convex relaxation.

1 Introduction

In an instance of the weighted Nash Social Welfare problem, we are given a set of m indivisible
items G, and a set of n agents, A. Every agenti € A has a weight w; > 0 such that } ;c 4 w; = 1and
an additive valuation function v; : 29 — Rx. Let v;; := v;({j}). The goal is to find an assignment
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of items, 0 : G — A, to maximize the following welfare function:

H( ). Uij) : (1)
ieA \jer ()

For ease of notation, we will work with the log objective and denote

NSW(U') = Z w;j log ( Z Z)ﬁ) . (2)

icA jea1(i)

Let OPT = max,.g_.4 NSW(c) denote the optimal log objective. The case where w; = & for each
i € Ais the much-studied “symmetric” or unweighted Nash social welfare problem, where the
objective is the geometric mean of agents’ valuations.

Fair and efficient division of resources among agents is a fundamental problem arising in various
fields [BT05, [BT96, BCE™ 16, RW98) [Rot15| [You94]. While there are many social welfare functions
which can be used to evaluate the efficacy of an assignment of goods to the agents, the Nash
Social Welfare function is well-known to interpolate between fairness and overall utility. The un-
weighted Nash Social Welfare function first appeared as the solution to an arbitration scheme
proposed by Nash for two-person bargaining games and was later generalized to multiple play-
ers [N]J50, KN79]. Since then, it has been widely used in numerous fields to model resource alloca-
tion problems. An attractive feature of the objective is that it is invariant under scaling by any of
the agent’s valuations, and therefore, each agent can specify its utility in its own units (see [CMO04]
for a detailed treatment). While the theory of Nash Social Welfare objective was initially devel-
oped for divisible items, more recently, it has been applied in the context of indivisible items.
We refer the reader to [CKM™19] for a comprehensive overview of the problem in the latter set-
ting. Indeed, optimizing the Nash Social Welfare objective also implies notions of fairness, such
as envy-free allocation in an approximate sense [CKM ™19, BKV18§].

The Nash Social Welfare function with weights (also referred to as asymmetric or non-symmetric
Nash Social Welfare) was first studied in the seventies [HS72, Kal77] in the context of two-person
bargaining games. For example, in the bargaining context, it allows different agents to have dif-
ferent weights. Due to this flexibility, problems in many diverse domains can be modeled us-
ing the weighted objective, including bargaining theory [CMO04, [LV07], water resource allocation
[FKL12, [HLZ13], and climate agreements [YIWZ17]. From a context of indivisible goods, the
study of this problem has been much more recent [GKK20, (GHV2T, GHL™23|]. In this work, we
aim to shed light on the weighted Nash Social Welfare problem, mainly focusing on mathematical
programming relaxations for the problem.

1.1 Owur Results and Contributions

Our main result is an exp (2log2 + 5 + 2Dki (w||u)) ~ 4.81 - exp (2 logn —2Y 1", wilog %)—
approximation algorithm for the weighted Nash Social Welfare problem with additive valuations.
When all the weights are the same, this gives a constant factor approximation. Our algorithm
builds on and extends a convex programming relaxation for the unweighted variant of Nash Social
Welfare presented in [CG15, CDG™17,|/AGSS17]. In the following theorem, we state the guarantee
in terms of the log-objective, and therefore, the guarantee becomes an additive one.



Theorem 1. Let (A, G, v, w) be an instance of the weighted Nash Social Welfare problem with ) ;c 4 w; =
1 and | A| = n agents. There exists a polynomial time algorithm (Algorithm [1) that, given (A, G,v,w),
returns an assignment o : G — A such that

NSW (o) > OPT — 2log2 — % 2. Dy (w]u),

where OPT is the optimal log-objective for the instance and Dy (w|ju) = logn — Y ;c 4 w;log %1

Observe that the KL-divergence term Dgp (w||u) = (logn —Yicawilog %1) is always upper

bounded by log(nwmax), which is exactly the guarantee of previous work [GHL™23]. In many
settings, the term 2 - Dy (w || u) can be significantly smaller than nwmnay. For example, consider the
setting where wy = -~ and w; = =5 (1 — 1) fori = 2,...,n, i.e.,, one agent has a significantly

logn logn
higher weight than the others. Then
1 n 1 n 1
Dr(wllu) = logn log <logn> * <1 a logn> log <n -1 <1 a logn>>
loglogn 1 n 1 1
=1-—— 1— 1 1——— |1 1—
logn +< logn> 8 (n—1>+< logn> og< logn>

§1+log<%> < 2.

In this case, our results imply an O(1)-approximation, while previous results imply an O(; Og —)-
approximation.

Our algorithm relies on two mathematical programming relaxations for the weighted Nash So-
cial Welfare problem, both of which generalize the convex relaxation for the unweighted version
[CG15|,ICDG™17,[AGSS17]. The first relaxation, [NCVX-Weighted)| is non-convex but retains a lot
of structural insights obtained for the convex relaxation in the symmetric version. We show that
the same rounding algorithm as in the symmetric version [CG15] gives an O(1)-approximation for
the weighted version when applied to a fractional solution of the non-convex program. Although
[(NCVX-Weighted)|can be rounded efficiently, unfortunately, we cannot solve this relaxation due to
its non-convex nature. Now, the second mathematical programming relaxation, (CVX-Weighted)|
comes to the rescue. This relaxation is convex and thus can be solved efficiently, but is challeng-
ing to round. Our algorithm solves the convex relaxation, then uses the non-convex relaxation to
measure the change in objective as it processes the solution and eventually rounds to an integral
assignment. The approximation factor of Dk (w || u) arises due to the difference in objective val-
ues of these two programs. Section[L.3|provides a technical overview of the properties of the two
relaxations.

Before stating our second result, we describe the two previous convex programming relaxations
for the unweighted Nash Social Welfare problem presented in [CDG™17] and [AGSS17].

Equivalence of Relaxations. Building on the algorithm of [CG15], [CDG™17] introduced the fol-
lowing relaxation for the unweighted Nash Social Welfare problem.

max Y ) bijlog (vij) — ) <Z bg) log <Z bl-]) (CVX-Unweighted)

ba icajeg jeG \icA icA



s.t. Zbl] =1 VieA
j

bl‘]‘ZO V(i,j) e AxQg.

They showed that (CVX-Unweighted) is a convex relaxation of the Nash Social Welfare objective,
and the prices used by the algorithm presented in [CG15] can be obtained as dual variables of
(CVX-Unweighted). Interestingly, the convex relaxation is not in terms of the assignment vari-
ables. Indeed, given an optimal assignment ¢ : G — A, the corresponding setting of the variables
bi]' is

bij = {Ozkealm Uik (]) 3

otherwise.

One can verify that b satisfies all the constraints in (CVX-Unweighted), and its objective value is
equal to the log of the geometric means of the valuations.

[AGSS17] presented a different convex programming relaxatiorl], (LogConcave-Unweighted), for
unweighted NSW. They showed that the objective of (LogConcave-Unweighted) is a log-concave
function in x and convex in log y to obtain an e-approximation for unweighted NSW.

max inf Z log Z Xij Vij Yj (LogConcave-Unweighted)
x20 y>0 = jeG
s.t. injzl V]Gg
ieA
jes n

Here, (g) denotes the collection of subsets of G of size n, where n = |A]|.

On the surface, the programs (LogConcave-Unweighted) and (CVX-Unweighted), and their cor-
responding rounding algorithm are quite different: [CDG™17] used intuition from economics and
market equilibrium to both arrive at (CVX-Unweighted) and also to round it, while [AGSS17] uses
the properties of log-concave polynomials to round (CVX-Unweighted).

However, our next result shows that these two convex programs indeed optimize the same objec-
tive.

Theorem 2. The optimal values of (LogConcave-Unweighted) and (CVX-Unweighted) are the same.

The proof of this theorem, presented in Appendix[B.]] relies on a series of transformations using
convex duality.

Besides providing a novel connection between two very different approaches to the unweighted
problem, Theorem [2] is also vital to derive our main algorithm for weighted Nash Social Wel-
fare. Independently generalizing either of these approaches to the weighted case is challenging:
[CDG™17,ICG15] use intuition from economics to arrive at (CVX-Unweighted), and these concepts

IThe program is concave in x and convex in log(y). A change of variable yj + exp(—z;) gives a concave-convex
program in x and z.



do not generalize to the weighted case. On the other hand, there is a natural convex generaliza-
tion of (LogConcave-Unweighted) for the weighted Case@, it is not log-concave, and therefore the
machinery introduced in cannot be used to analyze it.

Our approach leverages the connection between [CDG'17] and [AGSS17] stated in Theorem 2l to
derive a more natural convex relaxation of weighted Nash Social Welfare, given by|(CVX-Weighted)
We provide more concrete details on this relationship and how it leads to the two programs for
weighted NSW in Appendix[Bl

1.2 Preliminaries

KL-Divergence. For two probability distributions p, q over the same discrete domain X, the
KL-divergence between p and q is defined as

Dic(plla) = Y p(x)log (M) .

xeXx q(x)

It is well-known, via Gibb’s inequality, that the KL-divergence between two distributions is non-
negative and is zero if and only if p and q are identical.

We use this fact crucially in the following claim.

Claim 1.1. Given positive reals z1, . .. ,z4, for any y1,Y2,...,Y4 > 0,

d d d d d d
)_yjlog <Z Zj) —)_yjlog (Z yj) > ) yjlogzj — ) yjlogy;.
j=1 j=1 j=1 j=1 j=1 j=1
Proof. Define vectorsy = (y1,...,y4) and z = (z1,...,z4). Theny = ﬁ andz = szHl define two
probability distributions on [d]. The inequality is equivalent to Dk (y || Z) > 0. O

Moreover, if q is the uniform distribution on X and p is an arbitrary distribution on the same
domain, then

Di(pla) = log|¥| — L p(x)log %

Feasibility Polytope. Consider a complete bipartite graph G = (G U A, E) where E contains an
edge (i,j) foreachi € Aand j € G. Let M(A) denote the set of all matchings in G of size | A|, i.e.,
matchings which have an edge incident to every vertex in A. The convex hull of M(.A), denoted
by P(A,G), is defined by the following polytope.

