ON WEAK COMPLETENESS OF THE SET OF ENTROPY
SOLUTIONS TO A DEGENERATE NON-LINEAR PARABOLIC
EQUATION*

E. YU. PANOVT

Abstract. We prove that weak limits of approximate entropy solutions to a one-dimensional
degenerate parabolic equation are entropy solutions as well.

1. Introduction. In the strip Iy = (0,7) xR, T' > 0, we consider the nonlinear
parabolic equation

ug + o(u)e — g(t)ze = 0, (1.1)

where the functions p(u), g(u) € C(R), and g(u) is non-strictly increasing. Since g(u)
may be constant on non-degenerate intervals, (1.1) is a degenerate parabolic equation.
In particular, for g(u) = const this equation reduces to the first-order conservation
law

ut + @(u), = 0. (1.2)

We recall the notions of weak and entropy solutions of (1.1) (see [2, 10, 1]).
DEFINITION 1.1. A bounded measurable function w = u(t,xz) € L>®°(Ily) is called
a weak solution of (1.1) if the generalized derivative g(u), € L3 (Il7) and

loc

Ut + ‘P(u)x - g(u)x:c =0 (1'3)

in the sense of distributions on g (in D'(Ilr)). A weak solution u = u(t,z) of (1.1)
is called an entropy solution of this equation if for each k € R

|u— Kl + [sign(u — k) (p(u) — @(k)]a — 9(u) = g(k)|ea <O in D'(Tp).  (1.4)

Condition (1.4) means that for any non-negative test function f = f(¢,z) € C5°(Ilr)
/ {lu—Elfe + [sign(u — k)(p(u) = o(K)lfo + |g(u) = g(K)| foz }dtde > 0. (1.5)
Ir

In the case of equation (1.2) condition (1.4) coincides with the known Kruzhkov
entropy condition [9]. If the function g(u) strictly increases then any weak solution
of (1.1) is an entropy solution of this equation as well (cf. [2]) but for degenerate
equations this may be violated and, in particular, entropy condition (1.4) is necessary
for the uniqueness of solution to the Cauchy problem for equation (1.1).

Remark also that relation (1.3) readily follows from entropy condition (1.4) with
k= +M, where M > ||u|oc.

Now we consider a bounded in L*°(Il7) sequence u, = u,(t,x) of entropy solu-
tions of (1.1) weakly convergent to u = u(t, ) € L (IIr). In the case of a conservation
law (1.2) with the flux p(u) € C*(R) it is rather well known that u = u(t, z) is a weak
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solution of (1.2). This is a simple application of the Tartar-Murat compensated com-
pactness theory (for the proof we refer to [4, 19]; see also books [5, 18]). The problem
whether this solution is an entropy solution was positively solved only recently, in
[15]. Now, we extend this result to the case of degenerated parabolic equations (1.1).

More generally, we suppose that u, is an entropy solution of the approximate
equation

Ut + on(U)z — gn(U)ex =0, (1.6)

where the sequences @, (u), gn(u) € C(R), n € N, converge as n — oo to ¢(u), g(u),
respectively, uniformly on any segment in R. Naturally, it is assumed that the func-
tions gn(u) are (non-strictly) increasing for all n € N. Supposing that u, — u as
n — oo weakly-* in L (IIr), we are going to prove that the limit function v = u(¢, x)
is an entropy solution of equation (1.1). Moreover, this entropy solution is actually
the entropy solution of the Cauchy problem for equation (1.1) with some initial data
ug = up(x) € L>®(R) understood in the sense of relation

ess liomu(t7 ) =ug in L}, (R). (1.7)

To prove this result, we use, as in [15], the compensated compactness method.
But now we need the new version of this method adapted to the case of inhomogeneous
differential constraints and developed in recent paper [17].

2. Preliminaries. In the sequel, we will need the following two lemmas.
LEMMA 2.1. Let u = u(t,x) be an entropy solution of (1.1), M = ||u|lcc. Then
for each k € R

[u — k¢ + [sign(u — k)(@(u) — @(k)]e = [9(u) = g(k)|zx = —px a0 D'(Tl7), (2.1)

where uy, 1S a non-negative locally finite Borel measure on Ilp. Besides, for every
compact K C Ilp

(1) <€) (M + oo+ mae la(w)]). 22)

where C(K) is a positive constant depending only on K.
Proof. Relation (2.1) follows from the known representation of non-negative dis-
tributions. Let K C Il be a compact set. If |k| > M then

He = 7(ut + <Pn(“)z - gn(u)ma:) =0

and (2.2) holds for each positive constant C(K). Assuming that |k| < M, we chose
a test function f = fix € C§°(Ilr) such that f > 0 and f =1 on K. Then it follows
from (2.1) that

IIr

[ {Ju— ke + ign(u = B)(o(u) — p(k)1fe + lo(u) — 9(8) el <

o [ max{|fil, |ful, | fou| ttdz <M N

i mas (0] + max 9(w)]) =

lul

O1) (M1 + ma (] + ma latw)]).
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with

O(K) =2 /H masc{ £, | ol | foe Vb, f = fic.

The proof is complete. O
LEMMA 2.2. Let u = u(t,z) be a weak solution of (1.1), M = ||ulls, a,b €
[-M, M], a <b. Then for any f = f(t,x) € CMr), f >0

2
s (0] + 2 max [9(0)] ) s, o),

(2.3)

/ (9(u)g)? fdtdz < C(f) <2M +3
a<u(t,z)<b |

where C(f) is a constant depending only on f.
Proof. Let sqp(u) = max(a, min(b,u)) be the cut-off function, and G(u) =

[ g(sap(v))dv. Observe that g(sas(u)) = max(g(a), min(g(b),g(u))) = s(g(u)),
where s(v) = 5g4(a),9()(v). By the chain rule for Sobolev functions (see, for instance,
[7, Chapter 4])

s(g(u))e = X(9(u))g(u)e = x(w)g(u)s € Li,(7),

where X(v), x(u) are the indicator functions of the segments [g(a), g(b)], [a, b], respec-
tively. Here we also take into account that g(u), = 0 almost everywhere on the sets
g Ya)Ug=1(b) (cf. [7, Chapter 4]).

By [2, Lemma 4] we claim that for each f = f(t,x) € C§°(Ilr)

/H Glw)fy = —(ur, s(g()) ) = (o) — g(w)ua, s(g(w)) ) =
f/n (p(u) — g(u))(s(g(w)) f)dtde =

— | Ap(u)x(u)g(u)ef + p(u)s(g(w))fe —

IIr

X(w)(g(u)e)? f — g(u)es(g(w)) fo bdtdz. (2.4)

We introduce the function

Sa,b(u) s(g(u))
H(u) = / o(s)dg(s) = / e )

where gy ! (v) is an element in the set g~*(v) of minimal absolute value. Remark that
by the chain rule

H(u)z = ¢(g5 " (9(u)x(w)g(u)e € L, (7).

Since the set E of discontinuity points of the increasing function g, L(v) is at most
countable then g(u), = 0 almost everywhere on the set g~1(E). On the other hand,
95 (g(u)) = u if g(u) ¢ E. Hence, H(u), = p(u)x(u)g(u), and, integrating by part,
we arrive at

/H o(u)x(u)g(u), fdtde = H(u), fdtde = — H(u) fdtd.

IIr IIr
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Similarly, denoting p(v) = fg(a) s(v)dv, we get the relation

/HT g(u)zs(g(w)) fodtde = /HT p(g(w))s fodtde = — /HT p(g(w)) foadtde.

