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ABSTRACT. In this paper we construct an “Interior Penalty” Discontinuous Galerkin method
to approximate the minimizer of a variational problem related to the p(x)—Laplacian. The
function p : Q@ — [p1,p2] is log Holder continuous and 1 < p1 < p2 < co. We prove that the
minimizers of the discrete functional converge to the solution. We also make some numerical
experiments in dimension one to compare this method with the Conforming Galerkin Method,
in the case where p; is close to one. This example is motivated by its applications to image
processing.

1. INTRODUCTION

In this paper we study a discontinuous Galerking method to approximate the minimizer of a
non homogeneous functional. This functional is related to the so-called p(x)—Laplacian operator,
ie.

(1.1) Ay = div(|Vu(z) PO 2V).

This operator extends the classical Laplacian (p(z) = 2) and the so-called p—Laplacian
(p(x) = p with 1 < p < o) and it has been recently used in image processing and in the
modeling of electrorheological fluids, see [3, 8, 23] .

In an image processing problem, the aim is to recover the real image I from an observed
image & of the form £ = I +n, where 7 is a noise.

Approaches to image denoising have been developed along three main lines: wavelet methods,
stochastic methods and variational methods, see references in [3]. One variational approach that
has attracted a great deal of attention is the total variation method of L. Rudin, S. Osher and
E. Fetami [22]. The variational problem is

Minimize the functional |Du|(Q2) over all the functions in BV (€2) N L?(€2) such that
/uda:—/fda: and /\u—§|2daz:02
Q

The conditions on the space come from the assumption that & is a function that represents a
white noise with mean zero and variance o. Moreover, the authors prove that this problem is
equivalent to minimizing

for some o > 0.
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for some nonnegative Lagrange multiplier A = \(0,&). This model works when the image is
piecewise constant, but in some cases can cause a staircasing effect. See for instance [7].
An older approach consists in minimizing,

A
/|Vu\2+§/ lu — €|? d.
Q Q

This method solves the staircasing effect, but it has the problem that it does not preserve edges.

In [8], the authors introduce a model that involves the p(z)—Laplacian, for some function
p: Q — [p1,2], with p; > 1. This function encodes the information on the regiones where the
gradient is sufficiently large (at edges) and where the gradient is close to zero (in homogeneous
regions). In this manner, the model avoids the staircasing effect still preserving the edges.

Recently, in [3] the authors propose a variant of the method of Chen, Levine and Rao [8].
More precisely, they consider the functional

A
Lo+ 5 [ ju-ePan

with p : Q — [1, 2] a function such that p(x) = Py (|VGs % £|(x)), where Gs(z) is an approxima-
tion of the identity, M >> 1 and P)y is a function that satisfies Py/(0) = 2 and Pys(x) =1 for
all |z| > M. Observe that, since p(x) = 1 for some values of z, the authors have to rewrite the
functional in a form that allow for computation of weak derivatives.

Motivated by the above mentioned applications, we study a numerical method to approximate
minimizers of a functional related to the p(z)— Laplacian.
We work in the following setting:

Let € be a bounded Lipschitz domain. For functions p, s,t the following conditions will be
assumed when necessary,

(H1) p : Q — [p1,p2] (1 < p1 < p2 < o) is log-Holder continuous. That is, there exists a
constant Cj,, such that

C
Ip(x) — p(y)| < A Vaye;
(e =)

B log
(H2) s € L*>*(Q2), with 1 < s(x) < p*(z) — € for some € > 0;
(H3) t € C°(00) with 1 < t(z) < p«(7).
Here, p* and p, are the Sobolev critical exponents for these spaces, i.e.

p(@)N . p(@)(N-1) .
(12) p*(a:) = N—p(x) if p(l‘) < N? and p*(a:) — Np@) if p(%‘) < N,
+oo  ifp(z) = N, +00 if p(z) > N.

Given p, ¢, r satisfying (H1),(H2) and (H3) respectively and & € LI0)(Q), we want to minimize
the functional

10) = [ (IVo@P® +lofa) =€) ") o+ [ o ds

I'n
over all v € A, where

A= {ve WHO(Q) v —up e WP (@)},
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up € Wl’p(')(Q) and 092 = I'p UI'y. For the definitions of the variable exponent Sobolev spaces
Wwr()(Q) and erﬁ(')(Q), see Section 2.

Let us observe that, considering the applications we have in mind, it is relevant to study
the minimization problem in the case where p approaches the value 1 in some regions. We can
see, by making some numerical experiments, that the minimizers have large derivative in these
regions. For this reason, the Conforming Finite Element Method is not appropriate since, its
use would imply the need of fine meshes in order to obtain good approximations, see Section 8.

We consider the so-called Discontinuous Galerkin Methods. These methods are relatively new
from the theoretical point of view. In [1], we can find a unification of all methods of this type.
In all the examples of that paper, the authors take as model a linear differential equation.

At this point we want to mention that, in [3] and [8] the authors find an approximation of
the solutions by using an explicit finite difference scheme for the associated parabolic problem.

Our aim is to study, in the future, the minimization problem in the case where p approaches
the value 1 in some regions (where there is no weak formulation). For this reason, we think
that the best way to find approximations is by finding a good discretization of the minimization
problem. We take a discretization similar to the one in [6] where the authors study a functional
that includes the case p = constant.

Our discrete functional is the following

In(vp) = /Q (\Vvh + Ry (op)[P) + [op, — §|q(x)) dx + /r o, — up PR P ds
D

[ e as [ e as,

Fint FN

where h is the local mesh size, h is the global mesh size, I';,,; is the union of the interior edges of
the elements, [vp] is the jump of the function between two edges and Vvy, denotes the element-
wise gradient of vy, see Section 3 for a precise definition. Observe that the boundary condition
is weakly imposed by the second term of the functional. Lastly, Ry, is the lifting operator defined
in Section 5.1, which represents the contributions of the jumps to the distributional gradient.

In the case p = constant, the boundedness of this operator is proved by using an inf-sup
condition. In our case, for technical reasons, we use a different approach, which consists of
finding a local characterization of the operator.

With this setting the discrete problem is to find a minimizer uy, of Ij, over the space S*(T})
of all the functions that are polynomials of degree at most k£ in each element, with £ > 1, see
Section 3.

In this work we show that the sequence wuj converges to the minimizer u of I over the space
A. We want to remark here that we are assuming that, for each vy, € S*(7y,), all the terms of
I, (vp,) can be exactly computed.

