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Abstract. A class of nonlinear elliptic quasi-variational inequality (QVI) problems with gra-
dient constraints in function space is considered. Problems of this type arise, for instance, in the
mathematical description of the magnetization of superconductors, in problems in elastoplasticity, or
in electrostatics as well as in game theory. The paper addresses the iterative solution of the QVIs by
a sequential minimization technique relying on the repeated solution of variational inequality–type
problems. A monotone operator theoretic approach is developed which does not resort to Mosco
convergence as is often done in connection with existence analysis for QVIs. For the numerical so-
lution of the QVIs a penalty approach combined with a semismooth Newton iteration is proposed.
The paper ends with a report on numerical tests involving the p-Laplace operator and various types
of nonlinear constraints.
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1. Introduction. Quasi-variational inequalities (QVIs), introduced by Bensous-
san and Lions in [9, 32] to formulate impulse control problems, arise as mathemat-
ical models of various phenomena in the applied sciences. These involve areas such
as, for instance, game theory, solid and continuum mechanics, or superconductiv-
ity. For related models and analytical investigations we refer the reader to, e.g.,
[11, 20, 31, 33, 37, 39], the monographs [8, 14, 30], and the references therein. A
recent study on stability issues for solutions of a rather general class of QVIs in finite
dimensions can be found in [35].

While the feasible set of the QVIs may be rather general in finite dimensions
(see, e.g., [35]), the situation for function space related problems is different, and the
related literature is rather scarce. More specifically, most of the available work studies
problems where the state (or solution) of the QVI has to satisfy pointwise constraints
on a given subset of the underlying domain. This generalizes the variational inequality
setting studied, e.g., in [12, 17, 28, 41] with respect to the choice of the involved bounds
on the state. A particular instance of such a problem is the obstacle problem with a
compliant obstacle [36].

In [39], Prigozhin developed a critical-state model for the stationary magnetiza-
tion of superconductors. In this model the constitutive relation for the electric field
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QVIs WITH GRADIENT CONSTRAINTS 1225

depends on the gradient of the vertical component of the associated magnetic field.
This gives rise to a QVI which involves the p-Laplacian, a nonlinear elliptic partial
differential operator, and pointwise constraints on the gradient of the associated state.
An abstract generalization of the time dependent (parabolic) version of this problem
was considered by Rodrigues and Santos in [42]. In the parabolic case, the solu-
tions to this QVI approach solutions to the stationary model, i.e., the elliptic case,
as time tends to infinity. The mathematical challenges in the elliptic as well as in
the parabolic setting of this problem are due to the nonlinear nature of the involved
differential operator and the general type of bounds in the gradient constraints.

Several other applications leading to QVIs with gradient constraints can be found
in [31]. In fact, a class of elliptic QVIs with gradient constraints was analyzed by
Kunze and Rodrigues in [31], where existence results (in some of the cases stud-
ied) follow from an application of Schauder’s fixed-point theorem and convergence
of the feasible sets in the sense of Mosco. Concerning the numerical treatment of
this problem class, we note that the literature is extremely scarce. We also mention
that compared to QVI problems with pointwise constraints on the state, problems
containing pointwise gradient constraints are significantly more difficult to handle.
This is due to the specific nonlinearity of the constraints, the nontrivial kernel of the
gradient operator, and the associated analytical and numerical challenges.

In this paper we study an abstract version of the problem class considered in
[31]. We establish a novel efficient sequential minimization technique for numerically
approaching solutions to the QVI of interest that also proves existence. Our solution
approach is based on monotone operator theory, an approximating sequence of varia-
tional inequalities (VIs), and semismooth Newton methods for solving the associated
subproblems. In our report on the practical behavior of the overall algorithm we
provide examples involving the p-Laplacian for p = 3 and several types of gradient
constraints.

The rest of this paper is organized as follows. In section 2 we state the class of
QVI problems under investigation and its relation to a nonlinearly constrained min-
imization problem in function space. In section 3, we study a penalized version of
the latter minimization problem, its asymptotic properties as the penalty parameter
tends to infinity, and its relation to a specialized version of the QVI of interest. It
turns out that a solution to the QVI solves the special QVI, which contains a possibly
much smaller feasible set than the original QVI, but not vice versa. This obstacle is
overcome by establishing Theorem 4.5 in section 4, which provides a framework for an
approximation method (related to a sequence of VIs) of solutions to the QVI. Conti-
nuity properties of the solutions to these VIs with respect to several parameters are
studied as well. Based on our analytical findings, in section 5 we introduce an infinite
dimensional algorithm for solving the QVI and provide details on its implementation.
A penalty parameter update rule and a semismooth Newton solver (including con-
vergence considerations) for the associated subproblems are the subjects of section 6.
This section ends with a report on numerical tests involving the p-Laplace operator.
We provide differentiability properties (in infinite dimensions) for the p-Laplace and
the penalty operators in Appendix A. Finally, in Appendix B, we establish condi-
tions for which the solution mapping of a class of VIs is contractive with respect to
the upper bound of the gradient constraint (addressing a hypothesis used in Theorem
4.5).

