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1 Introduction

Portfolio selection problem is one of the classical problems in the economics of uncer-
tainty. The optimal portfolios depend on agents’ characters (preference and wealth
level) and on the market’s structure (the risk-free return, the return and risk of the
risky assets). Various agents would have different allocations of wealth between the
risk-free asset and the risky assets, due to the differences in preference and/or the
differences in wealth level. The comparative statics of the optimal portfolios with
respect to preference and/or wealth level has first been carried out by Arrow [I] and
Pratt [13], for a static model with a risk-free asset and a risky asset. For this model,
if the excess return of the risky asset is positive, then (1) the more risk-averse an
agent is, the less wealth is invested in the risky asset; and (2) if an agent displays
decreasing absolute (relative) risk aversion, then the amount (proportion) of wealth

invested in the risky asset is increasing in wealth.
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Since then, decades have passed, but few works have been reported for dynamic
models as far as we know, until Borell [2]. For a continuous-time complete mar-
ket model, where the risky assets price process follows a joint geometric Brownian
motion, and for an agent who only consumes at the terminal time, Borell [2] has
analyzed the changes of the optimal portfolios across the wealth levels. The similar
conclusions that hold for the static models have been obtained there by showing the
indirect utility function inherits the decreasing absolute (relative) risk aversion from

the von Neumann-Morgenstern utility function

The purpose of this paper is to investigate how the agents’ preference impacts
the optimal portfolios, for the same market model as in Borell [2], but with time-
dependent and deterministic coefficients. As a result (see Theorem [5.I), we find
that the indirect utility functions inherit the order of risk aversion from the von
Neumann-Morgenstern utility functions. Observing that the vector of optimal port-
folio proportions is given by the vector of log-optimal portfolio proportions multi-
plied by the indirect relative risk tolerance, we know it is enough for any agent to
replace investments in all assets with investments in the risk-free asset and a single
“mutual fund”, whose portfolio is log-optimal. Based on these facts, a continuous-
time version of comparative statics across individuals can be established: the more
risk-averse an agent is, the less wealth is invested in the log-optimal portfolio, and
hence, the less wealth in absolute value is invested in the risky assets. Using the
result here, all conclusions in Borell [2] on comparisons across wealth levels can be

easily recovered, as special cases.

The remainder of this paper is organized as follows: Section [2 describes the mar-
ket model. Section [3] reviews the optimal solutions of portfolio selection problems,
both of the dynamic programming method and the martingale/duality approach
are included. In particular, it is pointed out that the amount of wealth invested in
the log-optimal portfolio equals the indirect absolute risk tolerance. Section M gives
some representations of the indirect absolute risk tolerance and derives a nonlinear

parabolic PDE (partial differential equation) for the indirect absolute risk tolerance

'Except for some specific cases such as constant absolute (relative) risk aversion, in which the

solutions can be explicitly worked out.
2 The indirect utility function also inherits the increasing relative risk aversion from the von

Neumann-Morgenstern utility function. The preservation of decreasing (increasing) absolute risk

aversion has been presented by Gollier [5], for static and complete models.



function. Section [l presents the main result of this paper and Section [@ recovers the

conclusions of Borell [2]. The other sections provide the technical arguments.

We shall make use of the following notation: M ' stands for transposition of a
vector or a matrix M; [(| = \/ﬁ is the usual Euclidean norm for a vector (; 1
is the n-dimensional vector with each component equals 1; and for a domain D C
[0, 7] x (0,00), C1>(D) denotes the set of all functions f : D — R such that f(¢,z)
are continuously differentiable with respect to ¢ and infinite times differentiable
with respect to z, for all (¢,z) € D; C(D) denotes the set of all continuous functions
f:D—R.

2 The Financial Market

We consider the typical setup for a continuous-time financial market economy on the
finite time span [0, 7). The financial market consists of a risk-free asset and n risky
assets. The risk-free asset’s price process S°(t) evolves according to the following
equation:

dS°(t) = S°(t)r(t)dt, S°(0)=1

where r(t) is the interest rate process. The i-th risky asset’s price process S*(t)

satisfies the following equation:
dSi(t) = Si(t (b’ dt+Za t)dB(t ) S90)>0, 1<i<n.

Here B(t) = (B(t),---,B"(t))" is an n-dimensional standard Brownian motion
defined on a probability space (Q, F, (F:),P). The information structure (F;) is
the P-augmentation of the filtration generated by B(t) and F = Fr. Set b(t) =
(b1(t), -+ ,0"(t))" and o(t) = (0Y(t))1<ij<n. In this paper, we always assume the
coefficients r(t), b(t), and o(t) satisfy the following condition:

Assumption 2.1 (1) All of r(t), b'(t) (1 < i < n), and ¥ (t) (1 < i,57 < n) are
deterministic and continuous functions of t, on [0,T]; (2) the matriz o(t) is non-
singular for each t and there exists a constant ¢ > 0 such that ("o (t)71¢ > ¢[¢|? for
allt € [0,7] and ¢ € R™.

In the above setting, the financial market is complete and admits a unique equiv-

alent martingale measure, or risk-neutral measure, denoted by Q, whose density

3



process is %‘E = p(t), where

0(t) = o) (b(t) —r(t)1).

By the Girsanov’s Theorem,

B*(t) := B(t) + /t 0(t)"dr

is an n-dimensional standard Brownian motion under Q. Obviously, each risky asset

price process satisfies the following equation:

dS'(t) = S'(t) <r(t)dt + iaij(t)dB*j(t)> ., 1<i<n.

Jj=1

The state-price deflator H is defined by

H(t) = exp {— /0 tr(T)dT} p(t).

It is well known that S%(¢)H (t) is a martingale, for i = 1,...,n.

3 Utility Maximization

In this paper, a von Neumann-Morgenstern utility function U : (0, 00) — R is sup-
posed to be a strictly increasing, strictly concave, and twice-continuously-differentiable

function that satisfies the Inada condition

U'(0) = liﬁ)l Ullx) =00 and U'(c0) = liTm Ulx) =0.
Given a von Neumann-Morgenstern utility function U, the Arrow-Pratt coefficient

U (z) : . U'(x)
Ty and the absolute risk tolerance is — T

is the Arrow-Pratt coefficient of relative risk aversion and

of absolute risk aversion at z is —
zU" (x)
U (@)
is the relative risk tolerance. Let us introduce an assumption on U that will

Accordingly, —

_ Ul
2U" (z)

be used.

Assumption 3.1 The absolute risk tolerance function of U satisfies the linear growth
condition, that s, there is a constant ¢ > 0 such that
U'(x)
U”(I)

<c(l+4x), forallz>0.



Following Merton [11], we assume that (1) there are no transaction costs, taxes,
or asset indivisibility; (2) the agents are price takers; (3) short sales of all assets, with
full use of proceeds, are allowed; and (4) trading in assets takes place continuously
in time.