Definition 1 (Feasibility Polytope). For a set of m indivisible items, G, and a set of n agents, A, the
feasibility polytope, denoted by P (A, G), is defined as

P(A,G) = {b eRA Vb =1vied, Y bj<1vje g}.
B j€g icA

2We present this generalization in Appendix[B.2]



The constraint } g bij = 1is called the Agent constraint for agent i, and the constraint ) e o bij < 1is
referred to as the Item constraint for item j.

We call P(A,G) the feasibility polytope of (A, G) and will refer to points in P(A,G) as either

feasible points or solutions. In the next section, we use P (A, G) to define the feasible regions for
both mathematical programs.

1.3 Technical Overview

Programs for Weighted NSW. We introduce two mathematical programs, [(CVX-Weighted) and
[(NCVX-Weighted) below as relaxations of the weighted Nash Social Welfare objective. By setting
b to be the same value as (3), it is natural to see that both programs are indeed relaxations. The
first program |(CVX-Weighted) is a convex program for any non-negative weights w, whereas the
second program is not a convex program when the weights are not identical.

max fcvx (b) = Z Z wi bij log ”01‘]‘ max fncvx(b) = Z Z wi bl‘]‘ log vij
b icAjeg b icAjeg
— Z Z wi bijlog (Z wi bﬁ) — Z Z wi bl-jlog (Z bﬁ)
jeGicA icA jeGicA icA
+ Z w; log w;
icA
s.t. Zbijzl Vie A s.t. Zbij:l Vie A
jeg j€g
Zbﬁﬁl V]Eg Zbﬁﬂl V]Gg
icA icA
bij>0 V(i,j)e AxG b >0 V(ij)e AxG
(CVX-Weighted) (NCVX-Weighted)

Lemma 3. [(CVX-Weighted)| and (NCVX-Weighted) are relaxations of the weighted Nash Social Wel-
fare problem. Moreover, when the weights are symmetric, i.e., w; = 1/n for all i € A, the programs
[(CVX-Weighted)|and ((NCVX-Weighted)|are equivalent to the convex program (CVX-Unweighted).

We formally prove Lemma[3/in Appendix

Note that the constraints for both |(CVX-Weighted) and |(NCVX-Weighted)|are identical to the fea-
sibility polytope P (A, G).

While analogous to (CVX-Unweighted), [([CVX-Weighted)| does not inherit a crucial property of
(CVX-Unweighted), making|(CVX-Weighted)|challenging to round: optimal solutions of (CVX-Weighted )|
need not be acyclic. Furthermore, the integrality gap of (CVX-Weighted)|is non-trivial even in the
case when there are exactly n items. To circumvent these issues, we use (NCVX-Weighted) as
an intermediate step in our rounding algorithm which has a desirable property: given a point
b € P(A,G), one can efficiently find another point b € P (A, G) without decreasing the objective

6



facvx such that the graph formed by support of b is a forest, as stated in the following lemma. We
formally define the support graphs in Definition 2|

The two relaxations. We observe that the objective of [([CVX-Weighted) is a concave function, and
thus, it is a polynomial time tractable convex program. However, the objective of[(NCVX-Weighted)|
is not necessarily concave when the weights w; are not uniform. Despite this, (NCVX-Weighted)
still satisfies many desirable properties:

Lemma 4. Let b be any feasible point in P(A,G). Then there exists an acyclic solution, b, in the
support of b such that

fncvx (bforest) 2 fncvx (B)
Moreover, such a solution can be found in time polynomial in | A| and |G]|.
Next, we establish that one can efficiently round any feasible point whose support graph is a forest

to an integral assignment.

Theorem 5. For a Nash Social Welfare instance (A, G, v, w), given a vector b € P(.A, G) such that the
support of b is a forest, there exists a deterministic polynomial time algorithm (Algorithm [2) which returns
an assignment o : G — A such that

NSW(0) > fevx(b) — Dr.(w || u) — 2log2 — %

We remark that our algorithm for rounding [(NCVX-Weighted)| (Algorithm [2) is the same as that
in [CG15)]. However, our analysis is quite different. Rather than using ideas from market inter-
pretations of the problem, we utilize properties of (CVX-Weighted)|and (NCVX-Weighted), which
generalize to both the unweighted and the weighted versions of the problem.

Our analysis relies crucially on two facts: the relative stability of optimal points of (CVX-Weighted)|
and the interplay between the values of f.yx and fncyx. First, we establish that any optimal point of
[((CVX-Weighted)|is relatively stable; the difference between the objective values of an optimal so-
lution and any feasible solution is independent of the valuations v and, therefore, can be bounded
effectively. Second, we show that for any feasible solution, the difference between f.yx and fncvx
is, at most, the KL-Divergence between the weights and the constant vector.

Our analysis uses this stability property along with the structure of the feasibility polytope to
iteratively sparsify an optimal solution and obtain a matching between the agents and bundles of
items while only losing a constant factor in the objective. It is worth noting that the first term in
the objective fncvx (and foyx) is linear in the variable b. As the constraint set on b is a matching
polytope, the solution that optimizes a linear objective would be a matching in which all agents
receive exactly one item. While such a matching would be very suboptimal compared to OPT,
our algorithm constructs an augmented graph containing a matching with a value comparable to
OPT. The crux of our algorithm is to find a feasible vector in the matching polytope for which
frevx is close to OPT, and the additional non-linear terms in fncyx are relatively small.

The remaining challenge to our approach is that(NCVX-Weighted)|is not a convex program, and
therefore, we cannot efficiently find a global optima that maximizes fncvx. However, we show
that the objective of [NCVX-Weighted) and [(CVX-Weighted)| differ by at most the Dy (w || u),
as stated in the following lemma. We leverage this fact to initialize (NCVX-Weighted) with the
globally optimal solution of (CVX-Weighted)|to obtain the approximation guarantee.

7



Lemma 6. Forany b € P(A,G) and weights w, ..., w, > 0with Y ;c qw; =1,

1
0 < fex(b) = faevx(b) < Dgp(w | u) = logn — Z w;log o~
icA l

We obtain our main result in Theorem[I]by combining Lemma 4 Theorem[5, and Lemma

1.4 Related Work

The problem of finding the allocation that maximizes the Nash Social Welfare objective is an NP-
hard problem, as was proven by [NNRR14]. Additionally, [Leel7] showed that finding such an
allocation is also APX-hard. From an algorithmic perspective, the first constant factor approxi-
mation for the unweighted version was provided in [CG15] using analogies from market equi-
librium. [CDG™17] provided an improved analysis of the algorithm from [CG15] and introduced
a convex programming relaxation. Using an entirely different approach, [AGSS17] also provided
a constant factor approximation for the unweighted variant, where their analysis employed the
theory of log-concave polynomials. The best-known approximation factor with linear valuations
of 1.45 is due to [BKV18], where they provide a pseudopolynomial-time algorithm that finds an
allocation that is envy-free up to one good. Their algorithm is entirely combinatorial and runs in
polynomial time when the valuations are bounded.

Another setting of interest is when the valuation of each agent is submodular instead of additive.
For instance, [GHV21] gave a constant factor approximation algorithm for maximizing the un-
weighted Nash Social welfare function when the agents” valuations are Rado, a special subclass
of submodular functions. In the weighted case, the approximation factor of this algorithm de-
pends on the ratio of the maximum weight to the minimum weight. [LV22] provided a constant
factor approximation algorithm for the unweighted case with submodular valuations. More re-
cently, [GHL™23] gave a local search-based algorithm to obtain an O(nwmax)-approximation for
the weighted case and a 4-approximation for the unweighted case with submodular valuations.
Note that this O (nwmax)-approximation factor was also the previously best-known approximation
for the weighted case, even when considering additive valuations.

2 Approximation Algorithm

Before describing our algorithm, we need the following definitions.

Definition 2 (Support Graph). For a vector b € P (A, G), the support graph of b, denoted by Ggupp(b),
is a bipartite graph with vertex set AU G. Foranyi € Aand j € G, the edge (i, ) belongs to the edge set
of G if and only if b;; > 0.

Definition 3 (Acyclic Solution). A vector b € P(A,G) is called an acyclic solution if the support graph
0of b, Gsupp (b), does not contain any cycles.

For ease of notation, given any feasible point b € P(A,G), we use vector q € RI9/ to denote the
projectionof b to G, i.e.,
9= ) bi

icA



for each j € G. Since q is completely defined by b, with abuse of notation, we will interchangeably
use P (A, G) to denote feasible vectors b as well as (b, q). Similarly, we will use frevx(b, q) and
feux(b, q) to also denote the objective fncux(b) and foux(b), respectively. With a slight abuse of
notation, we define

fncvx b q Z Z wi bl] 10g 0jj — Z Z wi bl] log qgj-

icAjeg icAjeg

for any b € P(A, G) and its projection q € RIC/.

Our main algorithm, Algorithm [I] begins by finding the optimal solution b to the convex pro-
gram [[CVX-Weighted)} It then constructs another feasible point, bt in support of b such that
the support graph of bforest ig a forest and frcvx at bforest ig at least frcvx at b. In the final step, the
algorithm rounds bt to an integral solution using Algorithm 2l Theorem Blestablishes a bound
on the rounding error incurred during Algorithm

Algorithm 1: Approximation Algorithm for Weighted Nash Social Welfare

1 Input. NSW instance (A, G, v, w)

2 b + optimal solution of [CVX-Weighted)|

3 q < vector in Rl9/ with q; = Liea Eij

4 (bforest gforest) ¢ acyclic solution in support of b such that fueyx (b)) > freux(b)

5 0 + output of Algorithm Zlwith input (A, G, v, w, bforest, gforest)
6 Output. o

Lemmal] which we re-state below for the reader’s convenience, guarantees the existence of pforest
ensuring that the algorithm is well-defined. It is worth mentioning that for the unweighted case,
the existence of an acyclic optimum was utilized by [CG15| ICDG"17] for the convex program
(CVX-Unweighted). In the weighted setting, this structural property is not inherited by the convex
program [(CVX-Weighted)|but by the non-convex program (NCVX-Weighted)!