Notation. Throughout this paper, for a Banach space X its norm is written as
| · |X , with the exception of Rl, where the (Euclidian) norm is written as | · |. For
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1226 MICHAEL HINTERMÜLLER AND CARLOS N. RAUTENBERG

v0 ∈ X and R > 0 we denote BR(v0) := {v ∈ X : |v − v0|X < R} and its closure (in
X) by B̄R(v0). We denote the strong convergence of a sequence {un} ⊂ X to u ∈ X
by un → u. Weak convergence is written as un ⇀ u. The Lebesgue measure of a
measurable set Ω is denoted as |Ω|, and we say that a property holds “a.e. (almost
everywhere) in Ω” if it is true in Ω except for a subset Ω0 ⊂ Ω such that |Ω0| = 0.
For a real-valued function v, we define v+ = max(0, v) in the pointwise sense, that is,
v+ = v if v is nonnegative and zero otherwise.

2. Problem formulation. In this section we consider a class of QVI problems.
A particular instance arises in the mathematical modeling of superconductors; see
[31, 39, 42] . Let Ω ⊂ Rl with l ≥ 2 be a bounded and open domain, and define
W ≡ W 1,p

0 (Ω) for 1 < p < ∞ (see [1] for a definition of the Sobolev space W 1,p
0 (Ω)),

with norm

|v|W =

(∫
Ω

|∇v|p dx
)1/p

.

The (topological) dual space of W is given by W−1,p′
(Ω) with p′ = p/(p− 1) and is

denoted by W ′. Also, (·, ·) : W ′ ×W → R defines the duality pairing between W ′

and W .
Suppose that C is a closed and convex subset of W such that 0 ∈ C and we are

given a nonlinear mapping Φ : C ⊂ W → L∞
ν (Ω) ⊂ L∞(Ω), where L∞

ν (Ω) = {ϕ ∈
L∞(Ω) : ϕ(x) ≥ ν a.e. in x ∈ Ω} with ν > 0. For ϕ ∈ L∞

ν (Ω), the subset K(ϕ) of W
defined as

K(ϕ) = {v ∈W : |∇v(x)| ≤ ϕ(x) a.e. on Ω}
is nonempty (since 0 ∈ K(ϕ) for any ϕ ∈ L∞

ν (Ω)), closed, and convex. Then, the
same holds true for the subset K(Φ(u)) of W when u ∈ C is fixed. The requirement
“ν > 0” is inherited from physical models in several applications (see, for example,
[31]).

Suppose that f ∈ W ′ and A : W → W ′. Then we define the problem (PQVI) as
the following QVI:

(PQVI) Find u ∈ C subject to u ∈ K(Φ(u)) : (A(u)− f, v − u) ≥ 0 ∀v ∈ K(Φ(u)).

When Φ(u) = ϕ ∈ L∞
ν (Ω) for all u ∈ C, we refer to (PQVI) as (PVI) because the QVI

reduces to a VI.
Unless otherwise stated, the nonlinear operator A is assumed to satisfy the fol-

lowing hypotheses:
H1. It is uniformly monotone; i.e., there are constants c > 0 and r > 1 such that

(A(u)−A(v), u − v) ≥ c|u− v|rW ∀u, v ∈W.

H2. It is continuous on finite dimensional spaces ; i.e., if M is a finite dimensional
subspace of W , then A : M → W ′ is weakly continuous; i.e., for each v ∈ W
the map u �→ (A(u), v) is continuous on M .

H3. (Implied by H1) It is coercive, i.e., (A(u), u)/|u|W → ∞ as |u|W → ∞.
H4. (Implied by H2) It is hemicontinuous ; i.e., the real-valued function

t �→ (A(u + tv), w) is continuous for t ∈ [0, 1] for all u, v, w ∈W .
H5. It is homogeneous of degree β > 0, i.e., A(tu) = tβA(u) for each u ∈ W and

t > 0.
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H6. It is of potential type; i.e., there is a Gâteaux differentiable mapping a :W →
R which is called the potential of A such that

lim
t→0

a(u+ tv)− a(u)

t
= (A(u), v) ∀u, v ∈W.

