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ENHANCEMENT OF ELECTROMAGNETIC FIELDS CAUSED BY
INTERACTING SUBWAVELENGTH CAVITIES

JEAN-FRANCOIS BABADJIAN, ERIC BONNETIER, AND FAOUZI TRIKI

ABSTRACT. This article is devoted to the asymptotic analysis of the electromagnetic fields scattered
by a perfectly conducting plane containing two sub-wavelength rectangular cavities. The problem is
formulated through an integral equation, and a spectral analysis of the integral operator is performed.
Using the generalized Rouché theorem on operator valued functions, it is possible to localize two types
of resonances, symmetric and anti-symmetric, in a neighborhood of each zero of some explicit function,
associated to the limiting geometry. For the symmetric modes, the fields in the cavities interact in
phase, and the system of two cavities essentially acts as a dipole. In the anti-symmetric case, the
fields oscillate in anti-phase, and the system behaves like a quadripole. Asymptotic expansions of the
resonances, the far-field and the near-field are given.

KEYWORDS: Resonances, generalized Rouché theorem, integral operator, asymptotic expan-
sion

2000 MATHEMATICS SUBJECT CLASSIFICATION: 31A10, 35J05, 47A56, 34E05, 78A45

1. INTRODUCTION

The interaction of light and rough metallic surfaces gives rise to fascinating phenomena, such as trans-
mission of light through subwavelength apertures [9, 15, 13, 16], or such as Surface Enhancement Raman
Scattering [5, 6, 7, 11]. The optical excitation of resonant modes can lead to a concentration and lo-
calization of energy in volumes much smaller than A3, where A is the wavelength of the incident light.
Potential applications are numerous, in particular to near field microscopy.

We are interested in metallic surfaces that contain parallel slits, which have been studied experimentally
in [5, 6]. Our objective is to understand the role played by the rugosity of the surfaces in the creation
of resonant modes. The case of planar devices with rectangular cavities is particularly interesting. On
the one hand, they can be manufactured with controled precision by current lithographic processes at
the appropriate scales, and are widely used in opto-electronics. On the other hand, their simple geom-
etry allows one to develop the mathematical analysis very far. Experimental results suggest that the
amplification factors of the fields depend on the width of the cavities. In [8], the case of a half plane
containing a single cavity of width w was considered. The authors studied the asymptotic of the Green
function as w tends to zero using techniques based on integral representation [3, 18, 10], which are well
adapted to such geometry. The limiting Green function turns out to be that of an infinite half plane on
which a dipole is placed. The present paper extends the analysis of [8] to two sub-wavelength cavities
separated by a sub-wavelength distance, and studies the interaction between the cavities.

Let us briefly summarize our analysis and the main results. Due to geometrical considerations and to
the choice of a time harmonic incident field [5, 8], the scattering problem can be reduced to a Helmholtz
equation. Using the Green formula we reformulate the Helmholtz equation as a system of integral
equations (2.11)-(2.12) defined on the aperture of the two cavities, for the normal derivatives of the
solution u. The operator-valued matrix S, (k) associated to the system depends on the width w of
the cavities and the frequency k of the incident field. The kernels of the integral operators combine
the Green functions of the Helmholtz operator in the rectangular cavities and in the upper half plane
which are explicitly known. It is thus possible to derive a rigorous asymptotic expansion of Sy, (k) with
respect to w (Lemma 3.2), and to ensure the invertibility of its dominant term in suitable fractional
Sobolev spaces. Based on Fredholm theory we prove that the scattering resonances of the two cavities
are exactly the poles of S, !(k). Using the generalized Rouché Theorem for meromorphic operator-
valued functions (see [12] and the recent monograph [3]), and the asymptotic expansion of S, (k), we
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localize the resonances in the lower half complex plane (Theorem 4.10), and derive their asymptotic
expansion (Theorem 4.11). Precisely, we prove the existence of two types of resonances. The first type
corresponds to a symmetric mode with an imaginary part of order O(w), the second type corresponds to
an antisymmetric mode with a smaller imaginary part, of order O(w?), which leads to a much stronger
electromagnetic enhancement (see Theorem 4.11). This partition of the resonances results from the
near-field coupling of the cavities, and confirms the experimental results observed in [7]. Using again
the generalized Rouché Theorem we derive the asymptotic expansion of the field u far from and close to
the resonances (Theorems 5.1-5.4). When the frequency is far from the resonances, the field is essentially
the same as without cavities. However, when it is close to the resonances, the radiation pattern strongly
depends on which mode is excited. Indeed, if the symmetric mode is active, then the scattered field u
behaves asymptotically like that of an infinite half plane on which a dipole is placed, as in the case of a
single cavity. When the anti-symmetric mode is excited, the singularity is that of a quadripole. Finally,
we perform an asymptotic expansion of the field inside the cavities (see Remark 5.7). In particular, we
show that the field u actually concentrates in the cavities when the frequency is close to the resonances.
Moreover we prove that close to the symmetrical mode, the field has the same sign in both cavities,
while close to the anti-symmetrical mode it has opposite signs.

The paper is organized as follows, we state the scattering problem in section 2, and reformulate it as
an integral equation. Section 3 is devoted to the asymptotic expansion of Sy, (k) as w goes to zero. In
section 4, we derive useful qualitative properties of the operator-valued function k — S,,(k), as well as
the asymptotic expansion of S;; (k) and the scattering resonances when w is close to zero. Based on the
previous results we give in section 5, the asymptotic expansion of the scattered field in different regions
of the scattering domain. Finally, in the appendix, we recall some results of Ghoberg and Sigal [12] on
the operator version of the Residue theorem.

2. PROBLEM FORMULATION

Let Q C R? be the domain defined by
Q = Q.UC,UC,UT; UTy,
where (), is the upper half-plane Ri, C;, i = 1, 2, are the rectangular cavities:
Cy:=(—(d+ Dw,—(d - 1w) x (= h,0), Cy = ((d—1)w,(d+ Dw) x (= h,0),

and I'; denotes the aperture of C;, ¢ = 1, 2, i.e.,

Iy = (—d+Dw,—(d-1w)x{0}, Te = ((d-1w,(d+1)w)x {0}.
A
Qe
Dieletric
Ty Iy
Conductor
Cl C(2

The cavities C;, i = 1,2 are illuminated by a source f € L?(€.) with compact support in Q.. In
the harmonic regime, and under the same assumptions as in [8, 6], the Maxwell equations that govern
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the propagation of electromagnetic fields in the scattering domain €2 reduce to the following Helmholtz
equation
Au+k?u = f inQ,

ou
W 0 on %Q, (2.1)
Jim (C;j(m) - ikum) —o,

where u(x) represents the component of the magnetic field in the transverse magnetic polarization.

It is known that the problem (2.1) has a unique solution whenever Im(k) > 0 [2]. The mapping
R(k) : f — u defines an operator-valued function which is holomorphic in Im(k) > 0. It has a
meromorphic extension to the whole complex plane, except for a countable number of poles: These
values of k are the resonant frequencies. In other words, they are the values k for which (2.1) has non-
trivial solutions when f = 0. The space of such non-trivial solutions, called characteristic functions,
has finite dimension. When the pole k; is simple, the solution operator R(k) can be factorized in the
form

where R_; ; is a finite rank operator, and where Ry ;(k) is an operator-valued function which is holomor-

phic near k; [14]. The confinement of the electromagnetic fields around the cavities occurs at frequencies

k € Ry close to Re(k;), if the imaginary part Im(k;) is small enough. In this case \Ili’(,if)l“ represents

the factor of enhancement of the fields. Experimental results (see [5] and references therein) show that
when the width of the cavities is smaller than the wavelength, the resonant frequencies are close to the
real axis. In [8], the resonnant frequencies to a simple cavity have been studied, as the cavity width
w — 0. Precisely, it is proven there that Im(k;) = O(w) as w — 0. The imaginary part of the resonant
frequencies also represents the lifetime of the confinement phenomena (see section 2.1 in [8]), which
plays an important role in applications.

Recently, it was shown in [7] that a system of two deep identical cavities at subwavelength distance
could produce resonant frequencies much closer to the real axis than those created by a simple cavity.
Thus the optical excitation of such resonances can lead to a larger factor of concentration of the elec-
tromagnetic fields near the cavities. In this work, we analyse how the interplay between the fields in
two cavities may cause such phenomena.

2.1. Fractional Sobolev spaces. Let s € R, we denote by H*(R) the space of tempered distributions
u € 8'(R) with Fourier transform @ € L2 _(R), and

loc

ey = [ (14 IR de < +oc.
Let I be a bounded and open interval in R. The sobolev space H*(I) is defined by
H(I) :={u € (C>*()) : u="U|; for some U € H*(R)}.
It is endowed with the norm
[ullgs(ry = f{|U]|g=r) : U € H*(R), Ul = u}.

It follows that H*(I) (resp. H®(R)) equipped with the norm || - ||gs(p) (resp. || - [|gsm)) is a Hilbert
space. We also denote by H*(I) the closure of C2°(I) in H*(R) so that H~*(I) = [H*(I)] and H~*(I) =
[H?(I)] (see [17, Theorem 3.30 (i)]). Moreover, by [17, Theorem 3.29 (ii)] we have that

H*(I) = {u € H*(R) : Suppu C I},
and when s > 0, [17, Theorem 3.3] asserts that
H*(I) = {u e L*(I) : @ € H*(R)},

where 4 denotes the extension of u by zero outside 1.
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In the sequel we will mostly be concerned with the cases s = £1/2; in particular, it is proved (see
[17, Theorem 3.30 (ii)]) that H'/?(I) can be identified to the space of functions u € L?(I) satisfying

//|u o |2 d:cdy<+OO

If ¢ € I?fl/Q(I) and f € H'2(I), we will denote by (¢, f) the duality product between f]’l/z(I) and
H'Y/2(I). Similarly for vector valued functions, the duality product between [H~1/2(I)]? and [H'/?(I))?

will be denoted by (¢, f) := (¢1, f1) + (d2, f2) whenever ¢ = (¢1,¢2) € [H~/>(I)]? and f = (f1, fo) €
[H'2(I)]?.