Lemma 4. Let b be any feasible point in P(A,G). Then there exists an acyclic solution, b, in the
support of b such that

fncvx (bforest) > fncvx(B)-

Moreover, such a solution can be found in time polynomial in | A| and |G]|.

Proof. Let Gsupp(l_)) contain a cycle (io, jo, i1, ..,je—1,i¢) with iy = i;, where i, € A and j, € G.
The main idea is to modify the variables b on this cycle while ensuring the value of q does not
change. If q is fixed, then frevx(+, ) is linear in the input, and as a result, we can cancel the cycle
by considering the following vector. Define § € RMI*I9/ with di,j, = land §;_,;, = —1 for
x€{0,...,/—1},and d;; := 0 otherwise.

Note that ) ;c 4 6;j = 0 for any item j. As a result, foreach j € G,
> bij+edy =) by =3
icA icA

Therefore, the change in fncvx is given by

faevx(D+€6,4) — faevx(D, @) = ) Y ew;dijlogv; — Y Y ew;dilogg; =€ h(6,q).
icAjeg icAjeg



Note that (4, q) is a linear function in 4. So, if h(d,q) > 0, then setting ¢ = max, b; ,;, ensures
that focvx(b +€8,§) > facvx(b,q), and b +ed € P(A,G). In addition, the number of cycles in
Gsupp (b + €0) is strictly less than the number of cycles in Ggupp (b).

Similarly, if h(6,q) < 0, setting e = — max, b;,j, gives the same guarantees. Iterating this cycle
canceling process until the support contains no cycles leads to the required solution. O

By combining Lemma dwith Lemma 6] we obtain the following corollary.

Corollary 7. Let b be any feasible point in P(A,G). Then, there exists an acyclic solution, b, in the
support of b such that

fCVX(beIESt) > fCVX(E) — Dx(w][u).

Moreover, such a b can be found in time polynomial in | A| and |G|.

Before presenting Algorithm 2 we give the proof of Theorem[I, which now follows directly from
Theorem [Bland Corollary [7] as outlined below.

Proof of Theorem[1l Let (b,q) and (bfrest, gforest) denote the feasible points defined in Step 1 and
Step 3 of Algorithm [I] respectively. Let 0* be the assignment returned by Algorithm 2] on input
(bforest gforest) By Theorem 5] we have

NSW((T*) > fcvx(bforest’ qforest) o DKL(W || u) . 210g2 o %
(1) - 1

> fox(b,q) =2 Dxp(w||u) —2log2 — 2

(if) 1

> OPT — 2 Dxp(w||u) —2log2 — %

Here, (i) follows from Corollary [/land (ii) follows from Lemma O

2.1 Rounding an Acyclic Solution

Given an acyclic solution b, Algorithm2Jreturns an assignment, c*, such that NSW(¢™*) is compa-
rable to foyx(b), as stated in Theorem[5l

In the first step, Algorithm [2] finds an optimal solution, denoted by b*, to [(CVX-Weighted) re-
stricted to the supportof b, i.e., b* is the optimal solution to[[ CVX-Weighted)|on input (A, G, v, w),
where v;; = 01if b;; = 0, and v;; = v;; otherwise. This step is crucial as it allows us to utilize the
stability properties of stationary points of (CVX-Weighted)

Next, the algorithm implements a “pruning” step to sparsify b*: it removes edges between any
item with g7 < 1/2 and its children in F*. Here, F* is the support graph of b* with every tree
rooted at agent nodes. This step is equivalent to assigning each item j with g <~ 1/2 to its parent
agent in F*. As a result, any item with 47 < 1/2is a leaf in the pruned forest, F. Since removing

edges will exclude certain items from being assigned to some agents, pruning can lead to a sub-
optimal solution. We bound this loss in objective by showing the existence of a fractional solution

31f agent i in unmatched in M, we let Vipm(i) =0
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Algorithm 2: Algorithm for Rounding an Acyclic Solution
1 Input. NSW instance (A, G, v, w), acyclic solution (b, q) € P(A,QG)

2 (b*, q*) + optimal solution of ([CVX-Weighted)| restricted to the support of (b, q)
3 F* < Ggupp(b*) with every tree rooted at an agent node

4 F < Forest obtained by removing edges between item j and its children in F* whenever
q; <1/2 /* pruning step */
5 L* «+ set of leaf children of agent i in F and let L* = U;{L}}
M* < matching between A — G\L* in F which maximizes weight function
wi(M) := Yicqw; log <viM(i) + Ljerr Uz‘j) A
0* < assignment of G to A with 0*(j) = iif j € {L} U M*(i)} /* matching step */
Output. o*

(=)}

®® 3

(bpruned gpruned) ywhose support graph is a subset of the pruned forest, F, and fey,(bPrmed) is
comparable to fox(b*). For concrete details, see Section 3l

It is important to emphasize that the algorithm does not need to find (bP™ned, gPruned) The mere
existence of (bPruned gpruned) js enough to guarantee that the assignment returned by the algo-
rithm will be good, as explained below.

After the pruning step, the algorithm assigns every leaf item in the pruned forest to its parent.
We use L7 to denote the set of leaf items whose parent is agent i and L* = U;c 4L} to denote the
set of all leaf items in the pruned forest. So, each agent i receives all the items in the bundle L.
In the matching step, the algorithm assigns at most one additional item to each agent by finding
a maximum weight matching between agents A and items G\L* (the set of non-leaf items in the
pruned forest). This matching is determined using an augmented weight function, denoted by
wg. The weight of a matching M between A and G \ L* in the pruned forest is defined as follows:

wg(M) := Z wj log | vip(i) + Z vij |,
icA JELY

where v;);(;) = 0if i is not matched in M. Observe that this weight function exactly captures the
weighted Nash Social Welfare objective when agent i is assigned the item set S; := {M(i) UL} } for
each i € A. Moreover, finding the optimal matching M can be easily formulated as a maximum
weight matching problem in a bipartite graph.

Since the standard linear programming relaxation for the bipartite matching problem is integral,
it is enough to demonstrate the existence of a fractional matching with a large weight wz in the
pruned forest. In Section we show how to construct a fractional matching corresponding to
bPrired sych that the weight of this matching is comparable to the objective freyx(bP™d). We
emphasize that this matching corresponding to bP™"¢d is only required for the sake of analysis:
to lower bound the performance of the matching returned by the algorithm. We do not need to
know bPTned for the execution of the algorithm.
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3 Rounding via the Non-Convex Relaxation

In this section, we prove Theorem [ by establishing properties of support-restricted optimal so-
lutions of (CVX-Weighted)l First, in Lemma [8] we show that any optimum whose support is
restricted to a forest can be “pruned” to a feasible solution while only losing a constant factor
in the objective. Specifically, we show that given a support restricted optimum (b*, q*), we can

pruned < 1/2 is a leaf in

construct a feasible solution (bPrned, gpruned) gyych that any item with q;
support graph of bP™¢d and f,, (bPruned gpruned) > £ (b*, q*) — log2.
Second, in Lemma [, we demonstrate the existence of a matching in the support graph of bPruned

such that the augmented weight function of this matching differs from fycyx(bP™"¢) by a constant
factor. After presenting these two lemmas, we provide the proof of Theorem[5

Lemma 8. Let (b*, q*) be the optimal solution of (CVX-Weighted)|in the support of some acyclic feasible
point borest. Let F be a directed forest formed by Geupp(b*) when every tree is rooted at an agent node.
Then, there exists an acyclic feasible point (bPrned, qprined) iy P(A, G) such that Geupp(bP™Y) is a
subgraph of Gsupp (b*) and

pruned

*q > g7 for any item jwith g7 > 1/2,
o each item with g < 1/2 is a leaf in Geupp (bP™"*) connected to its parent in F, and

° fcvx (bpruned/ qpruned) > fcvx (b*, q*) o 10g2.

The proof of Lemma @l relies on the stability properties of optimal solutions of [CVX-Weighted)| as
outlined in Section[3.1]

Lemma 9. Let (b, q) be an acyclic solution in P(A,G) such that every item with q; < 1/2 is a leaf in
Gsupport(b). Let S : A — 29 be a function such that for each agent i, S(i) is a subset of the leaf items
connected to agent i in Gsupp(b), and S(i) contains all children of agent i with q; < 1/2. Then, there exists
a matching M in Geyupp(b) between the vertices in A and {G\ U; {S(i)} } such that

Z w;log UimM(i + Z Uij > fncvx b q) log2 — %
icA jeS(i)

where vy ;) = 0 if agent i is not matched in M.

We prove this lemma in Section[3.2]

Proof of Theorem Bl Given (b, q) such that Ggupp(b) is a forest, let (b*,q*) be the optimal solu-

tion of [CVX-Weighted)| restricted to support of b, let F denote the forest obtained after pruning
Gsupp (b*). Let LT denote the set of leaf children of agent i in F.

Let (bpruned gpruned) he 5 feasible solution guaranteed by Lemma [ on input (b*,q*). Since
Lemma B guarantees that Gypp (bP™?) is a subset of Geypp (b*), and every item with q; <1/2is

a leaf in Ggypp (bP™"4), we conclude that Ggupp (bP™"?) is a subgraph of E.

In addition, for any agent i, L* is a subset of the leaf children of i in Ggupp (bP™°?) as Ggypp (bPTed)

is a subgraph of F. Furthermore, if qprumd < 1/2, then we claim that j is a leaf in Gsupp(bpmned)

12



pruned
J -
q; < 1/2. As a result, item j is a leaf in Gsupp(bpru“ed) connected to its parent in F. So, item j

with parent i such that j € L7 in F. Since g < 1/2, by the first point of Lemma 8, we have

would be pruned in F, and therefore, by definition, j € L.