H7. If {un} is a sequence in W such un ⇀ u in W and (A(un), un) → (A(u), u)
as n→ ∞, then |∇un|Lp(Ω)l → |∇u|Lp(Ω)l as n→ ∞.

H8. It is bounded in the following sense: There is a constant r′ such that 0 <
r′ < r (where r > 0 is that of H1) and a nondecreasing continuous function
F : [0,∞) → [0,∞) with F (0) = 0 such that

|(A(u), v)| ≤ |u|r′WF (|v|W ) ∀u, v ∈ W.

In some of the proofs ahead, H1 will be replaced by a weaker version: We say that
A is monotone if u, v ∈ W implies (A(u)− A(v), u − v) ≥ 0. We explicitly write H3
and H4 given the fact that we occasionally invoke these hypotheses without H1 or
H2, respectively.

In [31], existence of solutions to (PQVI) is shown for A : W → W ′ satisfying
hypotheses H1, H2, and H8, with Φ : C ⊂ W → L∞

ν (Ω) compact and continuous,
where C = {v ∈W : |v|W ≤ (|f |W ′/c)1/(r−1)}.

If A is monotone, homogeneous, hemicontinuous, and of potential type (hypothe-
ses H1, H4, H5, and H6), then its potential a :W → R (see [13]) is given by

(2.1) a(u) =

∫ 1

0

(A(tu), u) dt = (A(u), u)

∫ 1

0

tβ dt =
(A(u), u)

β + 1
.

The following is an important example of an operator that satisfies hypotheses H1–
H8.

Example 1. The p-Laplacian map Δp :W →W ′, defined as

(2.2) (Δp(u), v) :=

∫
Ω

|∇u|p−2(∇u · ∇v) dx

for all u, v ∈W ≡W 1,p
0 (Ω) and some p ≥ 2, satisfies hypothesis H1–H8.

Indeed, hypothesis H1 (and therefore H3) follows from the vector inequality
〈|x|p−2x − |y|p−2y,x − y〉 ≥ c|x − y|p (when p ≥ 2) with some c > 0 and x,y ∈ Rl,
which implies

(Δp(u)−Δp(v), u− v) ≥ c|u− v|pW .

Continuity on finite dimensional subspaces (hypothesis H2 and therefore H4) fol-
lows from the study of differentiability of the map u �→ Δp(u) in Appendix A. Since
Δp(tu) = tp−1Δp(u), the operator Δp is homogeneous of degree p−1 (hypothesisH5).
An application of the Lebesgue bounded convergence theorem proves that Δp is of
potential type (hypothesis H6) with the potential a(u) = 1

p (Δp(u), u) =
1
p

∫
Ω |∇u|pdx

(for a proof, see [6]). HypothesisH7 is verified by noting that (Δp(u), u) = |∇un|pLp(Ω)l
.

Finally, the operator Δp is bounded in the sense of hypothesis H8, i.e.,

(2.3) |(Δp(u), v)| ≤
∫
Ω

|∇u|p−1|∇v| dx ≤ |u|p−1
W |v|W .
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1228 MICHAEL HINTERMÜLLER AND CARLOS N. RAUTENBERG

While there is a rich literature on numerically solving (PVI), i.e., Φ(u) ≡ ϕ in
(PQVI) (see [29, 25, 18, 23] and the references therein), the literature on QVI-solvers is
relatively scarce, with [19, 42] being some of the very few references available. While
in [19] a special problem structure is required, [42] rather offers a theoretical scheme
which might be turned into a numerical algorithm. Typically, these approaches relate
(sub)problems to specific minimization tasks. Based on this, below we relate (PQVI) to
a particular minimization problem or even a sequence thereof. We start by introducing

min J(u) := 1
β+1 (A(u), u)− (f, u) over u ∈ C ⊂W

subject to u ∈ K(Φ(u)),

}
(P)

which we study next.