2.2. The Green functions. Fix a source point y € ., and consider G, the Green function of the
Helmholtz operator in €2, with a homogeneous Neumann boundary condition and a Sommerfeld radiation
condition at infinity, i.e.,

AG(-5y) + K2Ge(-1y) = 6,()  in Q,

0Ge, |
v ( 7y) =0 86(;11 8967 (22)
|z|li>n+loo Vial < or (23 y) — ik Ge(z; y)) =0.
It is known that
) i )
Gelrzy) = =g Ho" (W =) = THs" (kl — ). (2.3)

where § = (y1,y2) is the symmetric of y = (y1,y2) with respect to the y;-axis, and H(()l) stands for
the Hankel function of first kind and zero order. We introduce the function u.(z) € Hy.(Q.) solution
to

Aue +k*u. = f in Q.,

Oue
% 0 on ;Qe,
. U _
M VRI(20 - hnio) -
which may be represented as
/Q Ge(z;y)f(y) dy. (2.4)

Let G; (i = 1, 2) be the Green function of the Helmholtz operator in the cavity C;, with a homogeneous
Neumann boundary condition, i.e.,

AGi(-;y) + k2Gi(3y) = 0,(.)  in Gy,
0G; (2.5)

ﬁ(,y) =0 ondC;.

For k2 # (%)2 + (”—;)2, the Green functions GG; and G5 have the following spectral decomposition

Grlog) = 2 5 conCF (o rd e D) cos (5 (8 v 1) con (um (5 1)) con o (8 +1)),

m,n=0 kQ_(ﬂ) _(T)
and
cos m" T —d+1))cos (%" (L —d+1))cos (nm (% +1))cos (nm (¥ +1
Golasy) = whz (% ) (25 mﬂ))m(2 (5 + 1)) cos (nm (3 + 1))
mon=0 k2= (52)" = (55)

Remark 2.1. Since uw and G;, ¢ = 1,2 depend on w and k, we sometimes write u(x; w) and G;(z; y; w, k), ¢ =
1,2 respectively in place of u(z) and G;(z;y), i = 1,2 to emphasize the dependence on these parameters.
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2.3. Integral representation. In this section, we derive an integral representation of w(z) that is
equivalent to the problem (2.1). Multiplying equation (2.1) by G.(z;y), integrating over €, and using
the Green formula in €2, implies that for every y € .

wly) = /Q F(2) Gl y) dz = /Q [Au(z) + Ku(z)] Ge(: y) da (2.6)

e

- /Q [AG.(2;9) + K2Ge(w;9)] ule) de

+ [ |G Gtan) - e i) dote)

ou
= )= [ @0 Gulan Oy don, (2.7
I'yul's T2
where we used equations (2.2) and (2.1) in the last equality.
Similarly, multiplying (2.1) by G;(z;y), integrating over C; and applying the Green formula in C;
together with equation (2.5), and noting that f is supported in 2., leads to
ou

0 =uly)+ | =—(21,0)Gi(x1,0;y)dxy for every y € C;. (2.8)
T, 61'2

Since u € H} (Q) and Au = f — k*u € LE _(9), it follows by elliptic regularity that u € HZ_ ().
Sobolev imbedding implies that u is a continuous function on I';;7 = 1,2. Hence, letting y tend to

Iy UTs in (2.7), letting y tend to I'; in (2.8), and taking the difference, we infer that for every y; € I'y
ou

~—(21,0) [G1 + G¢] (71,05 y1,0) dxy
r 63:2
ou
7($170)G€(x170;y170) d.’L‘1 = _U’E(ylao)a (29)
I O0x2
and that for every y; € I's
ou
37(961’0) [G2 + Ge] (21,05 1,0) dry
r, 022
ou
+ 7(1'170)(;6(50170;:’41,0) dxl = 7ue(y170)' (210)
r 81‘2
Next, we rescale both previous equations. To this end, we set
r = (-1,1),
and forz € T
ou 1
o1(x) = —(wzr—wd,0), gi(z) = ——uc.(wx —wd,0),
0z w
ou and 1
Gola) = 5 (wr+wd,0), 02(2) 1= —uelwr -+ wd,0).

From (2.9) and (2.10), we deduce that for every y € T’

/F {61+ Gel (wr — wd, 050y — wd, 0) 61 (2) + Ge(wz + wd, 05wy — wd, 0) 6a(x) } do = g1 (y) (2.11)
and

/F { [Gs + Ge] (wz + wd, 0; wy + wd, 0) ¢o(z) + Ge(wa — wd, 0; wy + wd, 0) ¢1(x)} dz = go(y). (2.12)

Let us define the 2 x 2 matrix-valued kernel
[G1 + G,] (wx — wd, 0; wy — wd, 0) G.(wz + wd, 0; wy — wd, 0)
Sw(x7 Y, = (2 13)

G.(wz — wd, 0; wy + wd, 0) [G2 + G, (wz + wd, 0; wy + wd, 0)
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r, € [HY2(T;)] = H~Y2(T;) and thus ¢; and

Since u € H}}.(€2) and Au € L, (), it follows that %
¢> € H-V2(T).
Consequently, it is natural to define the integral operator S, (k) : [H~'/2(I")]? — [HY/?(T)]? by

Su(k)o() = / swl@,y,k) $(y) dy,  for every ¢ = (¢1,62) € [H/2(D)P. (2.14)

3. ASYMPTOTIC EXPANSION

In this section we derive an asymptotic expansion of the kernel s,, and of the associated integral operator
Sy (k). This can be achieved thanks to the explicit expression (2.13) of s, using standard tools of pseudo-
differential analysis (see [20]). In the sequel, we fix wy > 0 and set 7 := (27TTO) In the complex plane,
D, (a):={z € C: |z —a| < r} denotes the disc centered at a and of of radius > 0. If a = 0, we write
D, := D,(0) and D; := (C\R_)N D,.

Lemma 3.1. For every (w, k) € (0,wp) X D;t) the kernel s,, has the following asymptotic expansion:

+oo +oo
su(T,y, k) = 0u(k) + s(z,y) + s1(z,y)w + Y su(@,y, k)w” + Y ta(w,y, kw" Inw,  (3.1)

n=2 n=2

where
M+52+l(1nk+lnw) 5+l(lnk+lnw)
ew(k) = w 1 T k T 1 ) (32)
d+ —(Ink+Inw) &+52+7(lnk+lnw)
71' w ™

is a constant 2 X 2 matriz, a(k) is a complezx function defined in (3.11),
sin (%(w - y))‘ sin (Z(x +y+ 2)) ‘ ] I

1
o1 —In|z —y+ 2d|
+| T . (3.3)
—In|x —y — 2d| 0
77

1
s(z,y) = - In [4|m -y

is a matriz valued kernel independent of k, 6;, 1 = 1,2 are constants to be fized later (Remark(4.6))
satisfying 01 4+ 62 = 0, i = 1,2 where § is the universal constant defined in (3.8).

1/2 |z—yl+z+y+2 (z—y)?+(x+y+2)?
—_-(z_ I.
Moreover, for every n > 1, there exists functions fy, g, and h,, defined in (3.7) and (3.15) such that
52n<xay7 k) = (f2n($_y7 k)+h2n(m_yak)+h2n(x+y+27 k))l
0 fon(z —y +2d, k)
+ , (3.4)
fon(x —y —2d, k) 0
82n+1($, Y, k) = <h2n+1(x - Y, k) + h2n+1(x + Yy + 27 k))Iv
and
gon(x =y, k) gan(x —y+2d,k) 0 0
t2n($7ya k) = ’ t2n+1($,y,k) = 0 0 .
gon (7 —y — 2d, k) Gon (T — ¥, k)
Finally, there exists a constant C1 > 0 (that only depends on wqy) such that for every k € Dj;,
+oo +oo
Hs1w + nz_;sn(., S k)w™ + nz::ztn(-7 S k)w™ Inw 01 (xT) < Crw. (3.5)
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Proof. We consider the asymptotic expansion of the Hankel function near zero (see [1, page 360]),

X (=22 /4 ;I [ _.2/)n
o= G0} (£ 550°) - E(£5) S

where v is the Euler constant. For every t € R, we thus obtain

. +oo +oo
—%Hgl (kwlt]) = 8 + — (lnw—an) 1n|t\ + 3 fonlt B0 + 3 gon(t, K Inw  (3.6)
n=1 n=1

where, for each n € N*,

= 7 | — _ 1 1 ny2n
fan(t, k) E - +7md+1n|t| +nk | £5"",

2
Sy i 0
gon(t, k) == geeEn ke,
and where
d:= —%—F%(y—ln?). (3.8)

Note that go,(-, k) € C*°(R) for any k € C, while go,(t,-) is analytic in C. On the other hand, since
the function t — t?In|t| is of class C1(R) for any v € [0,1) (see [8]), it follows that fo,(-, k) €
Cn=LV(R) N C®(R \ {0}) and that fa,(t,-) is analytic in C \ R_. Moreover, there exists a constant
C > 0 (depending only on wy) such that for every (w, k) € (0,wo) x D},

