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ERGODICITY OF STOCHASTIC CURVE SHORTENING FLOW IN THE
PLANE

ABDELHADI ES-SARHIR AND MAX-K. VON RENESSE

ABSTRACT. We study a model of the motion by mean curvature of an (141) dimensional in-
terface in a 2D Brownian velocity field. For the well-posedness of the model we prove existence
and uniqueness for certain degenerate nonlinear stochastic evolution equations in the variational
framework of Krylov-Rozovskii, replacing the standard coercivity assumption by a Lyapunov
type condition. Ergodicity is established for the case of additive noise, using the lower bound
technique for Markov semigroups by Komorowski, Peszat and Szarek [6].

1. INTRODUCTION

Motion by mean curvature is a well studied and rich object in geometric PDE theory for which
a variety of methods have been developed (see e.g. [17] for a survey). In physics it arises as
sharp interface limit of the Allen-Cahn equation for the phase field of a binary alloy, describing
the motion of the interface between the two phases. Stochastic mean curvature flow was derived
heuristically in e.g., [5] as a refined model incorporating the influence of thermal noise. In the
(d+1)-dimensional graph case the corresponding SPDE is of the form

=1+ |Vu2div
(\/ \V 2

where 0 stands for Stratonovich or It6 differential, depending on the model. The degeneracy of

) dt + B(u, Vu)dW, (1.1)

the drift operator makes a rigorous treatment of this family of models very difficult. Motivated
by the deterministic theory Lions and Souganidis introduced a notion of stochastic viscosity
solutions [9, 10], but some technical details of this approach are still awaiting full justification
[1, 2]. Existence of weak subsequential limits along tight approximations of stochastic mean
curvature flow has been obtained by Yip [16] and more recently by Roger and Weber [15].

In this paper we consider the special case of a (14+1)-dimensional graph interface in an e.g. 2D
Brownian velocity field, Corresponding to the equation

du=1— au dt+z¢l )) db:. (1.2)

In the deterministic case this equation is also known as curve shortening flow. Note that the
mild solution approach by da Prato-Zabzcyk [3] is not applicable because equation (1.2) is not
semilinear, i.e. does not contain a dominating linear component. For the analysis of (1.2) we
first establish an abstract existence and uniqueness result in the classical variational SPDE
framework of Krylov-Rozovskil [7] for a certain class of nonlinear stochastic evolution equations,
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which are not coercive but satisfy an alternative Lyapunov condition. This is then applied to
equation (1.2) which is treated in the Gelfand triple
Hy([0,1]) € L*([0,1)) € H~'([0,1]),
although the operator A : H}([0,1]) — H~1([0,1])
B 02u
1+ (0yu)?
fails to be coercive. By our method we prove well-posedness of (1.2), assuming ug € Hol,
¢; € Lip([0,1] x R), ¢;(0,.) = ¢i(1,.) = 0 and, for some finite A,

o0

> (Lip(¢i))* < A% (1.3)

i=1

Au

The latter condition should be compared to the weaker assumption that for all zq, 2o € [0,1] xR

o

D (9i(21) = di(22))” < A%|z1 — 20, (1.4)

i=1
which is well-known e.g. in the theory of isotropic flows, where it guarantees the existence of a
forward stochastic flow d® = F(®, dt) of homeomorphisms of [0, 1] x R driven by the martingale
field F(z,t) = Y00, ¢i(2)bi, cf. [8, Theorem 4.5.1].
In fact, we show below that the SPDE (1.2) with noise field satisfying only (1.4) and initial condi-
tion ug € L?([0,1]) still admits a unique generalized solution which is defined by approximation.
More precisely, we obtain a unique Markov process (4¥;x € L?([0,1]);t > 0) on L?([0,1]),
inducing a Feller semigroup on the space of bounded continuos functions on L?([0,1]) as the
unique generalized solution of (1.2). However, in view of the poor regularity of the operator
A, a more explicit characterization of the L?([0,1])-valued process (if)i>o by some SPDE or
even just an associated Kolmogorov operator on smooth finitely based test functions does not
seem to be available. This is very similar to the generalized solutions for abstract SPDE with
only m-accretive drift operators obtained in [14] by means of nonlinear semigroup theory. The
advantage in the present case is, however, that the variational approach is embedded such that
we know the solution (uf);>o is strong if (1.3) holds and the initial condition x = g belongs to
Hg ([0, 1)
Finally we show the ergodicity of the generalized solution (4f) of (1.2) in the case of additive
noise by verifying the conditions of a recent abstract result by Komorowski, Peszat and Szarek
for Markov semigroups with the so-called e-property [6, Theorem 1]. We point out that [6,
Theorem 3] does not apply in our sitation because the deterministic flow does not converge to
equilibrium locally uniformly with respect to the initial condition. However, for the verification
of the lower bound in our case we exploit the fact that the stochastic flow admits a Lyapunov
function with compact sublevel sets.