In fact, we prove the following

Theorem 1.1. Let Q be a polyhedral domain. Let p(x),q(x), and r(x) be functions satisfying
(H1), (H2) and (H3) respectively and let up € W?P2(Q). For each h € (0,1], let up, € S¥(Tp,)
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be the minimizer of Ip. If u is the minimizer of I then

(1.3) up — u strongly in L (Q) Vs satisfying (H2),

(1.4) w, — u strongly in L'V (0Q) Vit satisfying (H3),
(1.5) In(up) — I(u),
(1.6) R(up) — 0 strongly in L) (),
(1.7) / lup, — up PP gg 4 / [un]P@ 0P 485 — 0,
Tp Dint
(1.8) Vuy, — Vu strongly in LPO(9).

Lastly, we want to mention the places where we need the regularity hypotheses on the func-
tion p. First, in order to prove Theorem 1.1 we need to use the continuity of the embedding
Wrt)(Q) — LP")(Q), the continuity of the Trace operator W1P()(Q) — LI (9Q) and the
Poincaré inequality. As we can see in Theorem 2.9, Theorem 2.10 and Theorem 2.8 for these
results we need p to be log-Hélder and r € C°(99).

We also use strongly that p is log-Holder in Proposition 2.11. This result says that if x is an
element with diameter h, and p% and p® are respectively the maximum and minimum of p over

% then ki~ '+ is bounded independent of h,. This property is crucial in the proof of several
results along the paper.

On the other hand, in order to prove the convergence of the sequence u; we need a technical
hypothesis on the boundary condition up. In fact, Lemma 6.4 only covers the case where
up € W2P2(Q).

Outline of the paper. In Section 2 we state several properties of the Variable Exponent
Sobolev Spaces.

In Section 3 we give some definitions and properties related to the mesh and to the Broken
Sobolev Spaces.

In Section 4 we study the Reconstruction operator and we prove some error estimates that
are crucial for the rest of the paper (Corollary 4.5).

In Section 5 we prove the boundedness of the Lifting operator (Theorem 5.3).

In Section 6 we prove the Broken Poincaré inequality (Theorem 6.1), the coercivity of the
functional (Theorem 6.2) and finally we give the proof of Theorem 1.1.

In Section 7 we study the convergence of the Conforming Finite Element Method.

In Section 8 we give a 1d example and compare both conforming and non-conforming schemes.

2. PRELIMINARIES: THE SPACES LP()(Q) anp W1P()(Q)

We now introduce the spaces LP()(Q) and W'2()(Q) and state some of their properties.

Let p: © — [p1, p2] be a measurable bounded function, called a variable exponent on {2 where
p1 = essinf p(x) and pg := esssupp(x) with 1 < p; < ps < 0.

We define the variable exponent Lebesgue space LP() () to consist of all measurable functions
u: €2 — R for which the modular

o= [ P i
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is finite. We define the Luxemburg norm on this space by
[ull Loy () = llullpey = inf{k > 0: g,)(u/k) <1}.

This norm makes LP()(Q) a Banach space.
The following properties can be obtained directly from the definition of the norm,
Proposition 2.1. If u,u, € LPO)(Q), ullp) = A, then
(1) A< 1 (=1,>1) if only if/ﬂ\u(xﬂp(z dr <1 (=1,>1);
(2) If A > 1, then \P* < /Q lu(z)|P®) dz < AP,

(3) If A < 1, then AP? < / |u(z)[P@) da < AP,
Q

(4) / |t (2) [P dz — 0 if only if |[un|p) — O;
Q N R
(5) 1]y < max {|Q\p1 1072 };

(6) If Q = U Q; where Q; C Q) are open sets then there exists a constant C' > 0 depending
i=1
on m such that

ull Loy < C Y el o
i=1

Proof. See Theorem 1.3 and Theorem 1.4 in [18]. O
For the proofs of the following three theorems we refer the reader to [21].
Theorem 2.2. Let q(z) < p(x), then LPO)(Q) — LI)(Q) continuously.

Theorem 2.3. Let p,q,r : Q@ — [1,00) and ¢ > 0 be such that p(x) < r(z ) < q(z) — s for all
x € Q. Then, there exists a positive constant C such that for every u € LPO)(Q) N L10)(Q) the
mequality

lull oy < Cllull ey Nl
holds, where > 0 and v > 0 are define as

. 555U, E ; Eg ;Eg if [lull oy ) > 1,
essme Exi Zéz; ;Ei; if llull Loy ) < 1,
a esssupgzgg rg; :igg if HUHLq(»)(Q) > 1,
essz‘nfﬂq z)r(@) —pl if [Jull oty @) < 1.

Theorem 2.4. Let p'(x) such that, 1/p(z)+1/p'(x) = 1. Then L¥')(Q) is the dual of LPV) ().

(z) r(z) — p(x)
r(z) q(x) — p(x)

(z) ) =
Moreover, if p1 > 1, LPO)(Q) and Wl’p( )(Q) are reflexive.
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Now we give some well known inequalities,

Proposition 2.5. For any x fixed we have the following inequalities

[n = &P < C(InP@ =2y — |6 -2€) (7 — ) if pla) > 2
(z)—

=P (il +161)"" < CPe 2 — PO ) - if p(e) <2,

[P < 271 ([ — P 4 [gple)) i pla) > 1.

These inequalities say that the function A(z,q) = |q[P*)~2q is strictly monotone.

Proposition 2.6. Let F,,, F € L*0)(Q).

(1) If
F, — F weakly in Lp(')(Q)
then
/|F|p(x) da:<liminf/ |F, P@ d.
Q n—oo  [o
(2) If
F, — F strongly in LP0)(Q)
then
/|Fn\p(’”) da:—>/ |FP@ dg.
Q 0
(3) If
29 Fo = F weakly in L'() and / |FuP) da — / PP dg
0 0
then

E, — F strongly in LPV) ().

Proof. For the proof of (1) and (3) see Theorem 3.9 and Lemma 2.4.17 in [13]. Finally (2) follows
by Proposition 2.3 in [15]. O

Let WHP0)(Q) denote the space of measurable functions u such that, u and the distributional
derivative Vu are in LP()(Q). The norm
[ullwrsor @) = llullpey + 1V ulllpe
makes W1P()(Q) a Banach space.
We define the space W&’p(')(Q) as the closure of C$°(€) in W'P()(Q). Then we have the

following version of Poincaré inequality, see Theorem 3.10 in [21].