+oo
Z | f2n (-, ) lcon (-a,apw? ™ < € and Z 1920 (-, k)|l co ((—a,apyw?™ ™% < C.
n=1
Consequently, the limits
+oo
f(t kyw) ngn (t, k)w* and g(t, k,w) Zggn (t, k)w* Inw (3.9)
n=1
exist and furthermore
Hf(-,k,w)\|co,1([,4’4]) S C’w2 and ||g(~,k,w)||co,1([,4’4]) S C’U)2 Inw. (310)

Note that provided w € (0,wyp), the first series in (3.9) (as well as its first derivative with respect to
t) converges uniformly as a function of (¢, k) € [—4,4] x D;t. Consequently, f(-,k,w) € C**([—4,4]) N
C>([—4,4]\ {0}) for any k € D;\, and the function f(t,-,w) is analytic in D;} for every ¢ € [—4,4].
Arguing similarly for the second series in (3.9), we can show that g(-, k, w) € C°°([ ,4]) for any k € D},
and that g(¢,-,w) is analytic in D;; for every t € [—4,4]. As consequence, we infer from the definition
of G, that

Ge(wzx —wd,0; wy — wd,0) = Ge(wx + wd, 0; wy + wd, 0) = —%Hél)(kw|x —y|)

= 0+ — (lanrlnk) ln|x—y|

“+o0
+ Z fon(z — v, k)wQ" + Z gon (T — v, k)wQ" Inw,
and that
Ge(wx £ wd,0; wy Fwd,0) = sz(l)(kwpc —y=+ 2d|)

= 0+ — (lnw—i—lnk) 1n|w—y:i:2d|

+oo too
+ Z fon(z —y £ 2d, K)w?™ + Z gon(z — y £ 2d, K)w?" Inw.

n=1 n=1
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We now turn our attention to the Green functions inside the cavities. From the expression of Gy
and Go, we have

Gi(wz — wd,0;wy —wd,0) = Go (wm—i—wd 0; wy + wd, 0)
Z cos "”r(x—i—l)) cos (2 (y + 1))
whmn 0 (7;7:)2_(%)2
We define
2 X 1
nL w k E;

m 2 nm 2°
- (50)" - (%)
When m = 0, we observe that Ro(w, k) = a(k), where
1
i1 11
a(k) v (kh + cot(k:h)) (3.11)
while for m € N*, R, (w, k) has the following asymptotic expansion as w/m tends to zero:

2w w?
T am thmz an mn’ (3.12)

where p,, (k) are suitable nonnegative constants which depend on & in an analytic manner. Actually,
one has

400 2n
1 2wk
Rn(w, k) = —ja3 2 <m)
n=1
+oo n—1 om
2w 1 1 2wk )
mm +;n' }:[()(2+]> (mﬂ') {1—6_2h (M)z_kZ }a

2w

Ron(w, k) =

which indeed can be expanded as a series of =. Thus, from (3.12), there exists a constant C’ > 0 (that
only depends on wy) such that

an — < C’f (iﬁ)n (3.13)

n=2

Note that the previous series converges when m € N*, w < wg and k € D,,, (recall that rog = 7/(2wy)).
Using (3.12) and the definition of G and G4, we immediately deduce that

Gi(wr —wd, 0wy —wd,0) = Gy(wz+ wd,0;wy + wd,0)
B @_1 io cos( o (@ — ))+cos(%(w+y+2))
w T m
2 X cos (2 (x —y)) +cos (B (x +y+2))
———w
71'2]7, m=1 m2
= 2 cos DT (z—y)) +cos (BE(z+y+2
3 e (Z (3o = )+ oos (52 DAY
n=2 m=1

As a consequence,

Gi(wr —wd, 0wy —wd,0) = Gy(wz + wd,0;wy + wd,0)
_oak) 1 . (T . (T
- 2 L (o) o (e +9)
w gi|m—y|+x+y+2+(x—y)2+(x+y+2)2
h \ 3 4 8

+Z x,% +hn(z+y+2>k)}wnv (314)
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where we defined

COb (mﬂ't)

Z pa(k)— 5 (3.15)

From [8], we know that for each k € C, the function ho(-, k) € CH¥(R) NC>(R \ {0}) for any v € [0, 1),
and thus by iteration, the functions h,, (-, k) € C" 1(R) N C>°(R \ {0}) for every n > 2. Moreover the
function hy, (¢, -) is analytic on C for every ¢t € R. Using (3.13), we observe that for w < wg and k € D,,,
then

+00 400 1 I X ok
—2
ZHh E)llcor ((—a,4w™ < w2 Z an mr = w2 Z Z( )
n=2 m=1n=2 m=1n=2
C'n? S~ (2wk n<0”
6w? =\ -

for some constant C” > 0 depending only on wgy. Hence we deduce that the limit

h(t, k,w) Zh (t, k)w (3.16)

exists and that
(-, kyw)||con (—a.4)) < C"w7. (3.17)
Since the series (3.16) is uniformly converging as a function of (¢,k) € [—4,4] x D,,, it follows that
h(-, k,w) € C([—4,4]) N C>=([—4,4] \ {0}) for every k € D,, and h(t,-,w) is analytic in D, for every
€ [—4,4)].
We define 0,,(k), s, s1, sp and t,, (for n > 2) as in the statement of Lemma 3.1, and let

+oo +o0o
pu(T,y, k) == s1(z,y)w + Y su(@,y, )w™ + Y to(z,y, k)w" Inw. (3.18)
n=2 n=2

Thanks to (3.9) and (3.16), we deduce that for every w € (0,wp), both previous series are uniformly
converging in I' x T' x D} as functions of (z,y,k). Consequently py(-,-,k) € C*(T x T) for every
ke D;g and py,(z,y, ) is analytic in Djo for every (x,y) € T x I. Finally, s,, expands as announced in
(3.1), and from (3.10) and (3.17) we immediately deduce (3.5). O

For every ¢ € [C2°(T')]2, define the following integral operators
©u)ola) = 0ulk) [ olu)dy
s(z,y) d(y) dy,
s1(w,y) ¢(y) dy,

sn(x,y, k) o(y) dy,

A
S
o
— 55— 55—

T.(k)o(z) = / (2,5, k) 6(y) dy.

We now deduce from Lemma 3.1 an asymptotic expansion of the integral operator S, (k).

Lemma 3.2. For every (w,k) € (0,wg) x D
erpansion:

the operator S, (k) admits the following asymptotic

o’

—+o0 +oo
Su(k) = Ou(k) + S+ S1w+ Y Su(k)w" + > Tu(k)w" Inw,

n=2
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where Sy, 8, (k) and T,,(k) are compact from [H=/2(T')]2 to [H'/2(I')]2 and
“+o0 “+oo
HSlw + ZSn(k)w” + Z T (k)w™ lan < Cyw, (3.19)
n=2 n=2

for some constant Cy > 0 depending only on wyg.

Proof. Let x € C(R;[0,1]) be a cut-off function satisfying x(¢) = 1 for every ¢t € I'. For any integer
n > 2 and every (z,y) € R x R, define

{ gn($7 Y, k) = X(x)X(y)sn(xa Y, k)’
{n(xa Y, k) = X(x)X(y)tn(xa Y, k)

Denoting by o,, and 7, the symbols of §,, and ¢, respectively, on can check that o,, and 7,, belong to the
class of symbols S7 ¢ and thus (see [20, Chapter II]), it follows that the associated integral operators

S, (k) and 7,,(k) defined, for every ¢ € [C2°(R)]?, by
Su1)0(w) 1= [ Swnk) o)y and T (0)0la) = [ F k) o) dy

are bounded from [H~'/2(R)]? to [H" '/2(R)]%2. As a consequence, the operators S, (k) and 7, (k)
defined above are bounded from [H~Y/2(I))2 to [H" /2(I")]2, and using the compact imbedding of
H™ Y2(T) into HY/2(T') for n > 2, it follows that they are actually compact from [H~1/2(I')]2 to
[HY/2(I')]2. From [8] we also know that the integral operator Sy is compact from [H~1/2(I')]? to
[H'/%(T")]2. Moreover, thanks to (3.1) and the Dominated Convergence Theorem, the operator S, (k)
has the expected asymptotic expansion for (w,k) € (0,wo) x D} . Finally, according to (3.5), the
operator

+o0o 400
R (k) := Syw + Z Sp(k)w™ + Z Tn(k)w"™ Inw,
n=2 n=2

is an integral operator with kernel p,(z,y,k) given by (3.18), and we have ||R,(k)|| < Caw where
C5 > 0 is a constant depending on wy and Cj. O

4. AsymptoTIC OF S,;'(k) AND OF THE RESONANCES

Let S : [H™Y2(I)]2 — [HY/2(I)]2 be the integral operator associated to the kernel

sin (g(acfy))‘ sin (z(x+y+2))H L

4
The following result is proved in [8](see Lemma 5.1).

1
—In [Iw*yl
™

Lemma 4.1. The operator S is invertible from [H~Y/2(I)]2 to [H'/2(I"))2.

Theorem 3.2 implies that for every (w,k) € (0,wo) x D;t, we have Sy,(k) = Ou(k) + S 4+ Ry (k)
where

the matrix 6,, (k) is defined in (3.2), and e; = (1,0), e2 = (0, 1).