We consider an agent who consumes only at the terminal time and whose utility
function for the consumption at the terminal time is U. At any given starting time
t, the preference of the agent for the terminal consumption can be represented by
the expected utility E;[U(X(T))], where X(7') is the value of the terminal wealth
and [, is the conditional expectation operator at time t. The agent is allowed to
allocate the wealth between the risk-free asset and the risky assets so as to maximize
the expected utility. That is, the agent solves the dynamic investment problem

max E[U(X(T))] (3.1)

subject to

(

dX (s) = [X(s)r(s) + o(s) " (b(s) — r(s)1)]ds + &(s) "o (s)dB(s),

X(s) >0, seltT), (32)

X(t) ==,

where ¢(s) = (¢'(s), -+ ,¢"(s))" is the vector of values of wealth invested in the
risky assets at time s € [t,T], > 0 is the value of wealth at the starting time
t. The first constraint in ([B:2)) is the dynamic budget constraint determining the
evolution of the wealth process. The second constraint in ([3.2]) is the nonnegative

wealth constraint ruling out the possibility of create something out of nothing.

Following Cox and Huang [3], see also Karatzas et al [7] and Pliska [12], we can

transform the dynamic problem (B.I]) into a static one:

max - BJUX(T))]
H=0 (3.3)

subject to E, [%X(T)] <.

In other words, the dynamic budget constraint in (3.2]) can be replaced by a static

budget constraint.



Since U’(0) = oo, the solution X (7') of problem (B3) is strictly positive and the
first-order condition is
H(T)

U(X(T)) = At 2)

(3.4)

where the Lagrangian multiplier \(¢,z) > 0. Henceforth, we use I to denote the
inverse marginal utility function U’~", that is, U’(I(y)) = y, for all y > 0. Obviously,
I is strictly decreasing and continuously differentiable on (0, c0), and
I(0) =lim I(y) = o0, I(oc0)=1limI(y)=0.
y40 yToo
With this notation, the solution X (7°) of problem (B3.3)) is
H(T)
XT)=1(t,z)——= ). .
) =1 (Mo ) (35)
Furthermore, since U is increasing, the budget constraint is binding:
H(T)
E X(T)| =
o] ==
that is, the Lagrangian multiplier (¢, ) satisfies the following equation:

E, {%1 (A(t,x)%)] = 1. (3.6)

For any t € [0,7] and y > 0, set

= [ ()]

Obviously, the independent increments of Brownian motion yield that u is a deter-

ministic function defined on [0,77] x (0,00), and for any given ¢, u(t,y) is strictly
decreasing with respect to y. Particularly, u(7,y) = I(y), for y > 0. We can see
from (B.6]) and the definition of u(t,y) that, for all ¢ € [0,7] and x > 0,

wu(t, At z)) = . (3.8)

Hence, A(t, z) is also a deterministic function defined on [0, 7] x (0, c0), and for any
given ¢, \(t, x) is strictly decreasing with respect to z. Particularly, (T, z) = U’(x),
for z > 0.

Let u(t, z) denote the value function of the problem (B.1), or the indirect utility

function, given that the value of wealth at the starting time t is x, that is

)= v (1 (A ) )] (39)
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for all (t,z) € [0,7] % (0,00). The independent increments of Brownian motion yield
that u is a deterministic function defined on [0, 7] x (0, 00). For the indirect utility

function, we have the following proposition:

Proposition 3.1 Under Assumptions[21 and[3]),
ue C([0,T) x (0,00)) NC([0,T] x (0,00)).

Proof. See Appendix [Al O

Under the conditions of the preceding proposition, following Merton [11], the
principle of optimality leads to the following HJB (Hamilton-Jacobi-Bellman) equa-

tion for u:
m(?x {ut + [rx + " (b— rl)] ug + % ¢loo’ ¢ um} =0, (3.10)
on [0,T) x (0,00), with terminal condition
w(T,z) =U(x), forall z> 0. (3.11)

It is well known that u, (¢, z) > 0 and u..(t,z) < 0, for all (¢, z) € [0, T]x(0,00). The
first-order condition for the maximality in (B.I0) implies that the optimal portfolio
policy ngS is in the following feedback form:

Bt,) = 2 (B0 (0T 010) ~ r(00)
that is,
t,2) = (1. )(o (o)) 01) ~ (D)D), (3.12)
where
L ug(t,x)
f(t,z) = T (1) for all (¢,z) € [0,77] x (0, 00).

Obviously, f(t,z) > 0, for all (t,z) € [0,7] x (0,00). f(t,z) is the absolute risk

tolerance of the indirect utility function. In this paper, we call it the indirect absolute

ft.z)

risk tolerance function. Accordingly, we call the indirect relative risk tolerance

function.

In view of (3.12]),
¢(t> I) _ f(t> I) (O‘(t)O’(t)T)_l(b(t) _ r(t)]]_)’ (3.13)

T T




for all (t,z) € [0,T) x (0,00). ‘E’(ZI) is the vector of optimal portfolio proportions,
whose components represent the proportions of total wealth held in the risky as-
sets. In particular, for logarithmic utility function U(x) = log x, whose relative risk
tolerance is constant and equals 1, it is well knowH that the indirect relative risk
tolerance @ =1, for all (t,x) € [0,7] x (0,00), and hence, by ([B.13)), the vector
of optimal portfolio proportions is (o(t)o(t)")~(b(t) — r(¢)1), which, hereafter, is
called the vector of log-optimal portfolio proportions.

Notice that, for any von Neumann-Morgenstern utility function U, the vector
of optimal portfolio proportions is given by the vector of log-optimal portfolio pro-
portions multiplied by the indirect relative risk tolerance. This means effectively
that it is enough for any agent to replace investments in all assets with investments
in the risk-free asset and a single “mutual fund”, whose portfolio is log-optimal.
Different agents would have different weights between the log-optimal portfolio and
the risk-free asset, depending on their indirect relative risk tolerance. The weight
of total wealth invested in the log-optimal portfolio equals the indirect relative risk
tolerance. The larger the indirect relative risk tolerance is, the larger weight is in-
vested in the log-optimal portfolio. Accordingly, the amount of wealth invested in
the log-optimal portfolio equals the indirect absolute risk tolerance. The larger the
indirect absolute risk tolerance is, the more wealth is invested in the log-optimal

portfolio.

4 Indirect Absolute Risk Tolerance Functions

Now we investigate the indirect absolute risk tolerance function f.

In this section, we let X (T, z) denote the solution of problem (33). Note the
solution depends on both of the starting wealth z and the starting time ¢. For
simplicity, however, we suppress the explicit dependence on ¢ in the notation.

The Lagrangian multiplier A(¢, ) gives the marginal, or shadow, value of relaxing
the static budget constraint in (3.3)). It therefore equals the agent’s marginal utility

of wealth at the optimum, that is

At, ) = u,(t, x).

3See Merton [10].