Lemma 2.7. If p : Q — [1,+00) is continuous in Q, there exists a constant C such that for
every u € Wol’p(')(Q),
[ull oo @) < ClIVull oo q)-

We also have the following version of the Poincaré inequality, see Lemma 2.1 in [20],
Theorem 2.8. Let Q@ C R™ be a Lipschitz domain and p,q : Q@ — [1,+00) with p < ¢ < p*.
Then,

lu — (U)QHLq(')(Q) < CHVUHLP(‘)(Q)
for all u € WP0)(Q), where (u)q = ﬁ Jquda.
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In order to have better properties of these spaces, we need more hypotheses on the regularity
of p. For expample, it was proved in [11], Theorem 3.7, that if one assumes that 02 is Lipschitz
and p is log-Hélder continuous then C(Q) is dense in WP (Q), see also [10, 14, 16, 21, 24].
The local log-Hléder condition was first used in the variable exponent context in [26].

We now state two Sobolev embedding Theorems (for the proofs see [12] and Corollary 2.4 in
[17], respectively).

Theorem 2.9. Let Q be a Lipschitz domain. Letp : Q — [1,00) be log-Hélder continuous. Then
the embedding WhPC)(Q) — LP"()(Q) is continuous.

Theorem 2.10. Let 2 be an open bounded domain with Lipschitz boundary. Suppose that
p € COQ) with p1 > 1. If r € CY(0R) satisfies the condition 1 < r(z) < p.(z) for all z € 09,
then there is a compact boundary trace embedding WP (Q) < L70)(9Q).

Let I'p C 092, and p be log-Holder. We define the space er;f(')(Q) as the closure of the space
{peC®@Q):¢=00nTp}in WPO(Q).
The following proposition is crucial in order to prove the main result of this paper.

Proposition 2.11. Let p : Q@ — [1,00) be log-Hélder continuous and bounded. Let oo > 0,
D C Q and h = diam(D) then:

(1) There ezists a constants C' independent of h such that
(2.10) peP@=PW) < ¢ v,y e D;
(2) If A > he then AP®) < CAPW) for all z,y € D such that p(z) < p(y).

Proof. Let x,y € D. If p(x) > p(y) or h > 1 the result follows since € is bounded. If p(z) < p(y)
and h < 1, using that p is log-Holder, we have

PR (f Y (i oy

|z — y| h

Then, we get (2.10).
By (2.10) and as A > h®, we have that for all z,y € D such that p(x) < p(y),

A7) — Apw) <£ RO p0) < ¢ 4P

p(z)—p(y)
)

3. THE MESH 7j, AND PROPERTIES OF W1PO)(Tp)

In this section we give some definitions and properties related to the mesh and to the Broken
Sobolev Space.

Hypothesis 3.1. Let Q be a polygonal Lipschitz domain and (Th)ne(o,1) be a family of partitions

of Q into polyhedral elements. We assume that there exist a finite number of reference polyhedral
K1y ...y Ry such that for all k € Ty there exists an invertible affine map F,; such that, Kk = F(&;).
We assume that each k € Ty, is closed and that diam(k) < h for all K € T,
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Now we give some notation,
En={rNK :dimg(ckNK)=N—-1}U{xNONQ: dimpy(kNIN) = N — 1},
Dine := | J{e € & : dimy(en0Q) < N —1}.

N, is the set of nodes of Tj,. For every z € N}, and e € &, we define,

T, = U{Fﬂ €Th:z€er}, Ty:= U{TZ: z€kR}, Te:= U{T"‘: e € K},
hy, := diam(k), h, = diam(T) he := diam(e),

p~ :=ess inf p(z) Pl i=esssupp(x), p° :=essinfp(zr) and pS := esssupp(z).
TEK TER rEe x€e

We assume that the mesh satisfies the following hypotheses,

Hypothesis 3.2. The family of partitions (Th)ne(0,1) satisfies the Hypothesis 3.1 and

(a) There exist positive constants C1 and Cy, independent of h, such that for each element
k€ Th
Clh,{N S ‘FL| S CQhHN
(b) There ezists a constant C1 > 0 such that for all h € (0,1] and for all face e € &, there
ezists a point x. € e and a radius p. > Cidiam(e) such that B, (x.) N A. C e, where A,
is the affine hyperplane spanned by e. Moreover, there are positive constants such that

chy < he < Chy,  chys < he < Chy
where e = kN K.

We use the notation ~ to compare quantities which differ only up to positive constants that
do not depend on the local or global mesh size or on any function which appears in the estimate.

Remark 3.3. By the regularity assumption of the mesh we have the following,
HzeN:z€er}~1, H{eeTh:kC T} ~1,
He' €Tk CTy~1, #le€ér:eCT.}~1 and fle€&:eC T}~ 1.

Remark 3.4. As a consequence, we have that diam(7,) ~ hy, and for each z € k and e C Ok,
hy ~ h, and he ~ hy. See the discussion on Section 4.2 in [6].

Remark 3.5. By Proposition 2.11, we also have that for each edge e C Ok, hﬂ(x) ~ hﬁ(”

x,y € k. We will replace p™,p® by p_ and p,pS by py when no confusion can arise.

for any

Now, we introduce the finite element spaces associated with 7;. We define the variable broken
Sobolev space as

WEPO(T) = {u € LY(Q): ul, € WO (k) for all k € Ty},

and the subspaces
UM(Th) == {u € C(Q): ul, € P* for all k € T},

S*(Tr) = {u € LNQ): ul, € P* for all k € T3}

where P is the space of polynomials functions of degree at most k > 1.
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We also define, for any k € T, the space
Wl’p(')(Tﬁ) =A{ulr, :ue Wl’p(')(ﬁ)},
and in the same manner we define the spaces W1P()(T,) and WHPO)(T.), for any z € N}, and
eeé&y .

For each face e € &,, e C I'y,; we denote by k™ and x~ its neighboring elements. We write
v, v~ to denote the outward normal unit vectors to the boundaries 0k, respectively. The jump
of a function u € WHP()(T,) and the average of a vector-valued function ¢ € (W5hPO) ()N,
with traces u®, ¢* from kT are, respectively, defined as the vectors

Jr —
[u] :=uTvT +u"v™ and {¢}:= #
Let h: 9Q U, — R a piecewise constant function define by
h(z) = diam(e) if z € e,
where e € &,.
We consider the following seminorms on W10 (T,),

=1
[ulw o0 (1) = IVUll ooy (@) + 1Iw]b”@ [ ooy 0000

_—1
[l 72y = lulwro () + 1B [ oo ey,
and the following local seminorm
=1
|U‘W1’p(‘)(Tn) = HVUHLPC)(TK) + Z I[u]h? ) HLJ”(‘)(e)v
eCTx

for any x € 7p,. Similarly, we define the seminorms |u\W1,p(.)(TZ) and \u|W1,p(4)(Te) for any z € NV,
and e € & .