Theorem 4.2. The operator valued function k — S, (k) is finitely meromorphic and of Fredholm type
1
in C\ R_, its poles are {£((%F)? + (%=)*)® : n,m € N}. The operator Sy, (k) is invertible from

2w

[H=Y/2(T)]2 to [HY2(I)]2 for Im(k) > 0. Moreover the operator valued function k — Sy'(k) is finitely
meromorphic in C\ R_ and its poles are exactly the resonances of the open cavities.

Proof. By the expression (2.13) of the kernel s,,, it is clear that the poles of S, (k) are exactly {+((2%)%+

1
(32)2)% : n, m € N}. Expanding the operator S, (k) as a Laurent series around each of these poles
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implies that the range of the operator that consists in the multiplication by 1 — is of

ket ((52)24-(pm)2)

2w

dimension two. The range of that operator is actually the vector space spanned by the function
mm
cos (7@ + 1)) (e1+e2), mel.

This implies that S, (k) is finitely meromorphic in C\ R_.
Now, according to Lemma 3.2, the only term independent of k in the previous Laurent series, is the

operator
o 52 + lnﬂw 5+ lnﬂw <.,€1>
-AO = < 5+ lnﬂw (52 + In w <.,62> +S+81U}

™

We remark that the following kernel

1
91 +1n(4) —Injz —y+ 2d|
™
1
—Injz —y— 2d| 01 + In(4)
71'

belongs to C°°(T x T) and so the corresponding integral operator is compact from [H~/2(I')]2 to
[HY/2(I')]2. 1t follows that S is a compact perturbation of S which is invertible from [H~/2(I)]2
to [HY/?(T")]? (Lemma 4.1). Since S; is compact (Lemma 3.2) the operator Ay is also a compact
perturbation of S and so it is a Fredholm operator of index zero. Consequently, the operator valued
function k — S, (k) is of Fredholm type of index zero as well (see the appendix). The invertibility of
the operator Sy, (k) for Im(k) > 0 is a consequence of the fact that the equation (2.1) admits a unique
solution for such frequencies k. Finally, we deduce from the Steinberg Theorem (Theorem 6.3) that the
operator valued function k +— S, !(k) is finitely meromorphic in C \ R_ and its poles are exactly the
resonances of the open cavities. ([l

Let S : [H~Y/2(I')]2 — [H'/2(I)]2 be the integral operator with kernel

1
1 0 —In|x —y+ 2d]
(T (T 7r
fln[4|x—y\‘sm(1(x—y))"sm(z(x—i—y—l—Q))HI—i— 1
i —In|x —y — 2d| 0
m
Let fl(;l/2(1—\) denotes the space of functions ¢ in H~1/2(I') satisfying Jre(x)de = 0.

Lemma 4.3. S is Fredholm of index zero on [H~Y/2(D)]2. In addition, S is coercive on [I?O_l/g(I‘)]z,
i.e.,

~{0.5¢) 2 CllolPg 1oy Vo € Hy (O, (4.1)

where C' > 0 is a fized constant.

Proof. The operator S is a compact perturbation of S and so is Fredholm of index zero on [H~/2(1))2.

Let ¢ = (¢1,02) € [HY/2(I)]? and define

1 T
W@ = —o(Zrd ey,
P1,w(T) w@l(er ) xely
1 x
@) = (X —d I
P20 () w<P2(w ) wely

We consider the solution v to the following Helmholtz equation

Av+k2v:0 in Q. UCy UCy,
Op, V|4 = Ogyv|— = @14, 0n Ty
Opy V|4 = Opy¥|— = @24 on Iy, (4.2)
ov
5 =0 on 8;2,
v

lim  )z] [ Z(x) - —0.

\z\ln-il-oo || <8r (x) zk‘v(x)) 0
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Multiplying v in the equation (4.2) by G.(z,y) and integrating by parts we obtain

2
> / Ge(z,y)0iw(y)do(y), =€ Q.. (4.3)
—1 JTy
The Green formula inside the cavities yields
Wa) = - [ Giewpaliol), weCi =Lz (4.4)
Ir;

Taking the difference between the traces of the equations (4.3) and (4.4) on both sides of I';, we obtain

Z/ (x,y) + 6;;Gi(x, y))%w( Ydo(y), ze€ly, j=1,2, (4.5)

where [v(z)] = v|; —v|- and d;; is th Kronecker’s delta. Now, we fix k = i = v/—1. Due to the explicit
expression of G, (equation (2.3)) one can easily check that when k = i, the function v(x) belongs to
H'(Q.). Thus, multiplying the equation (4.2) by ¥ and integrating over 2. leads to

v(x)Pdz 2:10:7 iw(2)T o .
/Q|V<>|d+/9\<|d Z/so L4 (@)do(z). (4.6)

e e

Similarly, multiplying the equation (4.2) by ¥ and integrating over C; implies

/\Vv |dx+/ lv(z)Pde = /Figoi,w(x)ﬂ(sc)da(x). (4.7)

Adding the equations (4.6) and (4.7) we obtain

2

/Q Vo(z)[2dz + /Q @) = -3 /F 10 (@) 0@ dor (). (4.8)

i=17/Ti
Replacing [v(x)] by its expression in (4.5) and rescaling the right hand term in the last equation with
respect to w, we find

[ IVo@Pde+ [ jo@)de = (e Suli)e).
Q Q

On the other hand we have (see [17])

Ol 1o = ClOestlly—ss2(00,) < /Q Vo) Pde + / lo(a)|2da,

e

where C' > 0 is a constant independent of w. Combining the last two equalities yield

0, Su@)0) 2 CllplZy oy (49)
Since ¢ € [Hy '/*(I")]?, Lemma 3.2 implies

S () — So, as  w — 0.

Taking the limit of the equation (4.9) as w tends to zero we obtain the desired result.

Lemma 4.4. Let T : [H~Y/2(T")]2 x R2 — [H'/2(")]2 x R? be the integral operator defined by

T(W,a) := (§1/1—a,/F1/1(x)d$).
Then, T is invertible.

Proof. Since S is Fredholm of index zero T is also a Fredholm operator with zero index. Thus, we
only need to prove injectivity. In fact, if S —a = 0 and fF x)dx = 0, then (¢, S’L/)) = 0. The
inequality (4.1) implies that ¥ = 0 and consequently a = 0. Thus T is invertible. d
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Let ¢ = (¥1,%2) and a. = (a1,as) be the unique solution to the following system
T('l/}eaae) = (anl)v

Let e = (Ya2(—2z),91(—2)) and G. = (az,a1). By taking into account the symmetries of the kernel
of S we obtain

T(i/;e, ae) = (Oa 62)'

T~heorem 4.5. Let 61 be a fized real constant such that 01 # —ay + as. Then, S is invertible from
[H~/2(D)]? to [H'/2(T))2.

Proof. 1t follows from the definition of S that S = & ( E" 21; > + 5. Lemma 4.4 implies that S is
- €2

of Fredholm type with index zero. Thus, we only need to prove injectivity. Assume that S = 0 with
o € [H V%)% Let

Po = ¢ = (p,e1)Pe — (; €2)%e.
Then, ¢ belongs to [1310_1/2(1“)]2 and satisfies

8. 01 +a1 as
Sepo = —( as 51 + ay )/Fﬁp(x)dfﬂ-

Consequently (g, §g00> = 0. We deduce from Lemma 4.3 that ¢g = 0 and hence ¢ is also zero.
|

Remark 4.6. We assume throughout the paper that 61 € R is fized such that 6y # —ay + as. The
constant 02 is immediately determined by the relation §1 + do = J, where § is defined by (3.8). Notice
that the constants 6;, 1 = 1,2 are independent of w.

Define
Ly(k) =8+ Ry(k). (4.10)

By (3.19) and Theorem 4.5, the operator £L,, (k) is invertible from [H~'/2(I")]2 to [H'/2(T")]? for w small
enough (depending only on wg), and it admits the following asymptotic expansion

+oo
L) (k) = 8> (-Ru(k)S)"™
m=0
= S1o87188 w - ST (k) S M Inw + [S‘leS‘Q - S‘ng(k)S_l} w?
128718, T(k)S 2w Inw + [2 SIS (k)82 — S7183S3 3*153(k)5*1] w?
+ Z Lopn(K)w™ (Inw)™, (4.11)

n>4
m >0
where each L, (k) is a compact operator from [H/2(T')]2 to [H~/2(I")]2, holomorphic with respect
to k € D;f. Moreover, since py(z,y,-) defined by (3.18), is analytic in D for every (z,y) € T x T,
it follows that the kernel of £, (k) is analytic with respect to k € D}, and that the operator valued
function k +— L, (k) is holomorphic in the domain D;f. As a consequence of the Steinberg Theorem
(Theorem 6.3), we deduce that k +— L£,*(k) is holomorphic as well in the same domain D

Remark 4.7. Let ¢ and ¢ € [H™Y/2(I)]? be such that L,(k)¢ = e; and L, (k)i = ey. Using the
expression of the kernel of £, (k) together with the fact that for each n > 1 the function h,(-, k) in
(3.15) is 4-periodic, we infer that ¢;(x) = ¢2(—x) and consequently

<£;1(k)61,61> = (¢, e1) = (¢1,1) = (Y2, 1) = (¢, e2) = <£;1(k)62,62>-
Moreover, since L, (k) is a self adjoint operator from [H~1/2(I")]2 to [HY/2(T")]2, it follows that
(L (K)er,ea) = (L, (K)ez, en).
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Remark 4.8. We define the matrix

Qu(k) =

( (e1, L' (k)ex) (er, L' (K)ea) )
: (4.12)

(e, L (k)e2)  (e1, L, (k)er)

By the previous argument, the mapping k — Q,, (k) is holomorphic, and using the asymptotic expansion
(4.11) of L£,1(k), one can also expand Q,,(k) as

Qu(k) = Qo — Q1w — Qu2(k)w? Inw + Q2(k)w? + Quz(k)w® Inw + Qs (k)w” + Z Qmn(k)w" (Inw)™,

where

(e1,87ter) (e1, S8 tea) (e1,8718:187 tey) (e, 871818 Ley)
QO = ) Ql =
<€1,8_162> <€1,8_161> <€1,S_1S1S_1€2> <61,S_1518_161>

and Q12(k), Qa2(k), Qi3(k), Qs(k) and Qmn(k) (for n > 4, m > 0) are 2 x 2 matrices which are
holomorphic with respect to k.
Let ; := S~ le;, i = 1,2. A straight-forward computation implies that

(the, Spi) _ 0+a a B o
( (JJB,S@Q > a ( a12 1 512+a1 )/F%(x)d:c = e; 1=1,2.