2.1. Relation between (P) and (PQVI). Under certain hypotheses (for ex-
ample, when Φ is constant and C =W , i.e., Φ(u) = ϕ ∈ L∞

ν (Ω) for all u ∈W ), u∗ is
a solution to (PQVI) if and only if it is a solution to (P) (for a proof, see [15] or [41]).
In the case where Φ : C ⊂ W → L∞

ν (Ω) is not constant and C is a proper subset of
W , this result does not hold in general (not even in finite dimensions; see [16]). A
simple infinite dimensional counterexample is the following: Consider p = 2 so that
W := W 1,2

0 (Ω) ≡ H1
0 (Ω) (a Hilbert space) with Ω := (0, 1)× (0, 1) and A defined as

(A(u), v) :=
∫
Ω∇u · ∇v dx for all u, v ∈ W . It is straightforward to observe that A

satisfies hypotheses H1–H8. Let C = {u ∈ W : |u|W ≤ 1/2} and Φ(u) = ν if u ∈ C.
Let also vf ∈ W such that |vf |W = 1 and |∇vf (x)| ≤ ν a.e. in Ω, and define f ∈ W ′

as (f, v) =
∫
Ω∇vf · ∇v dx for all v ∈ W . In this case, Theorem 3.2 below shows that

(P) has a solution. Alternatively, suppose u∗ solves (PQVI). Since u
∗ ∈ C but vf /∈ C

(since |vf |W = 1), then |u∗− vf |W > 0; however, vf ∈ K(Φ(u∗)). Therefore, choosing
v = vf in (PQVI), we have

(A(u∗)− f, vf − u∗) =
∫
Ω

∇(u∗ − vf ) · ∇(vf − u∗) dx = −|u∗ − vf |2W ≥ 0,

a contradiction.
Despite the previous fact, we prove in Theorem 4.5 that a solution to (PQVI) can

be obtained (under additional hypotheses) as the limit of a sequence of solutions to
problems of the type (P).

We establish now a first relation between solutions to (PQVI) and (P). For this
purpose, we suppose that the operator A : W → W ′ satisfies H1, H4, H5, and H6
(although H1 may be replaced by just monotonicity).

Proposition 2.1. If u∗ is a solution of (PQVI), it also solves

min J(u) := 1
β+1 (A(u), u)− (f, u) over u ∈W

subject to u ∈ K(Φ(u∗)).

}

Alternatively, suppose u∗ is a solution to (P) and Φ is concave, i.e., λΦ(ψ1)(x)+(1−
λ)Φ(ψ2)(x) ≤ Φ(λψ1 + (1 − λ)ψ2)(x) for all ψ1, ψ2 ∈ C ⊂ W , λ ∈ [0, 1], and x ∈ Ω.
Then, u∗ satisfies

u ∈ (KΦ ∩K(Φ(u))
)
: (A(u)− f, v − u) ≥ 0 ∀v ∈ (KΦ ∩K(Φ(u))

)
,

where KΦ = {v ∈ C ⊂W : v ∈ K(Φ(v))} (which is nonempty, since 0 ∈ KΦ).
Before we prove Proposition 2.1, note that since A satisfies hypotheses H1, H4,

H5, and H6, its potential a is given by a(u) = (A(u), u)/(β + 1). This implies that
u �→ J(u) is Gâteaux differentiable and (J ′(u), v) = (A(u)− f, v), where J ′(u) ∈ W ′.
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Proof. Let u∗ be a solution of (PQVI), and let w ∈ K(Φ(u∗)) be arbitrary. Then
v := (1−λ)u∗+λw with λ ∈ [0, 1] belongs to K(Φ(u∗)) because the latter is a convex
set and u∗ ∈ K(Φ(u∗)). Then,

(J ′(u∗), w − u∗) = (A(u∗)− f, w − u∗) ≥ 0 ∀w ∈ K(Φ(u∗)),

because u∗ solves (PQVI). Since a
′ = A is monotone, a is convex (for a proof, see [46]).

Henceforth u �→ J(u) = a(u)− (f, u) is also convex. Therefore, J((1− λ)u∗ + λw) ≤
(1− λ)J(u∗) + λJ(w), which implies that

0 ≤ (J ′(u∗), w − u∗) = lim
λ↓0

J(u∗ + λ(w − u∗))− J(u∗)
λ

≤ J(w) − J(u∗)

for all w ∈ K(Φ(u∗)), which proves the first claim.
Conversely, let u∗ be a solution to (P), and let w ∈ KΦ ∩K(Φ(u∗)) be arbitrary

with Φ concave. Then v := (1−λ)u∗+λw, with λ ∈ [0, 1], belongs to K(Φ((1−λ)u∗+
λw)); since C is convex, v ∈ C and |∇v(x)| ≤ (1 − λ)Φ(u∗)(x) + λΦ(w)(x) ≤ Φ((1−
λ)u∗+λw)(x). Therefore, we have J(u∗) ≤ J(u∗+λ(w−u∗)), because u∗ is a solution
to (P), and the convexity of J implies J(u∗ + λ(w− u∗)) ≤ λ(J(w)− J(u∗)) + J(u∗).
Hence,

0 ≤ (J ′(u∗), w − u∗) = lim
λ↓0

J(u∗ + λ(w − u∗))− J(u∗)
λ

≤ J(w) − J(u∗).