2. WELL-POSEDNESS OF CERTAIN NON-COERCIVE VARIATIONAL SPDE

2.1. STRONG SOLUTIONS FOR A CLASS OF NON-COERCIVE SPDE WITH REGULAR INITIAL CONDITION.
Although we are mainly interested in the example (1.2) we shall formulate here a general exis-
tence and uniqueness result in the abstract variational framework of [7] for stochastic evolution
equations, following with only a few changes the excellent presentation in [13]. Let

VcH
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be a continuous and dense embedding of two separable Hilbert spaces with corresponding inner
products (.,.)y and (.,.)y. Via the Riesz isomorphism on H, this induces the Gelfand triple

VcHCV*

such that in particular
ve(u,v)y = (u,v)g Yue HwveV.

In addition we shall also assume that the inner product (.,.)y induces a closed quadratic form
on H. This implies the existence of a densely defined selfadjoint operator L : H D D(L) — H
on H such that V = D(vL), (u,v)y = (u, Lv)g for u € V,v € D(L) and such that the closure
of L:V D D(L) — V*, still denoted by L, defines an isometry. Moreover we assume that L
has discrete spectrum with corresponding eigenbasis (e;);>n, which will be the case if e.g. the
embedding V C H is compact.

Let (W (t))t>0 be a cylindrical white noise on some separable Hilbert space (U, (.,.)r) defined
on some probability space (2,P,F) and let F; = o(Ws, s < t) be the associated filtration. For
X = H resp. X =V we denote by Ls(U, X) the class of Hilbert-Schmidt mappings from U to
X, equipped with the Hilbert-Schmidt norm HMH%Q(U,X) = > (Mu;, Mu;)x, where (u;)i>1 is

i>1
some orthonormal basis of U. Let

AV SV 0V = Ly(U,V)

be measurable maps, then the existence and uniqueness result below applies to H-valued Ito-type
stochastic differential equations of the form

{ du(t) = Au(t)dt + o (u(t))dW,

u(0) = up € H. (2.1)

Below we shall work under the following set of assumptions on the coefficients A and B.

(H1) (Hemicontinuity) For all u, v, x € V' the map
R X =y« (A(u+ M), x)y

is continuous.
(H2) (Weak monotonicity) There exists ¢; € R such that for all u, v € V

2 ye(Au = Av,u = o)y + [lo(u) = o170, < erllu = vll

(H3) (Lyapunov condition) For n € N, the operator A maps H" := span{ey,...,e,} C V into
V and there exists a constant ¢y € R such that

2 (Au,u)y + Ha(u)H%Q(Uy) <co(1+|ul?) Yue H",neN.
(H4) (Boundedness) There exists a constant cg € R such that
[A@)[lve < es(L+ [lullv).
Remark 2.1. Note that (H3) replaces the standard coercivity assumption in [7]
2 v+ (Au,w)y + llo (2,0 < ellullly — callully, voeV (A)

for some positive constant ¢4 and a > 1. Both conditions (H3) and (A) yield the compactness
of the Galerkin approximation in V. Condition (A) is used indirectly by applying the finite
dimensional It6 formula to the square of the H-norm. In our case we use condition (H3) directly
by application of the finite dimensional It6 formula to the squared V-norm functional.
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Basically, a solution to (2.1) is a V-valued process such that the equation holds in V* in integral
form, c.f. [7]. The following precise definition is taken from [13].

Definition 2.2. A continuous H-valued (F;)-adapted process (u(t))ic(o,r) is called a solution of
(2.1), if for its dt ® P-equivalence class [u] we have [u] € L*([0,T] x Q,dt @ P,V) and P-a.s.

¢
/ Alu ds—l—/ o(u(s)) dWs, te€]0,T],
where @ is any V-valued progressively measurable dt @ P-version of [u].
Now we can state the main result of this section as follows.