Using the above relations, we derive from (2.4) that

/HX(U)(Q(U)x)Qfdtdx= (G o+ 0(w) fo + plg(u) fro} didz,  (25)

IIr
where we denote

s(g(u))
(u) = p(u)s(g(u) — H(u) = o(u)s(g(u)) — / (g5 (0)do.

g(a)

Equality (2.5) implies that for any f = f(¢t,z) € C*(Ilr), f >0
| xtwat).)? s <

max (IG(u)] + [ (u)l + |plg / max{|fe], | fol, | foe|}dtda. (2.6)

Remark that

<2M <
(Gw)l < 2M max lg(u)l,  [¥(w)] <3 max |p(u)] max g(u)]

[p(g(w)] < lg(w) = g(a)[max|s(v)| < 2 max |g(u)] max |g(u)].

It follows from these estimates and (2.6) that

[ gt saa < c(s) <2M+3 max [@(u)] +2 max |g(u >|> max.|g(u),

|u| <M |lu|<M a<u<b

where C(f) = / max{|ft|, | fz|, | fzz|}dtdz. The proof is complete. O
IIr
In addition to the above lemma we observe that max, lg(uw)| = max{|g(a)l|, |g(b)|},
by monotonicity of g(u). S

We will need the notion of a measure-valued function. Recall (see [6, 19]) that a
measure-valued function on IIy is a weakly measurable map (¢, z) — v, of IIy into
the space Probg(R) of probability Borel measures with compact support in R.

The weak measurabﬂity of V¢ eans that for each continuous function g(\) the
function (¢,z) — (Vi ( = [ g(N)dvy ()) is measurable on II7.

We say that a measure- valued function I/t@ is bounded if there exists R > 0 such
that supp vy, C [—R, R] for almost all (¢,2) € IIp. We shall denote by |14 5||cc the
smallest such R.

Finally, we say that measure-valued functions of the kind vy z(\) = (A —u(t, x)),
where u(t,z) € L>(II7) and (A — u*) is the Dirac measure at u* € R, are regular.
We identify these measure-valued functions and the corresponding functions u(t, x),
so that there is a natural embedding L>°(Ily) C MV(Il7), where MV (Ilr) is the set
of bounded measure-valued functions on Ily.
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Measure-valued functions naturally arise as weak limits of bounded sequences in
L*°(II7) in the sense of the following theorem by Tartar (see [19]).

THEOREM 2.3. Let up(t,z) € L®Ir), m € N, be a bounded sequence. Then
there exist a subsequence un(t,z) and a measure-valued function v, € MV(Ilr) such
that

Wp(A) € CR) plun) = (a(N),p(N) weaklys in L®(Tlp).  (2.7)

n—oo
Besides, vy 5 is regular, i.e., vy z(A) = (A —u(t, x)) if and only if u, (¢, ) T u(t, x)
m Llloc(HT)'

3. Applications of compensated compactness. Now, we suppose that u,, =
un(t, ) is a bounded in L>°(IIy) sequence of weak solutions to approximate equations
(1.6). Extracting a subsequence, if necessary, we may suppose that the sequence u,,
weakly converges to a measure-valued function v, , € MV (Il7) in the sense of relation
(2.7). Let M = sup ||un|lco. Then || zleco < M.

THEOREM 3.1. For almost every (t,x) € Ilr the function g(u) is constant on the
convex hull cosupp vt 5 of the closed support supp vy ;.

Proof. Let v, = on(un), wn = gn(uy). By our assumptions ¢, (u) — o(u),
gn(u) — g(u) as n — oo uniformly on [-M, M]. This readily implies that v, —
o(tn) — 0, wy, — g(uy) — 0 as n — oo strongly in L (IIy). Therefore weak-# limits
v, w of the sequences vy, w, coincide with weak-* limits of ¢(u,, ), g(un), respectively,
and, in view of (2.7),

v=(ra(A),0(N),  w= 2(A),g(N). (3.1)
Since u,, is a weak solution to approximate equation (1.6) then
(un)t + (Vn)e — (Wp)ze = 0 in D' (7).
Let us introduce the set
A={A=(A,A2,23) €C° | I =(7,6) e R\ {0} iMT+EA3=01,

here i = v/—1. As is easy to see, the quadratic functional g(\) = Re()\l)\_g) =0

on the set A. By [17, Corollary 3.2] we can conclude that this functional is weakly

continuous on the sequence (uy,, Up, Wy, ), that is, ¢(un, vn, w,) — q(u, v, w) weakly-x
n—oo

in L*°(IIy). This means that

Ungn(Un) = Upw, — uw weakly-* in L (TIr). (3.2)

It is clear that the sequence ungn(uy) has the same weak limit as u,g(uy). By (2.7)
the latter is (¢, (A), Ag(A)). Then it follows from (3.2) that

<Vt,z()‘)7 Ag(A» =uw = <Vt,m(>‘)a )‘><Vt,z(>‘)a g(>‘)>
a.e. on IIp. This implies that for a.e. (¢,z) € Iy
/(A —u)(g(N) = g(w)dviz(X) = (V.2 (A), (A = u)(9(X) = g(w))) =0,
where u = u(t,z) = (11 ,()), A). Since g()) increases the obtained relations can hold

only if g(\) = g(u) on cosuppry . Hence, for a.e. (¢,x) € IIp g(A) is constant on
cosupp V4. The proof is complete. O
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COROLLARY 3.2. Assume that the sequence u, of weak solutions to approximate
equations (1.6) weakly-* converges as n — oo to a function u = u(t,xz) € L®Ir).
Then g(u,) — g(u) in L}, (II7) (strongly). Moreover, in the case when g(u) is not

n—oo

loc
1

e IIT), and u(t,x) is a weak

constant on non-degenerate intervals, u, — u in L
n—oo

solution of equation (1.1).

Proof. Extracting a subsequence, we can assume that the sequence u,, converges
to a measure-valued function v; , € MV (IIp). By Theorem 3.1 for a.e. (¢,x) € Ilp
g(A) = g(u) on cosupp vy 5. Therefore, the image g*v;, coincides with the regular
measure-valued function 6(A—g(u(t, x))). Asis easy to verify, g*v; , is a limit measure-
valued function for the sequence g(uy). Since this measure-valued function is regular
then by Theorem 2.3 we claim that g(u,) — g(u) in L}, .(Il7) as n — oco. Since the
limit function g(u) does not depend on the indicated above choice of a subsequence,
we conclude that the original sequence g(u,) also strongly converges to g(u).