Lemma 3.6. For all p: [1,00) — R, there exist a constant C, independent of h such that,

1Dul(Q) < Clulyrae iy Yu€ WHO(T,), Vhe (0,1].
Proof. For all u € WhPO)(Ty,), we have that
Du(Q) < / V| da +/ [ ds.
Q Fint

Thus, by Hoélder inequality, Proposition 2.1 (5) and the Hypothesis 3.2, there exists a constant
C depending only of |Q2], p; and ps such that

=1
1Dul(2) < C (Il ooy + 07 [ o0 1)
The proof is now complete. O

Lemma 3.7. Let (Ty)ne(0,1) be a family of partitions of Q2. Then, for each function p,q: @ — [1,00),
there exists a constant C' > 0 independent of h, such that for any k € T,

N N

lull oy < Chi™ ™ ull oy Y € S*(Ta), W¥ho€ (0,1].
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Proof. Let k € Ty, k its corresponding reference element and F);: & — k the associated affine
mapping. We set J = | det(DF)|. Using Hypothesis 3.2, we have C~!'hY < .J < ChY, for some
constant C' which is independent of k. Let K > 0, then we have

p(z) pokic(z) poki(z)
J(R) wem [) awmen [(5) e

||(Ch;]sv)_l/p(:B)UHLp(J(n) <ue FRHLpan(')(;%)-
Using that h, < 1, we obtain

Thus,

(3.11) ull oty < (CRR)YPH w0 Fill poorac sy

Similarly, we have
(3.12) w0 Fell paoracs zy < (Chis ™9 | pac -

As on a finite dimensional space all the norms are equivalent, we have that there exists a
constant C' depending only on N and k such that,

(3.13) [u o Fill pporcr sy < Clluo Fillpra(ry < Clluo Fellpa zy < Clluo Fllpac) i),

where in the first and last inequalities we are using Theorem 2.2.
Finally, by (3.11)—(3.13) we arrive at the desired result. O

Lemma 3.8. If p is log-Holder continuous then, for any e € £, N O and z € Ny Ne we have
that,

1

(3.14) lull ey ey < Che " Nl oty gy Vu € S*(Th),
where C' = C(p1,p2, N,§, Clog).

Proof. Let k € Ty such that e C k. Let F,; and & be as in the proof of Lemma 3.7 and let

e =F_e).
Then,
p(x) pOFn(ﬂﬁ)
[ (B g < s [ (1B ) o
Hence,
(C hy) 70T 7 < [lu0 Full prernogey-
" pN/P@) ety (e) — FILLPeFRtI(E)

By using Theorem 2.2 and that all the norms are equivalent, we have
[wo Fellpporecrey < Clluo Fil[prae) < Clluo Fil[p1(e)-
On the other hand, by the local inverse estimate in [6, page 837 |, we have
[uo Fillpie) < Clluo Fillpr(z)-
By using again Theorem 2.2, we obtain
o Fullzagey < Cllu o Full proruc ay-

By using all the inequalities and the definition of the Luxembourg norm, we arrive at
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|

1

hn p(x)

M@ || o) < || L)’
hi Ik

Finally, we obtain
L N(p_—py)
1 POl oy ey < Chie "= ull o) ).

By Remark 2.11, we get

1 N&
[ P | oy o) < Ce P [ull poe -

Now, inequality (3.14) follows immediately using Proposition 2.1(3) and the fact that h, ~
P O

The next result establishes the existence of the local projector operator (for the proof see
Subsection 3.1 of [6]).

Lemma 3.9. For all z € N, there exists a linear map m, : BV (Q) — R such that
u =72 (u)l| () < Ch|Dul(T,) Yu € BV(Q)

where C' is a constant independent of h and z.

4. THE RECONSTRUCTION OPERATOR @},

In many Discontinuous Galerkin problems one uses a priori bounds in order to prove the
Poincaré inequality for the discrete space. In order to prove these inequalities it is required to
use a reconstruction operator. In this section we define, as in [6], a family of quasi-interpolant
operators and prove some error estimates depending on the mesh size. These results are more
general than the ones in [6], because we prove bounds in the variable p(z)— norm. On the other
hand these results are less general than the ones in [4] in the sense that they only cover the case
of the finite dimensional space S¥(73). This last restriction comes from the fact that in Lemma
3.7 we need to use the equivalence of the norms in the space of polynomials.

In order to prove these error estimates we strongly use Proposition 2.11. This is the reason
why we need p to be log-Hélder continuous.

Now, we define and study the reconstruction operator. For each h € (0, 1], let
Qn: S5(Th) = WH(Q)

be the linear operator defined by

Qn(u) = Z T (u)As,

ZGNh
where )\, is the standard P! nodal basis function associated with the vertex z on the mesh 7p,.

In the next theorem, we give some local estimates of the L¢() (k) and L90)(e) norms in terms
of the W1P()(T},) seminorm and h.
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Theorem 4.1. Let p,q: 2 — [1,00) be log-Hélder continuous in Q. Then, the operator Qy
satisfies

N N
(4.15) lu = Qr(Wll ) (o) Che™ = Julwreoy(ry) V€ Th,
N-1_ N
(4.16) lu = Qr(Wll ey SChe’™ "7 ulyrworyr,) Ve € ENOQ,
(4.17) VO (W)l Lo () SClulwrmey(z,) Vi € Th,

for all u € S*(Ty) where C is a constant independent of h.

Proof. We proceed in three steps.
Step 1. We first show inequality (4.15).
Fix k € Ty. For 2z € N}, N k, by using Proposition 2.1 (6) and Lemma 3.7, we get

N _N
o=@l oy € S0 B = ma(w) e
{x":k'CT.}

By Remark 3.4 and Proposition 2.11, we get

N _
lu = w0t gy < CHE lu— ()l .

Thus, by Lemma 3.9, we have

K _N+1
lu—m2(u)ll Lot (1) < Chz IVl + Y | |Tullds ) -

BCTZ e

Then, by using again Lemma 3.7 and Remark 3.3 we have

N g _N
(4.18) l|u— 7Tz(U)HLq(~)(TZ) < Ch;~ (hz ” HVUHLP(‘)(TZ) + hz_N Z /H[U]H ds) .