Theorem 2.3. Assume that conditions (H1)-(H/}) hold, then for any initial data ug € V', there
exists a unique solution u to (2.1) in the sense of Definition 2.2. Moreover,

E( sup Hu(t)H%,) < 00.
t€[0,T]

Proof. The proof follows the standard path of spectral Galerkin approximation, the only differ-
ence towards [7, 13] is the compactness argument, c.f., lemma 2.4 below. To this aim let (e;,)n>1
be an orthonormal basis in H of eigenfunctions for the operator L : H D D(L) — H. Clearly
(én)n>1 C V and the set span{e,, n > 1} is dense in V. Let H,, := span{ej,--- ,e,} and define
P,: V= H, by

n

Py = vely,eidvei, yeV™
i=1
Then we have P,|g is just the orthogonal projection onto H,, in H. We shall define the family
of n-dimensional Brownian motions by setting

Wi =Y (W, fiufi = ZB@ () fi,
i=1

where (f;)i>1 is an orthonormal basis of the Hilbert space U. We now consider the n-dimensional

SDE

{ u™(0,2) = Pyug(x), } ) (2.2)

which is identified with a corresponding SDE dx(t) = b"(x(t))dt + o™ (z(t))dB{ in R™ via the
isometric map R” — H™, o — > | x;je;. By [13, remark 4.1.2] conditions (H1) and (H2) imply
the continuity of the fields x — b"(x) € R"” and x — ¢"(x) € R™*™. Moreover, assumption (H2)
implies
2<bn(x) - bn(y)ax - y>R” + |0-n($) - O-n(y)|%2(R",]Rn) < Cl|x - y|2’ vgﬂay € R"
and, by the equivalence of norms on R", (H3) gives the bound
20" (@), 2) + 0" ()| Ly (rn mey < e5(1+ |2f),
for some c5 € R. Hence, equation (2.2) is a weakly monotone and coercive equation in R™ which

has a unique globally defined solution, cf. [13, chapter 3].

Lemma 2.4. Let u" be the solution to equation (2.2), then for any T > 0 we have

sup Elu"(0)[5 < (2T + E(Juolff) )e". (2.3)
0<t<T
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Proof. Due to the definition of P, we may write

n

W'(t), &) = (W™(0), e;) + /Ot<z e (AW™(s)), ex)ver ds,el-> +</Ot Poo(u"(s)) de,ei>.

k=1

Hence, the It6 formula in R™ yields

Il = llug 17 + 2/0 (PrA(u"(s)), u"(s))v ds +/0 1Pro (w" ()17, 07, 1) ds
+ M"(t), tel0,T],

P-a.s, where U, := span{f1, fo, -+, fn} C U and

M(#) ::2/0 (" (s), Paor(u(s)) AWy, t € [0,7),

is a local martingale. We consider a sequence of F;- stopping times 7; with 7; 1 +00 as j — +o0
and such that ||u"(t A 7;)(w)||v is bounded uniformly in (¢,w) € [0,7] x Q, M"(t A1;), t € [0,T]
is a martingale for each j € N. Then we have

t
Ellu™(t ATy} = Ellug || + 2/0 Bl (PnA(u"(s)), u"(s))v ds
(2.4)

t
+/0 EL(o,7;) [ Pao (" () 1 . v -

Now using the definition of the operators A and P, we can write

n

(PaA(u" () u"(s))v = ( 3 ve (AW (s)), eidves u(s) )

i=1

=3~ v (A (), ey (e ™ ()
i=1

\%4

Since u"(t) € Hy, for t € [0,T] and (ep)n>1 C V by assumption (H3) we can write
v-(A(u"(s)), ei)v = (A(u"(s)), ei)
this yields

n

(PaA(u(s)),u™(s))y = D (A(u"(s)), &) mr{es, w(s))v

i=1
= Z (A(u"™(s)), ei)mAilei, u" (s))u
i=1

where {\; > 0} are the eigenvalues of the operator L.
Therefore we have

(PaA(u"(s)), u"(s))v = (A(u"(s)), u"(s))v.
Hence, the operator P,, may be dropped in the fist integral on the right hand side term of (2.4)
such that by the second part of assumption (H3)

¢
Ellu™(t A7)} < Elugl + 62/0 (1 +E[u"[[},)ds.
Hence letting j — 400 and using Fatou’s lemma we obtain

t
Elu" @) < Elluglli + 02/0 (1 +Ell(w"(s)7) ds.
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Now Gronwall’s lemma yields
Ellu" (@)} < (e2T +Elfug [} )e=" (2.5)

For the estimate of E|uj||?,, we use the definition of P, and write

n n
g3 = 1| Pauolli = (Pouo, Pauo)v = ZZ v+(uo, €i)v (ei, ej)v v+ (uo, €i)v

i=1 j=1
n o

— 2 2 _ 2

= Z)\i<u0aei>H < ZAKUO,@QH = [luollv-

O
From here all remaining arguments from [13, chapter 4] carry over without change in order to
complete the proof of the theorem. To make the paper self-contained we briefly recall the main
steps. Let

K :=L*[0,T) x Q,dt ®P,V) and J:= L*([0,T] x Q,dt @ P, Lo(U, H)).