In the case when the function g(\) is not constant on non-degenerate intervals
the statement of Theorem 3.1 implies that the measure-valued function v, , is regular
itself: vy 5 (X) = 6(A—wu(t,z)). By Theorem 2.3, u,, — u strongly. Using again the fact
that the limit function does not depend on the appropriate choice of a subsequence,

we obtain that the original sequence u, — w in L}, (II7). Passing to the limit as
n—oo

n — oo in the distributional relations

(un)t + (Pn(un))z — (gn(tn))zz =0,

we readily derive that
ut + SD(U)CE - g(u)zz =0 in DI(HT)

Further, by Lemma 2.2 with a = —M, b= M for each f = f(t,z) € C*(Mr), f >0,

/H (g (n))o)2ftde < C,

where C are constants independent of n. Thus, the sequence (g, (uy)), is bounded
in L? (II7) and after passage to a subsequence, if necessary, we can suppose that

(gn(un))z — q = q(t,z) as n — oo weakly in L? (II7). As was already established,
gn(uy) — g(u) in Lj, (II7) as n — oo. Passing to the limit as n — oo in the relation

/ (1) fodtdr = — / (gn(wn))afdtdz, | = f(t,2) € C(IIp),
IIr

IIr

we arrive at the identity

/ g(w) fodtdz = / afdtde, f=f(t,2) € CF(Ilp),
IIr

IIr

showing that g(u), = ¢q. Hence g(u), € L? (II7), as required. We conclude that

u = u(t,z) is a weak solution of (1.1). The proof is complete. O

Now, we consider a bounded sequence u,, = u,(t,z) of entropy solutions to ap-
proximate equations (1.6). As above, we assume that u, converges as n — oo to
a bounded measure-valued function v;, in the sense of relation (2.7). Let M =
sup ||tn|lco- We are going to show that the flux function ¢(u) is affine on cosupp vt 4
for a.e. (t,z) € IIp. For this we need the following technical result.
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LEMMA 3.3. Assume that v is a finite nonnegative Borel measure on R, [a,b] =
cosuppv; H(u) € C(R), and for each k € (a,b)

/ (HO\) — H(K)) sign™ (A — k)dv()) = 0, (3.3)

where sign™(X\) = (1 + sign\)/2 is the Heaviside function. Then H(u) = const on
[a, b].

The proof of this lemma given in [15, Lemma 2.3] can be simplified, and we put
the revised proof below.

Proof. First, observe that by continuity of H(X) equality (3.3) holds for each
k € [a,b]. Since H(u) is continuous there exist such ki, kg € [a, b] that

H(ki) = H_ = min H(u), H(ke:)=H; = max H(u).
u€la,b] u€la,b]

Then it follows from (3.3) with k = k1, ke that H(b) = H_ = H,. Indeed, assum-
ing that H(b) # H_, we claim that k; < b and the nonnegative function (H(\) —
H(ky))sign™ (X — ky) is strictly positive in some neighborhood (b — 6, b] of the point
b. Since v((b — d,b]) > 0 we conclude that the integral in equality (3.3) with k = k1
is positive, which contradicts to this equality. Hence, H(b) = H_. By the similar
reasons, using (3.3) with k = ko, we claim that H(b) = H;. Evidently, the equality
H_ = H; can hold only if H(u) = const = H(b) on the segment [a,b]. The proof is
complete. O

Denote by J the set of segments [a,b] C [-M, M] such that a < b and g(u) is
constant on [a, b] (i.e., g(b) = g(a)). Observe that by Theorem 3.1 for a.e. (t,z) € IIp
cosuppvi, € J. Now, we fix [a,b] € J such that a < b. Since the function g(u)
is defined up to an additive constant we may assume, without loss of generality,
that g(u) = 0 on [a,b]. Let, as above, sq(u) = max(a, min(b,u)) be the cut-off
function. We consider the sequence v, = $q5(us), n € N. This sequence converges
as n — oo to the measure-valued function 7 ; = s} ;v¢ .. Evidently, cosupp vy, =
Sa,b(COSUPD V). 7

PROPOSITION 3.4. For a.e. (t,z) € Iy the function o(u) is affine on cosupp v .

Proof. We denote u™ = max(u,0), u~ = max( ,0). Let sign™ (u) = (signu)*
be the Heaviside function and sign™ (u) = — sign™ (— ) We observe that for k € [a, D]

Skb(Uun) — k=
n) — on(k)) =
n) — )

(vn — k)t =

(|un — k| — |t — bl +b—k)/2, sign™ (v, — k)(pn(v
Pn(8k,b(un)) — n(k) = (sign(un — k)(pn(u

sign(un — 0)(¢n(un) — on(b)) + on(b) — ¢n(k))/2;  (3.4)

(v — k)" =k — sqr(un

(lun = k[ = |un — al + k —a)/2,  sign™ (vn — k)(pn(vn) — on(k)
Pn (k) = on(san(un)) = (sign(un — k)(on(un) — on(k

sign(un, — a)(pn(un) — @n(a)) + en(k) — @nla

Since u,, is an entropy solution of (1.6) then by Lemma 2.1 for each k € [a, b]

[un — kl¢ + [sign(un, — k) (pn(un) = @n(k)]e = [gn(un) = gn(k)|ze = —p in D'(Il7),
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where, in view of (2.2), ujt are bounded sequences in the space of My, (Il7) of locally
finite Borel measures in IIr. We denote

iy (w) = (u=k)*, Y =sign™ (u—k)(p(u)—p(k)), ¥, = sign™ (u—k)(pn(w)—pn(k)).
Then, by identities (3.4), (3.5) and relation (3.6)

(1% (”n)) + (d)f{(vn))z =

(1 = 1)/2 + (gn (51,0 (un)))ez + (U5 (0n) = U, (00))a, (3.7)
(M (vn))e + (g (Vn))z =

(2= 12)/2 = (9 (S0 n)))ae + (W5 (00) = W, (0 (3:8)

in D'(II7). Here we also take into account that

(lgn(un) = g(F) = |gn(un) = gn(0)1)/2 = gn(sk,p(un)) + const,
(I9n(un) = g(R) = Ign(un) — ¢ ( /2= =gn(sa,x(un)) + const.

Denoting v, = (uy — #i)/2, Yo = (i — p1)/2, Lii, = if () — 3, (0n) +
(gn(sk,0(un)))zs Ly, = ¥y (0n) = Yy, () — (gn(Sa,k(un)))z, We can rewrite (3.7),
(3.8) in the form

(mf(vn))t + (wl:ct(vn))l = Vkin + (Lfn)l (3.9)

By the condition of uniform on [a,b] convergence @, (u) — ¢(u) we have w,f(vn) —
Y (v,) — 0 asn — oo in Li, (Il7) (and even in L>(Ilz)). Further, by Lemma 2.2
for each f = f(t,z) € C(Ilr), f >0

/ [((gn(sk,b(un)))w)Q + ((gn(sa,k(un)))x)2]fdtd$ =

IIr

/ (gn(un)z)? fdtde < Cp max |g,(u)], (3.10)
<un (t,x)<b alu<b

where Cy is some constant depending only on f. By our assumptions, g,(u) —
g(u) =0 as n — oo uniformly on [a,b] and in view of (3.10) we see that the sequences
(9n(sx.6(un)as (9n(sak(un)))e — 0 as n — oo in Lf, (Il7). Hence, L, — 0

— 00
2
in L,

(II7). This implies that the sequences of distributions (Li,). njoo() in the

Sobolev space W, ;, C( 1), which is a locally convex space of distributions | = (¢, x)

such that Ih belongs to the Sobolev space Wy ! (recall that W, ' is the dual space
to the Sobolev space W4 = Wi (R?)) for all h = h(t,x) € C5°(Ilr). The topology in
WQ_JIOC(HT) is generated by the family of seminorms I — [|IA]|y,—1, h € C5°(Il7).

