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WEAK SOLUTIONS FOR A GAS-LIQUID MODEL RELEVANT FOR
DESCRIBING GAS-KICK IN OIL WELLS*

STEINAR EVIJE?

Abstract. The purpose of this paper is to establish a local in time existence result for a
compressible gas-liquid model. The model is a drift-flux model which is composed of two continuity
equations and one mixture momentum equation supplemented with a slip relation in order to take
into account the possibility of flows with unequal fluid velocities. The model is highly relevant

for modeling of gas kick for oil wells, which in its worst case can lead to blowout scenarios. The
mathematical study of such kinds of models is important for the development of simulation tools that

can be employed for increased control of deep-water well operations. The liquid phase is assumed
to be incompressible whereas the gas is described by a polytropic equation of state. The model is
studied in a framework previously used for investigations of the single-phase compressible Navier—
Stokes model. New challenges arise due to the appearance of a generalized pressure term that depends
on fluid masses as well as gas velocity. The local existence result is obtained by introducing a suitable
transformation along the line of the works [S. Evje and K. H. Karlsen, Commun. Pure Appl. Anal.,
8 (2009), pp. 1867-189%4, S. Evje, T. Flatten, and H. A. Friis, Nonlinear Anal., 70 (2009), pp. 3864—
3886] in a free boundary setting. This allows us to obtain sufficient pointwise control of the gas and
liquid masses. The estimates are rather delicate as they must be fine enough to control a possible
singular behavior associated with the pressure law as well as the slip relation. The existence result is
obtained under the assumption of a sufficient small time interval combined with suitable assumptions
on the regularity of the initial data, the parameters that control, respectively, the behavior of the
initial masses at the boundaries of the flow domain and the decay properties of the viscosity term.
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1. Introduction. The starting point for the investigations of this work is a
one-dimensional two-phase model of the drift-flux type. This model is frequently
used to simulate unsteady, compressible flow of liquid and gas in pipes and wells
(1,2, 4, 5, 6, 15, 18, 20, 21, 25, 22, 10]. The model consists of two mass conservation
ecuations corresponding to each of the two phases, gas (¢) and liquid (), and one
equation for the conservation of the momentum of the mixture. More precisely, it is
given in the following form:

Blagpg + Ozlagpgug) = 0,
(]) at[a[[)[] + a:(:[alplul] =0,
Brlagpgug + cupru] + Oz [agpoul + cupref + p) = —q + Oz [€Dntinia),

where umi, = ogug + ayuy and € > 0. The model is supposed under isothermal
conditions. The unknowns are: pj, py the liquid and gas densities; oy, g volume
fractions of liquid and gas satisfying oy + oy = 1; uy, ug fluid velocities of liquid and
gas; p common pressure for liquid and gas; and ¢ representing external forces like
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gravity and friction. Since the momentum is given only for the mixture, we need an
additional closure law, a so-called hydrodynamical closure law, which connects the
two-phase velocities. More generally, this law should be able to take into account the
different flow regimes. In addition, we need a thermodynamical equilibrium model
which specifies the fluid properties. More details will be given in section 2. We refer
also to [5, 6, 10, 18, 20, 21, 22, 25| for various numerical schemes which have been
developed for the study of the drift-fiux model. :

Application. Various gas-kick simulators have been developed for the purpose
of studying well control aspects during exploratory and development drilling subject
to high pressure and temperature bottomhole conditions. Precise predictions of well-
bore pressures, liquid/gas volumes as well as flow rates at the top of the well represent
central issues. Clearly, the possibility of blowout occurrences needs to be mitigated
in order to avoid human casualties, financial losses (production stop and equipment
losses), and finally, but not least, environmental damage. We refer to (1] and the
references therein for more information pertaining to this subject. In particular, in [1]
the simulations are based on the drift-flux model (1) equipped with density-pressure
relations similar to those used in the present work as well as a slip law that is based
on the formulation (32). Development of accurate and robust discretization tech-
niques for solving the system (1) is naturally related to a good understanding of its
mathematical features (long-time behavior, estimates of various quantities, compact-
ness, etc.). In particular, it is clearly of interest to obtain existence, stability, and
uniqueness results of various versions of the model (1).

Previous results. Few such results seem to exist for two-phase gas-liquid models
of the form (1). In [8, 9] we studied a simplified version obtained by assuming that
fluid velocities are equal, uy = u; = u, and by neglecting the external forces, i.e., ¢ = 0.
In addition, we neglected certain gas effects by considering a simplified momentum
equation where acceleration terms depend solely on the liquid phase. This is motivated
by the fact that liquid phase density typically is much higher than gas phase density.
Consequently, we considered a model in the form

Oelogpg] + Oalagpgu) =0,
(2) Oiloupt] 4 Oz[aupru] = 0,
A feupru) + Ox[cupiu?] + Opp = Oe[€0zul, p,e > 0.

Assuming a polytropic gas law relation p = Cp7 with v > 1 for the gas phase whereas
the liquid phase is treated as an incompressible fluid, i.e., p; = Const, we get a pressure
law of the form

(3) p(n,m):C’( " )7,

pr—m

where we use the notation n = aypg and m = qyp;. In particular, we see that there
is a possibly singular behavior associated with pressure at transition to pure liquid
phase, i.e., a; = 1, which yields m = p; and n = 0. In addition, we have the possibility
for vacuum as in the single-phase gas model, i.e., that py = 0 which implies that n =0
and p = 0. Different forms for the viscosity function ¢ have been considered. In [8]
we used

mB

(4) g = 8(’171) = W,

B €(0,1/3),
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whereas in [9] we considered
nP
(ot —m)P+1?

More recently, Yao and Zhu [31] also studied the model (2) in a flow regime where
the viscosity coefficient € > 0 was assumed to take the form (4). They gave a proof of
tke global existence and uniqueness of weak solutions when £ is in (0, 1] and thereby
improved the result of [8]. They also gave an interesting asymptotic behavior result,
and obtainad the regularity of the solutions by the energy method. The same authors
also presented results for the same gas-liquid model (but constant viscosity term)
when the rnasses m,n connected continuously to a vacuum state m = n = 0 [32]. In
a recent work we have also studied the model (2) where relevant friction and gravity
terms have been included [11]. We also note that the model (2), where both fluids were
assumed to be compressible and with a constant viscosity coeflicient ¢, was studied
in [7]. A global existence result was obtained for a class of weak solutions for rather
general inicial data.

(5) e=¢(n,m) = B €(0,1/3).

Why use a viscosity term that depends on volume fraction and fluid
densities. Viscosity pn, for a gas-liquid mixture may not be a well-defined quantity
just in terms of fluid fractions and single-phase viscosities. The mixture viscosity in
fect depends strongly on dynamical processes, including bubble size, flow regime, etc.
Hence, motivated by lab experiments different examples of a viscosity term pu,,,, where
the gas-liquid mixture is considered as a single-phase fluid, have been proposed. Some
of them are (see, for example, [26] and the references therein)

(6) L = g (Owen’s model),

. 1 y (1-y ;
(7) —_ == 4 —= (McAdams et al.’s model),

Hm Hq Hi

) ,u'lu'g H 9

(8) tm = (Lin et al’s model),
" g +y VA — pg)
(9) Pm = yhtg + (1 — y)u (Cicchitti et al.’s model),
(10) Hm = Qglig + 0qfiy (Dukler et al’s model),
(11) tm = gty + oyl + 2.5a4) 1y  (Beattie and Whalley’s model).
Here y is defined as mass flux fraction
(12) y= ——ofo%
QgpPgUg + Qupruy

For equal fluid velocities u; = ug this corresponds to y = 2.

The above correlations for the mixture viscosity p,,, obtained from lab exper-
iments, reflect that there is room for dependence on both volume fractions ag, oy,
densities py, pg, as well as fluid velocities u;, uy. The line we pursue in this work, as
in [8, 9], is to consider a choice suggested by the mathematical framework that is
employed. However, we now briefly describe why the coefficient used in [8] also seems
relevant from a more physical point of view. In that work we studied the model (in
Lagrangian coordinates)

O + (nm)dyu = 0,
(13) Am +m?0yu = 0,
Oy + O P(n,m) = 0y (E(m)dzu), z € (0,1),
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with
no o\
14 P = 1
(14) (n,m) kl(pl__m) . o>
and
m \Ptl
1 =k 3.
(15) E(m) 2(,01—771) , 0<p<1/
n

If we assume that n < m, then y = ~ T N 2 := ¢ (according to the notation used in
[8, 9]) for 0 < y < 1. Moreover, typically the liquid viscosity p is considerable larger
than the gas viscosity pg; see (30). Consequently, i >> pg and we may approximate

as follows by using the viscosity model of McAdams et al. (7):

1 _y+1~y~y_ c
P Mg g g

(16)

Thus, directly motivated by the traditional single-phase viscosity term of the form
E = (up)P*! = CpP*! in Lagrangian coordinates (see, for example, (23, 17, 19, 28,
24, 16, 3, 33]), we may propose a similar viscosity coefficient E = (ft )5 *! for the
gas-liquid mixture model (13) where u,, is a mixture viscosity defined by, e.g., one
of the choices (6)-(11) and p,, is a suitable mixture density. If we define a mixture
density p, as

1
(17) Pin = [(Olgpg)ﬁ.H + (alPl)'BH]ma
and combine it with (16), then E = (ftypm)?*! corresponds to

E= (.U‘mpm)ﬁ-H = P’rﬁn+l[(agpg)ﬁ+l + (alpl)ﬂH] = (/‘magpg)ﬂ.H + (/J’malpl)ﬁ-H
1 n

B+1 B+1
_ ﬂ+1(_ ) ﬁ+1(/’l)
= (o
(gputty) cpp—m * (ung) c

- prif_M )ﬁ“ ﬂ+1(ﬂ)ﬂ+l
(agmupg) () o) (5

= FE) + FEo,

where we have used the fact that p, = plp—lf—m; see also (34). Recalling that p; is
constant and that ¢ = - = c¢(z) is constant in time, the most “dynamic” part of this
viscosity term is the first part,

m )5+1

E, = B+1(
1 = (agputeg) o —m

Comparing with (15), we see that E; coincides with the one that is studied in [8]
except that the coefficient (ag,ug)ﬂ""1 has been replaced by a constant.