Therefore, for each agent i, the set L is a subset of the set of leaves of agent i in Ggypp (bpmr‘ed), and
L} contains all the items with q?nmed < 1/2 in Ggupp(bP™e4). So, the function S(i) = L} satisfies
the constraints of Lemma @ with input (bPruned, gpruned),

Using Lemma [ on (bPruned, gpruned) with function S(i) = L¥, we conclude that there exists a
matching, M, in Gsupp(bprumd) such that

Y_ wilog (UiM(z‘) + ) vij) =) wilog (viM(i) + ) vij)
icA jEL} icA jes(i)
1

2 fncvx (bpruned’ qpruned) o logz o 2_6

Since Geypp (bP™"?) is a subgraph of F, the matching M is also present in F. Therefore, the match-
ing M* (and corresponding assignment ¢*) returned by Algorithm [2] satisfies

i€A JELY ieA JEL}

(@)
NSW((T*) = Z wi log (viM*(i) + Z Ul‘]‘) > Z wi lOg (viM(i) + Z Ul‘]‘)

(i)

2 fncvx (bpruned, qpruned) _ logz _ zl
e

(iii)

1
> fcvx (bpruned, qpruned) - DKL(W || u) . 10g2 _ 2_6
(i0)

10 1
> fcvx(b*/ q*) - DKL(W || 11) — 210g2 — Z

() 1
> fcvx(b/ q) — DKL(W H u) — 210g2 — 2_6

Here, (i) follows from the optimality of M*, (ii) follows from Lemmal9) (iii) follows from Lemma
[l (iv) follows from Lemma[] and (v) follows from the optimality of b*. O

3.1 Pruning Small Items

In this section, we prove Lemmal§ by establishing some properties of the set of (support restricted)
optimal solutions of [CVX-Weighted)|in Lemma [I0land Lemma 11l

First, we show that any optimal solution of (CVX-Weighted)|is relatively stable, i.e., the change in
function value when moving away from the optimal solution can be quantified in terms of how
much we deviate from that solution. We formalize the stability property as follows.

Lemma 10. Let (b*, q*) be the optimal solution of ([CVX-Weighted)|in the support of some acyclic feasible
point biorest, Let (b, q) be a feasible point in P(A, G) such that the support of b is a subset of the support
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of b*, and for any j € G, if g7 = 1, then q; = 1. Then

fCVX(b*/q ) fcvx b q Z Zwlb 10 (

jegicA

YicA Wi bij)

YicA Wi b:‘}

We provide the proof of this lemma in Appendix|[Al

Second, in Lemma we show that any acyclic optimal solution of (CVX-Weighted) can be
pruned to a feasible solution, denoted by bP™¢d which is amenable to rounding. Specifically,
we show that given a first-order stationary point (b*,q*), we can construct a feasible solution
(ppruned gpruned) gich that any item with qprumd < 1/2is a leaf in support of bP™ed and bgrumd <

min{1,2b;} for any agent / and item j.

Lemma 11. Let (b*, q*) be an acyclic feasible point in P(A,G). Let F be a directed forest formed by
Gsupp (b*) when every tree is rooted at an arbitrary agent node. Then, there exists a feasible solution
(bpruned, gpruned) gyl that Geyupp (bP™eY) is a subgraph of Gsupp(b*),

* pruned . T *
g <gq for each item j with g5 > 1/2,

* each item with g7 <1/2 s a leaf in Goupp (bP"d) connected to its parent in F, and
d . N
e forany (i,j) € Ax G, bprune < min{1,2- bij}.
Before proving Lemma [11| we use Lemma [I1]along with Lemma [I0to prove Lemma

Proof of Lemma[8l By LemmalIT] there exists a feasible solution (bPuned, gpruned) syich that the sup-
port graph, Geupp (bP™"d), is a subgraph of Geupp(b) and (bPruned, gpruned) satisfies the first two

items claimed in the lemma. Furthermore, for any (i,j) € A x G, bpruned < min{1,2-b;;}.

So using Lemma [0, the difference in objective between (b*,q*) to (bPruned, gpruned) js hounded
as follows

jeGicA 216«4 Wi sz

runed
* pruned pruned pruned ZZGA p ¢
feox(B*,q%) — forx (b Y Y w, BieA®Zy

Since bgr < min{1, 2b};} for each (i, j), we have }; w; bpruned <2Y,w;b

fcvx(b*/q ) fcv (bpruned qpruned < Z Z bpruned ng' (4)
jegicA

The feasibility of bP"ed implies

Z Z w; bgruned _ Z w; Z bpruned Z w; = 1.

jeGicA icA  jeg icA

Plugging this bound in equation (4) completes the proof. O
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Proof of Lemmal[I0l If b* is an optimal solution of [CVX-Weighted)] then using the KKT conditions,
there exist real numbers A; for eachi € A, 17; > Oforeachj € G,and a;; > O forevery (i,j) € Ax G
such that

oL N
3r = w;ilogv;j — w; — w;log <Z wibij> —Ai—1j+a;=0.
ij icA

In addition, by complementary slackness, we have 7;(1 — ¥c 4 bl]) = 0 for each item j and ocZ]b =
0 for each (i,j) € A x G. Using these complementary slackness conditions, if bj; > 0, then

icA

Now, expanding the difference between the two function values, we get

Feox (b, @) = feux(b, q) Z Z ( > w;log vij — Z Z w; bj;log (%wi b;)

icAjeg jeGicA
jegicA icA

Substituting the value of v;; from equation (§) in equation (6) gives

fcvx(b*/q ) fcvx b C1 Z Z ij 1] (wilog <Z wi b:}) +/\1+w1+77]>

icAjeg icA
-V ¥ w bj;log <Z w; Z]> + Y Y wibjlog <Z w; Z]>
jegicA jeGicA icA
1 bl
=YY wbjlog <§1€Aw ]) + Y (A +w) <Zb1*]_ Zbi7>
jeGieA iceA icA j€g jeg
+ 21 (Zbi*j— Zbi]) :
jeg icA icA

Using ¥icg bij = Ljeg bj; = 1 forevery i € A, we get
* Zz AW
fcvx(b /q ) fcvx b q Zzwlbqlo <2€ ) +Z77] <q] q)
jeGieA icA j€g

where the last equation follows from the definitions of g; and 47.

Note that by complementary slackness, 7;(1 — q]*) =0foranyj € G.Soif g7 <1, thenz; =0and
therefore nj(q; —q;) =0.If q; = 1, then by the hypothesis of the Lemma, 4; = 1, and again we
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obtain that 7; (q]* —g;) = 0. Using this bound in the above equation gives

fCVX(b*/q ) fcvx b q Z Zwlb 10 (

jegicA

YicA Wi bij)

YicA Wi b:‘}
O

Before proving Lemma 1T} we need the following lemma about the feasibility of a solution when
we decrease the b;; for some edge (j, i) in the support forest of b.

Lemma 12. Let (b, q) be an acyclic feasible point in P(A,G), and let F be a directed forest formed by
Gsupp(b) when every tree is rooted at an arbitrary agent node. For a non-root agent i in F, let item j be
its parent. Then, for any 0 < & < min{bj;;, 1 — b;;}, there exists a feasible solution, (b%,q°) such that

bf] =b;j -9, le =q;—9, qf/ > qj forall j’ € G\{j}, and

i’j’ .
= byjr otherwise,,

o {gmin{L 20y} i, € T(i)

where T (x) denotes the sub-tree rooted at x in F.

Proof of Lemmal[I1l We will iteratively build the solution (bPruned, gpruned) gatisfying these proper-
ties while ensuring it remains feasible. For a vertex x € A U G, let par(x) denote its parent in
Gsupp(b*), let C(x) denote the set of its children in Ggypp(b*), and let T(x) denote the sub-tree
rooted at vertex x in Ggypp (b*).

Consider an item j with q]* < 1/2. To make the vertex corresponding to j a leaf, the algorithm
removes all the edges between item j and its children C(j). To reflect this change, we will update

the solution (b*, q*) to an intermediate solution (b, q) such that the support of b does not contain
any edges between item j and its children. To maintain feasibility, we require:

q; = bpar( i — b;ar( )
bl-]- =0 foralli € C(j) @)

Note that g7 < 1/2 implies bj; < 1/2 for each i € C(j). As a result, the decrease in b;; satisfies

bj; — b” < min{bj;, 1 — bj;}

for each i € C(j). So, we update (b, §) by iteratively applying Lemma 2] to edge (j — i) with

0 = bjj for each i € C(j). The updated solution satisfies b;; = 0 for each i € C(j) and q; =
— Yiec(j) bij = bpar(j)j < 1/2. Note that T(j) is the disjoint union of the sub-trees rooted at nodes

1n C(j). So for dlstlnct i1,ip € C(j), updating the edge (j — 71) (and the sub-tree for i;) does not

affect the b values for any edge in T(i2) and vice versa. Therefore, by Lemma[12 we have q;, < 75

for any item ' € T(j) and by < min{1, 2bj;} forany i/, j" € T(j).

Since every item with g7 < 1/2 must become a leaf, we repeat the above process for any such
item. The following fact is crucial to bound the values after multiple pruning processes: Pruning
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item j only changes b values for edges in T(j), and item j becomes a leaf after that. So, if we prune
ancestors of j after pruning j, the b values of edges in T(j) do not change further.

Let (bPruned gpruned) he the solution obtained by pruning the set of items | = {j € G : q; <1/2}
in decreasing order of their heigh@. Pruning item j does not decrease the g value of any item other
than j. Therefore, if q?runed < 1/2, then g7 <1/2, so item j has been pruned and is a leaf. For any
item j with g7 > 1 /2, its g value only increases when its nearest ancestor is pruned, and this is the
pruned
]

To establish the third claim of the lemma, observe that the b-value of any edge in Ggypp(b*)
changes at most twice during the pruning process: If 47 > 1/2, then item j itself is not pruned,
and the b values of edges incident to j may change only when the nearest ancestor of j is pruned.

By Lemma [12] bf}mned < min{1, 2bi*j} foreachi € A. If q]* < 1/2, the b value of any edge from
j to its children becomes zero when j is pruned, satisfying the claim. The b value of the edge
(par(j) — j) does not change when we prune j, and it may increase when the nearest ancestor of

.. . pruned . *
jin J is pruned. If so, we have bpar(j)j < min{1, prar(j)j}' O

only time its g-value changes. So we conclude that g > q; foreachj € G.