Due to the bound (H4) and the reflexivity of K we find a subsequence ny — +oo such that
u™ — % weakly in K and weakly in L2([0,T] x Q, dt @ P, H), v := A(u"™) — v weakly in K*
and 0" := P, o(u™) — 6 weakly in J. Passing to the limit in (2.2) one obtains in V*

t t
u(t) == g +/ v(s)ds +/ 0(s)dW(s), te]l0,T], (2.6)

0 0
and in particular u = @ dt ® P-a.e. Now the following It6 formula for ||u;|| s is crucial (c.f. [7]).

Theorem 2.5. Let ug € L*(Q,Fo,P,H) and v € L*([0,T] x Q,dt ® P,V*), § € L?([0,T] x
Q,dt @ P, Ly(U, H)), both progressively measurable. Define the continuous V*-valued process

u(t) ::uo—i-/otv(s) ds—i—/ote(s) aw., te0.1]

If for its dt @ P-equivalence class [u] we have [u] € L*([0,T] x Q,dt@P, V), then u is an H-valued
continuous Fi-adapted process,

E( sup [lu(®)|}) < oo
t€[0,T

and the following Ito-formula holds for the square of its H-norm P-a.s.
t

t
) = ol +2 | (0 a6y + 106 ) ds+2 [ (ule).0) W) 27)
for allt € [0,T], where @ is any V -valued progressively measurable dt @ P-version of [u].

In view of (2.6) this implies that u is continuous in H, E( sup |ju(t)||%) < +oc and
0<t<T

t
E (=" lu®)lF) —E (luoll) = E(/O e 2y (u(s), u(s))v + 10012, 0.m) — callu(s)lIE) ds).
(2.8)
An analogous formula holds true for (u"*(t));>0. Hence, for ® € K, using (H2),

E (e*cltHunk(t)H%{) ) (Hung%{)
<E (/0 e—m<2 v (A(® (), u™ (8))y + 2 v+ (A(u™(s)) — A(D(s)), ®(s))v

— o (@NNZ, ) + 20 (™ (), 0(2(5))) o,y — 2e2(u"™ (5), ®(s))mr + 02||‘1>(5)||%1) dS)-
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Letting k — +o00 one concludes that for every nonnegative ¢ € L*°([0,7T],R)

T
jmint B ([ wlo)e )1 — o) )
T ¢
<E([ v ([ e vt a +2vo0s) - A®G), B (29)
~ o @3y 0.11) + 200(5), o (@()) oy — 201 {uls), D3N + x| @(5) ) ds ).
On the other hand, due to the weak lower semicontinuity of the norm in K

=( [ OOl at) <t (& Ol O ). (2.10)

Combining this with (2.8) and (2.9) one obtains that

T t
E(/O T/J(t)/o e (2 v {u(s) = A(D(s)), als) — @(s))v
+ o (@(s)) = 0Ly, — c1lluls) — 2(s)ll7) ds dt) < 0.

Taking ® = @ in (2.11) we obtain § = o(@). By applying (2.11) to ® = @ — e®h for € > 0 and
d e L®([0,T] x Q,R), h € V and dividing both sides by ¢ and letting £ — 0, by (H2) and
Lebesgue’s theorem we get

E (/OTW) (/Ot ee15d () (2 ve(u(s) — A(a(s)), by ds> dt> <0.

By the arbitrariness of 1 and ® we conclude that v = A(@).

(2.11)

(1)

As for the uniqueness consider two solutions u(!) and u(?) of (2.1) with initial condition uy’ €V
and u((]Q) € V respectively. Applying theorem 2.5 to u = u") — u(?) together with condition (H2)

and Gronwall’s lemma

Efu®(t) = u® 0} < Jup” - ug? [3re*" (2.12)
This implies uniqueness of the solution for given initial state. Theorem 2.3 is proved. O

2.2. GENERALIZED SOLUTIONS FOR INITIAL CONDITION IN H. By means of (2.12) it is possible to
construct a unique generalized solution to (2.1) for initial condition in ug € H. In particular
this yields a unique Feller process on H which extends the regular strong solutions of (2.1).

Proposition 2.6. Assume (H1) - (H}) , then there exists a unique time homogeneous H -valued
Markov process (uf,t > 0,z € H) such that t — uf solves the SPDE (2.1) in the sense of
definition (2.2) whenever x = uy € V.. Moerover, (4}) induces a Feller semigroup on H, i.e. the
space Cy(H) of bounded continuous function on H is invariant under the the operation ¢ — Py,
where Pop(x) = E(p(af)),xz € H for any t > 0.