New results and main challenges. The main novelty of this work, compared
to [8, 9, 31, 32, 11], is that the current model allows unequal fluid velocities, i.e., ug #
u;. As a consequence the model, when it is rewritten in terms of Lagrangian variables,
contains a generalized pressure term P = P(c,n) — h(ug)g(cn) for appropriate choices
of the functions h and g. In particular, the pressure now depends on the gas velocity
ug. More precisely, we consider (1) in a free boundary problem setting where the
masses m and n initially occupy only a finite interval [a,b] C R. That is,

(18) n(z,0) =no(x), m(z,0) =mo(x), wug(z,0)=ug0(z), w(z,0)=m1no(x)
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for z € [a,b], and the following boundary conditions are imposed:
(19) r.{a(t),t) = n(b(t),t) =0, m(a(t), t) = m{b(t),t) = k*, t >0,

where k™ ic a constant to be defined later which is related to the slip law. Rewriting
the model (1) in terms of Lagrangian variables (details are given in section 2), the
free boundary region [a(t), b(t)] is converted into a fixed region [0, 1] and the variables
(1, m, ug,uy) are replaced by (c,n,u), where c = % and u corresponds to the gas
velocity. The resulting model takes the form

Btc = 0,
(20) on + cn2ou = 0,
Opu + 0 [P(c,n) — [ulg(en)] = 05[E(en)dzu)], z € (0,1),

where c(z,t) = ¢o(z) = W—j)——% The model (20), in view of (18) and (19), is subject

nolx
to the bouadary conditions

(21) c(0,t) = ¢(1,t) =0, n(0,t) = n(1,t) =0, t>0,

and the initial conditions

(22) clz,0) = co(x), n(x, 0) = ng{x), u(z, 0) = uo(x), z € [0,1].
Moreover, we have that

cn [en)fH1
E =—
en + k*’ (cn) (a* — [en])B+1

(23) P(e,n) = (a*f(my’ glen) = k*

Here aj < 1 is an upper limit for the amount of gas that can be present, af > 0 is the
corresponding lower limit of liquid, i.e., ag +af = 1. Related variables are k* = pjof
and a* = pLog appearing in (23). The main challenges we have to deal with are as
follows:
e Singular behavior associated with the pressure law (23) similar to the previous
works [8, 9, 31].
e Singular behavior associated with the slip law. The gas fraction o, must not
be smaller than a critical lower gas volume fraction ay. This is new compared
with the previous works [8, 9, 31].
¢ The appearance of the term [u|g(cn) in (20) due to the use of a more general
slip law creates new difficulties. Owing to some technical challenges we have
in this work made use of the approximation that u? ~ |u| for small velocities
when we derive (20) from (1).
We obtain an existence result (Theorem 3.1) for the model (20)-(23) for a class of
weak solutions and for a flow regime where the viscosity coefficient £ in (1) is of the
form

(24) e = e(m) = Ll

= (o —m)pr B€(0,1),

vhich in turn leads to the expression E(cn) given in (23). Note that this viscosity
coefficient (24) is a natural generalization of (4) studied in [8, 31], which corresponds
to the case k* = 0. In fact, if ag =1, then af = 0 and, consequently, a* = p; and
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k* = 0. Then the model (20) reduces to the one studied in [8, 31] with the only
difference being that ¢ was defined as ¢ = n/m and not ¢ = m/n.

The main tool in this analysis is the introduction of a suitable variable trans-
formation in combination with the continuation method and the pointwise estimate
techniques to deal with the singularity of the solution near the free boundary. The
transformation allows for the application of ideas and techniques similar to those
used in [23, 17, 19, 28, 29, 30, 24, 16, 3, 33] in previous studies of the single-phase
Navier—Stokes equations.

Overview. The rest.of this paper is organized as follows. In section 2 we give
more details relevant for the model (1). In particular, we derive the Lagrangian
variant (20) from (1). In section 3 we state the main theorem with its assumptions.
In section 4 we derive the basic a priori energy estimate Lemma 4.1 and state two
lemmas that give pointwise control on, respectively, the masses m,n (Lemma 4.2) and
fluid velocity u (Lemma 4.4). In section 5 we derive various lemmas needed for the
proof of Lemmas 4.2 and 4.4. Then, in section 6, armed with the results of section
5, we return to these proofs. More estimates are then derived that allows us to make
use of standard compactness arguments to prove existence of local (in time) weak
solutions.

2. Development of the model. The purpose of this section is to give further
details relevant for the drift-flux model (1). Ultimately this will lead us to the simpler
model (20).

2.1. Specification of the model (1). To close the system (1), we need to
include the following additional equations: The volume fractions are related by

(25) o +oag=1.

Thermodynamical laws specify fluid properties such as densities p;, p; and viscosities
Ui, tg- In particular, we will assume that the liquid density has the following form:

(26) = pro+ P8,
aj

where a; = 1000 [m/s] is the velocity of sound in the liquid phase and p;o and p;
are given constants. Here we will assume that p; o = 1000 [kg/m3] and pro =1 [bar].
It is often assumed that the liquid is incompressible, i.e.,

(27) pL= pL0-

We assume that we consider a polytropic, isentropic ideal gas characterized by

(28) plpg) =alpy,  v>1.

In other words, we have

D 1/y
(20) pg=<~.> Loy,

3
Oy

where a, = 316 [m/s] is the velocity of sound in the gas phase. Furthermore, the
viscosity for liquid and gas are assumed to be

(30) w =5-10"% [Pas], g =5-107% [Pas).
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Since we have only one momentum equation for the mixture of the two phases, the
model must be supplemented with an additional hydrodynamical closure law whose
purpose is to determine the fluid velocities u;, ug through a so-called slip relation. We
may assume that the slip relation can be expressed by a general relation

(31) f(ag,ulvug,Pg,Pl) =0.

A commonly used slip relation (see, for example, [12, 6, 1]) is given by
32) flag, i, ug, pg, p1) = g — Coltmic — €1 = 0,
where

Umiz = QUL+ Qglg,

and cp,c; are flow dependent coefficients. co is the so-called profile parameter (or
distribution coeflicient) whereas ¢; is the drift velocity. The gas concentration tends
to be highest in the center of the pipe/well for many flow scenarios, where the local
mixture velocity is also fastest. Thus, when integrated across the area of the pipe/well,
the average velocity of the gas tends to be greater than that of the liquid. This effect
is represensed by the ¢y parameter. ¢;, on the other hand, represents the buoyancy
effect. Important characteristics of the different flow patterns can be captured through
appropriate choices for these two parameters. We refer to the work [6] for numerical
examples that illustrate typical transient flow cases with unequal fluid velocities, and
we refer to [27] and references therein for more details pertaining to the slip law of
the form (32).
For the source term ¢ we have two components

quf+Fg,

where Fy = g(aup + agpy)sing represents the gravity where g is the gravitational
constant and 6 is the inclination. Moreover, F; represents friction forces between the
wall and the fluids.

In order to see how pressure p is related to the masses m = qyp; and n = agp,
we observe that the relation (25) can be written as

no,m
(53) 7@ o)

1.

Using this, we can express the pressure p as a function P of n and m, i.e.,
p = P(n,m).

In particular, assuming that liquid is incompressible, p; = p; o, we get from (33) that

n

34 - 3
(34) Pg = Pl o —m

which can be plugged into (28) yielding

; 2 n v _ n Y . 25
(35)  plog) = ayp, (pl — m) =k <Pl — m) =: P(n,m), k1= ayp; .

We will use this pressure law where we, for simplicity, have set k; = 1 for the model
we derive in the next section.
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2.2. A simplified viscous two-phase model. As a first step, instead of work-
ing directly with the full two-phase model (1) we suggest replacing it by a simpler
one. We follow along the lines of [8, 9] and introduce a simplification by replacing the
mixture momentum equation by the momentum equation of the liquid phase only.
This is motivated by the fact that the liquid phase density is much higher than for
the gas phase, typically to the order of py/p; ~ 0.001. The liquid phase, therefore,
plays the dominating role in the mixture momentum conservation equation, as long
as the amount of gas does not become too high. We refer to [8] for a careful testing of
the validity of this simplification for some typical flow cases. We also neglect external
forces like friction and gravity.