Since (J ′(u∗), w − u∗) = (A(u∗) − f, w − u∗) and w ∈ KΦ ∩K(Φ(u∗)) was arbitrary,
the second claim is proved.

We note that for specific versions of the QVI such as for problems of finding Nash
points in n-person games, there is a more direct characterization of the equivalence
between solutions to a minimization problem of type (P) and the QVI associated
with it; see, for example, [8] or [10]. The reason for this relies on both the type of
functionals being minimized and the structure of the convex sets that determine the
constraints.

3. Penalty formulation. Problem (P) poses several numerical and theoretical
difficulties due to the constraint set K(Φ(·)) : W → 2W . Most of these arise because
of the nonlinearity of Φ, or more specifically because u �→ Φ(u) may be nonsmooth
and nonconcave (for example, in problems arising in superconductivity, operators
of the form Φ(u)(x) := α(1 + β|u(x) − h(x)|)−1 for some function h and α, β > 0
are common). We approach this challenge by considering a sequence of penalized
versions of problem (P). The latter problems are important for Algorithm 1 and its
convergence analysis and more specifically for step 2 of Algorithm 2. Moreover, a
special version of these penalized problems is utilized in section 5 and subsequently
in section 6 for the numerical solution of (PQVI).

A similar technique was recently used in PDE-constrained optimization [24] and
for solving VIs of the first kind [18].

In this section we assume that Φ : C ⊂ W → L∞
ν (Ω) is completely continuous

(i.e., Φ maps weakly convergent sequences in W into strongly convergent ones in
L∞(Ω)) and that A : W → W ′ satisfies H1, H4, H5, H6, and H7 (although H1
may be relaxed by assuming only monotonicity of A and H3).

For γ ≥ 0, consider the penalized version of (P) given by

min Jγ(u) := J(u) + γJP(u) over u ∈ C ⊂W(Pγ)
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1230 MICHAEL HINTERMÜLLER AND CARLOS N. RAUTENBERG

with

J(u) :=
1

β + 1
(A(u), u)− (f, u) and JP(u) :=

1

2
|(|∇u| − Φ(u))+|2L2(Ω),

where (·)+ denotes max(0, ·) in the pointwise sense.
Theorem 3.1. For each γ ≥ 0, the problem (Pγ) admits at least one globally

optimal solution.
Proof. Step 1: Existence of a weakly convergent infimizing sequence. Let {un} ⊂

C be an infimizing sequence of Jγ in W , i.e., limn→∞ Jγ(un) = infu∈C Jγ(u). Note
that 0 ∈ C and that Jγ(0) = 0. For some N ∈ N and all n ≥ N we have that

1 = 1 + Jγ(0) ≥ Jγ(un) ≥ J(un) ≥
(

1

β + 1

(A(un), un)

|un|W − |f |W∗

)
|un|W ,

and hence {un} ⊂ C is bounded in W ; otherwise, (A(un),un)
|un|W → ∞ for some subse-

quence of {un} (because of the coercivity hypothesis in H3). Since C is convex and
closed, {un} is uniformly bounded, and sinceW is reflexive, there exist a subsequence
of {un} (also denoted by {un}) and u∗ ∈ C ⊂W such that un ⇀ u∗ in W .

Step 2: Weak lower semicontinuity of u �→ JP(u). Since un ⇀ u∗ in W =
W 1,p

0 (Ω), we have ∇un ⇀ ∇u∗ in Lp(Ω) and Φ(un) → Φ(u∗) in L∞(Ω) because
Φ : C ⊂W → L∞

ν (Ω) is completely continuous.
Consider g : Rl×R → R defined as g(s, t) = 1

2 ((|s|−t)+)2 which satisfies that s �→
g(s, t) is a convex function. Note that we may write JP as JP(u) =

∫
Ω g(∇u,Φ(u))dx.

Let

g(zn, wn)(x) =
1

2

(
(|zn(x)| − wn(x))

+
)2

for all x ∈ Ω, where the sequences {zn} and {wn} satisfy zn ⇀ z∗ in Lp(Ω) and
wn → w∗ in L∞(Ω).