Note that thanks to Remark 4.6, the matrix on the right hand-side is invertible and we have

_ _ 01 +a1 —as ‘ -
<€1+€2’<Pz<— /1"@1(%)(13: = )\0< —ay 51+ ay € 1=1,2,

where Ao = ((01 + a1)? — a%)_l. It follows that
detQo = Ao #0,
and thus, the matrix @) is invertible. In the sequel, we also consider the following quantities
q(ﬂf = <61,S_1(el + 62)>, qljE = <61,S_1818_1(el + 62)>,
aiz(k) = (e1,8 " T(k)S ™ (e1 L e2)),
@5 (k) = {e1,(STI SIS ™2 = S7!Sa (k) S ) (e1 L e2)),
g (k) =2 (e1,87'S1T2(k)S 2(e1 L €2))
and
a5 (k) = (e1, 28T 8182 (k)S™2 = STISIS T — SIS (k) ST ) (e1 L e2))

Note that according to the definition of the kernels of the operators S, S1, Si(k) and 7y, (k) for n > 2,
all the above quantities are real numbers except for g5 (k) and g3 (k) (see (3.4) and (3.7)).

We now derive an explicit expression for the inverse of S, (k).

Theorem 4.9. For w € (0,wy) small enough and k € D

o’

(4.13)

S (k) = L3, (k) = L3 (R0, (R)E () ( & Lo (B)er) )

(-, L5 (K)ez)

where Fy (k) := 1+ 0, (k)Quw(k), 0., (k) is given by (3.2), and Q.,(k) is defined in (4.12). Moreover, the
resonances of the open cavities coincide with the poles of the matriz valued function k — F; (k).

Proof. Let ¢ € [H™Y/2(T")]? and g € [HY/2(I")]2 be such that Sy, (k)¢ = (O, (k)+ L (k)¢ = g. Applying
the operator £, (k) on the left we obtain that

6= LN (k)g — L2V (k)0 (k) ( (@ e1) ) . (4.14)
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0.5

FIGURE 1. The function k — «a(k)

Taking the scalar product of (4.14) with e; € [H*/?(T")]? (i = 1 and 2) and using the fact that £ (k)
is a symmetric operator, we find

<¢,€1>
ka ,E;lkei ,€i) = ,E;lkei.
< ()<<¢,62>> ()>+<¢ ) = {9, L, (F)es)

Decomposing the matrix 6,,(k) on the basis {e; ® ej}i’jzl’Q we obtain the following system

(¢, e1) (¢, e1) (9, L,  (k)er)
I14+0,(k)Q.(k = F,(k = .
(1 0u)2u(®) < (6, es) ) ( )( (6, €s) ) ( (9, L3 (k)es) )

This system is invertible provided that det F,,(k) # 0, in which case we deduce

(¢,€1) (9, L5 (k)ex)
< = F,' (k) " : (4.15)

<¢762> <g,£; (k)€2>
and the anounced expression (4.13) follows from (4.14) and (4.15). Finally, since the operator valued
function k — L£_1(k) is holomorphic in D;! , it follows directly from (4.13) that the poles of S, (k)

ro)’
coincide with those of the matrix valued function k + 6,,(k)F, (k).
The poles of 6,,(k) are the set real values { 2T }n cn and can not be the resonances of the open cavities.
Since for a real frequency k, the problem (2.1) is well-posed. By a simple calculation one can verify that
{"T”}n ¢y are indeed not poles of 6, (k)F,, L(k). Consequently, the resonances of the open cavities are

the poles of F1(k). O

Let Z := {ks}een be the set of zeros of the function « defined in (3.11), satisfying k¢ < kgqq for all
¢ e N. Let P := {fm/h}sen- denote the poles of a. It is easily seen that each zero has multiplicity one.
Moreover, since for each ¢ € N; k; is an isolated point, there exists r, > 0 such that

(Z2UP) N Dy, (ke) = {ke}.

We also introduce the integer ¢ : = max{f € N : |k¢| < ro}.

We now prove the existence of two resonances close to each kg, for every £ € N.

Theorem 4.10. Let w € (0,wq) and k; € D,fg be a fized zero of the function a. Then, there exist two
resonances of the open cavities kzw and k,,, inside the disk D, (k¢) which are respectively the zeros of
the functions

)\,lt(k) =1+ % + %(lnk + lnw) + 26 — 41 <61, E;l(k)(el + 62)>, (416)
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and
k
)‘L_u(k) =14 (al(l)) - 51) <€1,£;1(k7)(€1 - 62>>. (417)
Proof. Fix £ € N. From the definition of F,,(k), 6., (k) and Q,,(k), we infer that for every k € 9D, (k¢),
1
Fy(k) = » [a(k)Qo + u (k)]
dF,(k) 1
T [/ (k)Qo + X, (k)]
and w
Ft (k) = —= Qo ' [1+ YTu(k
w() Ol(k)QO [+ ()]7
where ¥, (k) and T, (k) are 2 x 2 matrices which are holomorphic on 9D,,(k;) and such that
sup Xy (k)| — 0, sup |3, (k)] =0 and  sup [Ty (k)] —0
k€dD,., (ke) k€dD,., (ke) k€dD,, (ke)

as w — 0. Therefore, we see that
dF, (k) o/ (k)
dk  w—0 a(k)
uniformly with respect to k € 0D,,(k¢), and thus
lim tr/ Fo (e ) g 2/ (k)
w=0" Jap,, (k) dk oD, (k) (k)

On the other hand, by our choice of the radius r;, we know that the function o admits exactly one zero
and no pole inside the disk D, (k¢). Applying the Residue Theorem (see e.g. [19]) we deduce that

L o’ (b
24T aD'r'Z(kE) O((k)

F (k)

w

I

dk = 1,

and thus for w small enough (depending on ¢) one has

1 F
ftr/ F;l(k)wdk:z
2271' 3Dre(k2) d/ﬂ

Thus the operator S,, (k) admits two characteristic values k7, and k, , in D, (k¢). A simple computation

shows that the eigenvalues of F, (k) are given by the functions A% (k) defined in (4.16) and (4.17), and

associated eigenvectors are % Thus, one can write

(e1+e2) ®(e1+ea) | (e1—e2) @ (61— e2)

F-Y(k) = , 4.18
w () 224 (k) 2w (k) (4.18)
and consequently, the poles of Fi;1(k) in D,, (k) are exactly the zeros of A\E (k) in D,., (k). O

We next establish an asymptotic expansion of the resonances of the open cavities as their width w
tends to zero.

Theorem 4.11. For every ¢ € N, the resonances kzi’w have the following asymptotic expansion:

2w lnw 1 1 In &k, 01
o= - — 4o =2 _
Frw = RS T k) [q3+ (w i 2”“1“(”)’
) 1—01qy 1 {(151qa>2a"<ke> } o an(k)
k w = ky — — W — —— +4q W+ Inw
f’ g (k) (g9 (ke) 20 (ky)? ! (d0 )2 (ke)

1 l%(m @)= dp)a (k)

T 2k o 4o o (ke)?
C(=d1g)? ((ke)® ) (ke) W+ ofw?
20 o (ke)? ( (k) 3 ) olw).
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In particular, we have
w

kf,) =
m( Z)w) O/(kg) +O(w)?
- Im(q; (ke)) 5 3
Im(k,,) = ———~w +o(w’).
- (90 )% o' (e)
Proof. Fix £ € N. Since ka is a simple zero of the function A\ (k) in D,,(k,), we deduce from the
Residue Theorem that

dxE
1 - (k)
27 Jop,, (ke A (k)

We now derive an asymptotic expansion of the functions %( )/ )\w(k‘) in terms of w. We start with

k
AL (k). From (4.16) and (4.11) we have that for every k € 9D, (k
d g, . ad(k) [ | 2q5 n
E(/ﬂ) T Tw {CIQ + Ferad () _ql w+€w,1(k)
1 w 2w lnw 2 Ink o1 1 1
= 1- =22 (-2 BRI ok
Xo(k)  a(k)gy { ma(k) [a(k:) ( 0T ) i ( Dl )] W+ €y 0( )},

for some functions e , (k) and &}, ,(k) holomorphic on @Dy, (k¢), such that

e a(k)l — 0

ki — ke = (k — k¢) dk.

and

sup et (k)] —— 0 and sup 1
k€dD,, (ko) ’ w—0 k€dD., (k)
Hence, we obtain that
%(kz) (k) 2wInw 2 2 (Ink 01 1 n
No(h)  alk) {1 T rak) " ero/(k) " alk) <7T o 2) B a(k)q(‘f}w +"w(k)}  (419)
where 7/, (k) is a holomorphic function on dD,., (k) such that

sup  w ™ (k)] — 0.
k€dD,., (ke) w—0

Since ky is a simple zero of the function «, we deduce from the Residue Theorem that for every holo-
morphic function f in D, (ke),