Proof. For x € V.C H define t — 4} € H as the unique solution to (2.1) with initial condition
up = x. For arbitrary = € H, choose a sequence (zy); in V such that ||z — z||[g — 0, then
by (2.12) the sequence of processes (t — ;" )ren is Cauchy in C([0,00); L2(Q, H)) with respect
to the topology of locally uniform convergence and define (t — 4f) as the unique limit. For
¢ € Cy(H) define Pyp(z) as above, then (2.12) obviously yields

Ellay —afl7 < e*llz —ylF, ¢>0, (2.13)
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which implies that Pyp € Cy(H) for ¢ € Cy(H). To prove that (ﬁf)fzeé{ is Markov, by the
monotone class argument it suffices to show for all x € H
E(y(af) - p1(ag,) - n(ds,)) = E(Ps,(a5,) - 01(a5,) -+ ¢n(dg,)), (2.14)
for any 0 < s; <s9---<s, <tand ¢i,...,pn, 1% € Cy(H)NLip(H). By (2.13) we have
|Pisp(@) — Psip(y)] < e Lip(p)llz —yllm ¥ € Lip(H),

hence will be enough to show (2.14) for x € V, where it follows by standard arguments from
the uniqueness of solutions of (2.1), their adaptedness to the filtration Fs, s > 0, which for
s < t is independent of the sigma algebra of increments Gs; = o(W, — Wy;s < 0 < t), c.f,
[13, proposition 4.3.5]. This proves the existence of (af;t > 0;2 € H) as in the claim of the
theorem. Trivially, uniqueness of (4}) follows from (2.13) which holds for any H-valued closure
of solutions to equation (2.1). O

3. APPLICATION: STOCHASTIC CURVE SHORTENING FLOW IN (141) DIMENSION

3.1. STRONG SOLUTIONS FOR ug € H?([0,1]) AND SMOOTH NOISE. Let us now show how we can
treat the model rigorously in the case d = 1, which is also known as curve shortening flow, using
the results of the previous section. The simple but essential observation is that for d = 1 the
drift operator in the SPDE (1.1) above may be written

_ Uy (arctan(9u)) (3.1
= T (e~ - (arctan (9 u)), .

which fits into our slightly modified Krylov-Rozovskii framework. To this aim let
Hy((0,1]) € L*((0,1)) € H™([0, 1)),
be the Gelfand triple, which is induced from the Dirichlet Laplacian L = A on L%([0,1]).

Au

For u € H}([0,1]), let Au € H~1([0,1]) be defined by

H0_1(Au,v>Hé =— /[o ; arctan(0,u)dyvdr, Vv e HY,

which is clearly hemicontinuous in the sense of condition (H1), due to the continuity and uniform
boundedness of ( — arctan (. Trivially A is also bounded in the sense of (H4) because

| Aull g-1(j0,17) = sup / arctan (0, u)d,vdr < (3)1/2. (3.2)
vEH (0,1]),[0] 153 <1/ [0.1] 2

Moreover, by the monotonicity of arctan

g-1{Au — Av,u —v) g1 = —/ (arctan(0yu) — arctan(0,v))(Oyu — Oyv)dx < 0. (3.3)
[0,1]

The eigenvectors of L = Ay are ¢; = (z — sin(i27z)),i € N, hence Au = 92u/(1 + (9,u)?) €
H{([0,1]) for any u € H® = span{ey, ..., e, } C H}([0,1]). Moreover,

O2u 9
| = — —r < " :
(Au,u>H0 /[071} . (amu)Qﬁxu(x)dx <0 VYueH (3.4)

Let (¢;)ien denote a sequence of linear independent Lipschitz functions on [0, 1] x R such that
#(0,y) = ¢(1,y) = 0 for all y € R and such that the stronger regularity assumption (1.3) holds
for the noise field, and let furthermore U denote the Hilbert space obtained from the closure
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of the span of {¢;,i € N} with respect to the inner product (3 \igi, Y2712y njdj)u = SN
i=1
Define the diffusion operator B : HZ([0,1]) — L(U, L*([0,1]) by
B(u)l¢l(z) = ¢(x, u(x)) € L*([0,1])
Note that B(u) is in fact in Lo(U, L?([0,1])) since
B oy = [ o u@) e = [ e uw) ~ 60, u0) P

[0,1]

< (Lip(¢y))? / (o + w2 (@))dz = (Lip(60)* (5 + lull3ago.)