To sum up, we consider the model

Oyn + Og[nug) =0,
(36) Oym + Og[muy] =0,

Olmuy) + 0y [mu? + P(n, m)] = 0z[e(m)OpUmiz)s Umiz = Qglg + Quy,
where the pressure law P(n,m) and viscosity term e(n,m) are given by

(m — k*)P

n R -
(37) P(n,m) = (pl — m) ) g(m) = s v>1,

together with the constitutive relations
(38) atag=1 ug—coumiz —c1 =0, p=pLo, pg=py(P),

where ¢g and ¢; are assumed to be constants. As will be explained in the following, the
slip law ug — coumiz —c1 = 0 requires that the liquid mass is above a critical lower limit
k*, i.e., m > k*. This information is taken into account in the viscosity coefficient
e(m). Similarly, the upper limit for the liquid mass m < p; is also accounted for in
the viscosity term (as well as the pressure term) in the same manner as for (4) and
(5) employed in previous works. We note that e(m) in (37) is a natural extension of
(4).

We now want to rewrite the model (36) into a form more amenable for analysis.
Our approach is inspired by the work [12]. Given the slip relation

(39) Ug = CoUmix +c1,

we introduce ag, o given by

(40)

In the following we will assume that

(41) co > 1,

implying that aj < 1. This is consistent with previous applications of the slip velocity

(39) in the context of gas-liquid and liquid-oil flow modeling where ¢y typically is
ranging between 1.0 and 1.5. Moreover, in view of (39) it follows that

(42) o = Coouu +o  owtcay o+l -af)
97 1 —coay o — g a —af '
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It is implicitly assumed that oy < ag (or, equivalently, that oy > o) for this slip law
to be valid. From (42) we get

(43) oy = ug(ay — of ) — (1 — of )ey.
Next, we introduce the variable ¢ defined by

(44) o m— pof _ pi{oy — o)
n n

We assume that the liquid is incompressible: p; = Const, i.e.,

m — k*
(45) c=—,

where k* = piaf is constant. We then apply (43), (44), and (45) and derive the
following relations:

(46) m=cn+k*,
(47) enug = pi(og — af Yug = prloguy + (1 — of )ei]
=muy + pi(1 — af )e; = may +d,

where d = /(1 — o )c; is constant. In other words, muw; = cnugy — d. Employing (46)
and (47) in (36) we arrive at the following form for the system in question:

O¢n + Oz[nug) = 0,
(48) Oglen] + Oz [enugy) = 0,
Btlenug) + Ox[enul] + Bx[muf — cnul] + 8;[P(n, m)] = 35 [e(M)Optmiz].

We note that
(49) mu} — cnug = aupu} — pi(ay — al*)ug = apu? — ug] + k*ug.
Next, we observe in view of (43) that

(50) op(uy — ug) = —uga] — (1 — aj)ey,
(51) og(ug + ug) = ug(2ay — of ) — (1 — af )ey.

Combining these two relations we get

(52) a? (u? - ug) = —ugaf 2o —of] +al..]-

In: the follewing, similar to the work [12], we restrict ourselves to the case that
(83) o #0 (of > 0), =0

In other words, we neglect gas buoyancy effects represented through c¢; and relevant
for vertical flow. This is also consistent with the fact that gravity effects have been
neglected in the momentum equation in (36), i.e., we consider horizontal flow. Then
we have

* * * (64
(54) aup(uf — ug) = —plugal 2-af/a] = pluga, [—2 + a’:]
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In view of (49) and (54) we get

G(n,m,u,) := mui — cnu ] = pLoy uy { 2+ } +plalu
k*—m cn
55 - [ 1 } —apuls o L
( ) plalu + o 0y Uy o Py gcn-}-plal
_ * 2 cn _ 2
=-k Uy o = —uyg(ne),

noting from (44) that

a[:_+al,
12

and where we have defined the function g(-) as

cn
en+ k*

(56) g(nc) = k*

For the pressure law we have

(57) . Pn,m) : (Pl fm)w - <[Pl - ;] - cn)7 - (a* ﬁcn)v = Ple,n),

where a* = p; — k™ = pia;. For the viscosity term e(m) we have

_ ¥\B B
(58) ey = R el

(pr =m)BFL — (a* — [en])A+1

Hence, setting u, := u, using (39) with the restriction (53) (¢; = 0) as well as (55) in
the momentum equation of (48), we obtain a gas-liquid model of the following form:
On + Ogznu] =0,

(59) dilen) + Ozlenu] = 0,

1
dylenu] + Ox[enu?] + 8, [P(e,n) — u?g(en)] = C—Bm [e(en)dyu].
0
In the following we may absorb the constant 1/¢g into the viscosity term & without
loss of any generality. :

Lagrangian coordinates. Following the approach of the works [8, 9, 31], which
in turn is motivated by studies for the single-phase gas model, we suggest studying
the model.(59), described in terms of the variables (¢, n,u), in a free boundary setting:

Ogn + Oz[nu] =0,
(60) Oclen] + Oz[enu] = 0,
Oclenu) + 0z [enu®] + 8. [P(c,n) — ug(en)) = dg[e(cn)dzu), a(t) < x < b(t),

and t > 0. Initial data are

(61) n(z,t =0) =no(x), clz,t=0)=colz) = 20X % = y(z,t = 0) = uo(z),
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for = € [ao, bo], where ag = a(t = 0) and by = b(t = 0). Boundary conditions are set
as follows:

(62) n(a(t),t) = n(b(t),t) = 0, cla(t),t) = c(b(t),t) = 0.

Here a(t) and b(t) are free boundaries, i.e., the particle path separating the gas-liquid
mixture and the vacuum like state corresponding to n = 0 and ¢ = 0, satisfying

(63) Z—j = u(a(t), ), n(a(t),t) = c(a(t),t) =0,
(64) Do uer, (b1 = e(b(6).1) = 0.

Let us introduce Lagrangian coordinates by using the transformation (z,t) — (£,7)
given by

(65) &= / “en(z,t)dz, T=t,
: a(t)

b

observing that

b(t) by
/ en(z,t)dz = / cn(z,t = 0)dz = Const = 1.
a(t) a

0
This implies that [a(t), b(t)] is converted into the fixed interval [0, 1] and

4,09 2 _ 1yl
a Yz " a0 ox “Mae

Applying this transformation in (60) gives
Orn +ndzu = 0,
(66) Orlen] + [en]Ozu = 0,
[en]dru + 8:[P(c,n) — u?g(cn)] = dpfe(en)dpu] in 0 < € < 1.

In other words,

drn + cnzagu =0,
(67) dr-[en] + [en)20¢u = 0,
d-u + 0¢[P(c,n) — utg(en)] = ¢le(cn)[en)deu] in 0 < € < 1.

We now replace (7,&) by (t,x). Moreover, an easy calculation shows that (67) corre-
sponds to '

8tC = 0,
(68) dn + en?o,u = 0,
Oyu + 0z[P(c,n) — u?g(cn)] = 9:|E(cn)dpu] in0 <z <1,

with boundary conditions

(69) ¢(0,t) = ¢(1,¢) =0, n(0,t) = n(1,t) =0, t>0,
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and with initial conditions

(70) e(z,0) = co(z),  n(x,0) = ng(x), u(z,0) = uo(z), z € [0,1],

where ¢(z,t) = ¢o(z) = % Moreover, we have from (57) and (58) that
(71)

_ noo\? .ocn _ o fen)fH
P(C, ’Il) = (a* — C’n,) s g(cn) =k m, E(C?l) = 6(071)[Cn] = W

Finally, in this work we shall make use of the approximation that |u| ~ u?, which is
reasonable for small u, such that we replace u2g(cn) by |u|g(cn) in the third equation
of (68). The motivation for using this approximation is to avoid some technical
difficulties not yet solved. Hence, the model (68)—(71) is now consistent with the
model (20)-(23).

Reformulation. For the analysis of the model (20) it will be convenient to
introduce the function Q(c, n) given by

(72) Qle,n) = —~ Q

which corresponds to n=a" .
a* —cn’ 14cQ

A similar approach was also used in [8, 9], however, for a different model with equal
fluid velocities. The following nice relation holds for Q(c,n):

Q(Ca n)t = Qcct + ant = ant

*

( 1 + cn ) a .
= Ny = —————vx1
a*—cn  (a*—cen)2/) ' (a*—cen)? "

* 002
e g 2
= (@ —on)? Uy a*eQe,n) ug.
Hence, the system (20) can be replaced by
atC = 0,
(73) 8,Q + a*cQ?*0yu = 0,
Ou + 0, [P(Q) ~ |u|g(cQ)] = 0:[E(c@)Iru] In 0 <z <1,
with
P(Q) = Q(c,n)7, E(cn) = e(en)en] = [eQ]PH! := E(cQ),
(74) . _L* cn Rk CQ -
glen) =k en+k* 'k E* 4+ (a* + k*)cQ 9(cQ),
since
. cQ
en=a '
1+c

Clearly, g as a function of ¢} possesses the same features as g(cn). Most importantly,
it is always bounded as a function of its argument ¢Q. This feature of g will be
crucial for the analysis that follows in section 4. Boundary conditions for our system
(73)—(74) are (in view of (72) and (69))

(75) o(0,8) =c(1,t) =0,  Q(0,8) =Q(1,t) =0, t>0.

Initial conditions are (in view of (72) and (70))

(76) c(@,0) = cow), Q(x,0) = Qo(z) = ———, u(z,0) =uo(z), =€ [0,1]

a* —cong |
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3. A local existence result. In this section we give the main theorem of this
paper, a local existence result for the model (20)-(23). Before we state the main result
we describe the notation we apply throughout this paper. WbH2(I) = H(I) represents
the usual Sobolev space defined over I = (0,1) with norm || - ||w1.2. Moreover,
LP(K, B) with norm || - ||1»(k,p) denotes the space of all strongly measurable, pth-
power integrable functions from K to B where K typically is a subset of R and B is
a Banach space. In addition, let C*[0,1] for & € (0,1) denote the Banach space of
functions on [0, 1] which are uniformly Hélder continuous with exponent a. Similarly,
let, C**/?( D) represent the Banach space of functions on Dy = [0,1] x [0, T] which
are uniformly Holder continuous with exponent o in 2z and «/2 in ¢.