If zn → z∗ in Lp(Ω), then there exist subsequences of {zn} and {wn} (also denoted
by {zn} and {wn}) which converge a.e. in Ω to z∗ and w∗. This in turn implies that
g(zn, wn) converges to g(z

∗, w∗) a.e. in Ω, and then by Fatou’s lemma,

(3.1) lim inf
n→∞

∫
Ω

g(zn, wn) dx ≥
∫
Ω

g(z∗, w∗) dx.

Consider the case where zn does not converge strongly (but weakly) to z∗ in
Lp(Ω). Let M := lim infn→∞

∫
Ω
g(zn, wn) dx. Then there exist subsequences of {zn}

and {wn} (denoted by {zni} and {wni}) such that limi→∞
∫
Ω g(zni , wni) dx =M .

Suppose that h1 and h2 belong to L2(Ω); then it follows that∣∣|h+1 |L2(Ω) − |h+2 |L2(Ω)

∣∣ ≤ |h+1 − h+2 |L2(Ω) ≤ |h1 − h2|L2(Ω),

and hence∣∣∣∣∣
(∫

Ω

g(zni , w
∗) dx

)1/2

−
(∫

Ω

g(zni , wni) dx

)1/2∣∣∣∣∣ ≤
(∫

Ω

|w∗ − wni |2 dx
)1/2

≤ |w∗ − wni |L∞(Ω)|Ω|1/2.
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Then limi→∞
∫
Ω
g(zni , w

∗) dx = M because wn → w∗ in L∞(Ω) by assumption.
Therefore, for each ε > 0, there is an index iε such that for all i ≥ iε it holds that∫

Ω

g(zni, w
∗) dx ≤M + ε.

Suppose ε > 0 is fixed. Since zn ⇀ z∗ in Lp(Ω), then by Mazur’s lemma, there exists
a sequence {ηr}∞r=1 ⊂ co {zni}∞i=iε

such that ηr → z∗ in Lp(Ω), and for each r ∈ N

there is an R(r) ∈ N such that

ηr =

R(r)∑
i=iε

αr
i zni ,

with
∑R(r)

i=iε
αr
i = 1 and αr

i ≥ 0 for all iε ≤ i ≤ R(r) and all r ∈ N. Here “co” denotes
the convex hull. Since s �→ g(s, t) is convex, we observe that

∫
Ω

g(ηr, w
∗) dx ≤

R(r)∑
i=iε

αr
i

∫
Ω

g(zni , w
∗) dx ≤M + ε.

By (3.1) and since ηr → z∗, we know that
∫
Ω
g(z∗, w∗)dx ≤ lim infn→∞

∫
Ω
g(ηr, w

∗)dx,
and by the definition of M we have M = lim infn→∞

∫
Ω g(zn, wn) dx, i.e.,∫

Ω

g(z∗, w∗) dx ≤ lim inf
n→∞

∫
Ω

g(zn, wn) dx+ ε.

Since ε > 0 was arbitrary, we conclude
∫
Ω g(z

∗, w∗) dx ≤ lim infn→∞
∫
Ω g(zn, wn) dx.

Let zn = ∇un and wn = Φ(un), and hence∫
Ω

g(∇u∗,Φ(u∗)) dx ≤ lim inf
n→∞

∫
Ω

g(∇un,Φ(un)) dx.

This shows that JP is weakly lower semicontinuous on C ⊂W =W 1,p
0 (Ω).

Step 3: Weak lower semicontinuity of u �→ J(u). Since A is monotone, ho-
mogeneous, hemicontinuous, and of potential type (hypotheses H1, H4, H5, and
H6), its potential a : W → R is given by a(u) = (A(u), u)/(β + 1) (see (2.1)). Its
Gâteaux derivative a′ = A is monotone, and then a is convex. Also, A is monotone
and hemicontinuous, and W is a real Banach space; therefore A is demicontinu-
ous. (A map A : X → X∗, where X is a Banach space, is called demicontinuous
when A(un) → A(u) in the weak-star topology whenever un → u as n → ∞. In
our case, X = W is reflexive, and hence the weak-star convergence is replaced by
weak convergence, that is, A(un) ⇀ A(u) whenever un → u as n → ∞. See, for
example, [46].) Finally, since W is reflexive, if un → u, then A(un) ⇀ A(u) and
(A(un), un) → (A(u), u), i.e., u �→ a(u) = (A(u), u)/(β + 1) is continuous. We have
that a is convex and continuous, and consequently it is weakly lower semicontinuous
(see [46] for a proof). Therefore, J(u) = (A(u), u)/(β + 1) − (f, u) is weakly lower
semicontinuous, and hence Jγ = J + γJP is weakly lower semicontinuous as well.
Finally, infu∈C Jγ(u) = limn→∞ Jγ(un) ≥ Jγ(u

∗), which implies that u∗ is a global
minimizer of Jγ on C ⊂W .