In view of (3.4]), the first-order condition is

A H(T)
"(X(T = . 4.1
DR (T, 2)) = ualt. ) (1)
Moreover, the budget constraint is binding:
A H(T)
E | X(T,x) —| = =. 4.2
x5 = (42)

Lemma 4.1 Under Assumptions[21] and[31], we have for any t € [0,T) that

X (T,z) H(T)

s H(t)

=1, forallxz>0. (4.3)

Proof. We can obtain ([A3]) by differentiating formally the both sides of (A2]) with

respect to x. For a rigorous proof, see Appendix [Bl O

Differentiating (4.I]) with respect to x yields

~

U (T, x))% = Ugalt, @%,
and consequently, by (A1) again,
B U’()A{(T’x)) _ ug(t, x) 8X(T,x) i I)aX(T,x). (4.4)

U”(X(T, ZL’)) uww(tax) 835 8LE‘

Proposition 4.1 Under Assumptions[21 and [31, for allt € [0,T] and x > 0,

[ henTR) me
- __U” <I (A(t,x)%)) H(t) (46)

Proof. We can obtain (L) from (£4]) and Lemma LIl From (B.5), we get (L6 as
well. O

Remark 4.1 Gollier [5] obtained the same conclusion as in the preceding proposi-

tion, for static models.

Apart from the representations (A3)-(L6), the indirect absolute risk tolerance
function f satisfies a nonlinear parabolic PDE and is continuous on the boundary,

as showed in the next proposition.



Proposition 4.2 Under Assumptions[2.1 and [31),
feCh™([0,T) x (0,00)) NC([0,T] x (0,00)),
and satisfies PDE
%|9|2f2fwx+7"$fw+ft_rfzov (4.7)

on [0,T) x (0,00), with terminal condition

_U'le)
U”(CE) ’

-

f(Tz) = for all z > 0. (4.8)

Proof. See Appendix Bl O

In the following part of this section, the optimal wealth process of problem (B.1)
is denoted by {X(s),s € [t,T]}. It was first pointed out by Cox and Leland [4]
that {f(s, X(s))H(s),s € [t,T]} is a local martingale when the risky asset price
process is a geometric Brownian motion. He and Huang [6] observed it is a general
property of an optimal consumption-portfolio policy (for case of a static model, refer
to Gollier [5]). In what follows, we are going to show {f(s, X(s))H(s),s € [t, T]} is

a martingale.

Proposition 4.3 Under Assumptions[21 and 31, {f(s, X (s))H(s),s € [t,T]} is a
martingale, for eacht € [0,T) and x > 0.

Proof. By Lemma {f(s,X(s))H(s),s € [t,T]} is a nonnegative local martin-

gale, and hence a supermartingale. So it suffices to show
E,[f(T, X(T))H(T)] = f(t,2)H(t).

This can be easily obtained from (). O

5 Comparisons Across Individuals

Apart from an agent with utility function U as described in the previous sections,
we consider another agent whose utility function is V. Just like the arguments in

the previous sections, we will use the following assumption:
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Assumption 5.1 The absolute risk tolerance function of V' satisfies the linear growth

condition, that s, there is a constant ¢ > 0 such that

V/
_V”((:;)) <c¢(l+x), forallz>0.
The agent whose utility function is V' solves the following dynamic investment
problem:
max E,[V (X (T))], (5.1)
(o(s))
subject to

(

dX(s) = [X(s)r(s) + ¢ (s)(b(s) — r(s)1)]ds + ¢ (s)o(s)dB(s),

§ X(s)>0, forseltT],

thza

\

where ¢(s) = (¢'(s), -+ ,¢"(s))" is the vector of values of wealth invested in the

risky assets at time s € [¢, 7.

Let v(t,z) denote the indirect utility function for problem (5.1]). From Proposi-
tionB.11, we know v € C*°([0, T')x (0, 00))NC([0, T]x (0, 00)), provided Assumptions
2.Iland G.1] are satisfied. The corresponding indirect absolute risk tolerance function

vz (t,z)

is g(t,x) = — o a) and the optimal portfolio policy ¢ is in the following feedback

form:
p(t,x) = g(t, ) (a(t)a(t)T) " (b(t) = r(t)1). (5.2)

Given two utility functions U and V', we say U is more risk-averse than V', or U

: : : U"(x) V"(z) : U'(x) V()
is less risk-tolerant than V', if — ) > — Ok that is, — () < — V) for every

x > 0. It is well known that U is more risk-averse than V' if and only if there exists

an increasing concave function F' such that U(x) = F(V(x)), for all x; that is, U is

a concave transformation of V' (In other words, U is “more concave” than V.)

Remark 5.1 Obviously, if V satisfies Assumption [5.1 and U is more risk-averse
that V', then U satisfies Assumption [31.

Now we are ready to report the main result of this paper.
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Theorem 5.1 Under Assumptions[2.1 and[5. 1, assume further that U is more risk-
averse than V', then f(t,x) < g(t,x), for allt € [0,T) and z > 0.

Proof. See Section 8 O

The preceding theorem shows: If the agent with utility function U(x) is more
risk-averse than the agent with utility function V' (z), then, for each time ¢t € [0,7),
the corresponding indirect utility function u(¢, z) is more risk-averse than v(t, ) as
well. According to the discussion at the end of Section Bl at each time t € [0,7),
if the agents have the same value of wealth, then the former agent invests less in
the log-optimal portfolio (and hence, less in absolute value of wealth in the risky
assets) than the later. So, we establish a dynamic, continuous-time version of the

comparative statics of the optimal portfolios across individuals.

Under the conditions of the preceding theorem , by Remark [5.1] and Proposition
12 f and g satisfy the same PDE on [0,7") x (0,00). Moreover, at the terminal
time,

U@ _ V()
U’ (z) = V()

f(T,x) = =g(T,z), forallz>0.

It seems that we can apply the techniques of maximum principles for parabolic PDEs
to prove the assertion of the previous theorem. However, due to the nonlinearity of
PDE (A1) and unboundedness of the domain, the techniques of maximum principles
can not be directly used to f and g. In order to overcome this point, we approximate
f with a sequence {f™ m > 2}, which satisfy the PDEs with bounded domains.
For these PDEs with bounded domains, we can use the techniques of maximum
principles, then by approximation, the the preceding theorem can be proved. The
approximating sequence is constructed in Section [1, and the proof of the preceding

theorem is completed in Section [8

6 Comparisons Across Wealth Levels

In this section, we recover all conclusions in Borell [2], based on Proposition [4.1] and
Theorem [5.1]

A utility function U is called to exhibit decreasing absolute risk aversion (hence-

forth, DARA) [resp. increasing absolute risk aversion (henceforth, IARA)], if — [é/,/((;c))
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is decreasing [resp. increasing] with respect to x. Accordingly, U is called to exhibit
decreasing relative risk aversion (henceforth, DRRA) [resp. increasing relative risk
aversion (henceforth, IRRA)] if — U,,é

X
U
to x.

S) is decreasing [resp. increasing| with respect

Theorem 6.1 Under Assumptions 2.1 and[3.1, if U exhibits DARA, then for each
t, u(t,-) exhibits DARA, namely, f(t,x) is increasing with respect to x.

Proof. We have known that [ is strictly decreasing, and for each ¢, (¢, x) is strictly

decreasing with respect to z. Then the assertions follows from (). 0J

Remark 6.1 The preservation of DARA has already been reported by Borell [2], for
a continuous-time complete model; see Gollier [5, pp.209-210], for a static complete
model. The method used here is same to that of Gollier []!

We can see from the preceding theorem and the discussion at the end of Section
that, if the utility function of the agent exhibits DARA, then the amount of wealth
invested in the log-optimal portfolio is increasing as the total wealth rises.