Now we will give a precise description of the assumptions on the initial data
(cy, Mo, up) that are required for the existence result to hold. For the analysis that
follows in sections 4-6 we need more precise information about how fast ng is de-
creasing towards zero and how fast mg will decrease towards the lower limit k*. We
now specify this more precisely as well as information about regularity properties of
the initial data (eg,ng,u0). In addition, information about the constraints on the
perameters «, 3, and v will be given. Here & > 0 is related to the decay towards the
boundary points x = 0,1, 8 > 0 is related to the viscosity term E(cn), and v > 1 is
relevant for the pressure law P{c,n); see (23).

3.1. Assumptions. The analysis throughout the whole paper depends on a set
of assumptions.

(A1) The following assumptions are made regarding upper and lower limits on the
initial masses mo(zx), no(z):

(77) Ay p(z)® < mglx) — k™ < Axd(2)®,
(78) B1g(z)**/* < no(z) < Bagp(z)3/*
for some constants A, Az, By, Ba,a > 0 and ¢(z) = z(1 — ). These bounds
can then be translated into upper and lower limits for the variable ¢ which

is used in our model (20) instead of m. In particular, this implies that for
suitable choices of Cy and Cs, for instance, C; = A; /B and Cs; = Ay/B;,

(79) C1¢(x)™* < co(z) < Cagplz)®/*.

Clearly, ¢(z,t) = co(z); hence these estimates hold for ¢(x,t) for all times ¢.

(A2) We must ensure that the pressure law P = Q7 is well defined at initial time.
For that purpose we here assume that the initial gas phase does not vanish
at some point (no transition to pure liquid flow only), i.e.,

(80) of Cogo(z) £1-96

for some 4 > 0. In view of (72) and (78) we may assume that there are
positive constants A, B such that (see Remark 3.1)

ACy
Cy

BC,

(81) G

Blw)*/1.

$(z)*** < Qo = Q(co,m0) <
Thus, it follows that

(82) ACQd)(.TJ)a < C()Qo < Bclgf)(’L)CY
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(A3) Assumptions on a, 8 € (0,1) and v > 1 are as follows:

7>§ 7254%, >§ﬁ 37>1+5—§,
a(38+1)<2,  af <§-, alf+1) < g
(A4) Regulqrity assumptions on the initial data are as follows:
(83) co,up € H'([0,1]),  [coQol” € H'([0,1)),

-1
In particular we note that Q‘c’—” € L([0,1]) due to (79) and (81) since
fo )*dz < oo for s > —1.

Remark 3.1. Note that the first assumption (77) ensures that the initial liquid
volume fraction oy o is above the lower critical limit o] throughout the whole domain
except at the boundary points z = 0,1 where a9 = af, i.e., ago = ag.

The second equation (78) puts an additional constraint on the pressure behavior
at the end points z = 0,1 by assuming that a vacuum state p = 0 occurs.

Concerning the inequalities (81) we note that a* —cng = p; — mg = pi(1 — ay0),
from which it follows from (80) that p;6 < a* —cng < pioy. Hence, in light of (72)
and (78)

B,

L papelt < < g = < Bs

L L
P pza* a*—cng = pid T pid

=2 ().

From this relation we can find constants A and B such that the inequalities (81) hold.

3.2. Main result. Under the above assumptions, our main result can be stated
as follows.

THEOREM 3.1. Under the assumptions (Al)-(A4), there exists a positive time
constant T1 > 0 (small time) such that the free boundary value problem (20)-(23)
admits a weak solution (c,n,u)(z,t) on [0,1] x [0,T1] n the sense that

(A) we have the following regularity:

¢,n,u € L®([0,1] x [0, T1]) n C*([0, T1]; L*(0, 1)),
E(en)ug € L®([0,1] x [0, T1]) 0 CY3([0, Ty); L*(0, 1)).

Moreover, the following pointwise estimate holds for n:

a* Ag(x)3e/4 _ 3 3a/a Q5 — 1
RS N ; < * 2 /4
T oA S n(z,t) < mln{a 2B¢(:1:) ’*co(x) } vt € [0,Ty],

where p = p{B,Cy,T1) > 0 is a small constant determined in Corollary 4.3.

(84)
(85)

(B) Moreover, the following equations hold.

e =0, ng+ chuz =0,
(¢,n)(z,0) = (co(x),no(x)) for a.e. z € (0,1) and any t > 0,

(86) /OT1 /01 [uqﬁt + (P(c, n) — |ulg(en) — E(cn)ul.)qﬁm} dx dt

1
+/0 up(z)¢(x,0)dz =0

for any test function é(x,t) € C§([0,1] x {0,T}))
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4. Basic estimates. Below we derive a priori estimates for (¢, n,u) which are
assumed to be smooth solutions of the initial boundary value problem (20)—(23). Then
the method of lines can be used to construct approximate solutions of (20) and derive
corresponding estimates.

In the following we will frequently take advantage of the fact that the model (20)
can be rewritten in the form (73)-(76) which is more amenable for deriving various
useful estimates.

Some words about the notation used for constants. We shall use C and C; (i =
1,...) to denote positive constants that depend only on the initial data and other
known constants as stated in the assumptions given in section 3. Some places we
alsouse D, E,F, K and D;, E;, F;,, K, (i = 1,...) for the same purpose. In particular,
these constants, C, D, E, F, K, are m(lependent of the positive constant A which
appears in Lemma 4.4. On the other hand, we use C and C; (i =1,...) (similarly
for D, E, F, K) to represent constants that also, however, include dependence on the
positive ccnstant M.

4.1. A priori estimates. Now we derive a priori estimates for (¢, n,u) by mak-
ing use of the reformulated model (73)—(76) described in terms of (¢, @, u). We start
with the standard energy estimate which is slightly more involved in our case compared
to a standard single-phase model due to the appearance of the new term |u|g(c@Q).

LEMMA 4.1 (energy estimate). We have, under the assumption (A4), for each
T > 0 the basic energy estimate

(87) /0 (; u? + _*—c(—yl—:T)Q(c’ 71)7_1)d1'+/0 /0. [cQ(c,n))PH (ug)2dads < C(T),

where 0 < t < T and C(T) is a constant that depends only on the regularity of vy and
Qo as stated in assumption (A4d).

Proof. We multiply the third equation of (73) by u and integrate over [0,1] in
space. Applying the boundary condition (75), the fact that g(0) = 0 = F(0), and the
equation

(88) @)+ QVuy =0,

a*e(y = 1)
obtained from the second equation of (73) by multiplying with Q7~2, we get

9 5 [ (307 gy @ ) e+ [ Bl o=~ [ igle@iun s

We may consider the splitting

|ulg(cQ)ue = |ul[cQ]~ P+ 2g(cQ) - [cQ) P+ 2y, = a -b.

In light of Cauchy’s inequality with &, ab < (1/4¢)a? + €b?, we may conclude that

-1 1 1
(%0) /O []g(cQ)uy dz < (1/4¢€) /0 w?cQ)™ P+ g(cQ)? da + ¢ /0 [cQ)P (ug)? da.

For the first term on the right-hand side of (90) we observe that

[c@)'~*
G+ (@ + FeQ) = "

(91) Q)™+ Vg(cQ)? = (a"k")?
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since the function g(y) = y*~#/(k* + (a* + k*)y)? clearly is bounded for all y > 0
where 0 < § < 1. Hence, - '
1

1 1
(92) /0 |u|g(cQ)uy do < (1/48)01/0 wlde + ¢ A E(cQ)(ug)? dz.

We plug (92) into the right-hand side of (89) and observe that the first term on the
right-hand side of (92) is handled by the application of Gronwall’s lemma. Moreover,
by an appropriate choice of € the second term can he adsorbed in the corresponding
term appearing on the left-hand side of (89). From this, (87) follows. d

Remark 4.1. Note that the special properties of g(-), it is bounded and goes
through zero, play a crucial role in the above ploof of the fundamental energy estimate
(87).

The next lemmd deals with upper and lower estimates for Q{c,n). In view of the
fact that n = a*; + THeQ? these estimates can be directly translated into corresponding

estimates for n. Along the line of [3, 33] we use the continuation method, in com-

bination with semidiscrete versions of the various lemumas derived below, to obtain
pointwise control on Q (and n).

LEMMA 4.2. Under the assumptions of Theorem 3.1 there exists a time Ty =
Ty (A, B, M, ||ugl|g1) such that if

(93) | —A¢( )31 < Q(e,n) < 2BH()*t Vi e [0,T),
where T € (0,TY] s any fized positive constant, then we have the following estimate:
(94) _A¢( )3/t < Q(e,n) < qu( )34 vt e [0,T).

The proof will be given in section 6 after a set of useful lemmas has been derived.
We also note here that T is defined as

(95) Ty = min{Ty, T, T3, Ty, 1},

where T is given by (144), Ty by (148), T by (154), and Ty by (126). We use the
“tilde” notation to indicate that these constants depend on the positive constant A/
appearing in Lemma 4.4.