[0,1]
such that

1
1B 0200y = L IBG oy < G + Nulfiagony) - 4 (3.5)

Moreover,

1B(w) = B)| 7 w220,y = 2 I1B@)Iei] = B)[eill72(o,1

=3 [ (@) = (o o) i

< A% =02 (0,1- (3.6)
Similarly, B(u)[¢] € H}([0,1]) for w € H([0,1]), and by the chain rule for weakly differentiable
functions,

1B@)(@0)I2 0. = /[O (0261 (@)

< (Lip(¢7))? /[O 1}(1 +[0pu(@)*)da = (Lip(¢:)* (L + ull o 1y)):
which yields

B 000 g0y = S IB@ @ s go < (4 [l o) - A7 (3.7)

In view of (3.2) — (3.7) we conclude that the conditions (H1) — (H4) are satisfied in the given
case with constants ¢; = ¢ = A? and c3 = \/m/2. Hence, by theorem 2.3 we arrive at the
following result.

Theorem 3.1. Assume the reqularity condition (1.3) holds for the noise field, then for any
T > 0 there is a (up to dt@P-equivalence in [0,T]x Q) unique H ([0, 1])-valued process (ut)iejo 1]
solving the SPDE (1.2) in the sense of definition 2.2.

3.2. GENERALIZED MARKOVIAN SOLUTION IN L?([0,1]) FOR NON-SMOOTH NOISE. Proposition 2.6
readily yields generalized solutions for initial condition in L?([0, 1]) as follows.

Proposition 3.2. Under condition (1.3) there is a unique L?([0,1])-valued Markov process
(af,t > 0,7 € L%([0,1])) such that t — 4 is a strong solution to the equation (1.2) when
xr=ug € H01’2([0, 1]). Moreover, (4%)i>0 induces a Feller semigroup on Cy(L?([0,1])).

However, noticing that estimates (3.5) and (3.6) remain true under the weaker regularity con-
dition (1.4), by similar arguments as in the proof of proposition 2.6 we arrive at the following
well-posedness result for the SPDE (1.2) under the Kunita-type regularity condition (1.4).
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Proposition 3.3. Under condition (1.4) there is a unique L?([0,1])-valued Markov process
(af;t > 0,2 € L%([0,1])) such that for x € HL([0,1]), (uf)i>0 is the limit, in the sense of locally
uniform convergence on C([0,00); L*(Q,P; L*([0,1]))), of the strong solutions to the SPDE

(k) _ 32u(k i k
du T (0% dt+z¢l ) dbi, uk =z

Moreover,
~ ~ 2
Bl = i} o < e~ yl3agony  Vory € L2(0,1]),¢ 2 0. (33)

In particular, the induced semigroup, Pyp(z) = E(p(4f)) for measurable ¢ : H — R, is Feller.

4. ERGODICITY FOR STOCHASTIC CURVE SHORTING FLOwW WITH ADDITIVE NOISE

In this final section we show existence and uniqueness of an invariant measure for the generalized
L?(]0,1])-valued solution (4F;t > 0,z € L%([0, 1])) obtained in proposition 3.2 for the SPDE (1.2)
in the additive noise case, i.e. when

82
= mdt +QdWy,  u(0) =uo € Hy™([0,1]), (4.1)

where W is cylindrical white noise on some abstract Hilbert space U and @ € Lo (U, Hé 2([0,1))).
As an example consider the case of U = L?([0,1]) and Q = (—A)~# for B > 3/4, with A being
the Dirichlet Laplacian on [0, 1].

Note also that for additive noise the condition (H2) is satisfied with ¢; = 0. As a consequence of
(2.12), the Feller semigroup on L? induced from the generalized solutios @ of (1.2) by Pip(x) =
E(e(af)) has the so-called e-property [6], i.e. for all bounded Lipschitz continuous functions
0:L?>—=R

|Pep(z) — Pep(y)] < Lin(p)|le -yl Va,y € L% (4.2)

Theorem 4.1. Let (P;);>o denote the Feller semigroup on L*([0,1]) corresponding to the gen-
eralized solution to (4.1), then (P;) is ergodic, i. e. there is a unique (P;)-invariant probablity
measure 1 on L*([0,1]). In particular, lim;_,o 1 fg(Ptgo, v) = (p,u) for any Borel probability
measure v € M1(L*([0,1])) and any bounded continuous ¢ : L*([0,1]) — R.

Let QT (z,-) := % fOT W, dt, where pg, denotes the distribution at time ¢ of the generalized
solution ¢ to (4.1) with initial conditon ug = = € L.