3.2 Fractional Matching and Analysis

In this section, we prove Lemma [0 which completes the proof of Theorem 5l

We establish Lemma [0 by proving two inequalities (in Lemmas [13] and [14) about the properties
of fnevx at any feasible point whose support is a forest. Lemma [I13|shows that f,cyx can be upper
bounded by a linear function in b while only losing a constant factor.

Lemma 13. Let (b, q) be an acyclic solution in P(.A, G) such that every item with q; < 1/2 is a leaf in
Gsupport(b). Let S : A — 29 be a function such that for each agent i, S(i) is a subset of leaf items connected
to agent i in Gsupp(b), and S(i) contains all children of agent i with q; < 1/2. Then

1
Zwi ( Z bilegUij+ Z bl]log ( Z Uij)) ancvx(b/q) —logz— Z

icA j€S(i) jE€S(i) jE€S(i)

Lemma [14] demonstrates how the linear function obtained in Lemma [I13| can be used as a lower
bound for the maximum weight matching with the augmented weight function. A crucial com-
ponent of the proof of this lemma is the fact that any feasible b in P (A, G) corresponds to a point
in the matching polytope where all agents are matched.

Lemma 14. Let (b, q) be an acyclic solution in P(A,G) such that every item with q; < 1/2 is a leaf
in Geupport(b). Let S : A — 29 be a function such that for each agent i, S(i) is a subset of leaf items
connected to agent i in Gsupp(b), and S(i) contains all children of agent i with q; < 1/2. Then, there
exists a matching M in Ggupp (b) between vertices in A and {G\ U; {S(i)}} such that

Zwilog (UiM(i) + Z vz-]) > Zwi ( Z bijlogv;; + Z bijlog ( Z vij)) , 8)
)

icA jes(i icA j#S(i) jes(i) jes(i)

“Note that pruning items in decreasing order of their height is only an artifact of the analysis. The algorithm can
prune items with q]* < 1/2in any order.
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where vy ;) = 0 if agent i is not matched in M.

Lemma [13land Lemma [I4] together establish Lemma[9 In the rest of this section, we provide the
proofs of Lemma[13]and Lemma [14l

Proof of Lemmal[I3] Let S := U;{S(i)}. Recall that

faevx(b, q) Z w; Z bijlogvi; — Z w; Z bijlogq;

icA  jeg icA  jeg
=Y w; Y bjlogvi— Y w; Y biloggi+ Y wi| Y bijlogovij—biloghi |,
i€eA  jgS(i) i€eA  j¢S(i) icA jes(i)

©)

where the last equation follows from the fact that every item in S(i) is a leaf, i.e., if j € 5(i), then
by; = 0 for every i’ # i.

For anitem j ¢ S, we have q; > 1/2. As a result,

— Z wi bz] log q] < 10g2 Z wi bz] (10)
icA icA

Plugging this bound into equation (@) gives

fncvx(b/ q) S Z w; Z bl] log Ul']' Z w; Z bl] 10g2 -+ Z wi ( Z bz] log Ul']' — bl] log b”) .

ieA  j¢S(i) ieA  j¢S(i) icA jeSs(i)
(11)

Asb € P(A,G), we have ¥ jzs() bij = 1 — Ljeg(i) bij for every agent i. Substituting this in equa-
tion (1)) yields

fncvx (b, q) < Z w;j Z bl] log Uij + Z (% 10g2 + Z w; ( Z bz] log Uij — bl] log bl] — bz] log 2)
i€eA  jgS(i) icA icA jes()

= Z w; Z bl‘]‘ log Vjj + 10g2 + Z w; Z bl‘]‘ log Vjj — bij log bij — bij 10g2 , (12)
icA  j¢s(i) icA jes(i)

where the last equation follows from ) ; w; = 1.

For each agent i € A, Claim [L.Tlimplies that

Z bijlogvl] blj logbl] < Z blj log ( Z vij) Z blj log ( Z b; ) .
]

jE€S(i) jE€S(i) i€S(i) jE€S(i)

So, for any agent i,

Z bz] log Ul']' — bl] log bl] — bz] log 2
jes(i
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< Z b;jlog ( Z Uij) — bijlog ( Z bij) — Z bijlog?2
‘ jes(i) i

jes(i) jes(i) €S (i) jes(i)

jes(i) jE€S(i)

< Y bylog ( ) vij) to, (13)

where the last inequality follows from —xlog(x) — xlog2 < 1/(2e) for all x > 0 applied to x =
Yies(i) bij-
Substituting equation (13) in equation ([12), we get

icA  j¢s(i) icA jes(i) jes(i)

foox(b,q) < Y w; ) byloguy +log2+ ) w; ( Y bijlog ( )y Uff) +21e>

1
= Zwi ( Z bijlogvi]-+ Z bijlog ( Z Ui]‘)) +10g2—|—2—e,

icA j#S(i) jES(i) j€s(i)
where the last inequality again follows from ) ;. 4 w; = 1. O
Proof of Lemma In this proof, we will analyze a matching that either assigns the bundle S(i) to

an agent or a single item j ¢ U;{S(i)}. Observe that the algorithm clearly finds an assignment
with a larger objective as

log | vim@) + Z vij | > max < logvy(;), log Z vjj .
jeS(i) jeS(i)

So, for each agent i € A, we create a new leaf item ¢; with v;), = Yies(i) Vij corresponding to
the set of items in S(i). Define S := U;{S(i)} and G = {G\S} U {li}ica- We show that the
maximum weight matching in the bipartite graph (A, G) suffices to prove the lemma. As the
matching polytope is integral, it is enough to demonstrate the existence of a fractional matching
of a large value.

Using b, we define fractional assignment variables x as follows:

Xij 1= bij Vie A,je {Q\L}

Xig, 1= Z bz] Vi e A.
jes(i)

The L.H.S. of equation (8) can be stated in terms of x as

Y wi| Y bijloguij+ Y bijlog | Y vi| | =) ) xijwiloguvi. (14)
icA i#S(i) jes(i) jes(i) i€Ajeg

Observe that x lies in the convex hull of matchings between agents .A and items G in which every
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agent is matched as x satisfies the following properties:

injz Z bl‘j—i— Z bijzl Vie A
j€g J#5(i) jes(i)
Z xl‘]‘ <1 V] S QN
icA
Here, for item j € S, the second inequality is inherited from the feasibility of b. The constraint for
{y for some i’ € A is implied by the constraint };c 4 xij = Xij = YLjes() bij < Ljeg bij < 1, where
the last constraint again follows from the feasibility of b.

Using the integrality of the matching polytope, there exists a matching M : A — G such that

Z Z xijwilogv;; < Z w; logviM(i). (15)
i€Ajeg icA

Now consider a matching M : A — G with M(i) = @ if M(i) = ¢;, and M(i) = M(i) otherwise.
Then

icA icA j€S(i)

Y w; 10g V571 < Y w; log< i)+ Y vlj) (16)

Then equations (14), (15), and (16) together imply

Y wilog | vimm+ Y, v | =Y wi| Y bijlogui+ Y bilog | Y v | |-
icA jeSs(i) icA j#S(i) jes(i) jes(i)

4 Conclusion and Open Questions

This paper introduces a convex and a non-convex relaxation for the weighted (asymmetric) Nash
Social Welfare problem to give an O(exp (2Dkr(w || u)))-approximation. Both of these relaxations
play a crucial role in obtaining the approximation algorithm for the problem. There are two natu-
ral open questions. First, is the factor exp (2Dk(w || u)) necessary in the approximation guaran-
tee? Equivalently, is it possible to obtain a constant factor approximation for the weighted Nash
Social Welfare problem? It is important to emphasize that we lose the exp (2DkL(w || u)) when
relating the objectives of the two relaxations; we only lose a constant factor when rounding the
non-convex relaxation. A direct approach may exist to solve the non-convex formulation that
gives an improved approximation guarantee.

The second question is whether the techniques introduced in this work generalize to more general
valuation functions, particularly submodular valuations for the weighted Nash Social Welfare
problem. While there are constant factor approximation algorithms for unweighted Nash Social
Welfare with submodular valuations, obtaining anything better than O(nwmax)-approximation for
the weighted variant of the problem remains an open question.
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A  Omitted Proofs and Lemmas

Proof of Lemma[3l Let o : G — A be the optimal assignment of an instance of NSW, (A, G, v, w).
For each agent i € A, define V; = };c,1(;y vj. Using 0, we define a vector b € P(A, G) as

difo(j) =i
bi]' = {Vl

0 otherwise.

It is easy to verify that ) ;- 4 b;j < 1 for each j € G and Y ;g b;j = 1 for each i € A. We will now
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show that foyx(b) and frevx(b) are both equal to NSW(o).

Wo () V()i Wo( 1\ V()i Wo (V)i
fon(®) = 10 2O g 3 U0 o ( 0 '<m> LY wrlogw
jeG o (j) j€g o (j) '

W (\Or(i)i V
_ Z o(j)Ye(j)j log (w ) + Z w; logwl
‘ ' o()

jeG Vo(j) icA
=Y w ) UM % + ) w;logw
- i —~ V. g w; ‘ ilog w;
ieA  jeol(i) icA

= Zwll g< > + Y _wilogw; = ) _ w;logV; = NSW(0),

icA icA icA

where (i) follows from definition of V;.