Since the sequences 'y;fn are bounded in M;,.(II7) then, by Murat interpola-
tion lemma [12] (also see [19, Lemma 28]), the sequences (3.9) are pre-compact in
Wy, .(Il7) for each k € [a,b]. By Tartar-Murat compensated compactness [11, 19]
(see also [17, Corollary 3.2]) the quadratic functional g(A) = (A\1As — AaA3), A =
(A1, A2, A3, A1), is weakly continuous on the sequences (0} (vy), ¥ (vn)s M (Vn), %) (v5))
for all k,1 € [a,b]. By (2.7) this can be written as the following commutation relation:
for a.e. (t,z) € Ilp

(Tra(N), il (VU () = (N (V) =
(T, () 1 (W) (e (V) 9 (V) = (B (), 17 () (Pre (V) 0 (V). (3.11)
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It is clear that (3.11) holds for (¢,z) € P, where P is a set of common Lebesgue
point of the functions (t,z) — (v.+(A),p(A)), p(A) € C(R). Since the space C(R) is
separable, we see that P C Il is a set of full measure. Noticing that

(.0 (A); p(N) = (1,2 (A); P(84,6(A)))

we see that points of P are Lebesgue points of all functions (7 ,(A),p(A)), p(A) €
C(R). We fix (t,z) € P, U = 4 5, and assume that the segment [a1, b;] = cosupp ¥ is
not trivial, i.e., a; < by. Then it follows from (3.11) that for each k,I € (a1,b1) such
that [ < k

T, )P 8 () = ), (DY EN), 9 (V) =0 (3.12)

because, evidently, n (\)¢; () = n; (A (A) = 0. Since [a1,b1] is the minimal
segment containing supp 7 then

GO ) = [ Ry *ar) > 0
(PN, n, (N) = /()\ —1)7dp(A\) >0
and (3.12) implies that for each I,k € (a1,b1), I < k

< PN gy P9 00)

EA), - (A) (), (V)

Clearly, this can hold only if I_(I) = I (k) = C, where C' = const. In particular,
I (k) = C, which implies that

AW

N

/sigrﬁ()\ —k)(p(X) = CX=(p(k) = Ck))dp (\) = (F(X), ¥ (A)) = C{@(A),n (A)) = 0

for all k& € (a1,b1). By Lemma 3.3, applied to the function H(A) = ¢(A) — CA,
we conclude that ¢(\) — CA = const on [ay,b1], that is, p(\) is affine on [a1,b1] =
cosupp ¢ ,. In the case a; = by this statement is trivially fulfilled. To conclude the
proof, it only remains to see that (¢,z) € P is arbitrary. O

Now we can prove the following important result.

THEOREM 3.5. For a.e. (t,x) € Iy g(X\) is constant and ¢(N) is affine on
CoSupp vy 5. In particular, the limit function u(t,x) is a weak solution of (1.1).

Proof. Let P C Il be defined as in the proof of Proposition 3.4. We fix (¢,z) €
P and show that g()\) is constant and ¢()) is affine on [a,b] = cosuppvy . This
is evident if @ = b. Hence assume that a < b and notice that, as follows from
Theorem 3.1, g(A) = const on [a,b]. Remark that suppry, C [a,b]. Therefore,
8u pVtw = Vi Hence, by Proposition 3.4, p()) is affine on [a,b]. It remains only to
prove that u(t,z) is a weak solution of (1.1). By limit relation (2.7)

plun) = Wea(A); e(N) = ¢ ((,2(X), ) = p(u(t, 2)),

n—oo

where we take into account that ¢(\) is affine on cosuppuy,. By Corollary 3.2
g(un) — g(u) in L}, (II7). It directly follows from the above limit relations that
n—oo
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on(un) = o(u) weakly-+ in L>®(Il7), gn(un) njoog(u) in L} (IIr). Therefore, we

can pass to the limit as n — oo in the identity

- {Unft + @n(un)fm - gn(un)fma:}dtd:ca f= f(t,l‘) € COOO(HT)

and arrive at the relation

{uft + (P(u)f:c - g(u)fxx}’dtdxa Vf= f(tvx) € CSO(HT),

IIr

showing that u = w(t,x) satisfies (1.1) in D/(II). By Lemma 2.2 the sequence
(gn(un))z is bounded in L? (II7). As shown in the proof of Corollary 3.2, this implies

loc

that g(u), € L? (Ilr). Hence, u(t,z) is a weak solution of (1.1). O

COROLLARY 3.6. Assume that g(u) is not constant and p(u) is not affine si-
multaneously on nondegenerate intervals. Then the sequence u, — u as n — 00 in
L, .(Il7), and the limit function is an entropy solution of (1.1).

Proof. Passing to a subsequence, as usual, we may suppose that u, converges
to a bounded measure-valued function 14, in the sense of (2.7). By Theorem 3.5
and our assumption we see that cosupp vy, is a point {u(t,z)} for a.e. (t,z) € IIp.
This means that v 4(\) = §(A — u(t, z)) a.e. on IIy. By Theorem 2.3 we claim that
up — wasn — oo in L}, (IIr). Since the limit function does not depend on the choice
of a subsequence, we see that the above limit relation remains valid for the original
sequence. Observe that by Theorem 3.5 u(t,x) is a weak solution of (1.1). To prove
that u(¢, ) is an entropy solution, we only need to pass to the limit as n — oo in the
entropy conditions

/H {lun — k| fe + [sign(un — k) (on(un) — @n (k)] fo + |90 (un) — gn (k)| fzz dtdz > 0,

with f = f(t,z) € C(r), f > 0, and derive (1.5).
d

Remark 1. The statement of Corollary 3.6 (the strong precompactness property)
also follows from localization principles for H-measures corresponding to approrimate
sequences of entropy solution, see [16, 8] for the case of general multidimensional
parabolic and elliptic equations.

4. Main result. Theorem 3.5 shows that a weak limit of entropy solutions to
equation (1.1) is a weak solution of this equation. But we are going to establish a
stronger result asserting that this weak limit is actually an entropy solution. For
this we have to analyze the properties of the limit measure-valued function v; , more
precisely. Namely, we now utilize the entropy relations (1.5): for each k& € R and any
non-negative test function f = f(t,z) € C§°(Ilr)

{lun — Kkl fe + [sign(un — k) (on(un) — on (k)] fo + [gn(un) — gn(k)|fzz}dtdz > 0.
IIr
Passing in this relation to the limit as n — oo and using (2.7), we obtain that

g {(t,a(N), A=K} fet-(ve,2(N), sign(A—k) (@(N) —p(k))) fo+19(u)—g (k)| faz }dtdz > 0.
(4.1)
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Here we also use the fact that g(\) = g(u) on suppvy,. Recall that u = u(t,z) =
(V1.2 (A), A). Relation (4.1) means that for each k € R

(Fea (V) A = KDy + (e (V) sign(A = k) (0(A) = (k) = (l9(u) = g(k)[)ez <O
(4.2)
in D'(Il7).

Following [6], we call such vt , a measure-valued entropy solution of (1.1).

By Theorem 3.5 u = u(t, x) is a weak solution of (1.1). Therefore, u; + (p(u) —
g(w)z)z = 0 and the vector field (u,¢(u) — g(u),) € R? is divergence-free. By the
known results on the existence of weak normal traces (see, for instance, [3]) there
exists a weak trace ug(z) € L*(R) of u(t, z), that is, etsi%i}rn u(t, ) = up in the weak-x

topology of L>(R). It is clear that [|uol|cc < M. As was shown in [10], there exists
a unique entropy solution u = v(¢,z) to the Cauchy problem for equation (1.1) with
initial data ug(x). Recall that the initial condition is understood in the sense of strong
trace relation
etsi%i}rnv(t, ) =wup in Lj.(R).