Proposition 4.2. For any x € L? the family of measures {QT(:U, ), T > 1} is tight on L?([0,1]).
Proof. Assume first that € H& 2([0,1]). In view of
’5‘_a§ar0tg§é.§/8+’§‘7 geRa 047,8>0
it holds that
1 1
-1(Av,v) g = —/ arctg(0,v) - Opv da < —/ |0zv| dx + o
0 0
< —c|vllwri) + (4.3)

for some ¢ > 0, by Poincaré inequality.
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Let now ¢ — wu; be the solution to equation (4.1) with regular initial condition x = ug €
HS’2([0, 1]), then theorem 2.5 holds. Hence by the It6 formula for Hut||%2([0 1 and (4.3) we have

Ellu(t)]* = Ellu(0)| +2E/0 v*(A(ﬂ(S)),ﬂ(S)WdSJrE/O 1QIZ, ) s

t (4.4)
<O ~cE [ (s)lwaon + Dt
where D := o + HQH%:HS(UH)' In particular,
IVAIN 1 5
E(5 [ 1a6)lwon ds SE(EHmH +D> V> 1. (4.5)

Since the functional L*([0,1]) 3 u — [ullwri1) € R U {oc} has compact sublevel sets in
L?([0,1]), the claim follows for regular initial condition x = ug € HS’Q([O, 1]).

For the tightness of Q7 (z,.) with general z € L? recall (e.g. [12, Remark on p. 49]) that it
is sufficient (and necessary) to find for arbitrary € > 0,d > 0 a finite union of dé-balls S5 =
Uz‘:L...,k Bs(z;) C L? such that

QT (x,85) >1—¢ VT >1.

To this aim choose z € B55/4(x)ﬂHé’2(O, 1) and a finite union of §/2-balls S5, = | Bs/a(7i)
i=1,..,k

such that Q7 (z, Ss/2) > 1—5. Let Ss = |J Bs(x;) and choose a bounded Lipschitz function
i=1,....k

¢ on L? with XS5, < ¢ < Xs, and Lip(p) < % Hence, using (4.2), for all T'> 1

1 (T 1 (T 2
T > > — — 2z —
Q" (z,Ss5) > T/o Pyp(r)ds > T/o Psp(z)ds 5||w 2||

_ 2z~

0

Lemma 4.3. For x € L?(0,1), let (v®(t))i>0 the (generalized) solution of (4.1) corresponding
to Q@ = 0. Then it holds

> Q7 (%, 53) S1-e 0

lim |jv”(t)|| = 0.

t——+oo
Proof. First, we consider the case where the initial data vy € C§°(0,1) (space of C*°-differentiable
function compactly supported in [0,1]. We set M := ||v{|loc and define a function h(t) with
(i) his of class C*°(R) and satisfies

h(t) = arctant for [t| < M

[h(t)] < |t], teR.

(ii) A/ is a bounded function on R satisfies infyecr h'(z) > p > 0 for a positive constant pu.
(iii) A" is a bounded function on R.
For T > 0 fixed, consider the equation

{ do(t) = (h(vz(t)))z dt,

»(0) (4.6)

V9.



12 A. ES-SARHIR AND M-K. VON RENESSE

Following a similar argument as in [11] and a maximum principle for uniformly parabolic equation
we can prove that the classical solution v of (4.6) satisfies

sup |[|vg[loc < M.
0<t<T

Hence from the construction of h we deduce that this solution is also the solution of (4.1) with
@ = 0 corresponding to the initial data vy € C°°(0,1). Now we remark that for the function
z — arctan z we can write

arctan z = k(z) -z for all z € R,

for some positive decreasing function k on R. Therefore by using the energy estimate for the
function v(t) we can write

1d
55”@(0\\2 = —(arctan v, (t), vz (t)) £2(0,1)
: 2
< _zeér(lof,M)k(Z) vz (2)]] (4.7)
< — inf k 1)
S (2) [lv@)]|

Thus we obtain

k(Z)’

2 72tze}3ir(lofM) 2
[o@)[" <e ’ |vol|”.

This implies the statement of the lemma for regular initial datum vy. For general vy € L%(0,1)
we proceed by approximation and let vf a sequence of functions in C3°(0,1) which converges
to vg in L?(0,1) for n — 4o00. For n > 0 we denote by v,(t) the solution corresponding to
the initial condition v{. By using the fact that v,(¢) — 0 as ¢ — 0 and a triangle inequality
argument we deduce the statement of the lemma for general initial datum vy € L?(0,1).

O

Lemma 4.4. For x € L%(0,1), let (9%(t))i>0 the (generalized) solution of (4.1) corresponding
to Q =0. Then for every x € L>,T > 0 and € > 0, it holds that

P(||a7 — 07| <€) > 0.

Proof. First we suppose that z € V' and denote by (v7):>0 the solution corresponding to (4.1)
with @ = 0. We write

z(t) =u(t) —v(t), t>0.

Then the process z(t);>0 solves the equation

dz(t) = (Au(t) — Av(t))dt + QdW,
z(0) = 0.

We set
z(t) = y(t) + QW

Then we have

dy(t) = (Au(t) — Av(t)) dt.