Similarly, we have

Wa(V\Oa ()i Wa(\Og(i)i Uy (i)i
fren(B) = Y LD g 5 D% o < @]>

) jeg Vol Ve()
Yo (j) Yo (j)j Yij
:Z:Vilogv =) w Z_: VilogVi
j€g o(j) icA  jer (i)
=) wilog Vi = NSW(0).
icA

For the second claim in the lemma, when w; = 1/n for each i, for any b € P (A, G), we have

feux(b Z Z bijlogvj; — Z Z bijlog (216“4 l]> —logn

ze.AJGQ ZGAJGQ

= - Z Zb”logvl] — Z Zb”log (Z bz]> + — Z Zbljlogn—logn

zeA]eg zeA;eg icA zeA;eQ

= LY Y bylogoy — - Y Y bylog (Z bu)

zeA]eg zeA]eg icA

where we used } jcg bij = 1 for every i in the last inequality. Similarly, substituting w; = 1/n for
each i in fnoyx completes the proof. O

Proof of Lemmalel We will show that
fCVX(b) - fnCVX(b) = Dxr(wl|u) — DKL(V 16),

where y1, 8 are two probability distributions on G given by

. bi‘
]) = Z wi bij and 9(]) = @
icA n

23



Using Y je 4 wi = 1 and Y jeg bij = 1 for eachi € A, one can verify that };cq u(j) =1 = Ljeg 0())-

Expanding the difference between the functions gives

fCVX( ) fnCVX Z w; log w; — Z Z w; bi]‘ log (Z w; bij) + + Zwi bi]‘ log (Z bz‘j)

icA jeGicA icA i,j icA
EzeA wi sz)
= w;logw; — w; bi;log (
i;él ];g 1§4 ! ZIEA bz]
=Y wilogw;+Y_ Y wibjjlogn— Y u(j)log < (]>>
icA jegGicA j€g (])
= Z w;log(nw;) — Z 1(j)log < (])> (using Zj bij =1)
iceA j€g (])

= Dxe(w|[u) — Dxe(p|[6).
As Dkr(u,0) > 0, the above equation implies

fCVX(b) _fHCVX(b) < Dxp(w || u).

For the lower bound, it suffices to show that Dxy (|| 6) < Dy (w || u). To see this, we expand the
definition:

icA Wibjj
D (p]10) =) <Z wibif) log (%)

jegG \iceA
ZIGA wlbl]
= log(n Z w;b; ) log < >
Jg’ (lEA d 216./4 bl]

= log(n) + b; T w1 T w

og(n gg (1;1 ]> <l§4 Yicabij ) 5 (ig Yica bij wl)
bi

<log(n)+)_ (Z bl]> (Z Ziefi bz‘j) w; log(w;)

jeG \icA icA

= log(n) + Z w; log(w; Z bij
jeA jeg

=log(n) + Y wilog(w;) = Dy (w || u).
icA

Here, the only inequality uses the convexity of xlog(x), and the last equality follows from the
feasibility of b. O

Proof of Lemma[lI2] For x € AU G, let C(x) denote the children of node x in F and let T'(x) denote
the sub-tree rooted at node x. We will prove this lemma by induction on the height of agent i,
building (b?, q°) € P(A, G) in the process.

For the base case, assume agent i has height 1, i.e., T(i) consists of only leaf item nodes that are
the children of node i. We define a new vector b’ with b}, s = bip forany i’ #iand ' € G. Note

24



that setting bf] = bjj — d and qf = g; — ¢ only violates the Agent constraint for agent i. So we will
update the values of b in T(i) to make the solution feasible.

By the feasibility of b, bj; + Yrcc(i) bix = 1, and for every item node k € C(i), gx = by < 1. Using
Lemma [I5with & = b;j and By = by, there exist J; for each k € C(i) such that

bij—6+ ), b(1+6) =1
keC(i)
bik(l —f—(sk) <1 Vke C(i)
0< 8 <1 VkeC()

So, for each k € C(i), we set bfk = bir(1+ J;). Note that bfk <1,and as &y < 1, we have
by = bi (14 6¢) < 2by.
As every item in C(i) is a leaf, we also have
gk < g0 = bl = bir(1+6) <1
for each item k € C(i). The Agent constraint for agent i satisfies

Y by =b;—o+ Y bp(1+6) =1
keC(i) keC(i)

Therefore, b’ € P(A,G) and bf/]-/ < min{1,2b;; } for each j’ € T(i).

For the induction hypothesis, assume that the lemma is true whenever the height of agent i is at
most £ — 1 for some integer £ > 1. We now show that the statement also holds when the height of
agentiis /.

Again, setting bf]- = bjj — d and q;-s = g; — ¢ violates the Agent constraint for agent i. Similar to the
base case, we can find & € (0,1) for each k € C(i) such that by (1 + &) < 1 and

bij— 0+ Y bu(1+6) =1
keC(i)

Setting bY, = by (1 + &) for each k € C(i) will ensure that b° satisfies the Agent constraint for
agent i. However, this can violate the Item constraint for some item k € C(i), as 4% = g + Sibi-
So, we inductively update the values of b’ and q° for the sub-tree rooted at item k for which such
a violation occurs.

Consider an item k € C(i) such that 7% = qx + 0kbix > 1. So we decrease by for each i’ € C(k)
to ensure that qi is at most 1 as follows. Define v := gy + é¢bix — 1. Using the fact that g, =
Yirec(k) bik + bi,, we bound y as follows.

Y=g+ &bk —1=Y b+ b+ obyx—1
i'eC(k)

< Z bi. (using b (1 + ;) < 1)
i'eC(k)
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Therefore, there exist numbers vy > 0 for each i" € C(k) such that vy < byx and Yycc) 1 = 7-

We would like to update bf,k = byx — vy for each i’ € C(k), but this violates the Agent constraint
for agent i’ when 7, > 0. We inductively update the solution for subtree T(i’) as follows.

First, note that qi =1 > gy after this update, as shown below.

@=bi+ Y W =ba(1+8)+ Y (bix—7r) =qe+6bx— Y v

7 €C(k) #€C (k) iEC (k)
=1—9+ Y 7 (by definition of )
i'eC(k)
=1 (@s Yiccw) vi = 7)

So now, (b%, q°) only violates Agent constraints for agents in C (k).

We claim that for each agent i’ € C(k)
Yit < min{bi/k, 1-— bi/k}- (17)

Before proving this inequality, we use it to complete the proof.

Using the induction hypothesis, for each i’ € C(k), there exists feasible (b7, q"") which differs
from (b?, q°) only in the sub-tree rooted at i’ such that for any j € T(i'),
Vit o .

and for any 7,7 € T(i'),

So for each i’ € C(k) with ¢y > 0, we set b% = bgf’ forevery i,j € T(i') to get the required solution.

We now only need to establish equation (17). By definition, vy < by for each i’ € C(k). Addition-
ally, v < 7, so it suffices to show that v < 1 — by for every i’ € C(k). Recall that

Y = g + Skbi — 1
(i) (i) (iii) (iv)
< Skbix < by < g — bk < by

Here, (i) and (iv) follow from g, < 1, (ii) follows from dy < 1, and (iii) holds as bix + Yyec(x) bik =
k- This completes the proof of (17). O

Lemma 15. Let « > 0and B4, ..., Bx > 0 with « + 2}‘21 Bi = 1. Forany 0 < § < min{a, 1 — a}, there
exist real numbers 81, . .., 0 such that

a—5+ Y Bi(1+6)=1 (18)
jElk]

Bi(1+6) <1 Vjelk
0<6<1 Vjelk.

Proof. As the above system contains only linear constraints in §, we use Farkas” Lemma to show
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the existence of { (5]-};?:1. Re-arranging the constraints gives

Y Bisj=20 (19)

jelk]
Bio; <1—pB; Vjelk
0<s<1 Vi€l

If there do not exist real numbers {(5]-};-‘:1 satisfying (19), then by Farkas’ Lemma, there exist real
numbers 7, {’yj};‘:l, {Aj}le such that

,3]'17 —|—,3]")’]' + )\j >0 Vje k] (20)
sn+ Y (1—Bj)ri+ Y A <0 (21)
jelk] jelk]

Adding equation (20) for all j € [k], we get
1Y B+t Y Bt ) A=0.
j€lk] jelk]

jElk]

Since & + Y e Bj = 1, this implies (1 — &) + Yieq Bj7Yj + Ljeg A = 0. In addition, since ; > 0,
we also have a < 1. Therefore, dividing by 1 — a and re-arranging gives

IR i 22)

On the other hand, equation 1) implies

sy B
e

jE[k]

b (23)
5
On comparing equations (22) and (23), we obtain

A

Biv Aj (1-Bj)v; j
.21—a+.21—a>.2 é +.Z?' (24)
jelk] jelk] jelk] jelk]

We will now derive a contradiction to (24).
Asé <1—a,wehavel/(1—a) <1/6, and therefore,
A A
P el
Zl—tx_.zé' 5

jE[K] jE[K]

where we use the fact that A; > 0 for all j € [k].



In addition, for any j € [k]

Bi (1B i  (A-Bj) a+pi—1
1—]a_ 5] S1—]0c_ zx] B oc(lioc) =0. (26)

Here, the first inequality follows from § < a, and the last inequality follows from the facts that
o+ Zje[k} ,B] =1and 0(,,3]‘ > 0.

On adding equation (25) and equation (26) for all j € [k], we obtain

Ll g A n Py g

T R =T R = B i

which contradicts equation (24). Therefore, there exist real numbers {(5]-}}‘:1 satisfying (18). O

B Relationships Between the Mathematical Programs

This section provides the proof of Theorem 2l by establishing a relationship between two natural
convex programming relaxations for the unweighted Nash Social Welfare problem. We then build
upon this relationship to derive |(CVX-Weighted)|for the weighted Nash Social Welfare problem.

To ensure that the optimum values of all the convex programs mentioned below are bounded, we
assume that the instance of Nash Social Welfare (A, G, v, w) satisfies the following assumption.

Assumption B.1. Let G[G, A, v] denote the support graph of the valuation function. The support graph
is the bipartite graph between agents and items with an edge between agent i and item j iff v;; > 0. We
assume that there exists a matching of size |A| in G[G, A, v|. In other words, the objective of the Nash
Social Welfare problem is not zero for (A, G, v, w).

It is straightforward to verify this assumption given an instance of Nash Social Welfare.

The proof of Theorem 2] uses the following two results. The first result is the classical Sion’s
Minimax Theorem, which can be found as Corollary 3.3 from [Si058].

Theorem 16 (Sion’s Minimax Theorem). Let M and N be convex spaces, one of which is compact, and
f(x,y) a function on M x N that is quasi-concave-convex and (upper semicontinuous)-(lower semicontin-
uous). Then

sup inf f(x,y) = inf su X, ).
sup inf f(x,y) = inf sup f(xy)

The second result was proved in [AGSS17].