Notice that by the comparison principle (see [10]) ||[v|lcc = |Juollec < M. We shall
prove that u = v a.e. on IIp. For that we firstly adapt the Carrillo variant of the
doubling variable method (cf. [2]) to obtain the measure-valued analog of the so-called
Kato inequality.

Let sc(u) = s—1,1(u/e), € > 0, be a regularization of signu, and let E be a set of
discontinuity points of the increasing function gy *(v).

LEMMA 4.1. Let u = u(t,x) be a weak solution of equation (1.1). Suppose that
g(v) ¢ E and £ =¢(t,x) € C°(Ilp), £ > 0. Then

/H sign(u — v){(u— v)& + (p(u) — p(v) — g(u).)E, dtdz =

lim [ (g(u)e)*sl(g(u) — g(v))édtdz. (4.3)

e—0 My
Proof. Let Hc(u) = so,1(u/¢). Then, by [2, Lemma 5]
[ st (= o) = 06 + (pla) = 9(0) — 9(00,)€, Yo =

lim [ (g(u).)*H.(g(u) — g(v))&dtda;

e—0 My

/H sign™ (u — 0){(u — v)& + ((w) — $(v) — g(u)a)Es}dtda =

lim [ (g(u)2)*H.(g(v) — g(u))édtda.
IIr

Putting these two relation together, we arrive at (4.3). O
PROPOSITION 4.2. The following relation (the Kato inequality) holds in D' (Ilr)

OO, A = (e, 2) )+ 2 ), siEn(A — ol 2))(2(N) — p(o(t, )

_%W(t,x) —o(t,7)] <0. (4.4)
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Proof. Let us consider two different pairs of variables (¢,2) and (s,y) in ILp.
We set k = v(s,y) in (4.2). Applying this relation to a non-negative test function
E=¢(t,x;8,y) € Cg°(Ilp x IIp), we obtain that for every (s,y) € Ilp

{(ta(A), [A = v])& +
T

(vi,2(A), sign(A = v)(9(A) — ¢(v)&e = (l9(u) = g(v)))x&s bdtdzr >0, (4.5)

where u = u(t,z), v = v(s,y). As in the proof of Lemma 2.2, let E be a set of
discontinuity points of the increasing function g, 1(U). We introduce the sets

Qu={(t.2) |u(t,z) g™ (B) }, Q2={ (s,9) [ v(s,y) €4~ (E) }.

Since F is at most countable then g(u), = 0 a.e. on Q1 and g(v), = 0 a.e. on Qs.
Also notice that by the chain rule

(lg(u) = g(v))z = sign(u = v)g(u)e, (lg(u) = g(v)])y = —sign(u = v)(g(v))y- (4.6)

If (s,y) ¢ Q2 then g(v) ¢ E and sign(A—v) = const on the segment [a, b] = cosupp v ,
for a.e. (t,z) € IIp. Indeed, by Theorem 3.1, for a.e. (¢t,z) € Iy either a = b or
[a,b] € g71(E) (then v ¢ [a,b]). Therefore, in the case (s,y) ¢ Q2 for a.e. (¢t,z) € Iy

(V.0 (A); [A=vl) = [u=v], (v, (A), sign(A=v)(p(A) = p(v))) = sign(u—v)(p(u)=p(v)).

(4.7)
Integrating (4.5) with respect to (s, y) and taking into account (4.6), (4.7) and Lemma 4.1,
we deduce that

/H <11 {<Vt’x()\)’ A —v])& +
(v, (A), sign(A = v)(@(A) — ())& — (l9(v) — 9(v)|)a&a dtdrdsdy >
/n . sign(u — v){(u —v)& + (p(u) — @(v) — g(u)s )& pdtdrdsdy =

lim (9(u)2)*sL(g(u) — g(v))édtdadsdy =
ETV I x (T \Q2)
lim (9(w)2)?sL(g(u) — g(v))édtdzdsdy. (4.8)

=0 (M \Q1) x (11 \Q2)

Since v = v(s,y) is a weak solution of (1.1) then for each A € R

{lv = A& +sign(v — A)(p(v) = @(A)€y — (I9(v) — g(N)])y&y dsdy > 0.

IIr

Integrating this relation firstly with respect to the measure vy () and after with
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respect to (¢, ), we find that
[ a0 r- o+
HTXHT

(Vt,2(N), sign(A —v)(@(X) — o))y — (lg(u) — g(v)])y&y tdtdzdsdy >
/(H o sign(u — v){(u — v)& + (p(u) — p(v) + g(v)y)&y }dtdrdsdy =

lim (9(v)y)?si(g(v) — g(u))édtdrdsdy =
e (Mr\ Q) x T
lim (9(v)y)?sL(g(u) — g(v))édtdzdsdy. (4.9)

=0 @Mr\Q1) x (Tr\Q2)

Here we take into account that in view of Theorem 3.1 vy, = 6(A — u(t, x)) for a.e.
(t,z) € Ip \ @1. We also use Lemma 4.1, the second equality in (4.6), and the fact
that s. is an even function.

Now, since g(u), does not depend on (s,y), we have

/H 9(u) (52 (g(w) — g(0))€)ydsdy = 0,

which implies the relation

/H s:(g(u) — g(v))g(u)z&ydsdy :/ 9(u)zg(v)ysi(g(u) — g(v))Edsdy.

IIr

Passing in this relation to the limit as ¢ — 0, we deduce that
/HT sign(g(u) — 9(v))g(u)z&ydsdy = lim /HT 9(u)2g(v)ysi(g(u) — g(v))sdsdy.
Integrating this equality over (¢,z) € Iy, we get
[ sien(gt) - g(e))glw).&dtdodsdy =
pxTyp

lim 9(w)2g(v)ysL(g(u) — g(v))§dtdrdsdy.

e—0 HTXHT
Noticing that sign(g(u) — g(v)) = sign(u — v) if (¢t,z) ¢ Q1 while g(u), = 0 for a.e.

(t,z) € Q1 and that g(v), = 0 for a.e. (s,y) € Q2, we can transform the above
relation as follows

/ sign(u — v)g(u)&ydtdrdsdy =
HT XHT

lim 9(u)zg(v)ysi(g(u) — g(v))édtdrdsdy. (4.10)
ETY (O \Q1) x (T \Q2)

Similarly, from the equality

/n g(v)y(s:(g(u) — g(v))§)dtdx =0
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we deduce the relation

- / sign(u — v)g(v)y&edtdrdsdy =
HTXHT
lim 9(u)ag(v)ysc(g(u) — g(v))édtdzdsdy. (4.11)
TN \Q1) x (II7\Q2)
By subtracting (4.10) and (4.11) from the sum of (4.8) and (4.9), we find that

/ (e (V) A — o) (€ + £0) +
I xIIr

(1.0 (V). sign( — ) (V) — (o)) (& + &) —
sign(u — v)(g(u)s — 9(v),)(E + &) }dtdadsdy >

lim (9(w)s — 9(v)y)sL(g(u) — g(v))édtdzdsdy > 0. (4.12)
TP J(@Mr\ Q) x (M2 \Q2)

Notice that sign(u — v)(g(u)s — g(v)y) = (8/0x + 0/0y)|g(v) — g(v)| and, integrating
by parts, we obtain from (4.12) that

[ A= ol +6) +

(ve,2(A), sign(A = v)(p(A) — @(v))) (& + &) +
lg(u) — g(v)|(0/0x + 0/dy)*€ }dtdrdsdy > 0. (4.13)
We choose now a function p(s) € C§°(R) such that supp p(s) C [0,1], p(s) > 0,
f_Jroo p(s)ds = 1 and set for v € N d,(s) = vp(vs). It is clear that the sequence

o]