1 )

- aDrem(k k) Sy SR dk =0, (4.20)
wd 1 o (k) f(ke)
4

% oo oy &~ H i SO W = 42

Thanks to (4.21) and (4.21) we get the asymptotic expansion of k‘jw multiplying (4.19) by k — k; and
integrating over 0D, (k¢). The imaginary part of ke , is obtained using the expression (3.8) of 4.
We now treat the other resonance k, . We will observe a posteriori that the imaginary part of k,

scales (at least) like w®. For this reason, we expand the integrand Cz\—g(k) /Ay (k) up to third order.
From (4.17) and (4.11) we have for k € 9D, (k),

%;;(k) - % {1 - Z;_w + qi {qu(k) + 2‘,((’;)) dslf(k)] w?Inw
o [ 5 ] e
+qi qlg(k) + 2‘/(( )) m (k) — ailmdng(’“)} w0 1o w
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,1 = {1 1(1—(51% —q1>w—q12(k)w2lnw
Aw (k) k)q, 4o (k) q
1
0_

and

()55
AP ) o S
ta q2 (1;&;] — ) (s 0+ 555) - Tk ()

- (a0 - 22 )| we ey},

for some holomorphic functions €, ; (k) and €, 5(k) defined on 0D, (k¢), such that

sup |€w ( )‘ —0> 0 and sup |6w 2( )| —O> 0.
keaDre(kl) w— ke€dD., (k ) v
Hence, we obtain that
AT _ _
k) ol (k) ~1-4bigg w alk) dgp, w2 Inw
(k) ok {1 o) U e ak P
1 a(k) dqi; B g  1—0d1qy (1—0d1qp o
o L a5 g (e )]
i q12(k) a(k) (dgs . dqis i w3 nw
v e o Cae® g0 (o - ))] !
1 a(k) dqi; _ (k) dQ2 g5 ( 1( L)
o B a - e a ® (a5 ) e t e

(o) (Mo - “51%2)} A

where again 1, (k) is a holomorphic function on 0D, (k) such that

sup — w |, (k)] —— 0.
k€dD,, (k) w=0

Note that in this expression, the terms which are factors of g;,ﬁ’;g and z;g;z are independant of k. Since
ky is a simple zero of the function «, we deduce from the Residue Theorem that

1 o (k) o (k)
2im oD, (ke) - ké)oz(k)g’ dk = 20/(k )37 (4.23)
and
1 (h—k )a’(k) g = (&R a® (k) (4.24)
27 Jop,, 0y e T \207(ke)P 6a/(ke)*) '

Thanks to (4.23), (4.24) we get the asymptotic expansion of k,,, multiplying (4.22) by k — k, and
integrating over 0D, (k¢). The imaginary part of k;., 1s obtained noticing that the only complex

number in the expression of k, , is g5 (k¢) (see Remark 4.8).
g

Remark 4.12. Using the definition of ¢; (k¢) in Remark 4.8 together with (3.4), (3.7), (3.15) and the
fact that S~! is symmetric we infer that

gy (k) = 511~ e2). k) S e —ea))

2
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Moreover since the imaginary part of Sz(k¢) is an mtegral operator with kernel

(z —y+2d)?
(m— —2)> (z—y)? )

we deduce, expanding the squares, that
2

(a3 (k) = L ((aes + wes, 57 e — e2)) — 207d)

Since in view of (3.3) the operator S depends on d, it is possible to prove that the mapping d —
(zeq+xea, ST (e1 —e2)) —2¢g d is analytic in (1, 4+00). Hence Im(g, (k¢)) vanishes for at most countably
many isolated points. Thus, either we choose d > 1 so that Im(g; (k¢)) # 0 or one can perform a higher
order asymptotic expansion to get a non zero coefficient that Inultiphcs some power of w. Indeed,
there exists n € N (n > 3) such that Im(k, ) = cﬁn)w" + o(w™) with ¢, (n) # 0 because, otherwise, the
resonance Ifw would be purely real. In any case, from the application point of view, what matters is
that Im(k, ) << Im(k;) as w tends to zero.

To conclude this section, we examine to behavior of the operator S;;(k) in two different regions of
the complex domain D;t) . We first focus in the resonance zone where the contribution of the singular
part is large with respect to the regular part. Close the resonances, we give an asymptotic expansion of
S, 1 (k) as a Laurent series, as well as an asymptotic expansion in terms of w.

Theorem 4.13. Let k € Df{) be a frequency close to the resonances. Then there exists a holomorphic
operator Hy(k) : [HY2(D)]2 — [HY2(I)]2 and finite dimensional operators Azw C [HY2(D)? —
[H=Y2(D))2 (for £ =0,... L) such that

Lo z— Lo Ae_
Stk) =) —— ) L H, (k) (4.25)
;k—kzw ;k_ke,w
where < >
',Eil(ki )(61 :‘:62)
+ —1/7.+ +
Aé,w - 2d)\ (]{,‘i ) ‘Cw (ké,w) [Qw (ké,w) (61 + 62)} : (426)

Moreover, the following asymptotic expansions hold:

S e £
Azi’w = < (ex 62)>S (elieg)w+A

2(qp )2 (ke) o
where Afw are compact operators from [HY2(D))2 to [H=Y/2()]2, satisfying
w AL, —— 0.

Proof. According to Theorem 4.2, Proposition 4.9 and Theorem 4.10, it is clear that S, !(k) expands

as (4.25) close to the resonances, and that for each £ =0, ..., o,
A7, = lim (k—kg,)S," (k).
’ k—kF ’

2,w

Using the expression of S;;'(k) in (4.13) and the fact that £,'(k) and 6,,(k) are holomorphic in a
neighborhood of k'[f',tw, we infer that

k— ki
Af, = —c;l(k;%w)ew(k;w)(elie2)<.,£;1(1@;w)(e1ieg)> i Few)

k—kE, IS (k)
<. 7,61;1 (kzw)(el + €2)>

- - 2d)\$ (kj: ) E;l(kz,:w) |:9w (kfj,:w) (61 j: 62):| )
“dk \"t,w

where we used expression (4.18) for F,; (k) in the first equality.
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We now derive the asymptotic expansion of A, . According to (4.11) we have that

Lt (kf,) =871 =87'Si8w+ AT, (4.27)
where Aét,w is a compact operator from [HY/2(T')]2 to [H~/2(I")]? such that
w A ()| —— 0.
From (3.2), we have that
alk,
ew(ka)(el - 62) = <(u€)7w) - 51) (61 - 62)7
and we use the Taylor expansion of k — «(k) around k; together with Theorem 4.11 to obtain
_ 1 w
O (ke,w)(el —e3) = — {—_ + o(w)} (e — e2). (4.28)
w %
Moreover, from (4.17) and (4.27), we deduce that
dr, o/ (k) (( ar
2w (=) — W 1— 2L 4.2
7 () = e (1 o)), (1.29)

and using again a Taylor expansion of k — o/(k) around k; together with Theorem 4.11 leads to

Dy gy Ak)ay. {1 - [q; L= 51(10_)“"(]”)] w + O(w)} . (4.30)

ax (ko w % qo o (ky)?

Hence, gathering (4.27), (4.28), (4.29) and (4.30), we obtain the expected asymptotic of A,
We proceed similarly for AZw. Indeed, from (3.2) we have

kr 9
Hw(kzw)(el +eo) = {O‘(we,w) + - (lnkzzw + lnw) + 26 — (51} (e1 + e2),

and thus, using a Taylor expansion of k — «a(k) and k — Ink around k, together with Theorem 4.11,
we see

1
0w (ka)(el + 62) = — {— + 0( )} (61 + 62). (4.31)
w a
Moreover, from (4.16), we deduce
d\, 1 2q
W(ka) = E {0/ (kz,_w) + —+ k-+ - ql (kZW) w + O(lU)} , (432)

and a Taylor expansion of k — o'(k) and k — 1/k around k, together with Theorem 4.11 leads to
d\t qJr 20 (ky)
(et A0 )y wl
dk ( Z,w) { 7TO( ké nw
k) In kg 01 2 q1
+46—— e . (4.33
{ (ke )2 2 A +q6r w+o(w) . (4.33)
Hence, gathering (4.27), (4.31), (4.32) and (4.33), we obtain the expected asymptotic of Azw. O

In the non resonance zone, the contribution of the singular part is negligible. The following result
gives an asymptotic expansion of Sy ' (k) in terms of w in this region D} \ Z, i.e., when a(k) # 0.
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Theorem 4.14. If k € D} \ Z, then

s7y =87 = ST gor(ey o) - SO o, ey
2q0 2qq
. S'eite) (1 S'SiS e +e2)] Lo+ e
+{ S8+ [ 2 (a(k) q1> + 20 } (.87 (e1 +e2))
S~ 61 — 62 1 _ S718187 (1 —e2) 1
S o 61—|—e2) S ey —e2)

< 87181871(61 +€2)> + — <',87181871(€1 —62)> w+§w(l€),
2q0 2q,
where £,(k) is a holomorphic operator from [HY/2(I')]? to [HY/2(I")]? such that

w71||§w( )||—>0 foreverykED \ Z.