As for the relative risk aversion, we have the following theorem, whose conclusion
has already been reported by Borell [2]. The methodology here, however, is different
from there. According to the method of Borell [2], the IRRA case is much more
complicate than the DRRA case. According to the method here, however, both

cases can be easily dealt with, based on Theorem [5.1]

Theorem 6.2 Under Assumptions[2.1 and[31], we have the following assertions:

(a) If U exhibits DRRA, then for each t, u(t,-) exhibits DRRA, namely, &%) s

increasing with respect to x;

b) If U exhibits IRRA, then for each t. u(t,-) exhibits IRRA, namely, %2 s
( ) f ) f ) ( ) ) ) y)

decreasing with respect to x.

4Gollier [5], for a static complete model, has showed the preservation of IARA. But in our
settings, as observed by Borell [2 p.144], the assumption U’(0) = oo totally eliminates utility
functions U exhibiting TARA (see also Lemma [AT]). We believe, in our continuous-time setting,
the preservation of TARA can be proved as well, by considering the utility functions defined on the

whole real line (—oo, 00), instead of the positive real line (0, 00).
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Proof. Suppose U exhibits DRRA. For any constant v > 1, consider the utility
function V' defined by V(z) = U(yx), for all 2 > 0. Obviously, we have

V(@) qaU"(h2) _ aU"()

V(@) Ulye) = Ula)’
which yields U is more risk averse than V. Then by Theorem [5.1]

f(t,x) <g(t,z), forall (¢t,z) € [0,T] x (0, 00). (6.1)

Moreover, it is easy to see v(t,z) = wu(t,yx), for all ¢ € [0,7] and = > 0. By
computation, g(t,x) = @ Thus we get from (6.1) that @ < %, for all
t € [0,7] and x > 0. By the arbitrariness of v > 1, we have proved assertion (a).
Assertion (b) can be proved by letting v € (0,1) and by the same way. O

We can see from the preceding theorem and the discussion at the end of Section
B that, if the utility function of the agent exhibits DRRA (resp. IRRA), then the
weight of wealth invested in the log-optimal portfolio is increasing (resp. decreasing)

as the total wealth rises.

7 Approximation

We now begin to construct the approximating sequence { f M) m > 2}.

Given a utility function U, for each m > 2 and for each t € [0,T"), we consider

the following constrained problem:

max EJUX(T))], (7.1)

subject to

p

X(s) >0, forselt,T],

Xt:fﬁ,

\

where ¢(s) = (¢'(s), -+ ,¢"(s))" is the vector of values of wealth invested in risky

assets at time s € [t, 7], and - e~ JEr@ds < o e ST r(s)ds
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Following an identical discussion as in Section [3] we can see the dynamic problem

((CI)) can be transformed into a static one:

| ax E:[U(X(T))]
<X (T)<m (7.2)

subject to E, [%X(T)] <.

By a similar discussion as in Section B the solution X ™)(T) is,

X (7) = % Vi ()\(m)(t,x)%) Am, (7.3)

where the Lagrangian multiplier A(™ (¢, ) > 0 and we use the following notation:

(

%, for x <

1
m?

1
E\/x/\m:< z, forze (L m);

3=

m, for x > m.

\
Moreover, the static budget constraint is binding:

E, [Z(@T))XW(T)] =z,

that is,

E, {Z%) (% v (AW 0 x)l;[[((g)) A m)} . (7.4)

For any y > 0, define

e ERO 1) 0

The independent increments of Brownian motion yield p™ is a deterministic func-

tion defined on [0,7] x (0,00). Obviously, for any given ¢t € [0,7), u™(t,y) is

continuous and strictly decreasing with respect to y, on (0, c0), and
1 T
lim "™ (t, ) = me~ ftTT’(s)ds, lim g™ (t,y) = — e~ Jv 7()ds,
im 1 (, y) lim ™ (,y) = —
By (74) and the definition of (™),
P (N (8 7)) = (7.6)
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for any % e~ I T)ds < < e I (s, Therefore, A\(™ is a deterministic function
defined on D™ U T where

1
pm) - _ {(t,x) L e O e S s [OvT)} ’
m

Tm = {(T,x): i<:c<m}.

m

Moreover, for any given t € [0,T), A" (t,z) is continuous and strictly decreasing

with respect to x, on (% e I r($)ds e s T(s)ds>, and

lim A (¢, 2) = oo, lim A (¢, 2) = 0.

x\l/% e~ ftT r(s)ds ztme™ ftT r(s)ds

In view of ([3]), the indirect utility function of problem (Z.2]) is

W™t 7) = E, lU (% v <A<m> 0 x)%) A mﬂ |

The independent increments of Brownian motion yield that «(™ is a deterministic
function defined on D™ U 7™,

Proposition 7.1 Under Assumption[21, for each m > 2,

u™ e e (D) N (D™ U TM),

Proof. See Appendix [Cl O

The preceding proposition implies (™ satisfies the following HJB equation:
max {u(m) + [rz+¢" (b —r1)]ul™ + lqﬁTaaTgb u(m)} =0
pt t x 2 T -
on D) with terminal condition
(m) _ ) 1
(T, x) =0 (z), forze|—,m].
m

For each m > 2, the indirect absolute risk tolerance function is

(m)
X t7
Fr(t, x) = _u(i(x)

) . for (t,z) € D™ U T,
Upg (t, )

16



Proposition 7.2 Under Assumptions 2.1 and 31, for each m > 2,
fm e ¢l (pmy N (D™ U TM),
and satisfies PDE
SRR 4+ raf )+ ) =0,

on D™ | with terminal condition

f(m)(T, r) = _g:/((z)), forx e (%, m) )

and boundary conditions

lim fm(s,z) =0, fortel0,T);
(svx)ﬁ(t,mef .ftT T'(S)dS)
lim fM(s,2) =0, forte[0,T).

(s,w)a(t,% o IT T(S)ds)

Moreover, we have

limsup f™(s,z) = — ,

(s,m)%(T,%) u” (%)
. U'(m)

limsup f™(s,z) = — .
(s,2)—(T;m) U’ (m)

Proof. See Appendix [Cl

(7.7)

(7.8)

(7.9)

(7.10)

(7.11)

O

The sequence f™ constructed above is indeed approximating f, as the following

proposition shows.

Proposition 7.3 Under Assumptions 21 and[31, lim,_, f™ (t,2) = f(t, ), for

all (t,z) € [0,T) x (0, 00).