8,(s) converges as v — oo to the Dirac d-measure in D'(R). Let f(t,z) € C§°(Ilr),
& = &(txs,y) = f(t,x)0,(s — t)0,(y — x). Obviously, & € CP(r x Ir) for
sufficiently large v, £ > 0, and

&+ & = ft(t7x)5u(5 - t)(su(y - x), &+ gy = fx(tvx)(su(s - t)(su(y - I)a
(0/0x + 8/0y)*€ = fuu(t, 2)d,(s — )3, (y — ).
Therefore, it follows from (4.13) that

/H {1 A= o i+ (1) siEn A = ) (0N) () i +
lg(u) — g(v)| fox}0u (s — )8, (y — x)dtdwdsdy > 0. (4.14)
We denote

R(t,:ﬂ;s,y): <Vt 93( )’|)\ U(Say)|>ft(t l‘)
(ve,2(N); sign(A = v(s,9))(0(A) = @(vls, )N fa(t, ) + |9 (ult, ) = g(v(s, )| foa(l, 2)-
Then (4.14) can be written in the form

/ R(t,z;5,9)0,(s — t)0,(y — x)dtdxdsdy > 0.
HTXHT

In view of the obvious estimate:
|R(t, z;8,y) — R,z t,2)| < |v(s,y) —o(t, 2)|[fe(t, 2)| +
2w(lv(s, y) —v(t, )| fa (8, 2)] + |g(v(s,y) — g(v(t, )| foa (t, 2)],
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where
w(o) = max{ |p(u) — )| | u,v € [-M,M],|u—v| <o}

being the continuity modulus of ¢(u) on the segment [—M, M], we find that for
v>(T—t)"1

/ Rt 235, 9)3 (s — 1)8,(y — @)dsdy — R(t,a51,2)
Il

/H (R(t,z55,y) — R(t, 25t,2))0, (s — )0u (y — fc)dsdy‘ <
/H |R(t, 25 8,y) — R(t, 238, 2)[0, (s — )0, (y — x)dsdy <
filt, ) /H [0(5,) — vt 2)[6, (s — £)6,,(y — x)dsdy +

2fo(t, @) | w(lv(s,y) = vt 2)[)d (s — )0, (y — x)dsdy +

IIr

|fm(1ﬁ,aﬂ)|/H lg(v(s,9)) — g(v(t, 2))|0v (s — )b, (y — x)dsdy — 0 (4.15)

V— 00

for all Lebesgue points (¢, ) of the function v(t,z). In view of (4.15) for a.e. (¢,x) €
Hr

/ R(t,z;8,9)0,(s — )0, (y — x)dsdy — R(t,x;t,x).
HT V—00

Integrating this limit relation with respect to (¢,z) € Iy with the help of Lebesgue
theorem on dominated convergence, we find that

/ R(t,z;8,4)0,(s — t)0, (y — x)dtdxdsdy — R(t, z;t, z)dtdx.
HTXHT v—

> Ji1,

From this relation and (4.14) it follows that / R(t,x;t,x)dtdx > 0, that is,
IIr

{0 A=) o+ (0 (0), sign(h = v) (@A) — e fa +
lg(u) — g(v)| faz}dtdz >0,  (4.16)

where v = v(t,x). Since f = f(t,z) € C§° is arbitrary non-negative test function
then (4.16) is equivalent to (4.4). The proof is complete. O
Since u, v are weak solutions of (1.1) then

(u—=v)i + (p(u) = ¢(v) + 9(v)e = g(u))e = 0 in D'(I7).
Therefore, there exists a function P(t,z) € Wy, (IIr) (a potential) such that
Py =u—v, P=¢@) =) +gus—gv), inD ).

This function is Lipschitz continuous with respect to x because |Q:| = |u — v| <
2M and has a strong trace P(0,z) € C(R). Subtracting a constant from P if necessary,
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we can assume that P(0,0) = 0. Let us demonstrate that P(0,z) = 0. By the

construction, Py (t,-) = (u — v)(¢,-) = 0 weakly-* in L>°(R) as ¢ — 0 running over

some set £ C (0,+00) of full Lebesgue measure. On the other hand, evidently

P,(t,-) = Py(0,z) in D'(R), and we conclude that P,(0,2) = 0 in D’(R). Since

P(0, x) is continuous, the latter means that P(0,x) = P(0,0) = 0, as was announced.
LEMMA 4.3. For a.e. (t,x) € Iy

(e (N), A=) Pt (vt (), sign(A =) (9(A) = (v))) P =g (1) =g (v) [ P = 0, (4.17)

where u = u(t,x), v =v(t,z), P = P(t,x).

Proof. First, notice that |g(u)—g(v)|, = sign(u—v)(g(u) — g(v)). Indeed, by the
chain rule [g(u) — g(v)], = sign(g() — 9(2))(g(x) — 9(v)).. But sign(g(u) — g(v)) =
sign(u — v) whenever at least one the values g(u) or g(v) does not belong to the set
E of discontinuity points of the function g;'. On the other hand, g(u), = g(v), =0
for a.e. (t,x) such that g(u),g(v) € E and sign(g(u) — g(v))(g(u) — g(v)), = sign(u—
v)(9(u) = 9(v))s = 0.

Using the relation |g(u) — g(v)], = sign(u —v)(g(u) — g(v))s, we find that for a.e.
(t, CL’) ellr

<Vt 2(A)s [A =) P
|l9(u) — g(v)[o Py :<
(Ve (A), A = ]} (p(u) —p(v) - (

Let cosupp vy » = [a(t, z), b(t, z)]. There are two possible cases: v(t,z) ¢ (a(t,z),b(t, z))
and v(t,x) € (a(t,x),b(t,x)). In the first case we have

(V.0 (A); [A=v]) = [u=v], (v1,2(A),sign(A=v)(p(A) = ¢(v))) = sign(u—v)(p(u) = p(v))

(we also use that by Theorem 3.5 ¢()) is affine on [a(t, x), b(t, z)]), and (4.17) follows
from (4.18).

In the second case v(t,z) € (a(t,z),b(t,z)) and, in particular, a(t,z) < b(t, ).
By Theorem 3.5 for a.e. such (t,z) ¢(A) = aX+ 5, g(A) = g(u) on [a(t, x),b(t, x)],
where a, € R are constants (depending on ¢, x). Therefore,

(v, (A), sign(A = v)(p(A) — ¢(v))) = apra(A), | —v)),
p(u) —p(v) = alu —v),

Besides, we see that g(u) = g(v) € E, where E is a set of discontinuity points of the
function g *. Therefore, g(u), = g(v), = 0 for a.e. such (t,2). By (4.18) we see that
(4.17) is again satisfied. The proof is complete. O

Now we are ready to prove our main result.

THEOREM 4.4. The equality w = v holds a.e. on Ilp. In particular, u is an
entropy solution of (1.1) and the trace ug(x) is strong: esg_l}ign u(t,-) =ug in L}, (R).