BCTZ e

To estimate the second term, we use Holder inequality, obtaining

__1 _1
[l ds <20 Falbe 7 s ollhE g
e

(4.19)

- 1—-L
<O Tulhe "7 Nl pporgohe ” 1lpprer o)
Now, by Proposition 2.1 (5), we have that
(N-1)(1-1)
1l o) ey < Che .

Then, we obtain
ey )
[[ullds < Clllulhe ™ Ml o) (o) P :
€
Therefore, summing over all e C T, and using (4.18), we arrive at
N N

(4.20) Ju =Wl ey € Chz™ 77 |ulwiso -

Now, as in the proof Theorem 3.1 in [6] and using Proposition 2.1 (6), we have the inequality
(4.15).

Step 2. We now show the inequality (4.16).
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Fix e € &, NN and let z € N}, Ne. By the inequality (3.14),
_
l|u— 7Tz(u)||Lq<~>(e) < Ch: " [lu - WZ(U)HLQ(‘)(TZ)'

Again, following the lines in [6] and using that p and ¢ are log-Hélder continuous in €, we arrive
at the inequality (4.16).

Step 3. Finally, we will show the inequality (4.17).
Fix k € Tp. First, since (\;).en;nx Is a partition of the unity in x we have that for any x € &

VQuu(z) = Vu(z) = Y (m(u) —u(@)Vi(z) + Y Vul@)r(z)

2eNRNK 2NNk

IVQnull oy < D> Nm=(w) = W)V o+ D IVUA oo () + [Vl o0 ()
2eNLNK 2€NLNK
Now, using Hypothesis (3.2), we have that there exists a constant C; such that |[V\.| < C1h~!
in k, and by (4.20) we get, using Remark 3.3,
IVQuull oy < C D Nulwrwor ) + [ulwrse iy < (C + Dlulyise g,
zZENLNK

The proof is now complete. U]

Our next aim is to prove some global estimates. To this end we will need some definitions.
Definition 4.2. Let p: Q — [1,00). Given ¢ : Q — [1,00) and ¢ < p* in €2, we define
y:sup{ q*(a:) 1T e Q}
p*(x)

Observe that 0 <y <1l and vy =0 if p(x) > N for all x € Q and v = 1 if p(x) < N and
q(x) = p*(x) for all z € Q.

Definition 4.3. Let p: Q — [1,00). Given ¢ : Q — [1,00) and g < p, in €2, we define

ﬁzs“p{zi((x)) e Q}

Observe that 0 < g < 1land f =0if p(x) > N forall x € Q and § =1 if p(r) < N and
q(x) = p«(x) for all z € Q.

8

Lemma 4.4. Let p,q: Q — [1,00) be log-Hélder continuous in Q. Let u € S*(T;,) satisfy

Then, we have that
o Ifp<q<p*inQ, then

(4.22) / = Qn ()| 7®) dz <CHNA-).
Q

(4.23) /Q IV Qu(w) P dx < C,
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o If p < q<psinQ, then
(4.24) /a u= Qula)[" ds < CHN10-9),
where C' = C(p1,p2,8, Clog, N) and v and § are given in Definitions 4.2 and 4.3, respectively.
Proof. First observe that, by (4.15), we have

_ q(z)
_ lu — Qn(u)| —dr<1 YreTh,
NN 4
(Chq " \U|W1,p(<)(Tm)>

and by (4.21), we get

1
e / lu— Qp(w)|"@dzx <1 Vk e Ty
— =g K
Chy, - ‘U|W1 p() (Ty)

Then, by Proposition 2.11,

q(x) _%ﬂ’ q- N= (S) +a(@), g

lu — Qp(u)| dx < Chy |U‘W1,p(')(TK) < Chy | WLe()(T,,)

for any k € Tj, and = € k. Therefore,
(4.25) / fu— Qu(w)|"® de < CRNUufi, ) 0 ) Yk € The

On the other hand, by Remark 3.3, the number of x C T} is uniformly bounded in h. Using
this fact and Proposition 2.1 (6), we have that

1p g
(4.26) 6l 05y £ C 0 (1981500 + MlB T W p)
RCTK

On the other hand, if we suppose that ||Vu(|1p) () = h,].gv/q‘, by Proposition 2.11 (2), we have
that

(4.27) [Vul qL;(») < C|Vulf; LrC)(

1—
Arguing as before, if ||[[u]]h7p | pO) (D) = P N/a- , we have that

int)

(4.28) |[ulh )%

o < CllIulh 7 12

LPO) (kNTine)”
Now, we take
A={KkeTh: IVullory = B2},

and
B = {ﬂéﬁ Hﬂu]]h P HLP( ) (KN Cing) = hN/q }

Do IVulfo e € D0 M <G

KREAC KEAC

S Mlh 7 1% oy < C

rEB®

Observe that

(4.29)
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On the other hand, by hypothesis (4.21), we have that ||VuHLp(A)(K) < 1 and then, for all
k€ Th

IVl < IVl g/\wp(w) i
I s < [ el

Since each k appears only in finitely many sets T, we have, by (4.26)—(4.30),

Z ‘U|W1 p(-) <C (Z ||Vu\ Lr() (k) + Z ||Vu\ Lr() (/{)

(4.30)

KETH KEA KREAC
rgy Pg
+C Z H[[u]]h ? |Lp(')(ﬁﬁrint) T Z H[[u]]h ? ||Lp(')(liﬂfmt)
KEB rEB®

<C (2{/%\? dx+2/

KEB KOT int

=C ( / [VulP® de + / [u] P& 0P gs 4 1> .
Q Lint
Thus, by (4.21) and (4.25) we get,

/\u—Qh (Wl da = 3 /\u—czh ()" dz < CRNET),

KETH

[u][P@ Rt —P@) gs 4 1)

Lastly, using the same argument, (4.16) and (4.17), we get
/ lu— Qp(w)|?® ds < cAN-NA=A  and / IVQp(w)P®) da < C,
o Q
where C' is independent of h. O

The following corollary follows immediately

Corollary 4.5. Let p,q: Q — [1,00) be log-Hélder continuous in 2. Then, for all u € S¥(Ty),
we have,

o Ifp<q<p"inf, then

(431) / ‘u — Qh( )|Q(I dx <ChN(1 ¥) max {‘U WLp() (Th)’ ‘u|;]/‘2/l’p()(7—h)} y
(4.32) /Q IVQn(w)[P*) dz <C max {|u\€[1/1’pm(7_h), |u‘€;14’(‘)(771)} .

o Ifp<q<pin then
(4.33) /aQ lu— Qp(w)|9® a8 < ChN-D0-F) max {‘U|W1P() Ty ‘U|W1’P(‘)(Th)} .