Remark. Note that the previous theorem also addresses the situation in which
Φ is a constant operator, that is, Φ(u) = ϕ ∈ L∞

ν (Ω) for all u ∈ C ⊂ W . In this
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case, the existence of minimizers is obtained directly by observing the convexity of
the functional Jγ . This same argument simplifies the previous proof in the case when
Φ is concave (and then −Φ is convex).

Let uγ denote a solution of problem (Pγ). When Φ :W → L∞
ν (Ω) is differentiable

(we assume here that C = W ), the optimality system (similarly obtained as in [24])
for this problem is given by

γ
(
(|∇uγ | − Φ(uγ))

+, (qγ∇− Φ′(uγ))v
)
L2(Ω),L2(Ω)

= (f, v)− (A(uγ), v),

qγ(x) ∈
⎧⎨
⎩

∇uγ

|∇uγ | (x) if |∇uγ(x)| > 0,

B̄1(0)
l otherwise

∀v ∈W,

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(OSγ)

where B̄1(0)
l denotes the closed unit ball in Rl. Therefore, in the case of Φ(u) = ϕ ∈

L∞
ν (Ω) for all u ∈W , we have Φ′(u) = 0, and the first equation of (OSγ) reduces to

γ
(
(|∇uγ | − ϕ)+, qγ∇v

)
L2(Ω),L2(Ω)

= (f, v) − (A(uγ), v).

The next theorem shows the asymptotic properties of the penalized problem (Pγ).
Theorem 3.2. For each γ ≥ 0, let uγ ∈ C ⊂W denote a solution to the problem

(Pγ). Then, for each sequence {γn} of positive values tending to infinity, there is a
subsequence {γnk

} for which uγnk
→ ū in W as k → ∞, where ū ∈ C is a solution to

problem (P).
Proof. Note that 0 ∈ C and Jγ(0) = 0. Since A satisfies the coercivity condition

in H3, we observe that

0 = Jγ(0) ≥ Jγn(uγn) ≥
(

1

β + 1

(A(uγn), uγn)

|uγn |W
− |f |W∗

)
|uγn |W ,

and then {uγn} is uniformly bounded in W . Since C is convex and closed, W is a
reflexive Banach space, and {uγn} is uniformly bounded, there is a subsequence of
{uγn} (also denoted by {uγn}) such that uγn ⇀ ū in W when γn → ∞ for some
ū ∈ C.

Since 0 = Jγn(0) ≥ Jγn(uγn) for all γn, it follows that γnJ
P(uγn) is uniformly

bounded for all γn. Then, J
P(uγn) = |(|∇uγn |−Φ(uγn))

+|2L2(Ω) → 0 as γn → ∞. From

uγn ⇀ ū in W as γn → ∞, we observe that 0 = lim infn→∞ JP(uγn) ≥ JP(ū) ≥ 0 due
to the weak lower semicontinuity of JP (see the proof of Theorem 3.1). Therefore,
JP(ū) = 0, which implies |∇ū(x)| ≤ Φ(ū)(x) for almost all x ∈ Ω, i.e.,

ū ∈ K(Φ(ū)).

Let ũ ∈ C ⊂ W with ũ ∈ K(Φ(ũ)) be a solution to problem (P). Then, J(ũ) ≤ J(ū)
and Jγn(uγn) ≤ Jγn(ũ). Therefore, since J is weakly lower semicontinuous,

J(ū) ≤ lim inf
n→∞ J(uγn) ≤ lim inf

n→∞ Jγn(uγn) ≤ lim sup
n→∞

Jγn(uγn) ≤ lim sup
n→∞

Jγn(ũ) = J(ũ),

which implies that J(ū) = J(ũ) and limn→∞ Jγn(uγn) = J(ū). Thus, ū ∈ C is a
global solution to problem (P).
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Without loss of generality, suppose that γn+1 ≥ γn for all n ∈ N. Then, it is
elementary to check that Jγn+1(uγn+1) ≥ Jγn(uγn) and J(ū) ≥ Jγn(uγn) by