Proof. Fix k € D \ Z. We use the expression (4.13) for S;* (k) and (4.18) for F;'(k) to prove that

(L' (k) (er — e2))

Sytk) = L£y1(k) - L' (k)0 (k) (e1 — e2)

220 (k)
(Lo (k)(er +e2)) .
- b (k) L, (k) (k) (e1 + e2).
Since a(k) # 0, we get that
(L (k) (er —ez)) w LS er — e 1 1-01g0 ), o1 e — e
o Mk)qo_{ms (o —ea) + [ o= (a7 = o) 57 e =)

—(-, 871857 ey — @))} w+ {w(k:)},

and

<.7£;1(k’)(61 +62)> B w . 9 »
2X:5 (k)  2a(k)gd {<"S (e1+e2)) — m&s (e1 + e2))wlnw

+(, 871818 e + 62)>]w + @j(k)}

where ¢ (k) are holomorphic operators from [H/2(I")]2 to [H~/2(I")]? such that
w g (k)| —— 0 for every k € D\ Z.

Formula (3.2) for 6,,(k) and the asymptotic expansion (4.11) of £,'(k) complete the proof of the
theorem. g

5. ASYMPTOTIC OF THE FIELD u

We first derive an asymptotic expansion of the field u(z;w) far from the resonances, i.e., when (k) # 0.
We distinguish the far field from the near field.

Theorem 5.1. Let k € D;‘; \ Z. Then for every y € Q., one has

iue(0)

10 (Klye + pu(y),

u(y) = ue(y) +
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for some function p, € HL (Qe) such that w™p,, — 0 in HL (Qe). Moreover, if y = (wy; & wd, wys)
for some y; € T and yo > 0, then

2u,(0)
ra(k)
u, nk  In|(y +d,
~ 2u.(0) P LN n |(y1 y2)|
ma(k) ™ T
where p,, € H*(BY") satisfies w™'p,, — 0 in H(B).
Proof. Let y € ), be fixed. One has

wlnw

w(wy; £ wd,wy2) = ue(wyr £ wd,wys) —

w +pw(ylay2)7

1
Ge(wt,0:y) = 75H<”<k|y7<wt,o>|>

—5H“ (klyl) — Z My (5.1)
uniformly with respect to t € [—4,4] and the functions 7, (y) are in C*°(£2.). Using (2.4) we deduce

ue(wt,0) = /QGe(wt,O;z)f(z)dz

_ *%/Q 2O (k2] f dzfznn (wt)" (5.2)

uniformly with respect to t € [—4, 4], where the coefficients 7,, are deﬁned by

My = /Q () f(y) dy.

Using (2.7) together with the integral equations (2.9)-(2.10), and after a change of variables we get

-~ (( Gl e Vs (e 0. s

From Theorem 4.13 we have

S 1(e1 £ e2)
go (k)

and thus the integral equations (2.9) and (2 10) imply

1 te(w - —wd, 0) . / (1) S71(e1 + e2)
satt (el et ) = Bl (2 a2 ) S,
—1715 Yzey 4+ zes)w
8_1(61 + 62)
2qq

S5 er —

+771(22162)<(x81 +ze3), S Her — ex))w 4 o(w)  (5.4)
0
in [H~/2(I")]2. We now use (5.1) together with (5.4) to deduce

u(y) = ue(y)

+ (-5 H k) + 0tw) ){ ([ i) (elqua’)el“%

+771 (S (wer + ze2), €1 + e2)w
(S7Y(e1 +e2),e1 + €2)

Syt (k)(er £ e2) = w+o(w) in [H*(T)P,

+m; ((ze1 + zes), S (eg + e))w

— T {(ze1 + zez), S ey + e2))w
2q,
S 1(e; —
_ﬁ1< (61 2:2)761 + €2> <(x€1 + er)’S—l(el _ 62)>’w + O(U})}
0
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The terms O(w) and o(w) are uniform in C}_(Q). In view of the symmetry of S~!, we have that
(S7Y(e1 — e2),e1 + €2) = 0, and consequently,

HY (kly) 1)
) = uet) + Z5 G ([ 01 b w4t (5:5)
where w™p, (y) — 0 in HL_(Qe).

We now treat the asymptotic of the field u close to the cavities. By (3.6), we know that for each
y € ¢, we have that

i
Y (k| (wyr + wd, wy)|) = ;’ Inw + 2i [5 + + o(w). (5.6)

Ink " n|(y1 £ d,y2)|
T 7r

This estimate holds pointwise and in H'(B") as well. Then, we substitute the Green function G, (w

—wd, 0;y) by its asymptotic expansion (5.6) in (5.3) to complete the proof.

(]

Remark 5.2. When the frequency k € D,J{) \ Z is far from the resonances, the field u behaves in a similar
way to the case of a single cavity, studied in [8]. The asymptotic response is that of two independent
cavities without interaction.

Remark 5.3. By (5.1), it is clear that ny(y) = — %Dy, [Hél)(k\ym in the sense of distributions. More-
over, since the Hankel function H, (™) has a logarithmic singularity at zero, the map y — H(()l)(k|y\) be-
longs to T/Vﬁjf(ﬂ ) for any p € [1, ) Hence, if f is more regular, e.g. f € W' (Q,), with p’ = p/(p—1),
with compact support in €, then w, is more regular as well (in particular u, € H{ (.)) and a;e isa
continuous function. It can be extended by continuity at the origin by setting

aue = — z z)az
re == [ mEE

We now derive an asymptotic expansion of the field u close to the resonances ke > distinguishing
again two regions of the plane: the far and the near fields.
Theorem 5.4. Let k € D;‘; be a frequency close to the resonances.
1) Far field: for every y € Qe,
Lo —
K w(Y)
)+ : + U%(k,y), 5.7
IRD WL D B 1)

where k — U"(k,y) is a holomorphic function in D for every y € Q., and U”(k,-) € HE (Q) for
every k € Dt . Moreover,

iue(O) (1)
K w(Y) = o () 110 (kelyhw + pi (1),
and
_ i Oue 1) (rey + zea, S7Hep — e2)) 2 3, _
) = i g Dl el = 1) wt o, ().

for some pfw(y) € Hy, () such that w™'py,, — 0 and w=?py,, — 0 in H} (Q).
2) Near field: if further y = (wy1 £ wd, wys) for some y1 € T and yo > 0, the formula (5.7) is still valid
and we have

2u, (0
KZ“’ (wyr £wd,wyz) = — ﬂa/((ke)) wlnw

_2ue(0) (o ke  In|(y £ d yo)l
o/ (k) v T

) w +ﬁZw(y1,y2)7
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nzw(wyl + wd, wys)
_ <Fi('»y17y2):5_1(€1 —e2)) due ) (2d _ (wea £ $€27S:1(61 - 62)>> w2
2mqy o (ke) Oz o
P00 (Y1, Y2),
where T'F are defined in (5.8)-(5.9), and ﬁzw € HY(By) satisfy w_lﬁzw — 0 and w_gﬁzw — 0 in
H(BY).
Proof. From the integral equation (2.7) and Theorem 4.13, we deduce that expression (5.7) holds with

= (( 2&25 et )t (i T )

o= (Gl rnoy ) e (i) )

From (5.1) and (5.2) together with the asymptotic of A  we obtain the expected expression for

L,w?

and

/@Zw(y). Using the asymptotic expansion of Hél)(lﬂ(wyl + wd, wys)|) in (5.6) we derive the asymptotic

of sz(wyl + wd, wys).
We now treat ,,(y). By (5.1) and (5.2), one has for every y € Qp,

Ge(UI'—’wd70;y) B 73‘ )
<Ge(w'+wd,0;y)> = —5Ho (klyl)(er +e2)

+[ = m ) (wer + zez) + m(y)d(er - e2)]w
+ [27}2(y)d($€1 — zez) — m2(y)(z?er + x%e2) — m2(y)d*(e1 + e2) |w”

+o(w?) in [H'*(I)P?,

(uefwmet ) = =5 ([ m @) @@ e

[ = Tawer + ze) + Tad(er — e3)|w

and

+ {Q%d(x@l — mez) — Mo(xPer + 2?e) — Mod?(e1 + 62)]w2

+o(w?) in [HY*(I))2.
Using the symmetric structure of the problem (see Remark 4.7) we infer that
(e1+ e, L, (kg ) (e1 — e2)) =0,
(xeq — zeg,ﬁgl(kzw)(el —e3)) =0,
(z%e; + {E2€2,£;1(k’2w)(61 —e3)) =0,

hence by (4.26),

Ay (e te)=A (ver —wez) = AZw(xQel + z%ey) = 0.
Since

P _ _ [alk,) L
Lo (kp)0u(kyy,)(er —e2) = | ——= =01 | Ly, (kg )(e1 — e2).

Using again (4.26) we obtain
(e1 + ea, Az_,w(el —e3)) = (wep — weq, Ae_,w(el —e2))
= (2%e; + x%ey, A, (e1—e2)) =0,
and
(e1+e2, A, (ze1 +xez)) = (zer —wes, A, (zer + zez))

= (2%e; + 2%eq, A, (we; + xes)) = 0.

L,w
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Consequently, since A, is of order w (see Theorem 4.13) we have

sz(y) =7, m(y) <—(J:61 + xes) +d(e; — ea), AZ_,w [ — (ze1 + ze2) + d(e; — 62)] > w? + o(ws)

and we obtain the desired result using the asymptotic expansion of A, in Theorem 4.13 together with
Remark 5.3. Using now the asymptotic expansion

1 Ink 1 +d—t
Ge(wto;wyliwd,wy?):%_i_ |:5+1:]l_(_+ n|(y1 ay2)|

| + otw),

™

and defining

- _ ( Inf(y1 — 21, 92)]
™ (z1,y1,2) := ( In|(y1 — 21 + 2d,y2)| )’ (5.8)

and

In|(y1 — 1, 92)]
+ — ’
r (‘Tlaylvy2) T ( 1Il|(y1 - 2d7 y2)| ) (59)

we derive the asymptotic of k, , (wyi £ wd, wys).