COROLLARY 4.3. If Q(c,n) satisfies the lower and upper bounds of (94), then
the following bounds hold for n:

* 3 /4
@ Ad(z) <n(z,t) < min{ B¢( )3, u} vt € (0,71,

(96) 2+co(z)A ~ co(x)

where = p(B, Ca,T1) > 0 is a small positive constant.

Proof. We observe that Q(c,n) is a strictly increasing function with respect to n
for a fixed ¢ and its inverse is given by Q™ 1(c,y) = a* T«Tl-%” which also is an increasing
function. Consequently,

3B¢( )3a/4 3

-1 _?i 3a/4 ) _ _« * 3a/4
2@ (o) = e € 3B

At the same time it is clear from the upper bound of @ given by (94) and the expression
(72) for @ that

cn

Q= < C(B,Cs,Ty).

a* —cn
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In other words, since =% tends to infinity as cn — a* , cn must be a certain distance
p > 0 below of a*, and u depends only on B, Cs, and T, i.e., en < a* — u(B, Cq, Ty).
Similarly,

%A¢($)30/4 S %a*A¢($)3cl/4

. -1 1 N3afd ) %
nz@Q <2A¢(l) ) =4 1+ Le(z)Ag(z)3e/d = 1+ sc(z)A

The next lemma concerns the pointwise control of the fluid velocity u. It involves
a positive constant M such that M > {1, ||ug|leo} and is determined by the inequality
(132). The proof of Lemma 4.4 will also be given in section 6.

LEMMA 4.4. Under the assumptions of Theorem 3.1 and (93), if

(97) lulleee <M Vte[0,T],
then we get

1
(98) lull e < §M vt €[0,T).

5. Proof of some lemmas. Before we return to Lemmas 4.2 and 4.4 and give
proofs we shall derive some more regularity estimates. These results will be derived
under assumptions (93) and (97). In other words, we assume the following estimates:

(99) %Agb(:v)%a < Q1) <2Bo()3*  Vee[0,T),
(100) lustlloe <M Ve [0,T),

for an appropriate time T to be specified later. The results in this section are obtained
for constants Cs, Cs, and Cg that are independent of M when

1
<T <min<1, — ».
(101) t__T_mm{ ’]\/[}

However, the constant 54 appearing in Lemma 5.2 depends on M. Consistent with
what we have said before we shall in the following calculations use the convention
that C; represents a constant that depends on M, whereas C; depends only on known
constants and constants appearing in the assumptions (Al)—(A4).

LemmaA 5.1 (additional regularity). Under the assumptions of Theorem 3.1 as
well as (99) and (100), we have, for t € [0, T}, the estimate

(102) /0 1 (Bz([cQ]ﬁ))zdw <G

for a constant C3 = C3(||[coQol® | a1, llcoll 1, luoll 2, B, C, C1, Ca, T).
Proof. From the second equation of (73) we derive the equation

(103)

7 Q)+ [eQP 1 = 0.

Using (103) in the third equation of (73) and integrating in time over [0,t] we arrive
at

1
Ba*

(104) ule, ) -uala) | 00 (P(@=1ulo(c)) ds = o (2401l -u(ls ol
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Multiplying (104) by Ba*(0:[cQ]?) and integrating over [0,1] in z, we get
.1 :
JRCERRE
0
1
= [ @ulea)orda@ul’) dx

ot

. ~ Ba* /O (Bx[cQ]ﬁ)[(u—uo)-i- /O am(P(Q)—lulg(cQ)) ds] dw

<é& /0‘1(85,;[062}'6)2 dz + K, /01(&5 [coQo]ﬁ)2 dz
+ &2 /OI(OI[CQ]HV dz + Ko /Ol(u —wp)?dx
+e /0 (0@l d + /O 1( /0 ‘o, (P@ - lulo(cQ)) ds)Qdm,

where we have used Cauchy’s inequality € > 0, ab < (1/4¢€)a® + £b?. For the last term
we can apply Holder’s inequality for the term ]Ot (P(Q) - |ulg(cQ))x ds and estimate
as follows:

(106) /01</ - (P(@) ~lulg(cQ)) ds) dm<t/ / |u|J(cQ)]>2d:L'ds
Moreover, we have for P(Q) = Q7
/ Q7)) de = / Q= | 1 [vQ"l(cQ-—z-) rdz
:/0 r Qv—l(cQ) Q;cm]zdg:
(107 = [ et -2 L]
= /01 :WQ;;([CQW)I - 7%%]2 dx
< K4 /0 1[([cQ]ﬂ)x]2dm+K5 /O l[cl]de.

The first term on the right-hand side of (107) is controlled by the use of Gronwall’s
lemma, the second by assuming ¢ € H!, i.e., assumption (A4). Here we have also
used assumption (A1), which ensures that

Cloa) =/ < ~ <O o)™,
and in view of (99) we conclude that

Qv—ﬂ
B

< Kq(B, Cy)g(z) 1P =3e8 — K (B, C)d(2)*37~P) < K4(B,C))

for v > %ﬁ. Moreover,

R 3 1 38 1
90- < K5(B,C)d(z) 7% = K5(B, C))d(z)™17~%) < K5(B,C)
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if v > 1/3, which clearly is satisfied. Similarly, we have

1

/ (lulg(cQ)e)? de < 2 / (Jule)29(cQ)? dz + 2 / g’ (cQ)*([cQ)a)?da
0 0 0

=2 / 1[cQ}ﬁ“(uz)Qg(cQ)"’[cQ]‘(ﬁ“) dz
(108) o

2 ! , NP 2
+E/0 |u|2g (CQ)2[CQ]2(1 B) [([cQ]ﬁ)m] dz

1 1 2
< Kg/ E(cQ)(ug)? dz + K7]\/12/ [([cQ]ﬂ)w] dx,
0 0

where we have used that g(cQ)%[cQ]~ ¥+ and ¢'(cQ)?[cQ]**~#) are bounded even
independent of the bound (99), in view of the special form of the function g(-). We
also note that we have used the estimate (100).

The conclusion of combining (105)-(108), where we also apply (87) for estimating
the first term of the right-hand side of (108) as well as the fourth term on the right-
hand side of (105), is that ‘

/ l(<?)m[<;c2]ﬁ)2’da; < Ks+ / t (th(1 + M?) / 1(6x[cQ]ﬁ)2 dz) ds

< Kg+ /Ot (Kg(l + M) /Ol(ag,,[cQ]/’)2 da:)ds,

where Kg = Kg(B,C, Cy, ||[coQo)® | 51, llcoll 1, ||1o]| 12, T') and we have employed (101).
Thus, application of Gronwall’s inequality gives the estimate

1
/ (8:[cQ)P)? dz < Kgexp{(1 + M)t} < Cs,
0

where we again have used (101). By this, (102) has been proved. 0
LEMMA 5.2 (additional regularity). Under the assumptions of Theorem 3.1, (99),
and (100) we have, for t € [0, T}, the estimate

o1

(109) /‘I[CQ}I’”(azu)‘* dz < Gy + Cs ( /0 (Btu)Qd:l;)Q
0

Jor constants 54 = 54(01, A, B,M,T) and Cs = Cs5(C1,A,B,T) determined by
(113).

Proof. Integrating the third equation of (73) over the interval [z,1] and using the
boundary condition (75), we get

1
[ wdy = (@ = ulg(c@) = - E(cQu
This corresponds to

1 Q' lulg(cQ)
E )/x “lt B0) T EQ)

1
= (el [ uwndy + QT — ulleQ P ()
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Consequently, we can estimate as follows:
(uw)4[cQ]B+3

1
< KoloQPP (1@ 4| widy) '+ QI o) g o))

T

< Ko jo@™( | Curdy) QT g g Q).

xT

Hence, integrating over [0, 1] gives us
(110)
1
| w)teartas
0

< K, /1([662]_:;5—1(/1 » dy)4 e Y Ca u4[cQ]'3ﬁ_1g(cQ)4> de.
0 T

Clearly, the last term on the right-hand side is bounded in view of (100), the properties
of g(-), and 0 < B < 1. Similarly, the middle term is bounded, in view of assumption
(A1) and (99) since

C—3ﬂ—1Q47—3ﬁ—1 < CI_IB¢($)_ %a(3ﬁ+1)¢(z)%a(47—3ﬂ—l)

(111)
— BC;1¢($)Q(37—1—3I3) < Bcl—l
if
a(3y —1-38) 2 0;

that is, v > 5 + % For the first term on the right-hand side of (110) we have by
Young’s inequality that

/Ol[CQ]_w_l(/ml (! dy)4dg; < Ko /OI[CQ]_‘W_I(/Ol(ut)2 dy>2¢(a:)2 dz

< Ko (/Ol(ut)z dy>2

for a suitable choice of K1. For the last choice of Kj9 = K10(Ci1, A) we have used
that

(112)

[CQ]_(3ﬁ+l)¢(l‘)2 S [Cl—IA—1]3ﬂ+1¢(:L,)—-a(3ﬂ+l)+2 S [Cl—lA—l]Sﬁ+l
if the following relation holds:
—a(36+1)+22>0, ie,22>2a38+1).