Where C' = C(p1,p2,, Clog, N) andy and 3 are given in Definitions 4.2 and 4.3, respectively.

Proof. Tt follows by Lemma 4.4, taking v = u|u|} O

wrO)(T,)"
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Remark 4.6. Under the same hypothesis of the last corollary, if 1 < ¢ < p* in 2, we have that,
for all u € S*(Tp,),

Ju — Qh(u)HLq(‘)(Q) < ChN(lJY)MWLp(J(n) and Hth(u)HLP(‘)(Q) < C|U\W1,p(»>(771)a

where C' = C(p1,p2,Q,Clog>N)-

5. THE LIFTING OPERATOR
We begin this section by defining, as in [6] (see also [1]), the lifting operator, i.e.
Definition 5.1. Let [ > 0 and Ry : WEPO (T,) — SY(T,)N defined as,

/ (Rn(w), &) dr = — / (Il {6})dS Vo € SY(T)Y
Q Tint

This operator appears in the first term of the discretized functional I,. As we can see from the
definition, this operator represents the contribution of the jumps to the distributional gradient.
This is the reason why it is crucial to add this term in order to have the consistency of the
method.

We point out that this lifting operator was first used in [2] in order to describe the contributions
of the jumps across the interelements of the computed solution on the (computed) gradient of
the solution in a mixed formulation of Navier-Stokes equations. It was also used in [5] where a
solid mathematical background for the method introduced in [2] was proposed.

Now, we give a bound of the L) (€)-norm of Ry (u) in terms of the jumps of u in jy,.

When p is constant the proof follows from an inf-sup condition. Since in our case, we are
dealing with the Luxemburg norm, we can’t prove the boundedness directly from the definition.
We can prove this inf-sup condition, but we can not use it to prove the result. Instead, we find
a local characterization of Ry in order to prove a local bound and then, we prove the global
bound.

We give first the local estimate.
Lemma 5.2. There exists a constant Cy such that, for any k € Ty, we have

1B (@) 1ot oy < CITP O]l o ey Y € WHPO(TR) - VR € (0,1].

Proof. We proceed in two steps.
Step 1. We first want to prove that,

(5.34) | Ry ()| < QN /\[[u]]|dS Vi € T

where C' is independent of « and h.
We begin by observing that, by Hypothesis 3.1, there exists m = m(k, N) € N such that for
each k € Tp,

m
u)|s o Fy = Z a; ;i ()
i=1

where {¢;} is the standard nodal base of (PZ)N in the reference element & := F_ (k).
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Using the definition of R; we have that for each 1 < j < m,

AEMMNKW@@=;¥A%0EWWWHW@MZ1@/MWNF()MS

On the other hand, if we change variables and we use Hypothesis 3.2 and the fact that |p;(z)] < 1,
we get

det(DF}
[0 B @0 B @ =Y [ @ios) G o = Yay
with dij ~ 1.
Therefore,
1 m
Rp(u)|y 0 Fy, = N Z(D_lb)zgoz(a:) dz,
k=1
where D = (d;;) and b = — ) / [ul{g; o F;(x)} dS.

eCk

Thus, using that |p;(x)| < 1, we arrive at (5.34).
Step 2. Now, we show that there exists a constant Cy such that, for any k € T, we have
IR () o0 () < CIDTP O [l o) urirygy Ve € WHPO(TR) Vh € (0,1,

By inequality (4.19), we have

1

N(lif) 710’%1)
J s < che” 7 Ml 7 o

Thus, by Hypothesis 3.2 and (5.34), we have that

hwpimumemMM@

K eCk

| Rp(u)

1
Now, take T'= 3" ., |[[u]he *** [ 2r() (e)- Then,

/ﬁ Ry, (u) ‘p(w)

T

where in the last inequality we are using Proposition 2.11.
The result follows now by Remark 3.3. U

dr < C/h;Np(f”)/P de < CRN(=p+/r-) < ©

Lemma 5.3. Let p: Q —: [1,00) be log-Hélder continuous in 2. Then, there exists a constant
C' such that,

1R () 2ot 0y < ClRT P O] oo,y Y € WHPO(TR) VR € (0,1].

int

Proof. First, if we assume that \|h*1/p/(x) [[u]]HLp(A)(F < 1, we can prove using Lemma 5.2 and

proceeding as in Lemma 4.4 that,

int)
/ Ry ()P dz < C.
Q

, -1
Finally, taking v = u (Hh*UP @) [[u]]HLp(A)(Fm)) , we obtain the desired result. O



18 L. M. DEL PEZZO, A. L. LOMBARDI, AND S. MARTINEZ

6. CONVERGENCE OF THE METHOD

In this section we first prove the broken Poincaré Sobolev inequality which is crucial to get
compactness. We also prove the coercivity of the functional and we finally arrive at the proof
of Theorem 1.1.

Theorem 6.1. Let p: Q — [1,+00) be log —Hélder continuous in Q. There exists a constant C
such that,

[u = (Wall Lo < Clulyiro ) Yue S*(Th) Vhe (0,1],

where (u)q = ﬁ Joudz. In particular,

lull om0y < € (lullzsy + lulwrotrmy) Vo€ SHTR) Yhe (0,1]
Proof. We begin by observing that
lu = (Wallr o) < llu = Qn(w)ll Loy + 1@n(w) = (@n(w))all L)) + ClIQN(W) — ullLr ().
Then, using the Remark 4.6 and Theorem 2.8, we have
lu = el o @) < Clulwrsog,) Yue SH(Th) Vhe (0,1].
The proof is complete. O

Theorem 6.2. For cach h € (0,1], let u;, € WHPO(Ty,). If there exists a constant C' independent
of h such that I (up) < C for all h € (0,1], then

sup (Ilunllzs oy + lunlywoo(3) ) < o0
he(0,1]

Moreover,

sup / lup, — up P07 48 < o,
he(0,1] JoQ

Proof. Since I, (uz) < C then, ||h=1/7'(z) [unlll o) (ry,,,) < € And, by Lemma 5.3 and Proposi-
tion 2.1, we have

/ | Ry, (up)[P@®) da < C.
Q

Using the third inequality in Proposition 2.5 and the above inequality, we get
/ |Rp, (un) 4+ Vuy[P®) de > 2172 / Vuy[P®) dz — C.
Q Q
Therefore,