Proof. See Appendix [Cl

8 Proof of Theorem 5.1

In this section, we use the results in Section [ to finish the proof of Theorem (.11

17



Under the conditions of Theorem [5.1], from Proposition £2], we know the indirect

absolute risk tolerance function
g€ CH([0,T) x (0,00)) N C([0,T] x (0,00)),
and satisfies PDE
% 101°9° 9w + 1290 + g0 — g =0, (8.1)

on [0,T) x (0,00), with terminal condition

V()

g(T’ ZE') = _V”(ZIZ')’

for all z > 0. (8.2)

Since V satisfies Assumption [£.J] and U is more risk averse than V, we know U
satisfies Assumption 3.1l Let the approximating sequence {f™, m > 2} of f be

constructed as in Section [7]

Lemma 8.1 Under Assumptions 21 and 5.1, if —< (x <

(s L for all x > 0,
then for each m > 2, f™(t,x) < g(t,x), on D™,

VH(

Proof. For each m > 2, set

1 T
B(()m) _ {(t, Balipe r(S)ds) - te [0, T]} )
m

B = {(t me= i sy . te[O,T]},

then D™ = D™ U §*D™) | where D™ denotes the closure of D™ and 9*D™ =
B(()m) uT7my B&’”’. The function f™ is originally defined on D™ UT ™. Now we
extend its definition to D™ as follows: f(™(¢,2) = 0, for all (¢, z) € Bém) U B%m)
such that ¢ <T', and

o (7 1N 2 VG gy = _UM)
() =Gy ST =y

With this extension, we can see from Proposition that f™ is an upper semi-

continuous functionH on D(m),

Let h = f™ — g, then h is upper semi-continuous on D). Since ——g,,,((?) <
“//,,(x for all z > 0, we know h < 0 on 9*D™). Obviously, 9*D™ is a compact set,

5See Appendix



and therefore, from Proposition [D.2], we can see on 0*D™ h attains its maximum
at some (tg, 79) € 9*D™) . which implies h(t,z) < —e < 0, for all (t,z) € 9*D™
where ¢ = —h(tg,z9) > 0. Moreover, there exists a constant § > 0 such thatE

h(t,z) < —£ <0, for all (t,z) € O™(§) N D™, where

om@©G) = O (©B)u oy (5) uoL™ (5),

1 1
Ogm)((D = {(t, ,’L’) te [07,1_1]7 E e_ftTr(S)ds <z< E e—ftTT(s)ds n 5} ’

1
O G) = (T—6T] % [ —
@) = @ -a1x (hm).,
O:(),m)(é) = {(t,l’) te [O,T], me_ftTT’(S)ds S <z < me—ftTr(s)ds} ]
Obviously, D™ \ O™ (§) is a compact set, then there exists a constant o such that
1
—a+ §|9|2(f(m) 4+ 9)gze — 7 <0, on D™\ O™ (§).

Suppose, to the contrary, that f™ > g somewhere in D). Consider function w
defined by w = he®, then w < 0 on @™ (§) N D™ and w > 0 somewhere in D).
Obviously, w is upper semi-continuous, and therefore, by Proposition [D.2] w attains
its positive maximum at (t;,z;) € D™ \ O™ (). So, at (ti,z1), w > 0, w, = 0,
Wee < 0, and wy = he® + ahe® < 0. Consequently, at (ty,z1), h > 0, h, = 0,
hyr <0, and hy < —ah. Thus, at (t1, 1), we have from (7.7) and (81]) tha

0 = %|9|2[(f(m))2fa£?) - 9295050] + T:L’(f:((:m) - gx)
(™ = g) = r(f — g)

1 1
= 5|9|2(f(m))2hM +rxzh, + hy + [5‘9‘2(]‘1(7”) + 9)9ze — T} h

1
< |-a 0RO+ g)gue—r | 1
< 0,
which leads to a contradiction. O

SOtherwise, for each k > 1, there exists a (tj, 1) € O™ (1) ND) such that h(ty, zx) > -5.
It is not difficult to see that there is a subsequence of {(tx,zx),k > 1}, which is still denoted by
{(tr,zx), k > 1}, converging to some (s,y) € 0*D™). From the upper semi-continuity of h, we
have h(s,y) > limsupy_, ., h(ty, ) > -5,
oD,

T would like to thank Yongsheng Song for a fruitful discussion.

which is impossible, since —¢ is the maximum of h on
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Lemma 8.2 Under Assumptions 21 and [5.1], if — UU,/,(I < — v”( , for all x > 0,
then f(t,) < g(t,2), on [0,T) x (0, 0).
Proof. Proposition [(.3] and Lemma [B.1] combined yield the assertion. O

Now we prove Theorem [5.1] as follows.
Proof of Theorem [5.3l For any € > 0, let U® : (0,00) — R be a function such
that its derivative U¢(x) = U’(x)e~=*, for all z € (0, 00). Obviously, U® is a utility

function and

U (x) U'(x)
_U@) for all
Ue(e)  —U@) +eU@) M7
which implies
. , ,
_ Us(x) _ U'(z) < — Vi(z) for all x > 0. (8.3)

UE(I) U”(:L’) = V”(:L’)7
Corresponding to utility function U¢, the indirect absolute risk tolerance function is
denoted by f¢(t,z). By Lemma [R.2] we have

fe(t,x) < g(t,x), forall (t,z) € [0,T) x (0,00).

In order to complete the proof, it suffices to show lim. o f(t,x) = f(t, z), for all

t€[0,7) and x > 0.
Actually, U¢(z) 1 U'(z) and — Usgxg 0 —g,,,((?) as e | 0, for all z > 0. Let I°
denote the inverse marginal utility function of U¢, that is, U¢(I°(y)) = y for all

y >0, then I*(y) 1 I(y) as € 1 0, for all y > 0. Let 4(t,y) = E, [IE @%) %]

then p°(t,y) 1T u(t,y) as e 1 0, for all (t,y) € [0,7) x (0,00). Let A° be defined by

w(t, A°(t,z)) =z, forall (t,z) € [0,T) x (0, 00),

then A°(t,z) T A(t,x) as e | 0, for all (¢,z) € [0,T") x (0,00). Consequently, we have
o (= (2 056)) ey | U (L (M05R)) )
() 70 o ) 70

almost surely as ¢ | 0, for all (¢,z) € [0,7) x (0,00). Moreover, by Proposition .|

we have
U (1 (¥ (60 55) ) mreny
{7 (IE (Ae( )H(Q)) H(t)

Then by the same way to prove Proposition [7.3] using the Dominated Convergence
Theorem, we can have lim. o f(¢,x) = f(t,z), for all t € [0,T") and x > 0. O

foltz) =K |-
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Appendix

A Proof of Proposition 3.1

Lemma A.1 IfU’(0) = oo, then liminf, g — Ul .

U//(x)
Proof. Suppose otherwise that lim infxw—UU,l,—((fc)) = A > 0, then there exists a
xo € (0,1) such that, —g,/,((?) > %, for all z € (0,z0). Then we have
B U//(:L,)

2
(logU'(x))’ > = for x € (0, o),

U'(x)

and therefore,

logU'(1) —logU'(x) = /1 U"(z) dz > 2w —1) for x € (0, zg).