If 0 < B < 1, it follows that o must satisfy that 0 < o < 1/2. Thus, from (110)-(112)
it follows that

1 1 2
(113) / ()4 [cQIP 3 da < Kua(1+ M%) + KH(/ (9 dz)
0 0

where K1, = K,,(C1,A,B,T). O
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LEMMA 5.3 (additional regularity). Under the assumptions of Theorem 3.1, (99),
and (100), we have, fort € [0,T), the estimate

(114) /01(8tu)2 dz + /Ot /: E(cQ)(uir)? dads < Cg

for a consiant Cs = Cs(C,Cy, A, B, T).
Proof. We have from (73) that

w+ (P(Q) ~ ulg(eQ))s = (E(cQ)ua)a,
which gives
we = (B(eQ)us - P(Q) + ulg(c@))
= (B(cQ)us + E(Qua — P@):)_+ (jukg(cQ) + lulg(cQ).) .

Multiplying by wu, integrating over [0, 1], and performing integration by parts, where
we use the boundary condition (75), we get

. J/OI 8t<%u?) de = — /01 (E(CQ)tU'L‘ + E(cQ)ug — P(Q)L)um da

- /01 (|“|t9(cQ) + IUIg(cQ)t)utz dz.

The following equations can be obtained from the second equation of (73):

(116) P(Q)e = —va* Q" uy,

and

(117) 9(cQ): = ¢'(cQ)eQ: = —a*g' (cQ)[cQ) ua,
and

(118) E(cQ)e = 71 Q). = (B+ 1)PHQPQ, = —(B+ 1)a”[cQ]PPu,

Note that we in fact have used {116)-(118) when we conclude that the contribution
from boundary terms appearing in (115) is zero. Thus, it follows that

d [ 1
z (1 ?) da + / E(cQ)(ue)? da
1 1 1
= —/ E(cQ)iugpttssy da:+/ P(Q)Lutwdw—/ |uleg{cQ)uy, dz
0 0 0
1
(119) - [ lg(eQ)uuiz ds
0
1 1
= (,B-i—l)a*/ [cQ]B+2(um)2utmd$f7a*/ Q" uguy, dx
0 0

1 1
—/0 g(cQ)sgn(u)ustiyg d:c+a*/0 lulg’(cQ)[cQ)*ugusy de.
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For the first term on the right-hand side of (119) we use the splitting
QP2 (us) 2use = ([CQ](ﬁ+3)/2(uz)2) ([cQ](ﬁ“)/?um).

Hence,

(120) / [cQ] ﬁ” uz) Uy dz < —/ [cQ] ﬁ+3) d'):-i-sl/ E(cQ) uw) dz

by application of Cauchy’s inequality € > 0, ab < (1/4€)a? + b?. The last term on
the right-hand side of (120) can be adsorbed on the left-hand side of (119), whereas
the first is bounded by (109).

Similarly, for the second term on the right-hand side of (119) we have

(12) Q" ugu, = o' QTHH (0 4, ) (01 Py )

Two applications of Cauchy’s inequality € > 0, ab < (1/4¢)a? + b2 then give us

.1
/ Q"M ugus, du
0

1 345 368+5 i
BN / A= 4ER) Q1= ) [ (B4+3)/2(yy V2 iy + e, / E(cQ)(usz)? dz
0

T 4eq

1 ir s 1
(122) < = [ 052 guerii=22) gy L / [cQ)B+9) (u,) da
8eo 8e2 Jo

1
+52/0 E(cQ)(usz)? da
r1
< Kig+ o / QI ) o+ [ B(eQ) ) o

where we have used assumption (Al) and (99) to estimate as follows:

1 . 5 . 5 1 . 5 RY RN
/ 04(1—5”1“)Q4(7+1—”f°) dx < K12/ d)(.'z)a(l_%) ,¢(z)3a('r+l-ﬂzﬁ) dx < K3
0 0

if

38+5 3 5
i oy B0

that is,

1

which clearly holds for @ € (0,1) and v > 8. As far as the third term on the right-hand
side of (119) is concerned, we note that

[cQ)1=A)/2 )

(123) 9(cQ)ususy = a*k* ([CQ](ﬂH)ﬂUtm) (lc* ¥ (o + k%) [CQ]
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Hence, we conclude again from Cauchy’s inequality and the fact that 8 € (0,1) that

| ste@isentuyunes as

0

O e[
< oo | g o e e e | Pl

1 1
< K14(63)/0 (u)? d$+53/0 E(cQ)(uz)? dz

< Hufen) , Rlen) ([ (i ds) ey / ' B(eQ) (e da.

(124)

2 2

Finally, for the fourth term on the right-hand side of (119) we have

[ulg’(cQ)[eQ]Pustce =(lulg' (cQ)[e@P~ F uz) (16Q) F e )

We can repeat the arguments similar to those of the estimate of (121) leading to
(122),

1
| 15 (c@)le@P sz do
1
/[u] (cQ)?[cQ)* P (ug)? dz+€4/ E(cQ)(uiz)? dz
0

/ lul*g’ (cQ)*[cQ)*+P~ ‘mdz—}———/ [cQ)P3 (ug)! da

464

- 85
(125) teq / E(cQ)(use)? da
0

M
<
~ 8ey

+ée4 /01 E(cQ)(use)? dx

1 (@) QPP dz + L/1[062]ﬂ+3(u ) dz
9 =, "

1 ! 1
< KisM* + —/ [cQ)P+3(ug) d + 54/ E(cQ)(ue)? dz,
854 0 0
where we have used the splitting

Q18 = Q] " - Q]

and the properties of ¢'(+). Clearly, £1,¢€2,€3,£4 can be chosen such that the associated
term fol E{cQ)(uz:)? dz on the right-hand side of (120), (122), (124), and (125) can
be incorporated in the corresponding term on the left-hand side of (119).

Consequently, in view of (119), (120), (122), (124), and (125) in combination with
(109) (Lemma 5.2} (see also (113)), we have

J+/~l

d 1 -1
E/O (Ut)2d$+A E(cQ)(uzt)2dz

"1 2
S K16(1+]VI4)+K17</ (Ut)2 dCI))
0
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for appropriate constants K and Ki7; that is,

/0 () de + /O t /0 ' B(cQ) (uar)? do ds

1 2
< Kye(1 +M4)t+K17/ (/ (ug)? da;) ds.
0 “Jo
Following the arguments of [3, 33], we may conclude that by choosing Ta(M) > 0
sufficiently small such that for all t € [0,T4] we have

1
= Scﬁa

1 K
_ KT
KisU+MHT, 1724

(126)

where Cg is independent of M. Hence, for t € [0,T], recall that T € (0,T1], and by
(95) it follows that Ty < Ty. We then have

[ [ [ B s

~ t,rl 2
é K16(1 -+ ]\/[4)T4 + 1(17/ (/ (Ut)z d’E) dS.

Application of (a nonlinear version of) Gronwall’s inequality then gives

1

1 t pl
/ (u)? d + / / E(cQ)(uqt)? dz ds < .
0 070 Kro(1+ M1,

1
~ SCG’

1 N e
e~ KT

— K7t

where Cg has been defined by (126). a

6. Proof of Lemmas 4.2 and 4.4. Equipped with the results of section 5, we
shall return to the proof of Lemmas 4.2 and 4.4. First we give a proof of Lemma 4.4
where we rely on the result of Lemma 5.3. Then we shall derive Lemmas 6.1 and
6.2, the first one provides control over the L? continuity in time of u, i.e., esti-
mate of |lu(-,t) — uo(-)||2, whereas the second one gives control over the quantity
| fot jo"c us dz dt|. Finally, armed with these estimates we can give a proof of Lemma 4.2.
We end this section by Lemma 6.3 which provides more L? continuity type of esti-
mates with respect to time for, respectively, @, u, and Fu,. Then, Lemma 6.5 gives
an upper pointwise bound for Eu, as well as BV estimates for Eu,, u, and Q.

6.1. Proof of Lemma 4.4. Proof. We obtain from the third equation of (73)
by integrating over [z, 1] and employing the boundary condition (75)

1 ! Q" |ulg(cQ)
E(c@/w “Wt EQ) T ECQ)

Uy = —
This implies that

Y Lo lulg(c@)
(127) /0 ‘““”““5/0 E(cQ) / “tdy'd“/o E(cQ) ““/o Eeq)
1= A + Ay + As.
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Then we estimate as follows:
(128)

1 1
Ag:/ Q‘Y—ﬂ—lc—ﬁ—ldrrscl—(ﬂ*“l)/ ¢($)—§a(ﬁ+1)Q7—ﬁ—1dI
0
1
SD2/ $(z)~ 7B+ gy )211 (v=6-1) d:z;—DQ/ ()~ FBHD+Ral--1) g,
Jo

1 3
=D, / p(z)7el=B=143v=36-3)] 4, _ D), / p(z)li7=F-U gy < Dy(Cy, A, B)
J0 ]

for some constant D, which is independent of M and where we have used assumption
(A1) which implies that

Cylo(a)™/ <t < CTlg(x)"o/, e, ¢ PtD < o7 BT g(g)- 1B+,

together with estimate (93). Here we must also assume that a[3y— 1] > -1, that
1

3
e 1 -,
rRie +A e

which follews from assumption (A3). Furthermore, by combining assumption (A1)
and (93) we obtain '
1

(129) 2BC,

¢(z)"F < [eQ)7F < —¢(73)

Using this estimate together with (97) we can estimate as follows:

1 |u|g CQ *k*[CQ] ' 1 5
- | /Hk* a*+k)QdeDs/0 [ul(c@)# do

-1
< D3 / |u|¢(x)-aﬁ dz < D3M'/? / d(x)™* - |ulM? da
0 0

1 l/q 1 1 1/p 4
< Do 2( [ oy o) ([t ar) " (p,q>=(4,§>,

1 1/4
§D3Ml/2(/ |u|2dx) < Dy(A,Cy,C)M V2,

(130)

where we have used Hoélder’s inequality with p = 4 and ¢ = %, estimate (87) of

Lemma 4.1, and the fact that —afq = —aﬂ4 —-loraf < % As above D3 is a

suitable constant that is independent of M but may depend on Cq, Cy, A, and B.
Finally, we see that