Iy (up) + C > 24P2 /

|V [P@) da + /
Q

lup, — upP@nP®) 45 + / [[un]|P@h!—P®) 4g.
I'p

Fint

Thus, as Iy (up) < C, we obtain that |uh|W1,p(A)(7-h) and / lup, —uD|p($)h1_p(‘B) dS are uniformly
o0
bounded.
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Finally, by Friedrichs inequality for BV, Lemma 3.6, Holder inequality, Proposition 2.1 and
the fact that h < 1 we have,

fonllscor <C (b + [ lunld5)
D
=¢ <|“h\w1»P<'>(Th) +/F lup|dS + [|(un — uD)h1/p/(x)||LP(')(FD)Hh1/p/(x)||LP'(‘)(FD)>
D

<C <|Uh\vv1,p<~>(¢h) +/r lup|dS + |[(un — UD)h_l/p,($)||Lp(~>(rD)> -
D
This completes the proof. ]

Lemma 6.3. Let p, s and t be functions satisfying (H1), (H2) and (H3) respectively. Let
up, € S¥(Tp,) be under the conditions of Theorem 6.2. Then, there exist a sequence hj — 0 and
a function u € WHPO)(Q) such that

*

(6.35) up, —u  weakly* in BV (Q)
(6.36) Vup, + Bp(up,;) = Vu  weakly in LY (Q),
(6.37) up, = u  strongly in L*O(Q),
(6.38) up; —u  strongly in L) (09).

Proof. We first observe that, by Theorem 6.2, we have that

sup (Jlunllzr@) + [unlwreo () < oo Vh € (0,1].
he(0,1]

Then, the proofs of (6.35) and (6.36) follows by applying Theorem 5.2 in [6] with value p;, and
using that Ry, (up) is bounded in LP()(Q), see Lemma 5.3.
We now prove (6.37). By (6.35) and the compactness of the embedding BV (Q) c L'(Q),
there exists a subsequence of uy,, still denoted by up,, such that
up, — u in LY(Q).

Since [Jup, |1 + \uhj\Wl,p(A)mi) is bounded, by Theorem 6.1, Huhj||Lp*(A)(Q) is bounded, and by
Theorem 2.9, u € W'r0)(Q) ¢ LP*O)(Q). Therefore, using Theorem 2.3, we obtain that
(6.39) up, »u  in L*O(Q),
for all s satisfying (H2).
Finally, we prove (6.38). We begin by observing that, by Corollary 4.5,
(6.40) [un — Qn(un)ll o)) — 0 as h =0
and {Qp(up)} is bounded in W1P()(Q). Then, there exists v € WP()(Q) and subsequence
{Qn,; (up;)} such that Qp,(up;) — v weakly in W1rt)(Q). Therefore, by (6.39) and (6.40),

v = u.
Using Theorem 2.10,

(6.41) Qn; (un,) — u strongly in LI (60).

Now, taking ¢ : Q — [1, 00) log-Holder with ¢ < < p, and by Corollary 4.5, we get Qp; (un; ) —
up,; — 0 strongly in L*)(99Q). Therefore, up, — u in L) (09). O
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Before proving the convergence of the minimizers, we need an auxiliary lemma. It is in this
step where we need more regularity of the boundary data.

Lemma 6.4. Let h € (0,1], and p : Q — (1,00) satisfying (H1). Assume that up € W?P2(Q)
and let v € W2P2(Q) N A then, there exists v, € UY(Ty), such that

lvn = vllwrecr ) =0 as h =0,
and

Ip(vp) — I(v)  as h— 0.

Proof. Since p is log-Hélder, we have that C*(Q) are dense in W?()(Q). Then the first part
follows by standard approximation theory, see in Theorem 3.1.5 [9].
Moreover, vy, satisfies

(6.42) [0 = vnlle2 om) < Cllv = vnllwrira ey < Chil|D?0]| o )

for each k € Tp. Using Remark 3.4 and summing over all e € 02, we have
(6.43) /a o= PRI ds < CHIDA,
In addition, by Holder inequality and since h < 1, we have

/59 [v — vp|P@hIPE) ds < O[|v — vy [PO R 7P2IP() /P2 ||Lp2/p(‘)(m)'

Since

/ (Jv — oy [P A=P2Ip(@) p2)p2/0(z) g5 — / (v — o [PPR(P2) g,
o0 o0

then, by (6.43)
/ v — vp|P@ R P@ ds 0 as h — 0.
o

Since v, € WP()(Q) then [v,] = 0 and Ry, (vy,) = 0. Finally, using (6.42) and Theorem 2.6, we
obtain the desired result. O

Now, we are in a condition to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 6.4 there exist wy, € U'(T) such that wj, — up strongly
in WhP0)(Q) and Ij,(wy) — I(up). Therefore, since Iy(up) < Ip(wp), we have that Iy(up) is
bounded.

Then, by Theorem 6.2 and Lemma 6.3 there exist a subsequence up; and u € Wr()(Q) such

that
up, —u  weakly* in BV(Q)

J )
(6.44) Vup, + Ry(up;) = Vu  weakly in LPO(Q),
' up, — u  strongly in L°U)(Q), Vs satisfying (H2)
up; — u  strongly in L(8Q), Vi satisfying (H3).

On the other hand, since the penalty term,

/ h'~P|uy, — uplP dS
I'p



IP-DGFEM METHOD FOR THE p(z)- LAPLACIAN 21

is bounded, we have that
lw = upll oy rpy < = un;ll ooy )y + lun; = wnllpoeypy = 0-

Then u € A.
Taking s = ¢ and ¢ = r in (6.44), by Proposition 2.6 we have

I(u) < liminf [/ (‘Vuh]. + Rh(uhj)|p(x) + ‘Uh]- — §‘Q(x)> dr _|_/ |uhj|r(x) dS]
(6.45) = Lo oy
< liminf Iy, (up,;) < limsup Ip; (up,)-
J—reo j—00

Now, we want to prove that u is the minimizer of I. Let v € ANW?2P2(Q), and let v, € U'(Ty)
as in Lemma 6.4. Then I (vy) — I(v). Therefore, by (6.45)

(6.46) I(u) < hjrgggf I (up;) <limsup Ip, (up;) < 31520 Ip,; (vn;) = 1(v).

j—o0
Now, let w € A, then for any e > 0 there exists v € ANW?2P2((2) such that v —wlly1re) @) <
e. By Theorem 2.6 we have that I(v) < I(w) + &, therefore by (6.46)

I(u) < liminf I, (up,;) < limsup Iy, (up,) < I(w) +¢.
J—00 ;

j—o0
Taking € — 0, we get
I(u) < lminf I, (up,) < limsup Iy, (up;) < I(w) Yw € A
o

J—= Jj—00
Therefore I(u) < I(w).
Moreover, taking w = wu, we have that all the inequalities in (6.45) are equalities, therefore
we have that I (up;) — I(u). Then

/ H[uhjmp(x)hjlfp(w) dsS — 0
int

and using Lemma 5.3 we have that Rj(up,;) — 0. This fact and (6.44) imply that Vu,, — Vu
weakly in LPO)(Q).