. U(2) A 7

2(1—x)

Thus U'(xz) < U'(1)e”a , for x € (0,20), which is impossible, since U’(0) = co. O

Lemma A.2 For any utility function U, there exist constants ¢ > 0 and ¢; > 0

such that

U(I(y))| < max{co +y,co+cil(y)}, for ally > 0. (A1)

Proof. The concavity of U implies
Ull(y) <U1)+U(1)(I(y)—1), forally>0. (A.2)
On the other hand, it is well know that U(I(y)) —yI(y) = sup,o|U(z) — yz|. Then
—Ul(y) <—yly) —UQ)+y<-U(1l)+y, forally>D0. (A.3)

Finally, a combination of and ([A.3)) yields the assertion. O

Lemma A.3 Under Assumption[3.1, we have

Ux) < U'(1) (1 ;L x)_c , forallx >1, (A4)
I(y) < 2U' )y =1, foralye (0,U(1)). (A.5)
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Proof. By Assumption B.1]

U’ (x) 1
1 ! "= < - for all )
(logU'(x)) o) = it ) orall z >0
Then for all x > 1,
v vodz 1 1+
1 "(z) —1 (1) = 1 "(2))dz < — =—1
o8 U'(a) ~logU'(1) = [ (ogU'(a)yds < = [ s = —Ztog 5,

yielding (A4)). Suppose y < U’(1), then I(y) > 1, and therefore, by (A.4),

y=v) <o (FF)

which implies (AH). O

Lemma A.4 Under Assumption[3.1], we have for all a > 0 that

/OO “I(e*) e dz < oo, (A.6)
/_ T\ e ds < oo (A7)

Proof. By Lemma [A.3 we have
AU (1)) e — 1, if e* < U'(1);

I(e*) < (A.8)
1, if e > U'(1),

which obviously yields ([(AX6). A combination of (Al and (A8) leads to (AT). O
We refer to Karatzas and Shreve [8, pp.254-255] for the following lemma:

Lemma A.5 Suppose k : R — R is a Borel-measurable function satisfying the

condition

/ k(2)]e" " dz < o0,

[e.e]

for some a > 0. Set
k(t, 2) = Ek(z +VtE)], (t2)¢€ {O, 2_1a) x R,

where & ~ N(0,1), the standard normal distribution. Then k has continuous deriva-
tives of all orders, for all t € (0, ﬁ) and z € R. Moreover, if f is continuous at
20 € R, then k is continuous at (0, z). Particularly, if f is continuous on R, then

K 18 continuous on [O, %) x R.
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Lemma A.6 Under Assumptions[21 and[31,

p € CH([0,T) x (0,00)) N C([0,T] x (0,00)), (A.9)
A€ Ch*([0,T) x (0,00) (A.10)

S~—
D)
S
=
X
=
<

Proof. Let k(z) = e*I(e?), for all z € R. Obviously, k(z) > 0, for all z € R. By
Lemma[Ad] [* k(z)e *" dz < oo, for all @ > 0. Set

k(t, z) = B[k(z + Vt€)], (t,z) €[0,00) x R,

where & ~ N(0,1). Then by Lemma [A-5] x has continuous derivatives of all orders,

for all t € (0,00) and z € R, and is continuous on [0,00) x R. Since

os (v ) = 1oy~ [ s1as -~ Soto - [ oty ase)

where O(t) = ftT 0(s)|?ds, for all t € [0, T], we can see from (B.7)) that

ult,y) = E, {k (1og (y%))} — (@<t>, gy~ [ " (s)ds - %@(t)) ,

and therefore, (A.9]) follows. Here we have used the fact that © is continuously
differentiable on [0, 7], which is obvious under Assumption 2.11

Now we prove A € C1>([0,T) x (0,00)), using the Implicit Function TheoremH.
To this end, we extent the definition of i to a open domain containing [0, 7") x (0, c0).
Let 5 : (—00,T] — [0,00) and 7 : (—o00,T] — R be defined as follows:

(

o(t), for ¢t € [0, 17,

0(0) — |0(0)?t, fort <0,
(

[T r(s)ds, for t € (0,77,

t

fOTr(s)ds —r(0)t, fort < 0.

\

Obviously, 8 and v are continuously differentiable on (—oo,T|. Let i be defined by

i) = 5 (300 = 9(0) = 3500 ) - for (00) € (=00,7] x (0.00)

8See Zorich [14].
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Then i € C°((—00,T) x (0,00)). It is not difficult to see that, for each ¢ €
(—OO,T],
Q(t,y) =E e~ YO=38M+\/ BB €T <ye—’y(t)—%ﬁ(t)+\/ﬁ(t)§>}

is strictly decreasing with respect to y, on (0,00). Let A be defined by

jit, A(t, ) =z, for (t,x) € (—o0,T] x (0, 0).
Then by the Implicit Function Theorem, A € C**((—00,T) x (0,00)). Moreover,
it is easy to see that i = pu, on [0,7] x (0, 00), and therefore, recalling (3.8]), A=A,
on [0,7] x (0,00). Thus we have A € CH>([0,T) x (0, 0)).

m

It remains to show A is continuous at (T, x), for all z > 0. Let sequence (¢, z,,)
[0, 7] x (0, 00) converge to (T, z), for some x > 0, we shall prove lim,, oo A(t,, 25,)
U'(x). Suppose liminf,, ., A(t,, x,) < U'(x), then there exists some y € (0,U'(z))
such that liminf, . \(¢,, z,) < yo, then

r = lim ,u(tm A(tnazn)) 2 lim lnf:u(tna yO) = M(Ta yO) = I(yO) >,
n—00

n—oo

which leads to a contradiction. Thus liminf, . A(t,,z,) < U’(z) is impossible.
Similarly, we can prove limsup,,_,. A(tn, z,) > U’'(x) is impossible. So we complete
the proof. O

Lemma A.7 Suppose Assumption [21 is satisfied and q : (0,00) — R is a Borel-

measurable function satisfying the condition

00 2
/0 lg(e?)] exp {—m} dz < oo, for somee >0,

where O(t) = ftT 0(s)|?ds, for all t € [0,T]. Let v be defined by

H(T)

v(t,y) = E, {q (yﬂ)] C (ty) €[0,T) x (0,50).

Then v € CY([0,T) x (0,00)). Moreover, if q is continuous at yo > 0, then

v is continuous at (T,yo). Particularly, if q is continuous on (0,00), then v €

C(]0,T] x (0,00)).

Proof. It is just similar to the proof of (A9). O

Based on the previous lemmas, we are able to prove Proposition 3.1 as follows.
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Proof of Proposition Bl Let ¢(y) = U(I(y)) and
oo - o ()] - ()
then by Lemmas [A4] and A7,
v e CH([0,T) x (0,00)) N C([0,T] x (0,00)).

Moreover, recalling (3.9)), u(t,x) = v(t, \(t,x)). Then by Lemma [A.6] we finish the
proof. O
B Supplementary Data for Section (4

Proof of Lemma (4.1 We can rewrite (4] as
. H(T
X(T,z)=1 (ux(t,x) ( )) :

H{(t)
Differentiating the preceding equality with respect to x yields
X (T, x) H(T) H(T)
——— L =T up(t, 2) | U (t, ) . B.1
S 1wt G ) vt i (B.1)
Obviously, % > 0 almost surely, for each = > 0. Let function [ be defined by

l(t> y) = IEt

H(T)\ (H(T)\*

I B.2

(i) () | 2

for all (t,y) € [0,7] x (0,00). We can see from Proposition B.1] and Lemma
B below that, for any ¢ € [0, T],

OX(T,x) H(T)

Sl H(t)

= Uy (t, ) (t, up(t, x))

is continuous with respect to z, on (0, 00). Moreover, for any z > 2z > 0, we haveH
OX(T,z) H(T)

/ZO E, or  H(t)

/Z OX(T,z) H(T) .
. or  H(t)

dx

= E, (by Fubini’s Theorem)

_ g, {(X(T, - X(T, zo>>%]
i (by @D)

T would like to thank Jia-An Yan for a helpful suggestion.
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which leads to ([3)). O

Lemma B.1 Under Assumptions 2 and [31), let function | be defined by (B.2),
then
L€ Ch>([0,T) x (0,00)) N C([0,T] x (0,00)).