L |
Alz/o E(cQ)

<01 [ e @[l )" do
0 0

1
<D, / Q] BV () /2 da
1]

1
Up dy‘ dx
€T

1
<D, / $(2)/>~B+D 4o < D\(Cs, A, Cy)
0
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for a suitable constant Dy = Dy{Cs, A,C;) (note dependence on Cg since we have
used Lemma 5.3) if 1/2 — (B + 1) > —1; that is, a(f + 1) < % Hence, in view of
(127), (128), (130), and (131) the conclusion is that

1
/ lug|dz < D + DMY/?
0

for a constant D which is independent of M. In other words, in view of Sobolev’s
embedding theorem that W1([0,1]) = L*([0,1]) and Lemma 4.1,

1 1
HUHoo < / |uld:1, +/ Iutld'z, <V2C + D+ DMY2.
0 0
Clearly, for positive constants Dy = v2C + D and Ds = D, we then have
1 1
—(Dy + DsMV?) < =
]\/I( 4 + Ds ) <3

for a suitable large M. Hence, |julloc < 2M for a suitable choice of M, and the lemma
has been proved. a

(132)

6.2. More lemmas under the assumption of (93).
LEMMA 6.1. Under the assumptions of Theorem 3.1 and (93), there ezists a
positive constant Dy = Dy(C, Cy, Ca, A, B, ||luollg1,T) such that for all t € [0,T],

(133) /0. lu(z,t) — uo(z)|? dz < Dit.

Proof. Clearly, from the third equation of (73) we get
(u—uo)e + (@ — |ulg(c@))z = (E(cQ)tz)a-
Multiplying by (u — ug) and integrating over the spatial domain [0, 1] together with
application of integration by parts and use of the boundary conditions (75) and the
fact that g(0) = 0, we arrive at the following form:
d ['1
@) 3

1 1 1
(134) ~ | BeQuatzdo+ [ Quedo~ [ luls(c@hus do

1
(u—ug)?dz + /0 E(cQ)(ug)? dz

1 1
- / Q’YUO,:E dz + / |u|g(cQ)u0,x dz.
0 0

We can estimate as follows:
E(cQ)uguo z = E(cQ)l/Quoyﬂc . E(cQ)l/Quw.

Hence, by Cauchy’s inequality and use of (93) we get
1 1t 1
/ E(cQ)uzug - dr < E/ E(cQ)ug’w dx + 5/ E(cQ)ug dz
0 0 0
1 1 1
(135) < = max(E(cQ)) / u%L dz + a/ E(cQ)u? dx
0 0

o1
< D5+s/ E(cQ)u? du.
0



GAS-LIQUID MODEL 1913

The first term on the right-hand side of (135) is bounded due to (93) and assumptions
(Al) and (A4). Moreover, for the second term on the right-hand side of (134) we have

Quy = QV[CQ]—(ﬁH)/? . [cQ](ﬂ‘“)/Zuz,

Hence,

1 1 1
/ Qugdz < 4i/ Qe dz + 5/ E(cQ)u? du
(136) 0 € /o 0

1 ‘ 1
< D, / $() TPV g 4 ¢ / E(cQ)u? da.
0 0

For the first term on the right-hand side of (136) we have used an estimate similar to
(1.29) which implies that

QY[cQ]™¥*Y < D(Cy, A)d() 7% (x) "B+ < D(Cy, A)p(x)*37=A-D),

Consequently, the first term on the right-hand side of (136) is bounded if a3y — 8 —
10> —a> -1, ie, v > %ﬁ. For the third term on the right-hand side of (134) we
have

1 -1 1
(137) /0 lu|g(cQ)ug dr < /0 lu — uglg(cQ)ug dz + /0 |uolg(cQ)ug d.

The first term on the right-hand side of (137) can be treated by the same tech-
nique as for Lemma 4.1, the second term can be handled similarly by employing that
ug € L%([C,1]). The two last terms on the right-hand side of (134) can obviously
be estimated in the same manner. Using these estimates in combination with (134)
implies (133). 0

LEMMA 6.2. Under the assumptions of Theorem 3.1 and (93), there exists a
posttive constant E, = El(]\/f,Dl,T) and a positive integer m with m > ﬁ >1
such that for all t € [0,T],

0O =

t T
(138) ‘/0 /0 atudyds‘ < EIQS(m)L':‘Ltl/m, 0<z<

Proof. We can estimate as follows by using Holder’s inequality:

| /0 | dwyas| =| [ tutnt) - wotw ]

S/O IU(y,t)—uo(y)IdyS/(; Xj0,a) W)y, t) — uo(y)| dy

1 1
= m— s 1
< 2% g(a) 5 / fu(y, ) = uo(y)I™ dy) ", = [0,—],
0

m—=2 m—1 m—1 m—2 1 ‘ IIT
<275 M ([ fulot) - o) dy)
0

2m—3 i1 m—=2 1

< 287 DI p(a) S Mt = Ey(M, Dy, T)g(x) o t7,

where we use p = m and ¢ = m/(m — 1). Moreover, we have used {[ugl|oo, ||t]lcoc < M
from Lemma 4.4 as well as the estimate of Lemma 6.1. 1]
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Remark 6.1. In a similar manner we can obtain the estimate

it gl :
~ o 1
(139) (/ / Otudyds‘ < Eyglz) S t/m™, 3 <z<1.
0 Jx
Note that the M dependence of E, (as well as other constants) will be controlled
in the following proof of Lemma, 4.2 by the “small” time T' > 0 where T' < T} and T}
is defined by (95). In particular, suitable small times T3, T3, and T3 will be introduced
in the proof below to eliminate dependence on M.

6.3. Proof of Lemma 4.2. Now we are in position where we can give a proof
of Lemma 4.2.

Proof. We start with the following equality, which follows directly by combing
the second and third equation of (73):

it t o -t
B * ~ _ B _ % *
(140)  [eQ])” +a 6/0 Q ds=[cQ]y —a ﬂ/o /0 wdyds+a ﬂ/o |u|g(c@) ds.
Here we have combined ,
5@ + B(eQyus =0

and
/0 “udy + (@7  ulg(cQ)] = E(cQ)us.

First, we observe that from Lemma 6.2 we have

ot T - ——1
(141) |/0/0 utdyds‘SEI(]\J)QS(w)Ttl/"‘.

Moreover,

Consequently, in view of (140), where we set a*8 = 1 without loss of generality, we
can employ (82) from assumption (A2) together with (141) and (142) and estimate
as follows: ’

m—1

ot
QP + [ @ ds 2 (C2AP 8% - Brg(w) /™ - Eato(o)®
0
(143) > [C A ¢(x)P™ — E1d(z) Pt/ ™ — Ept'/ ™ ()P
= (IC2A4)f ~ [y + Ealt"/™) g(x),
since ¢(z)* < ¢(z)*# and ¢(z)m-D/m < qﬁ(z‘)‘“ﬁ since m > 1/(1 — af); that is,

(m—1)/m > aff as assumed in Lemma 6.2. We have also used that t1/™ > t for t < 1
and m > 1. Now we can define

7= ([CzA]ﬂ - (%[CQA])ﬂ)m L,

(144) __ 30
E+E,
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For0<t< ﬁ we get from (143)

(145) o+ | Qs> (2ea) g,

To ensure the lower limit of [cQ)] from (145) we must determine an upper limit for
j,f Q" ds for sufficient small ¢. For this purpose we set

(146) Z(t) = /Ot Q7 (z,s) ds.

Then an inequality equation for Z(¢) can be derived. However, first we note that
similar to the proof of (143) we get

(147) @+ [ @ ds < (IC1BP + 11 + B/ )otwye

Now we cen define

. = (3[CiB)P —[C,B]f\m
(148) T, = ( : 7 ) > 0.
For 0 <t < Ty we get from (147)

(149) el? < (31018]) gy,

Now we return to the task of deriving a lower limit for [cQ)]. We again follow along
the line of [3, 33]. From (147) and (146) we get

LI + 2(t) < K(t)d()?™;

that is,

for K(t) = ([C\B)® + [Ey + E’g]tl/m). Clearly, Z(0) = 0 and then we can deduce, by
assuming that 0 < § <+, that

(150) Z'()7 + K Z(t) < Ko(t) < Eo(Ty), Ki=cP, K= CTPR(t)g(z) e
fort e [O,ffg]. That is, we have an ODE inequality of the form

(151) Z'tMP + AZ(t) < B, p= % > 1.

The solution of Z'(t)!/? 4 AZ(t) = B can be found by writing this ODE in the form
Z'(t) = (B - AZ(t))*.

Introducing U(t) = B — AZ(t) we get

U'(t) = —AU?, U(t=0)=B.
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This gives the solution
1|V
—U"7P| = —At,

that is,
1
[1+ (p— 1)AtBr-1]T

3(1— ):AZ.

From this it follows that the following inequality holds:

1 ~
(152) AZ <B ) t € [0,T3).