Finally we argue exactly as in the proof of Theorem 5.1 to get the asymptotics in H{ () for the far
field, and in H'(B;") for the near field. O

Remark 5.5. Applying the Helmholtz operator A + k2 to nzw implies, according to Remark 5.3, that
(A + kQ)“Zw = ¢/ wdo,
{ (A + k?)ry,, = ¢; w Dy, b,
in (C2°())’, where ¢ are the constants defined by

e 2u,(0)
¢ o/ (ke)’

and

o = /1 Ol 0) <2d 3 (xes + x627$:1(61 — 62)>)2.
20/ (kg) Oxq %

These equations essentially say that at the frequency ka, the spatial singularity sensed in the far field

is that of a Dirac mass, which is the macroscopic manifestation of a dipole placed on a metallic plane.

On the other hand, when the other resonance k, ., is excited, the spatial singularity is the derivative in

the z;-direction of a Dirac mass; this is exactly the asymptotic response of a quadripole placed on the

metallic plane.

Remark 5.6. The asymptotic of the field close to the resonances shows that the field v concentrates
on the top of the cavities as their width w shrinks. Indeed,using Theorems 4.11 and 5.4, we infer that

when k is close to kzzjw, then
K (wyr £ wd, wys) 20, (0)
: T = Inw
k— k&w T
Ink 1 +d
+2u8(0) <5+ N Ry + H|(y1 - vy2)|> _'_0(1)’
while if % is close to k,,, then

Ky (WY1 £ wd, wy2)
k—kg .,
_ 4 (PCynye). SMer—e))  Oue
Tw (2dgy — (wez + ez, S~ (e1 — €2))) 071

(0) + o(1).

In both cases, we can see that the field blows up as w — 0. The concentration pattern scales like In w

close to the resonance kjw, and like 1/w close to the resonance k;, .
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Remark 5.7. Thanks to the expressions of the Green functions G, it is possible to prove by arguments
simlar to those used in the proof of Theorem 5.4 and Remarks 5.5 and 5.6, that close to the resonances,
the field u is asymptotically very large inside each cavity. Indeed, we can use the representation (2.8)
to show (as in the proof of (5.1) ) that for every y € C; U Cs,

Lo + Lo -
u) = 3 Vi (Y) =S va@ V),

+
k—kL, kR,

where k — V¥ (k,y) is a holomorphic function for all y € C; U Cq, and V¥ (k,-) € H'(Cy U Cy) for all
ke Dﬁg . Moreover, the functions vé%w admit the following expansions:

+oo
" Bz h
2ue(0) (=1)" cos (5 (y2 + h) +O(wlnw) for every y € Cy U Cy,

+ .f
'Ygﬂﬂ(y) " ha! (k) 1;) k? — (%)2

while
_ . w (re; + wea, S71(er — e3)) = " cos (nTZT(y2 + h)) Oue 2
if y € (4, and
B w (rer + e, S ep — e2)) = (—=1)" cos (M(yz + h)) Ou, 9
= -2
VoY) e ) ( p d T;) ()’ o, (0) + O(w?)

if 4 € Cy. Thus, using again Theorem 4.11, we infer that at a frequency k close to k. , one has

lw?

+
e, ) = Y ) (1 + O(w lnw)) for every y € C1 U Cy,

k—ki, —w
while at a frequency k close to k‘Z w
ay (y)<
. 1+0 ) f oyeq,
T | Twr (LFOW) ATy el
k_kZ'lU G,Z(y)

where aif (y) are functions defined by

and

4= () e 4 Oue (ve1 +weg, S e —e2)) IR (- cos (22 (y2 + h))
¢ (y) = kghaml(o)( p 2d> ;} ()’ :

The expressions highlight the symmetric or antisymmetric nature of the modes and the field en-
hancement inside the cavities. Indeed, when the resonance k+w is activated, the field u has the same
sign in both cavities: this is the symmetrical mode. In that case, the amplification factor scales like
1/w, which is in agreement with [7]. On the other hand, the field u has opposite signs in the cavities
when the resonance k, is excited, and the amplification factor, much larger, scales like 1 Jw?: this is
the anti-symmetrical mode. Finally, we remark that the field is independent of y; inside the cavities,
and that it increases as ys tends to the top of the cavities.

6. APPENDIX
Useful formulae. The following formulae can be found, e.g., in [1].

o Hél)(z) {1+ 2 [ln(2> _|_7]} <§(_i;é;1yl> — ?:Jri (i: ;) (_islggl)n, where 7 is

n=1 \m=1
the Euler constant;
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i’" 1 L7 ()
° —— = — + — cot(nr);
07"27712 2r2 = 2p '

()

cos(nf) 6> |0 7r72

n? 4 4 6

+o00 3
° Z cos(nf) =—In2—1In

n=1

Generalized Rouché theorem. In this section, we review the main results of [12]. Let G and H be
two Banach spaces and let £(G,H) be the set of all bounded operators from G to H. Let U be an open
set in C. Suppose that A(k) is an operator-valued function from U to L£(G, H); ko is a characteristic
value of A(k) if

e A(k) is holomorphic in some neighborhood of kg, except possibly for ko;

e there exists a holomorphic function ¢(k), from a neighborhood of k¢ to G, such that ¢(ko) # 0,

A(k)¢(k) is holomorphic at kg, and A(kg)@ (ko) = 0.
The function ¢(k) in the above definition is called a root function of A(k) associated to kg, and ¢(kg)
is called an eigenvector. The closure of the space of eigenvectors corresponding to kg is denoted by
Ker A(ko)
Let ¢g be an eigenvector corresponding to kg. The rank of ¢g is the largest integer m such that

there exists a complex neighborhood V' (kg) of kg, and two holomorphic functions ¢ : V(kg) — G and
¥ V(ko) — H satisfying

A(k)p(k) = (k — ko)™ (k), é(ko) = ¢o and (ko) # 0.

Suppose that n = dim Ker A(kg) < 400 and the ranks of all vectors in Ker A(ko) are finite. A system
of eigenvectors d)% (j =1,...,n) is called a canonical system of eigenvectors of A(kop) if the rank of gz%
is the maximum of the ranks of all eigenvectors in some direct complement in Ker A(kg) of the linear
space spanned by the vectors ¢}, ..., ¢6_1. Then we define the null multiplicity of the characteristic
value of ko to be the sum of the ranks of ¢? (j = 1,...,n), which is denoted by N(A(ko)).

Suppose that A~1(k) exists and is holomorphic in some neighborhood of kg, except possibly at this
point itself. Then the number

M (A(ko)) = N(A(ko)) — N (A" (ko))

is called the multiplicity of the characteristic value k.
Suppose that the Laurent expansion of A(k) at kg is given by

Alk) =Y (k — ko) A;.

j=—s

If the operators A; (j = —s, ..., —1) are finite dimensional, then A(k) is called finitely meromorphic at
ko. If the operator A is a Fredholm one, then A(k) is said to be of Fredholm type at ko.

If A(k) is holomorphic and invertible at ko, then kg is called a regular point of A(k). A point kg is
called a normal point of A(k) if A(k) is finitely meromorphic and of Fredholm type at kg, and if there
exists some neighborhood V' (kg) of k¢ in which all the points except ko are regular points of A(k).

Lemma 6.1. Every normal point ko of A(k) is a normal point of A=1(k).

An operator-valued function A(k) which is finitely meromorphic and of Fredholm type in V (kg) and
continuous on AV (ko) is called normal with respect to OV (ko) provided it is invertible in V' (ko), except
for a finite number of points of V' (kg) which are normal points of A(k).

Suppose that A(k) is normal with respect to OV (ko) and let k; (i = 1,...,0) be its characteristic
values and poles lying in V(kg), we set

o

MUA(K), 0V (ko)) == 3 M(A(K)).
i=1

The generalization of Rouché’s Theorem is stated below:
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Theorem 6.2. Let A(k) be an operator-valued function which is normal with respect to OV (ko). If
S(k) is an operator-valued function which is finitely meromorphic in V(ko), continuous at OV (ko) and
satisfying
AT (B)S(K)llg.g) <1 for k € OV (ko)
then A(k) + S(k) is normal with respect to OV (ko) as well, and
M(A(F), 0V (ko)) = M(A(k) + S(k),V (ko))

The generalization of Steinberg’s Theorem is given by

Theorem 6.3. Suppose that A(k) is an operator-valued function which is finitely meromorphic and of
Fredholm type in V (ko). If A(k) is invertible at one point of V(ko), then A(k) has a bounded inverse
for all k € V(ko), except possibly for certain isolated points.

We finally state a generalization of Rouché’s Theorem which is also called generalized argument
principle.

Theorem 6.4. Suppose that the operator-valued function A(k) is normal with respect to OV (ko). Let
f(k) be a scalar function which is holomorphic in V (ko) and continuous in V (ko). Then we have

I g @A) NS
o[ AT Ak

2im
where k; (j=1,...,0) are all the poles or characteristic values of A(k) in V (ko).

Here tr denotes the trace of the operator which is the sum of all its nonzero eigenvalues. We mention
the following property of the trace

b /6 o ABIBE =i /8 o BUA)

where A(k) and B(k) are operator-valued functions which are finitely meromorphic in V' (ko), and V' (ko)
contains no pole of A(k) and B(k) other than k.
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