Proof. Obviously, I'(y) < 0, for all y > 0. For each y > 0,
1 UU) 141

_ <c :
UrI(y))  yU"(I(y)) y
where the inequality follows from Assumption 3.1l Thus, for any z € R,

—I'(y) =

0 < —e*I'(e”) < cle + e*I(e7)).

By Lemma A4, [7_g(e?) e™%" dz < oo, for all a > 0, where ¢(y) = —y2I'(y). Since

B [o (v

l(t7 y) = - y2 ’
the proof can be finished by using Lemma [A.7] O

Proof of Proposition By Lemma [B.2] below, we only need to show f €
C([0, 7] x (0,00)). Noting I'(y) = m, we have from (4.6)) that

f(t.x) =E, [—A(t, ECICURY (A(t,x)@) @] ,

H{(t) H(t) ) H(t)
that is, f(t,2) = —A(¢, 2)l(t, A(t, x)), where [ is defined by (B.2). Lemmas [B.1l and
[A.6 combined lead to f € C([0,7T] x (0,00)). O

Lemma B.2 Under Assumptions[2Z1 and[31, f € C*>(]0,T) x (0,00)), and sat-
isfies PDE (A1), on [0,T) x (0,00), with terminal condition (4L.]).

Proof. By (311 and Proposition B1], it suffices to show f satisfies PDE (4.7). By
He and Huang [6] Proposition 2], f satisfies the equation

1 - ~
§¢T00T¢fmm+7’l’fm+ft —rf=0.

Substituting (3.12]) into the previous equation yields (7). In the following, we give
a direct proof. Substituting (312 into the HIJB equation ([B.I0), we can have

1
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Noting f2uz, = —fu, = %, the preceding equation can be rewritten as
Lo
u + reu, + §|9| fu, = 0.
Differentiating the previous equation with respect to x yields
Lo Lo
Ugs + Ty + TXUL, + 5\9\ fotiy + §|9| fuge =0,

and consequently,

Ut 1, rT 1,
— 4+ =0 fe ——+7r—=0]*=0.
o SIOR S = S = 510
Differentiating the previous equation with respect to x yields
UggtUy — UgtUygy 1 2 Tf - rIfx
—0|" foe — ——=—— = 0. B.3
e e - (B.3)
Obviously,
UggtUy — UgtUgy o ft
u? N F’
which, together with (B.3]), implies (.7]). O

Lemma B.3 Under Assumptions 21 and[31, {f(s, X (s))H(s),s € [t,T]} is a local
martingale, for each t € [0,T) and x > 0.

Proof. The dynamics of {X(s),s € [t,T]} is
dX(s) = [X(s)r(s) + d(s, X ()T (b(s) = r(s)L)]ds + &(s, X (s)) "o (s)dB(s).
By the Ito’s Formula,

&5 X(s)

= Ll X(3))ds + (s, X)X (5)r(s) + s, X(5))T(05) = r(s)1)ds
by e, X ()35, X () ()0 (5) 65, X (s)ds
s, X ()05, X(5)) T o(5)B(s).

By the definition of H(s), we have

dH(s) = —r(s)H(s)ds — H(s)8(s) " dB(s).
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Therefore,

A

d[f(s, X(s))H(s)]
= f(s,X(s))dH(s) + H(s)df (s, X (5))
s, X (8))p(s, X (3)) o (s)0(s)H (s)ds
[ (s, X (5)) "o (s)0(s) d(s, X (5)) faals, X(s))
+1(s)X () fu(s, X(5)) + fu(s, X () = () f (s, X(s))] ds
+ a local martingale

= H(s) [%I9(8)|2f2(8,X(S))fm(s,X(S))+T(S)X(S)fx(8,5((8))

+fo(s, X (5)) = r(s) f (s, X(s))] ds + a local martingale,

T

(
= H(s)

N —

where the last equality follows from (3.12)). Then Lemma [B.2] implies the ds-term
is null and hence {f(s, X(s))H(s),s € [t,T]} is a local martingale. O

C Supplementary Data for Section [7

In this section, we use 14 to denote the indicator function of a set A.

C.1 Proof of Proposition [7.1]

Proof of Proposition [T.1l Firstly, for each m > 2, the function % VI(y) Amis

bounded and continuous. Then by similar discussions as in Lemma [A.6 we can see

p™ e C1=([0,T) x (0,00)) N C([0,T] x (0, 00)), (C.1)
Am) e ol (pm)y 0 oD U Tm), (C.2)

Finally, the assertion can be obtained by the same method to prove Proposition

B.11 O

C.2 Proof of Proposition

Lemma C.1 Suppose Assumptions [Z1 is satisfied. For each m > 2, let v(™ be
defined by

V(m)(t,y) =E, [q(m) <y%)] , forall (t,y) € [0, T] x (0,00), (C.3)

28



where

U'(I(y))

() () — 1

"™ (y) 07T Y 1{E<I(y)<m}, for all y > 0. (C.4)
then v™ € CY*([0,T) x (0,00)) and v™ is continuous at (T,y), for all y €

(0, 00) \{U’ (m),U" ()},

Proof. Obviously, for each m > 2, ¢'™ is bounded on (0, 00) and is continuous on
(0,00) \ {U'(m),U’ (+)}. Then Lemma [A7 leads to the assertion. O

Lemma C.2 Under Assumptions[21, for each m > 2,

f(m)(t,l’)
= B - . <I <)\(m) . x)lé—g))>) H(T) 1, H(T) (C.5)
t r (I ()\(m)(t’z)%>) H(t) {L<r(\m (t,2) Y <m } .
_ U'(X™(T)) H(T
& {_ 0/(Xo(T)) H(t) <X<m><T><m}} (C.6)

Proof. In view of (Z.3), we only need to prove (C.5). From the facts that A\(™ (¢, 2) =
ul™ (¢, ) and that

UM EDFT)) iy B (i o HOD)
o <[ (A(m)(t,x)%>) =\ )(t’x)mf ()\( )(t,x) )7

we know it suffices to show, for each m > 1,

(%)1 (0 ) L

for all (¢,2) € D™ U T™.
Let ¢ and v™ be defined by (C4) and (C.3), respectively. Then

U(m) (t, ZI}') Et

Trxr

><m}] &)

¢ (y) = _yzll(y)l{%<l(y)<m}a

and therefore,

v (t,y) = -y K,

() 7 (i) e
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Let 3™ (¢, z) denote the left-hand side of (C.T), then

) (4 o) (b w8 7))
) .
Proposition [ZI] and Lemma combined imply ™ e C(D™ U T™).