Lemma 17 (Lemma 4.3 in [AGSS17]). Let p : RZy — R0 be a positive function satisfying the following
properties:

* play) = a"p(y) forally >0,
e logp(y) is convex in logy.

Then the following inequality holds

inf  logp(y)=  sup  inf logp(y)—)_ ajlog(y)).
y>0:yS>0,v5e (1) ael01]",5; a=nY>0 j=1
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While the original result in [AGSS17] assumed p to be a homogeneous polynomial with positive
coefficients, their proof only relies on the two properties presented in Lemma [I71

B.1 Proof of Theorem 2]

To prove Theorem[2, we start with the (LogConcave-Unweighted) and derive the convex program
(CVX-Unweighted) via a sequence of duals presented in Lemmas[19] 20} and 21l

Let P and Q denote the feasible regions for x and y in (LogConcave-Unweighted), respectively.

P = {xG]Réoxg DY xij=1 V]'EQ}
i€A

Q::{yEleo:Hyjzl VSE(i)}.

jes
Note that the inner function in the objective
f(x) = inf ) log <Z Xij Ui yj) :
Sy j€g

is bounded above (y = 1 belongs to Q), and the domain of x, P, is compact (Bounded and Closed
sets in Euclidean space are compact using Heine-Borel Theorem).

Lemma [1§ shows that the inner infimum of (LogConcave-Unweighted) is > —oo for any integral
allocation x that assigns at least one item to each agent in the support of v. We know such an
allocation exists by Assumption[B.1l

Lemma 18. For any integral allocation x € P N {0, 1}'“‘”X gl

inf Y log <Z Xij Uij%‘) =) log <inf U”) '

YEQ A i€g icA i€g

Proof. Let 0 : G — A be the allocation corresponding to x, i.e., o(j) = i iff x;; = 1 and let
S={Se (g) Vi€ A, 3j € Ssuch that x;; = 1}. Foranyy € Q,

) log <Z Xij Vjj yj) = log (Z v Hxv(]‘)jvrf(j)])

icA j€g S5eS§  jes
> log (Z Hxv(j)jvv(f)j> =) log <Z Xij Uz‘f) :
Ses jes ieA j€eg

Here, the only inequality holds because y° > 1 foreach S € S.
Setting y; = 1 for each j € G gives the equality. O
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Lemma 19. The optimal value of (LogConcave-Unweighted) is the same as

inf max ) _ log <Z Xij vjj e ) + Y max(0, 5;). (Unweighted-Primal)
o x€P i j€G jeG

Proof. For a fixed x € P, using Lemma[lZlwith px(y) = [Tic4 ( Y Xij vjj yj> , we get
j€g

inf lo = inf lo Xii Ui Vi
y>0:y5>0,v5€(9) 8 Px(y) y>o:y520,vs6(g),-g g<]§ E y;)

sup mf Z log <Z Xij Uij y]> - Z &j log(yj)'

acl0,1]191,y; acj—ny ieA j€g jeg

Substituting ; = — log(y;) and taking a maximum over x, we get
max inf log px(y) = sup mf Y log (Z Xjj vjj ) + ) ajd;.
x€P y>0:y520,VS€(g) xe’P,aG[O,l}‘g‘,Zjaj—n icA jeg j€g

As the domains of both x and « are compact, using Theorem [16 on the previous equation, we get

max inf lo = inf max max lo xivie % | + Y il
XEP y>0:y5>0,¥5€(9) Bp<(y) 0 xE€P ael01]l9,5; aj=n i§4 8 (Jg’ T ) ]é ™
Finally, the following claim completes the proof.

. _5:
11;51f max max Z log (Z Xjjvjje 1> + Z ®;0;

X€P aclo1]l9ya=n jc4 j€g j€g

. _5
= 1%1f max ) log (Z Xijvjje J) + ) max(0,4;). (27)

icA j€g j€g
For proving the claim, we define functions

1(6,x, ) Z log (Z Xij vjj ) + thjéj, and

icA jeg jeg

x) =) _log (Z xijvijeéf> + ) max(0, ;).

icA j€g j€g

Observe that for any d and « € [0, 1]|G|, w;6; < max(0,d;). Therefore, for any §,x and o € [0, 1]|G|,
we have f1(d,x, ) < f2(d,x). As a result,

i <
1r51f max ae[O,lr]r‘é?gaj:n f1(8,x, ) 1r51f max f2(8,x). (28)
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To establish an inequality in the other direction, first note that f1(d,x, ) = f1(6 +t-1,x, ) for
any t € R. So, for a fixed §, let t5; denote a value of t for which the 7 largest values of § 4 t5 - 1 are
non-negative and the m — n smallest values of J are non-positive. Then

max fi(d,x, a) = max fild+1ts5-1,x )
ael0,1]191y; aj=n a€l0,1]19,7; aj=n

= Z log <Z xl‘]‘”(')ijer%) + | max Z Dé]‘((sj + t5). (29)
ac

icA jeG 01195 aj=n jeg

The term }_;cg aj(6; + t;) is maximized when a; = 1 for the largest  coordinates of § +¢- 1. Asa
result, we get

Z log <Z xijvije_‘sf_“‘) + Z max (0, o + ts) = f2(d +t5-1,x). (30)
ieA j€G j€G
Combining equations (29) and (30), and taking max over x, we have

max max J,X, ) = max 8 +t5-1,x) > inf max x).
xeP aG[O,l]‘g‘,Ejaj:n fl( ) xeP f2( 0 )— Y xep f2(7 )

Taking an infimum over §, we obtain

inf d,x,«) > inf inf ma Y, X
Hg r?ax [Ollr]l"gixj“j ; fl( ) = 15 1 1 ’PX fz( )
— inf max v, X). 31
1'7 xeP f2( ) ( )

Here, the last equality follows as the function being optimized does not depend on é.

Combining equations (28) and (3I) completes the proof of equation 27). O

Lemma 20. The optimal values of (Unweighted-Primal)) is the same as that of the following program.

inf Z el + Z vi + Z 0j—n (Unweighted-Dual)
orY icg icA j€g

ri+i+6; >loguv; V(i,j) € AXG

6>0.

Proof. For a fixed 9, let us first re-write the internal maximum of (Unweighted-Primal) as

max Y_logu;+ f(8) (32)
=Y
u; < Z Xij Ujj e % Vie A
j€g
Z xl-]- <1 V] S g
icA
x>0,

where f(d) = Yjeg max(0, ;).

31



Let B;, pj, and 6;; be the Lagrange dual variables associated with the constraints corresponding
to agent i, item j, and agent-item pair(i, j), respectively. The Lagrangian of the above convex
program is defined as follows

L(xu,B,0,p) = f(8) +

Z logui + Z ,Bl' (Z Xij Ujj 6751' — I/li> + Z p](l — Z XZ‘]‘) + ZGZ]xU]

icA icA  \jeg j€g icA ij

Y (logu — Biug) + 3 Y- xy (Bioge ¥ +6;—p) + L py

icA icAjeg j€g

= f(8) +

The Lagrange dual of (32) is given by

g(B8,6,p) = max L(xu,p3,0,p). (33)

xEP,u>0

Observe that solution x;; = 1/n for each (i, j) € A x G lies in the relative interior of P. Since all the
constraints are affine, Slater’s condition is satisfied for (Unweighted-Primal). Thus, the optimal
value of the infimum of Lagrange dual over 3,80, p > 0 is exactly equal to the optimum of (32).

The KKT conditions imply that the optimal solutions must satisfy

1 )
u—l—ﬁlzo VZEA

Bi Ujj e % — Z pj +9ij =0 V(i,j) e AxG.
jeg

The KKT conditions imply that u; = 1/p; for each i € A maximizes the Lagrangian. For the
supremum over x, u in (33) to stay finite, the second KKT condition is necessary and sufficient.
Substituting these conditions in the Langrangian gives the following convex program.

inf  f(8) + Y. p;— Y logp;—n

.50 jeG icA
pj = Bi Ul']'e_ i +9ij V(i,j) cEAxG
p.B,0 > 0.

Observe that we can remove 8 from the above program while making the first constraint an in-

equality. By substituting r; = log p;, v; = — log B, the above program is equivalent to
inf f(&)+ ) i+ )Y yi+) —n
el jeg icA jeg

i+ i +5] > IOgUij V(l,]) eAxGg.

As (Unweighted-Primal) involves an infimum over §, whenever §; < 0, we can increase it to
d; = 0 without increasing the value of f(d) and maintaining feasibility. Using this observation
and taking an infimum over ¢, the above program gives (Unweighted-Dual). O

Lemma 21. The optimal values of (Unweighted-Dual) and (CVX-Unweighted) are the same.

Proof. Let b;; be the Lagrange dual variable associated with constraint r; + y; + J; > loguv;; of
(Unweighted-Dual) and let 7;; be the Lagrange dual variable associated with constraint 4;; > 0.

32



The Lagrangian of (Unweighted-Dual)) is defined as follows

L(I‘,‘)’,(s,b,T) = Zerf + Z’)’i—}- Z(Sj — n+2bij(logvij — 1 =i —(5]‘) — Z(Sﬂ'j
i

j€g ieA jeg jeg
= Z(eri — (Z bl-]-)rj) + Z ’)/1'(1 — Z bi]') Z 5]‘(1 — T] — Z bi]') + Zbi]' logvi]- —n.
jeg icA icA j€G j€g icA i,j

The Lagrange dual of (Unweighted-Dual) is given by

g(b,7) = inf L(r,~,d,b, 7). (34)

6>0,1y

One can verify that Slater’s condition is satisfied by (Unweighted-Dual). So, the supremum of (34)
with b, 7 > 0 is equal to the optimum of (Unweighted-Dual).