Proof. Let Q(t,z) = q(P(t,x)), where q(u) = u?/(1 + u?). Then Q(t,z) €
W21,loc(HT)a 0 < Q(t,.f) < 1) and Qt = q/(P)Pt; Q;c = q/(P)Pg, in D/(HT) By
Lemma 4.3

vt,2(A), [A=v)) Qi+ (V1.2 (A), sign(A—0) (p(A) = ¢(v)) Qz — |9 (1) =g (v)[2Qx = 0 (4.19)
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a.e. on IIy. Then, as follows from Proposition 4.2 and (4.19),

O (1 A = 0@ +2) 2 (v, siEm(A — 0) () — 0(0)))Q)

0
—5,09(w) —9()[sQ) <0 (4.20)
in D'(Il7) for all € > 0. Let

we(0) = max{ |p(u) — ¢(v)| [ u,v € [-M,M],|u —v[ <0},
wy(0) = max{ |g(u) — g(v)| | w,v € [-M, M],|u—v| <o}

be continuity modules of the functions ¢(u), g(u) on the segment [—M, M], and
w(o) = max(wy(0),wy(0)). Then w(o) is a nondecreasing subadditive function on
[0, 4+00) such that 0 = w(0) = lir(r)ler(o), and

lp(u) — @) < w(lu—v]), |g(u) = g(v)] < w(lu—2)
for all u,v € [-M, M]. Observe that for each positive &

w(o) ()

a—i—e

<

o> 0. (4.21)

Indeed, we can choose k € N such that o € [(k — 1)e,ke). Then, since w(o) is
nondecreasing and subadditive, w(o) < w(ke) < kw(e) while o + & > ke, and (4.21)
follows.

Using (4.21), we derive the estimate

[(ve,2(A), sign(A = v)(0(X) — (V)@ <
2(A), le(A) = 0(v))Q < (ve,2(A), w([A —v])Q <

e -+, @22)

w(e)

T(<Vt,az(>‘)a|>‘ ’U|>Q+EQ)
where we take into account that Q < 1. Analogously, we find

l9(u) = 9(v)|Q = [(11,2(A), g(A) — g(v))Q| <
(re2(A), l9(N) —g(v)))Q < —E)(<Vtz( A A =o)@Q +e). (4.23)
Notice that Q, = 2P/(1 + P?)2P, = 2P/(1 + P?)?(u — v). Therefore,
|Qxl < 20/Qlu— o] < (AM +2)e3(Qlu — o] +e). (4.24)

Indeed, taking into account that |u — v| < 2M, we find

2\/ |u 1
<2y/Qlu—v|/e <4Me /2
Olu—v+e v|+€ Va) |/

if @ < e while

2\/_|U —1/2
Qlu—v|+e U|+E <2/VQ<2e
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if @ > e. In the both cases (4.24) is satisfied. Since

lu— o] = [{vt,e(A); A = 0)| < (Vr2(A), [A = 0]),
it follows from (4.24) that

|Qul < (4M +2)e™ 2 ((b,2(N), [X = 0))Q + &), (4.25)
Now, let
0, s <0,
h(s) = min(sT,e! %) = { s, € (0,1),
el=s, s> 1.

This function is continuous and nonnegative, it increases for s < 1 and decreases for
s> 1. We set p(r) = er h(s)ds. Then p(r) € C1(R), p(r) > 0, p'(r) = —h(r) <0,
and p(r) = const = fh Jds = 3/2 for r < 0. Also notice that the generalized
derivative p”(r) € L*(R) N Ll(R) and p"(r) <0ifr <1, p’(r) =el=" > 0if r > 1.
In particular,

pl(r) < |p'(r)| = —=p'(r) Vr € R. (4.26)
We choose a nonnegative function a(t) € C§°((0,7)) and set f(t,x) = a(t)p(|z] +
N(t—T)), where

N = N(e) = 2w(e)/e + Ce™ V2.
with C'= (8M + 4) max |g(u)|. Applying (4.20) to the test function f, we arrive at

[ul<M
the relation

/H (Ve (N), A = 0@+ e)p(jz] + N(t — T))d (t)dtdz +

| AN a3 = oh @+ n (el + Nt - 1) +
(V1,0 (N, sign(A — 0)(p(A) — 9(0))Qp' (J2] + N(t — T)) sign +
l9(u) — g(0)|Qup (|| + N(t — T))signz +
l9(u) = g()IQp" (2] + N(t = T)) fa(tydtdz > 0. (4.27)
Notice that p'(|z| + N(t —T)) = 0 in a vicinity of an interval {(¢,0)|t € (0,T)} (where

x = 0), which implies the equality (p(|z|+N(t—T1)))zs = p”"(|z|+N({E—T)) in D'(II7).

From (4.22),(4.23),(4.25),(4.26), and the trivial estimate |g(u) — g(v)| < 2 ‘nllg)]\% lg(u)|
a.e. on IIp, we deduce that -

| AN A = oh@ + 3l + NGt - 1) +

(V.0 (N), sign(A = v)(p(A) — ¢(0)))Qp' (Jx| + N(t — T')) signz +
lg(u) = g(0)|Qup'(|x] + N(t — T)) signz +

l9(u) — g(0)|Qp" (x| + N(t — T))}a(t)dtd:c <
/ (<Vt,;c()\)7|)\—U|>Q+E)(N—2w(5)/g—
IIr

(8M +4) max |g(u)|5_1/2>p'(|x| + N(t - T))a(t)dtdz = 0
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and by (4.27) we claim that
/ ((v.2(A), IA = 0@ + )p(|2| + N(t = T))o ()dtdz = 0,
Il
that is, [, I(t)e/(t)dt > 0 Va(t) € Cg°((0,T)), a(t) > 0, where

I(t) = /R(<Vt,z()‘)a A =v)Q +e)p(|x] + N(t = T))da.
This means that I'(¢t) <0 in D’((0,T)). Therefore, for a.e. t € (0,T)

(1) < esslim (1) < esslim /R @MQ(t, ) + 2)p(|e| + N(t — T))da =

t—0
. /]R pllz] — NT)dz. (4.28)

We use here the fact that the strong trace of @) at the line ¢ = 0 equals ¢(P(0,z)) =0,
ie., estsliOmQ(t, ) =01in L} (R). Since 0 < Q < 1 and p(|z| + N(t = T)) < p(|z| —

loc

NT)) € L'(R) we claim that ess liom Je Q(t,z)p(|z| + N(t — T))dz = 0 and the last

equality in (4.28) follows. Now observe that p(r) < 3/2 and p(r) = ¢!~ for r > 1.
Hence,

3 NT+1 +oo
/p(|x|—NT)dx§ —/ dac+2/ e’ ~"dr = 3NT + 5.
R 2 J-NT-1 1

In view of (4.28) for every ¢ € (0,T'), being a Lebesgue point of the function
/(Vm.()\), A —v))Q(t, z)p(|z| + N(t — T))dx, we have
R

/R e (V). A — oDQ(t )p(|2] + N(t — T))dz < I(t) <

3TN (e)e + 5e = 3T (2w(e) + C/e) + be -0

This readily implies that

[ @02 = bt 2)p(la] + Nt = D))z =0

and since p(|z| + N(t —T)) > 0 we see that
(Ve a(N), A —v(t,z))Q(t,z) =0 a.e. on Ily. (4.29)

By (4.29) we find that (v 5()),|A —v(t,x)]) = 0 a.e. on the set {P(t,z) # 0}. This
implies that v(t, ) = u(t,z) = (11,2(N), A) a.e. on this set. On the other hand, a.e. on
the set {P(t,z) = 0}, we have u(t,z) — v(t,z) = Py(t,xz) = 0. Thus, u(t,z) = v(t, z)
a.e. on IIp. In particular, u is an e.s. of the Cauchy problem for (1.1) with initial data
uo(x). The proof is complete. O

Remark 2. As was shown in [13] (also see [14]), the existence of strong traces
remains valid for entropy solutions of conservation laws even in the multidimensional
case.
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Let us consider now the more general equation

a(u); + o(u)e — g(u)ze = 0, (4.30)

where a(u) is a continuous strictly increasing function. The notion of entropy solution
u=u(t,z) of (4.30) is defined by a relation similar to (1.4): for all k € R

|o(u) = alk)]e + [sign(u — k) ((u) = o(k))]a = |g(u) = g(k)|ax < 0 in D'(Ilr).