B (t,x) =

On the other hand, for any given ¢ € [0,7], and any 2 and z such that

= e~ i rie)ds - 2o < z < me” s r(s)ds
m

we have

/ T8 (1, 1) da

= | e (DY 7 (e B0 1, s

_ g [HD) [ um g @)
= B E [, e $R) o dl( = )H(t))]

}
= = (v (710 ) m v (o) o)

= 2 — 20,

o) dl«]

where the first equality follows from the Fubini’s Theorem, and the last equality
follows from (7.4) and the fact that A\™(¢,2) = u™ (t,x). So, for any given t €
[0,T], we have g™ (t,2) = 1, for all 2 € <—e S r(s)ds ,me- I 8), which is
desired. O

Lemma C.3 Under Assumption (21, for each given m > 2 andt € [0,T),

fm | Ase) = oo, ()
(s,x)— (t,% e JE T(S)ds)

(&m)—}(t’me* ftT T(S)ds>

Proof. We only prove (CJ]), since the proof of (C.8) is similar. Suppose, to the

contrary, that

imsup  A™(s,2) >0, (C.10)
(va)_><tvme* I T(S)ds>
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then there exist a constant ¢ > 0 and a sequence {(sg,73),k > 1} C D™ Uy T
converging to (t, me= I ’"(S)ds) such that A\™ (s, 21,) > €, for all k. Thus, by relation

([a),
= " (50, AT (55, 24)) < ™ (s, €).

By (C1J), letting k& — oo yields
e ‘[;:T r(s)ds S ,u(m) (t, 5) < me~ ‘[;:T r(s)ds

)

which leads to a contradiction. So, (C.I0) is impossible, and therefore, (C9)) is
proved. U

Lemma C.4 Under Assumption[2.1, for each given m > 2,

1
liminf A™(s,2) > U’ <—) (C.11)
(s,w)—)(T,%) m
limsup \™(s,z) < U'(m). (C.12)
(s,2)—=(T,m)

Proof. We only prove (C12)), since the proof of (CII)) is similar. Suppose, to the

contrary, that

limsup A™(s,z) > U'(m), (C.13)

(s,2)—=(T,m)

then there exist a constant ¢ > 0 and a sequence {(sg,7;),k > 1} c D™y T
converging to (T',m) such that U'(m) + e < U’ (1) and A" (sy, z3,) > U'(m) + ¢,
for all k. Thus, by relation (Z.4),

2 = ™ (55, N (55, 21)) < ™ (53, U'(m) + €).
By (C1J), letting k& — oo yields
m < p"™(T, U (m) +¢) = [({U'(m) +¢) < m,

which leads to a contradiction. So, (C.I3) is impossible, and therefore, (CI2) is
proved. O

Proof of Proposition [7.2. From Proposition [Z.I, we can see f™ ¢ C'h°(DM),
According to a similar way to prove Proposition B2 we can show f(™ satisfies
PDE (Z7), on D™, with terminal condition (Z.8). So, it suffices to show f(™ is
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continuous at (T, x), for all = € (%, m), satisfies boundary conditions in ([Z.9), and

satisfies (ZI0) and (ZIT)).
Let v™ be defined by (C3)), then by Lemma [C.2]

v (8, A (¢, )

(m) (m)
D) for all (t,z) e D™ UT"™.

Fom(t, @) =

From (C2) and Lemma [CIl we can see f™ is continuous at (T, z), for all z €
(7:m)-
In view of (CH), we can obtain (7.9) from a combination of Lemma [C.3 and the

Dominated Convergence Theorem.

From Lemma [C.4], we have

IA

limsup A™ (s, z) U'(m), almost surely,

(s,2)—(T,m) H(t)

and therefore,

o H(T)
liminf 7 A™(s,z —) > m, almost surely.
(s,2)—(Tym) ( (s,2) H(t) )~ Y

Recalling (7.3]), we can see the preceding inequality implies

lim  X(T)=m, almost surely.
(s,2)—=(T,m)

Then from (C.0) and the Fatou’s Lemma, we can get

. U'(m)
lim su Mg, 2) < — )
(MH(T};)JC (1) = u(m)
Moreover, (7.8) yields
m U'(m)
lin 7T 2) = Ty
Thus (Z.IT) is obtained. The proof of (ZI0) is similar. O

C.3 Proof of Proposition

Lemma C.5 Under Assumptions 21 and[31, lim,, .. ™ (t,y) = p(t,y), for any
(t,y) € [0,T) x (0, 00).
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Proof. For any m > 2,

o G (i) ) = 5 ! (v )

Then in view of (Z.H) and (B.7)), the assertion can be obtained from the Dominated

Convergence Theorem. O

Lemma C.6 Under Assumptions 21 and 31, lim,,_,.o A\ (t,2) = (t,2), for any
(t,z) € D™,

Proof. Given (t,z) € D), suppose, to the contrary, that either

lim inf A(™ (¢, 2) < A(t, 2)

m—0o0

or

limsup A"™ (¢, z) > A(t, z).

m—o0
If liminf,, oo A™ (¢, 2) < A(t,z), then there exist a constant ¢ > 0 and a subse-
quence of {\™ (¢, 2),m > 2}, which is still denoted by {\™(¢,z),m > 2}, such
that A(t,z) —e > 0 and A™(¢,2) < A(t,x) — ¢ for any m. Therefore, by relation

[.38),

z = p" (At x) > p (A (¢ ) — €.
By Lemma [C.5] letting m — oo yields @ > pu(t, A(t,z) — €) > x, which leads a

contradiction. Thus liminf,, .o A (t,2) < A(t, z) is impossible. By the same way,

we can show lim sup,, .. A™ (¢, 2) > A(t, x) is also impossible. O
Based on Lemma [C.6] we can prove Proposition as follows.

Proof of Proposition [7.3l. First of all, for any given (¢,x) € [0,T") x (0,00), we
can see from Lemma that

t
L 13m0 B0 ) <m
v (1 (A, ) 20 ) HE) it i )<m}
H(T)
- = T\ H(D) almost surely,
v (1 (M%)
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as m — oo. Then by Assumption B.1],
o' (1 (A
v (1 (A )
< ¢ (1 +1 (A(m) (t,x)H(T>)) H(T)
T)

H(T)
(t,x)m)> H(T)l H
() B0 ) T (G}

’ i

where yo = inf,,>o A™(¢,2) > 0. Finally, (C.H) and the Dominated Convergence

Theorem combined yield
o (1 (
v (1 (M2 ) O

as m — 00. O

f(m)<t,$) — Et —

D Upper Semi-Continuous Functions

Let M be a normed space, and | - | denote the norm. A function f defined on M is
said to be upper semi-continuous at xy € M if, given £ > 0, there exists a ¢ > 0 such
that f(z) — f(xo) < ¢, for all x € M such that |x — 2| < 6. A function f is said to

be upper semi-continuous on M if it is upper semi-continuous at every point of M.

We refer to Luenberger [9, p.40] for the following two propositions:

Proposition D.1 A function f defined on M is upper semi-continuous at xqy if and

only if limsup, _,, /(x) < [(x0).

Proposition D.2 An upper semi-continuous function achieves its maximum on any

compact subset.
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