The KKT conditions for the Langrangian give

Erf—Zbi]':O 1—Zbi]':0 1—1']'—2191']':0.

icA j€g jeEA

The KKT conditions imply r; = log < Y. bz-]-> for each j € G minimizes the Lagrangian. For the
icA
infimum over =, § in (34) to stay finite, the conditions 1 = ) b;;and 1 —1; = }_ b;; are necessary
j€g icA
and sufficient. Substituting these conditions in the Lagrangian, we get

sup Zb,-]-logvij — Z Z bijlog (Z bz-]) + Z Z bijj—n

b, i jeGicA icA jeGicA
Y bij=1
jeg
Y bi=1-7
icA
b, > 0.

Observe that the supremum in the above program can be switched to maximum as the feasible
region is compact and the objective is bounded. Also note that); ; bjj = n for any b in the feasible
region. As a result, the last two terms in the objective cancel each other. Finally, on substituting
q; = Yic A bij in the above program, we obtain (CVX-Unweighted). O

B.2 Generalization to Weighted Nash Social Welfare

Given an instance of weighted Nash Social Welfare (A, G, v, w) where ) w; = 1 and w > 0, we
icA
introduce the following program as a generalization of (LogConcave-Unweighted) program.

maxmin Y w;log | ) x;j vjj yy i (LogConcave-Weighted)
x20 y>0 i jeG !
s.t. Z Xij = 1 Vje g

icA
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[[vi=1 vse <g>

JjES

Observe that the feasible region of (LogConcave-Weighted) is given by x € P and y € Q, which
is identical to that of (LogConcave-Unweighted).

The main result of this section is the following.

Theorem 22. The optimal values of (LogConcave-Weighted) and |(CVX-Weighted) are the same.

We prove Theorem 22] analogously to Theorem 2} starting with (LogConcave-Weighted) and de-
riving [[CVX-Weighted)| via a sequence of duals presented in Lemmas 24 25] and

We start by establishing that[LogConcave-Weighted|is indeed a relaxation of the weighted Nash
Social Welfare, and the inner infimum is bounded in the following lemma.

Lemma 23. For any integral allocation x € P N {0,1}A1x19],

inf ) wjlog (Z Xij Ujj y] ) =) wilog <Z Xjj vij>

V€L i icA jeg

Proof. For each i, letS; = {j € G : x;; = 1} be the allocation corresponding to x. Then for any
y€eQ,

Yjes, vy
Y wilog <Z Xij jj y] ) — Y wilog (Z Xjj vij> =) wilog ]652—]011] ' (35)

icA icA j€g icA =

m

Now for positive reals cy,..., ¢y with 3 ¢; = 1, and 0 < p < g, the weighted power mean
j=1

inequality states that for any z € RY,,

" 1/p " 1/q
<Zcf'zf> < (ZC]‘Z?) (36)

j=1 j=1
This inequality follows from Jensen’s inequality.
For each i € A, define g; = wiz and c](i) = Zs 5 for every j € S;. Since g; = 1 - > 1, using equation

je
B6l we get
Yjes; Vij yl/w’ Ljes; Vij Yj
wilog | =527 | > og [ 222200 | >
o8 D Uij =08 )3 Uij B
jE€S; jE€S;

for each agent i. Summing this inequality over all agents and substituting in (35) gives

Y wilog (Z Xij Vjj yl/w'> > ) wilog <Z x1]01]>

icA ieA j€g
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Observe that equality holds when y; = 1 forall j € G. O

Lemma 24. The optimal value of (LogConcave-Weighted) is the same as

inf max Z w;log <Z xi]-vi]-e*”.i/ wi) + Z max (0, J;). (Weighted-Primal)
o x€P A j€g =

The following fact is crucial to the proof of this lemma.

Fact B.1. Let p(y) = wlog ( i1 Cj yl/w) with w > 0 and c; > 0 for each j. Then log p(y) is a convex
function in log(y).

Proof. For a fixed x € P, the function
wi
1
H <Z Xij Ui y] /wl>
icA \jeg

satisfies all the prerequisites of Lemma [I7 The first property is easy to verify and the second
property follows from Fact Therefore, by Lemmal[l7] we get

inf log px(y) = inf Z w;log (Z Xij Vjj y] >

y>0:5>0,¥Se (9) y>0:y5>0,YS€(Y) jcA jeG

sup inf ) w;log (Z Xij Uij y]l/m> — ) ajlog(y)).

aef01]91,y;a;=n Y70 icA j€g j€G
Substituting 6; = —log(y;), and taking the supremum over x, we get
max inf lo = su inf ) w;lo X viie %/ w;id;.
XEP y>0:y5>0,¥Se(9 gPx(y) b s Z 1708 <Z 7Y T Z i
y>0:y°>0,¥Se(;) xeP,a€l01]19,5; aj=n ieA jeG jeG

As the domains of both x and « are compact, using Theorem[16, we get

max inf Z w;log (Z Xij Vjj y}l/w;)

XEP y>0:5>0,¥SE(]) ic A jeg

— inf 1 —0; /w,
1r51 max max Z w;log <Z Xjj vjj e ) + Z ;d;

X€P acl01]l9Tiaj=n jc j€g j€g

Finally, we claim that

inf 1 .. o0/ Wi )
1r51 max max Zwl og <Z Xij vijj € ) + Z‘x] ]

X€P acl01]l9l5a=n ji€g i€G

= inf max Y wilog (Z Xjj Vjj e5f/wf> + ) max(0,4;).

X€P ieA = i€g
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The proof of this claim is identical to the proof of the unweighted case in equation 27). O

Lemma 25. The optimal value of (Weighted-Primall) is the same as that of the following program.

inf Z el + Z w;iy;i + Z 0+ Z (w;logw; — w;) (Weighted-Dual)
orY g icA j€g icA

5‘
i+t - >logoy V(i j) € Ax G

Proof. For a fixed 6, let us first re-write the internal maximum of (Weighted-Primal) as

max Y wilogu;+ f(6) (37)
xu icA
u; < Z Xij Uij e 0/ Yie A
jeg
Z Xij <1 V] eg
icA
x>0,

where f(d) = Yjeg max(0, ;).

Let B;, pj, and 6;; be the Lagrange dual variables associated with the constraints corresponding
to agent i, item j, and agent-item pair(i, j), respectively. The Lagrangian of the above convex
program is defined as follows

L(x,u,(3,0,p)

= f((S) + Z wilogu; + Z Bi <Z Xij Vij e 0/ wi _ I/lz‘> + Z pj <1 — Z xz-]-> + ZGi]-xi]-
ij

icA icA j€g j€g icA

~ (6) +

Y (wilogu; — Bius) + ) x; (:31‘ v/ 4 0y Pf) Y pf] '

ieA ij j€g
The Lagrange dual of (37) is given by

g(,@,O,p): maXx L(X/u;,@,e,p).

xEP,u>0

Observe that solution x;; = 1 /n is in the relative interior of P. Since all the constraints are affine,
Slater’s condition is satisfied. Thus the optimum value of the infimum of Lagrange dual over
8,60, p > 0 is exactly equal to the optimum of (37).

The KKT conditions for the Lagrangian imply
Yi_g=0 Vied
Ui

Bi Vjj e 9i/wi Z pj + 91']‘ =0 V(i,j) e AxG.
jeg

The KKT conditions imply that u; = w;/p; for each i € A maximizes the Lagrangian. For the
supremum over X, u in (34) to stay finite, the second KKT condition is necessary and sufficient.
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Substituting these conditions in the Langrangian gives the following convex program.

inf  f(8)+ Y_pj+ Y (wilogw; —w;) — Y wilog B;

P30 jeG icA icA
pj = Bi vjj e~/ Wi ¢ 91']' V(i,j) eEAXG
p,B3,60=>0

Observe that we can remove 8 from the above program while making the first constraint an in-

equality. By substituting r; = log pj, v; = — log B, the above program is equivalently to
inf f(6)+ ) i+ ) wivi+ ) (wilogw; —w;)
el jeg icA icA

5.
ri+ i+ JJ > logvy V(i,j) € AxG.

As (Weighted-Primal) involves an infimum over §, whenever §; < 0, we can increase it to J; = 0
without increasing the value of f(4) and maintaining feasibility in the above program. Using this
observation and taking an infimum over é gives (Weighted-Dual). O

Lemma 26. The optimal value of (Weighted-Dual) is the same as that of (CVX-Weighted)|

Proof. Let Eij be the Lagrange dual variable associated with constraint r; + y; + 6; > loguv;; of
(Unweighted-Dual) and let y;; be the Lagrange dual variable associated with constraint ;; > 0.
The Lagrangian of (Weighted-Dual) is defined as follows

N , . Jj
L(r,v,8,b,7) =Y ¢1+ Y wivi+ ) 6+ bjlloguv; —rj—vi— 1)
j€g icA ji€G i Wi
=Y S+ ) (wilogw; — w;)
j€g icA
| A A .
=) (1= (Y bip)rj) + ) viwi =Y by) + ) 6(1—7— ) i)
j€g icA icA j€g j€g iceA 1
+ Zf?ij logv;j + Z (w;logw; — w;).
i icA
The Lagrange dual of (Weighted-Dual) is given by
g(f), 7)= _inf L(r,~,4, b, T). (38)

6>0,r,y

One can verify that Slater’s condition is satisfied by (Weighted-Dual). So, the supremum of (38)
with b, 7 > 0 is equal to the optimum of (Weighted-Duall).

The KKT conditions for the Langrangian imply

erf—ZEijzo

icA

wi—Zfaij:O

j€g
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I D

jea Wi

The KKT conditions imply that the minimizer for ; is given by r; = log < Y. f)ij> . For the infimum
icA
v 131-]- foreachj € G
icA

over -, d to stay finite, the conditions w; = }, 131-]- foreachi € Aand 1 — T =
j€g i

are necessary and sufficient. Substituting these conditions in the Lagrange dual, we get

<Z Eﬁ) + Z Z Bij + Z(wilogwi — wl-)

icA jeGicA icA

sup Zf)ij logvij — Y ) f)ij log

b, i,j jeGicA

ZEij = W;

jeg

Observe that the supremum in the above program can be switched to maximum because the fea-
sible region is compact and the objective is bounded. Also, };; bij = }ic 4 w; for any feasible b.

Finally, substituting b;; = sz’i and g; = Y ;c 4 bij, we obtain |(CVX-Weighted)| O
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