As was shown in [15], the statement of Theorem 4.4 is no longer valid for equation
(4.30) if o(u) is not linear. Moreover, it may occur that a weak limit of a sequence
of e.s. to (4.30) is not even a weak solution of this equation. But, noticing that
u = u(t,z) is an entropy solution of (4.30) if and only if v = g(u) is an entropy
solution to the standard equation

v + ‘P(Ofl(v))x - g(ail(v))m' =0,

we can revise the assertion of Theorem 4.4 for equation (4.30) (in the case of con-
servation laws this was done in [15, Theorem 3.1]). Thus, we consider approximate
equations

an(w)e + @n(t)z — gn(w)zz = 0, n €N, (4.31)

where the sequences ay, (1), on(u), gn(u) € C(R), gn(u) are increasing and a,(u) are
strictly increasing functions. Assume that these sequences converges as n — oo to
the functions a(u), ¢(u), g(u), respectively, in the space C(R) (i.e., uniformly on any
segment).

THEOREM 4.5. Let u, = un(t,z), n € N, be a bounded sequence of entropy
solutions to (4.31) such that the sequence v, = o, (uy,) weakly-+ converges in L (Ily)
to a function v = v(t,x). Then v = a(u), where u = u(t,x) is an entropy solution
of (4.80). Moreover, u satisfies the initial condition with some function ug(x) in the
sense of relation (1.7).

Proof. Let M = sup [t loos $n(0) = S, (<31 e (1) (0), B (0) = o ((00n)~ (50 (0),
Gn(v) = gn((an) 1 (sn(v))). One can easily verify that @, (v) — @¢(v) = p(a™1(s(v)),
gn(v) = g(v) = g(a™*(s(v)) asn — oo in C(R), where we denote $(v) = Sa(—ar),a(ar) (V)
Notice that v, = a,(u,) are entropy solutions of the equations

vy + @n(v)z - gn(v)m: =0,

and v, (t,z) € [an(—M),an(M)] a.e. on IIp. By Theorem 4.4 we claim that the
weak-* limit v = v(¢, z) of this sequence is an entropy solution to the Cauchy problem
for the equation

v+ P(V)z — (V) e = 0,

with an initial data vg(x). Evidently, v(t,z) € [a(—M),a(M)] a.e. on Iy, and
vo(x) € [a(—M),a(M)] a.e. on R. Therefore, v = a(u(t,z)) a.e. on Ilp, where
u = u(t,z) € L®°IIr), ||ul]lcc < M. Then, to conclude the proof, it only remains to
observe that w(t,x) is an entropy solution of (4.30), satisfying the initial condition
u(0,) = ug = a~ (v (x)).
a

Remark 3. Certainly, our results are purely one-dimensional. The statement of
Theorem 4.4 is not true for multidimensional equations even with only one nonlinear
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flux component. For instance, it was shown in [15] that there exists a sequence
un(t,x,y) of entropy solutions of the conservation law u; + f(u), =0, u = u(t, z,y),
with nonlinear flux f(u) such that u, — u = u(t,x,y) as n — co but u is not a weak
solution of this equation.

[1]
2]
3]
[4]
[5]
[6]
[7]

(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

[17]
18]

[19]

REFERENCES

B. ANDREIANOV AND M. MALIKI, A note on uniqueness of entropy solutions to degenerate
parabolic equations in RN NoDEA: Nonlin. Diff. Eq. Appl., 17 (2010), no. 1, pp. 109-118.

J. CARRILLO, Entropy solutions for nonlinear degenerate problems, Arch. Rational Mech. Anal.,
147(1999), pp. 269-361.

G.-Q. CHEN AND H. FRrID, Divergence-measure fields and hyperbolic conservation laws, Arch.
Ration. Mech. Anal., 147 (1999), pp. 89-118.

G.-Q. CHEN AND Y.-G. Lu, The study on application way of the compensated compactness
theory, Chinese Sci. Bull., 34 (1989), pp. 15-19.

C. M. DAFERMOS, Hyperbolic Conservation Laws in Continuum Physics, 3rd ed., Springer-
Verlag, Berlin, 2010.

R. J. DIPERNA, Measure-valued solutions to conservation laws, Arch. Rational Mech. Anal.,
88 (1985), pp. 223-270.

L. C. Evans AND R. F. GARIEPY, Measure Theory and Fine Properties of Functions, CRC
Press, Boca Raton, FL, 1992.

H. HoLpEN, K. H. KARLSEN, D. MITROVIC, E. YU. PANOV, Strong compactness of approzimate
solutions to degenerate elliptic-hyperbolic equations with discontinuous flux function, Acta
Mathematica Scientia 29B (2009), no. 6, pp. 1573-1612.

S. N. KRUZHKOV, First order quasilinear equations in several independent variables, Mat. Sb.
(N.S.), 81 (1970), pp. 228255 (English transl. in Math. USSR-Sb., 10 (1970), pp. 217-243).

M. MALIKI AND H. TOURE, Uniqueness of entropy solutions for nonlinear degenerate parabolic
problem, J. Evol. Equ., 3 (2003), no.4, pp. 603-622.

F. MurAT, Compacité par compensation, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 5 (1978),
pp. 489-507.

F. MURAT, L’injection du céne positif de H=' dans W—19 est compacte pour tout q < 2, J.
Math. Pures Appl. (9), 60 (1981), no. 3, pp. 309-322.

E. Yu. PANoOv, Existence of strong traces for generalized solutions of multidimensional scalar
conservation laws, J. Hyperbolic Differ. Equ., 2 (2005), pp. 885-908.

E. Yu. PANovV, Existence of strong traces for quasi-solutions of multidimensional scalar con-
servation laws, J. Hyperbolic Differ. Equ., 4 (2007), pp. 729-770.

E. Yu. PaNOv, On weak completeness of the set of entropy solutions to a scalar conservation
law, STAM J. Math. Anal., 41 (2009), no. 1, pp. 26-36.

E. Yu. PaNov, On the strong pre-compactness property for entropy solutions of a degenerate
elliptic equation with discontinuous fluz, J. Differential Equations 247 (2009), no. 10, pp.
2821-2870.

E. Yu. PaNov, Ultra-parabolic H-measures and compensated compactness, Annales de 'Institut
Henri Poincare (C) Analyse Non Lineaire, 28 (2011), no. 1, pp. 47-62.

D. SERRE, Systems of Conservation Laws. Vol. 2. Geometric Structures, Oscillations, and
Initial-Boundary Value Problems, Cambridge University Press, Cambridge, UK, 1999.

L. TARTAR, Compensated compactness and applications to partial differential equations, in
Nonlinear Analysis and Mechanics: Heriot-Watt Symposium, Vol. 4 (Edinburgh 1979),
Res. Notes in Math. 39, Pitman, Boston, 1979, pp. 136-212.