Since u is the unique minimizer of I, the whole sequence uj;, converges to u.

Finally, since

Vuy, 4+ Rp(up) = Vu weakly in LPU)(Q) and / (|Vup, + Ry (up)[P®) do — / |VuP®) dz,
Q Q

by Proposition 2.6, Vuy, + Rp,(up) — Vu strongly in LPO) (). Therefore, since Ry, (up) — 0
strongly in LP()(Q), we get that Vu, — Vu strongly in LP0)(Q). O

7. THE CONTINUOUS GALERKIN METHOD

In order to make a complete study of this problem, we prove the convergence of the Continuous
Galerkin finite element method for our problem. In the next section, we make a comparison of
the two methods in an example.

For simplicity, we take the following functional:

B |VuP@) |y — ]2 )
”“)‘/Q< e ) )d
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with g(x) satisfying (H2). Then, since the functional I is strictly convex and coercive in A there
exists a unique minimizer of the problem.

We take now a partition of  as in Hypothesis 3.1 and the usual conforming subspace U*(T},)
of WhP()(Q). This subspace consists of all continuous functions such that they are polynomials
of degree at most k in each x € T;, . We assume that for some b/, up € U¥(Tj/) (this assumption
replaces the one on Lemma 6.4).

Let now h < A’ and

ViF = {vy, € UR(T3): vp = up on 9Q}.

For simplicity, we may assume that h’ = 1.

Remark 7.1. Let I, : C§°(Q) — UF be the interpolant mapping defined in Theorem 3.1.5 in [9].
Then,we have that

Ihe = ol ) < Clnd = dllywims ) — 0,
for any ¢ € C§°(£2). We also have, by the continuity of I, that I(IIn¢ + up) — I(¢ + up) as
h — 0.

By the strict convexity of I, for each h € (0, 1] there exists a function u, € V}f such that wup
is a minimizer in V}{“ of I.
Now we prove the main result of this section.

Theorem 7.2. The sequence {uy} converges to u strongly in WP()(Q), where u is the unique
minimizer of I.

Proof. Since {I(up)} is uniformly bounded, there exists a subsequence of {uy} (still denoted by
{up}) such that

(7.47) up, — u weakly in WPO)(Q),
(7.48) up, — w strongly in LPC)(€).
As in the proof of Theorem 1.1, using Remark 7.1 instead of Lemma 6.4, we can prove that

u is the minimizer of I and that I(up) — I(u) as h — 0. By the convexity of I and (7.47), we
have that

(7.49) / Vun [P®) de — / [VulP®) de  as h — 0.
Q Q

Then, by (7.48) and (7.49), using Proposition 2.6 (3), we have that {u,} converges to u strongly
in Whr0)(Q).

Observe that, as in Theorem 1.1, we can conclude that the whole sequence {up} converges to
u strongly in WP (Q). O

8. ONE DIMENSIONAL EXAMPLE

In this section, we give an example in one dimension. Our idea is to compare the Continuous
Galerkin Finite Element Method (CGFEM) versus the Discontinuous Galerkin Finite Element
Method (DGFEM). We will see in the following example that, if the function p attains values
close to one, our method converges faster to the solution.
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Let @ =(—1,1),0<e,a<1and p:[-1,1] — [1,2] given by

ez +1+4¢ if lz] < a,
p(z) =

2 if a<|z|<1.

For this function p(x) and for a given B > 0, we study the following problem,

(| ()P~ () = 0 in (=1,1),
(8:50) {u(l) = —u(-1) = B.

We begin by observing that, since the operator is strictly monotone, we have a unique solution
1

of (8.50). Moreover, the solution satisfies |u'(z)| = C®@-1 for some constant C' > 0. Therefore,
|u/(z)| > max{C,C"/*} and, using that u € C*([—1, 1]), we have that u/ does not change sign.
Then, since u(1) > u(—1) we obtain that u'(z) > 0.

Thus,
(8.51) ulxz)=C(x+1)—B if —1<z<—aq,
(8.52) ulxz)=Cx—-1)+B if a<z<l1.

1
Since p is even, we have that u is odd, so u(0) = 0. Therefore, u(z) = [; C»®)-1ds for all
x € [—a,al.
On the other hand, since the derivative of u at zero has modulus CV/¢, if C' > 1 we have

lim |u/(0)| = +o00.
e—0
This is reasonable since we expect to have big derivative when p approaches the value one.

From now on, we take ¢ = a = .01 and since it is easier to get B from C, we impose C' = 1.3.
100
Then B = [ 1.37799% ds ~ 1.03 10°. Observe that in this case, [u/(0)] = 1.3'% ~ 2.4 x 10"

Now, we find the corresponding solution for the CGFEM and the DGFEM. In both cases
we take a uniform partition of [—1, 1] in n subintervals with size 2/n and &k = 1. We use the
trapezoidal numerical quadrature to compute the integrals appearing in the discrete functionals.
The analysis of these integration errors falls beyond the scope of this paper.

Observe that for the continuous method, we impose the boundary conditions and then, the
space where we find minimizers has dimension n — 2. For the Discontinuous method, since
we do not impose conditions on the boundary, and the number of nodal basis are 2n — 2, we
are minimizing in a space of this dimension. Therefore, to make a comparison between both
methods, we compare the discrete problem for the DGFEM in n—intervals with the CGFEM in
2n—intervals.

We want to mention that, in order to find minimizers of both discrete problems, we use a
BFGS Quasi-Newton method (see [19, 25]).

In the next two figures, we first plot the solution versus the approximation using the DGFEM
and CGFEM for the case n = 41. The second figure is the graphic of the function p(x).
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Note that, when we use the CGFEM the discrete solution is close to the function y = x which
is a solution of (8.50) with p = 2, that means that this method needs a smaller step in order to
see the points where p is close to one.

In the following figure we can see that, the minimizers of the continuous methods are far from
the solution even for n = 150 (300-intervals). We need n = 200 (400-intervals) to arrive at a
good approximation of u.
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