1—
( [1+ (p— 1)AtBr-1]iT
In view of (150), (151), and (152) we get the inequality

(153)

S0P R (Fo)p(w)te?) (1 - S :
O e e P L

chcl_ﬂf(f .’I:O‘ﬂl— f1v~ 3 1 ’
( 2)¢( ) ( (1-|-(p——1)[c_ﬂ][Cl_ﬂf((TQ)QS(m)ZaB]p_lt)"——T)

Now we observe that p — 1 = % > 0; hence

[P )[é() ¥F)F < CrPg(w) ™ H ga) F0P < O Pg(a) 31 < o7

for v > % B. From this estimate it is clear that we can get the expression

1

(1+ (p— Ve P)[CTPK(Ty)p(x) 7*8)P~ 1) 7=

as close to 1 (from above) as desirable for a small enough time interval (that depends
on M due to the appearance of K). Thus, it is also clear that for small enough times,
let us say, t € [0, T3] for Ts = T5(M) > 0, we have for the right-hand side of (153)

CECTPR(T) (1 - . 1
2% ( 2)( (1 N (p _ 1)[C“ﬂ][01_6K(T2)¢(:1:)Zaﬂ]p_lt)p——_l)

< (Boa)’ - (yew)”

Inserting this in (153) gives us

(154)

20 -G - (o)’

Employing this in (145) we get
(155) Q) = ~2() + (21024)) ()% > (F024)) 911

In view of (155) and (149) we have

(31402) 921 < (cl? < (S1BO0) gl




GAS-LIQUID MODEL 1917

In other words,

(514¢)9(a)" < e < (2B ota",

which, clearly, in view of the assumption (79), gives us

3 .
(La)swte <0< (3B)smie
Hence, the desired estimate (94) has been obtained. O

6.4. More regularity results in space and time under the assumptions
of Theorem 3.1. In the next lemma we obtain L?-continuity in time estimates for
the quantities (@, u, E).

LEMMA 6.3. Under the assumptions of Theorem 3.1, we have for 0 < s <t < Ty
and appropriate. constants F, Fg, and F3 the following estimates:

(156) / 1Q(z, 1) — Q(x, 8)|* dz < Fi|t — s?,
(157) / ‘Iu(m,t) —u(z,s)|*dz < Byt — s|?,
0
1
(158) / |E(cQ)uz(z,t) — E(cQ)ug(z, s)|* dz < fglt — 5.
0

Proof. We have, by using the second equation of (73) and Holder's inequality,
where we tactically have assumed s < ¢,

(159)
/ |Q(z,t) — :z:s)lzdx—

T
_ /0 ‘ /0 X[s,t](g)(cczi’uz)(x,g)dg{ dz
smfaﬂmfw¢mmmmgM=mwﬂf/?wﬁM@
0 s s 0

B3
(

zmhﬂ[A%#QymﬁT
< (§|t | [/st (/01 e =BQ5 B d + /Ol[cQ]ﬁ+3('Ulm)4 d:z;) df]
< Fi(B,Ca)lt — s / t( /0 ()P /0 QI ) ds) de

S lﬁl(Ba C?a 543 057 CG)|t - 8|2~

d’c

ug)? dx dé

Here we have employed Young’s inequality, Lemmas 5.2 and 5.3 as well as assumption
(A2), and the pointwise estimate of @ given by Lemma 4.2. Next, we consider (157).
We get by Hélder’s inequality

/Ollu(:v,t) —u(z, s)|2de = /01

t
<t -—s| / / ug dzdé < Cglt — s,
s JO

ot 9
/s ue(z, ) d{‘ dz
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where we have used Lemma 5.3 again. Finally, for (158) we estimate as follows by
using Young’s inequality:

t 1t
/0|E(cQ)um(3:,t)~E(cQ)uE(:r,s)Ierc= | /BE(E(CQ)UE)(z,é)dgzda;

<l—sl /0 1\ / t(E(CQ)g’um + B(cQuce) (z, €)de]| o
—(8 + 1)a*[cQ]P*(us +E(cQ)u1;5) € dg}d,,

T
< Fyft -3 / / (161 QP4 + E(eQ)E(cQ) (wer)?] dv i
.<_F3(B,02,C4,05,CG)|15—8|

by using Lemmas 5.2 and 5.3 and the pointwise upper bound for [cQ)] to obtain the
last inequality. d

COROLLARY 6.4. Under the assumptions of Theorem 3.1, we get for 0 < s <t <
T1 fhat

1
(160) / In(z, t) — n(z,s)| dz < (a*)*F1lt — s)?,
0

where Fy is the constant from (156).
Proof. First we recall from (68) that n satisfies the equation n; + cn?u, = 0 and
that » and @ are related by

n
161 —=a"—-cn
(161) 0

(see (72)), and that Corollary 4.3 implies that
(162) cn < a*.

Hence, we can follow along the same line as for the estimate (156) and calculate as
follows:

./01 In(z,t) — n(z,s)|>dr = /: /:'ng(a:,{)dérdz
T
/ ‘/ X[st] cn ug)(x, €) dg‘ dx
S/o t—s / |(enug )z, €)|? d{) dz < |t—~S|llldX / / Q2 dx de

* , _ a(d-0) B .
< (a*)*F\(B, Co)|t s|/s /0 B(z) da:+/0 Q) +3(uz)4d1) de
< (a*)1F1(B, Cy,Cy4, Cs, Co)lt — 5[,

where we have used (161) and (162) and the calculations of the last part of (159).
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LEMMA 6.5. Under the assumptions of Theorem 3.1 and for t € [0,T1], we get

(163) ||E(CQ)U1-($»t)||L°°([0,1]><[0,T1]) < f’4,
1 ~
(164) | Bz < B,
0
1
(165) / 10| de < B,
0]
1
(166) / 10,Q] dz < Fr.
0

Proof. The estimate (165) follows as a byproduct of the proof of Lemma 4.4. The
estimate (163) follows from (164) since

T 1
[E(cQ)ua](z, )| = ‘/0 (E(cQ)uy)y dy‘ < /0 |(E(cQ)uy)yldy < F5,  t€[0,Ty].
From the momentum equation we have

(.67) (E(cQ)uz)z = ur — (Q")z + (|ulg(cQ))z.

The estimate (164) can be obtained by observing
o1 1 1 1
| 1Byl ds < | e+ [ @ddo + | udeste@) ds
1
+ [ lullg(e@)al d
Jo
1 1 1
< VG +7 / Q" Qul d + max g(cQ) / fia] d + / [ulg(cQ) el da
Co+ 2 / Q7P ( Qe )l du + Fs + / [ulg (cQ)[eQ] P (cQ)), da
< Cs+—/ |Q"‘ﬁc‘ﬂ([cQ]ﬂ)zldaz+7/ Q"¢ ¢, | dz

+F6+—/ lul?g’ (cQ)?[cQ)?>~%" dx +—/ ([eQ)P)2 d
< VCs + Fy(B,C,C1,Cs) +F6 = F5.

Here Cauchy’s inequality has been used repeatedly, including Lemmas 4.1, 4.2, 5.1,
and 5.3, and assumptions (A1)-(A4). Finally, the estimate (166) follows since

r1 1 1 1 . '
| 1udde < [ lealigide+ [ Qe o

IA

- Q Q7 )| dx + Qlez| dz
ﬁ/olc ([c])lx/oc lcz| dx

1 /1 B2 1 /1 ~28 228 /1 -1
— Q) )z dr + — cPQ dx + ¢ Qe dx < Fy,
35 ), (cQ@Pide+ 5 | M Qlealde <

where we have used Lemmas 4.2 and 5.1 and assumptions (A1)-(A4). |
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COROLLARY 6.6. Under the assumptions of Theorem 3.1 and for t € [0,T}], we
get

(168) /01 |Oxn|dx < Fp.

Proof. We have that ¢Q = cn/(a* — cn); consequently,

*

(169) 0.0 = 8(=2=) el

a* —cn * —cn)?

from which we get

1 nt=8 - n
* B+1 : /N8
Ogn = _a*ﬁ(a - cn) 2 C)T([LQ] ) - _c 4.

Hence, it follows easily that
(170)
1 1 , 1 \
/ |0zn] dz < Fay / $(x)2%|8zc| do + Fyo / 102 ([cQ)) ¢ ()57 da
0 0

0
< Fou+ P | @) az) / Sapetion ) < p,

since B,a € (0,1) and by application of Lemma 5.1, Corollary 4.3, and assumptions
(Al1)-(A4). 0

6.5. The proof of Theorem 3.1. In order to construct a weak solution to the
initial boundary value problem we can directly adopt the standard approach and apply
the line method as described in [13, 14, 3, 33, 9]; see also the important references
within these papers for more details. Since this will not introduce new elements to
what is already found in these papers we leave the details to the readers. Here we
just note that having formulated a semidiscrete version of the model (68)-(71), the
basic theory of ordinary differential equations then guarantees the local existence of
smooth solutions {c¢;, 14, u;), for ¢ = 0,..., N such that

0 < ¢i(t) < oo, 0 < ni(t) < oo, [ui ()] < oo.

Let [0,7"] be the maximal time interval on which the smooth solution exist. For
the analysis below we must show that the solutions are actually locally defined on
[0,T1] where Ty is defined by (95). In particular, it can be ensured that Th > Ty (see
(3, 33]), and (c¢;, ni,u;) are well defined for i = 0,..., N, for all t € [0,T;]. Based on
the work of sections 4, 5, and 6 we can obtain semidiscrete versions of the various
lemmas. By defining appropriate approximate solutions (¢, n™, u™)(z,t) and using
Helly’s theorem, we can prove Theorem 3.1.
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