Therefore,
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%%II@/@)IIQ =v+ (Au(t) — Av(t), y(t))v dt

=y~ (Au(t) — Av(t), z(t))y dt —y~ (Au(t) — Av(t), QWy)v

<2(5) 1wl <2(Z) 1Qwil.

Where we used the monotonicity of A and (3.2) to obtain the estimate in the last line. Thus we
deduce for 0 < ¢ < T

[y <cT sup [[QWrllv,

0<t<T
for some positive constant c¢. We now use the splitting of z(-) and the Poincaré inequality to
obtain for 0 <t < T

1

2@l < (T +3) sup [|QWilly. (4.8)
0<t<T

For the case where z € H we proceed by approximation and use the uniform bound (3.2) to
obtain the same estimate as in (4.8) for the process z(t) = u*(t) — v™(¢), « € H. Since Q is

a Hilbert-Schmidt operator from U to V, (QW}):>0 is a continuous Gaussian random process
with values in V. Hence, for all § > 0

IP’< sup [|QWilv < 5) > 0.
0<t<T

Now let € > 0 and take § > 0 such that (¢IT'+1/2)§ < e. Then

P (Hz(t)H < a) >P (o?f% QW < 5) > 0. 0

Proposition 4.5. For every § > 0 and every x € L*([0,1]) it holds that
lim inf Q7 (x, Bs(0)) > 0.
T—o00

Proof. We proceed in three steps. Let § > 0 and z € L?([0,1]) be given.

Step 1. For R > 0let Cr = {u € L?|u € Wol’l((), 1), [Julli,1 < R}, which is a compact subset of
L?([0,1]). From (4.5) and Chebychev’s inequality we deduce

Q" (0,L2([0,1]) \ Cr) < % VT > 1.

Hence we may pick some R > 0 such that Q7 (0,Cg) > % for all T'> 1. From now we omit the
subscript R, i.e. C = Cpg.

Step 2. Claim: There is some €; > 0, a y; > 0 and a finite sequence T3, , Ty, T; > 0 such
that )
A Z Pr,(xz,B5(0)) >v1 VzeC,
i=1,...k

where C,, = {u € L*([0,1]) | dz2(u,C) < €1} and Pr(x,-) the transition probability correspond-
ing to (4%(t));>0 at time T. In fact, by lemma 4.3 for each x € L?([0,1]) there exists a T, and
a ry > 0 such that o7 € B;/4(0). For T'> 0 and § > 0 let

D(2,T, ) = P{|[#§ — @l 20,1y < 6},

which is strictly positive by lemma 4.4. Hence it follows that Pr, (z, Bs(0)) > D(x,T,,6/4) =:
2

vz > 0. Similarly as in the second part of proposition 4.2 we may use (4.2) to deduce that for

each z € L2([0,1]) there exists r, > 0 such that Pr, (y, Bs(0)) > 7,/2 for all y € B,_(z). Since C
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is compact we may select a finite sequence (x;,7;),7 = 1,...,k, such that C C Ui:L___,k B(xg,r;).
Setting T; := T, the claim follows with €; := min,—; __;7; and v; := min;—y __7:/2k.
Step 3: Choose p > 0 such that
1
QT(xa Cel) > 5
This is possible by a similar argument as in the second part proposition 4.2. Finally, by analo-
gous reasons as in step 2, we may find some Ty > 0 and 2 > 0 such that Pr,(x, B,(0)) > 2.

Va € B,(0).

Hence,

o o1
hmTlanT(x,B(g(O)) = hmTlnf f/o Py(z, Bs(0))ds

1 e
:hmef%i_lsz /0 Psyri4my (@, B5(0))ds
1 1 [T
= lim inf — Z —/ / / Pr.(z, Bs(0))Ps(y, dz) P, (z, dy)ds
Tk T o Jezqo) Jrao)

e 1
Zliminf—/ / / — Z Pr,(z,B5(0))Ps(y, dz) P, (x, dy)ds
T Th Jeoe, ko,

1 T
Z Y1 lim inf — / / Ps(y, Cel)PTo (x’ dy)ds
T TJo JB,0

which, by Fatou’s lemma is bounded from below by
1 (T
> M / lim inf — / PS(yaCﬂ)PTO(x’dy)dS
B, T TJo
=N / lim inf QT(ya Ce,) Pry(z, dy)ds
Bo(0) T

1 1
> 571PT0(9C7Bp(0)) > 5172 > 0. 0O

In view of (4.2) and proposition 4.5, Theorem 4.1 is now a consequence of [6, Theorem 1], where
T = L*([0,1]) according to proposition 4.2.
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