Jγn+1(uγn+1) = J(uγn+1) + γn+1J
P(uγn+1) ≥ J(uγn+1) + γnJ

P(uγn+1) ≥ Jγn(uγn),

and J(ū) = Jγn(ū) ≥ Jγn(uγn). Hence, by standard optimization techniques for
penalty functions (see, for example, [34, proof of Lemma 1, Section 10.11]) we ob-
serve that γnJ

P(uγn) → 0 as n→ ∞. From limn→∞ Jγn(uγn) = J(ū) and Jγn(uγn) =
J(uγn)+γnJ

P(uγn), we have that limn→∞ J(uγn) = J(ū). Note that J(u) = (A(u), u)/
(β + 1)− (f, u) and (f, uγn) → (f, ū) as n→ ∞; hence

(3.2) lim
n→∞(A(uγn), uγn) = (A(ū), ū).

Since uγn ⇀ ū ∈ C in W = W 1,p
0 (Ω), then ∇uγn ⇀ ∇ū in Lp(Ω)l, and also

uγn → ū in Lp(Ω) by the Rellich–Kondrakov theorem, which states that if Ω is a

bounded domain of Rl, then the canonical embedding W 1,p
0 (Ω) ↪→ Lp(Ω) is compact

(see, for example, [6]). Also, since uγn ⇀ ū and (A(uγn), uγn) → (A(ū), ū) as n→ ∞,
then by H7 this implies that |∇un|Lp(Ω)l → |∇u|Lp(Ω)l as n → ∞. This latter fact,

together with ∇uγn ⇀ ∇ū in Lp(Ω), implies that ∇uγn → ∇ū in Lp(Ω)l, because of
the locally uniform convexity of Lp(Ω)l for 1 < p < ∞. Therefore, uγn → ū ∈ C in

W =W 1,p
0 (Ω).

Remark. In the case of Φ(u) = ϕ ∈ L∞
ν (Ω) for all u ∈ C = W and using the

notation of the previous theorem, we have that uγnk
solves (Pγnk

), and its strong limit
limk→∞ uγnk

= ū in turn solves (P), which also solves (PQVI). For the case when C is
a proper subset of W and Φ is nonconstant and completely continuous, we have that
the strong limit of solutions of (Pγnk

), limk→∞ uγnk
= ū, solves (P). Moreover, if Φ

is concave, then ū satisfies

u ∈ (KΦ ∩K(Φ(u))
)
: (A(u)− f, v − u) ≥ 0 ∀v ∈ (KΦ ∩K(Φ(u))

)
;

cf. Proposition 2.1. This is a weaker result than saying that u∗ solves (PQVI); however,
the following section (specifically Theorem 4.5) defines an iteration to approximate
solutions to (PQVI), where each of the involved subproblems is a problem of type (P).

4. Fixed-point-type iteration. Suppose ϕ ∈ L∞
ν (Ω), f ∈ W ′, and that A :

W → W ′ satisfies hypotheses H1, H2, and H8. Let S(A, f, ϕ) denote the unique
solution (see [46] for a proof of uniqueness) to

(4.1) find u ∈ K(ϕ) : (A(u)− f, v − u) ≥ 0 ∀v ∈ K(ϕ),

where K(ϕ) = {v ∈ W : |∇v(x)| ≤ ϕ(x) a.e. on x ∈ Ω}. Using this notation, a
solution to problem (PQVI) is given by u = S(A, f,Φ(u)). Therefore, for a fixed
f ∈ W ′, Φ : C ⊂ W → L∞

ν (Ω), and A : W → W ′, solutions to problem (PQVI) are
given by fixed points of the mapping u �→ S(A, f,Φ(u)) on C ⊂ W . The purpose
of this section is to study the iteration un = S(An, fn,Φn(un−1)), with n ∈ N and
u0 ∈ C ⊂W given, for some sequences of monotone operators {An} and of completely
continuous mappings {Φn} (with the same domain C ⊂ W ) and {fn} ⊂ W ′. For
analytical purposes, the continuity properties of the map (A, f, ϕ) �→ S(A, f, ϕ) are
studied first.

The following result establishes continuity (in some sense) of solutions (A, f, ϕ) �→
S(A, f, ϕ). For the proof we use an argument from [42, 43] and extend the result to
our type of nonlinear monotone operators.
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Lemma 4.1. Let fi ∈ W ′ with |fi|W ′ ≤ cf (for some constant cf > 0) and
ϕi ∈ L∞

ν (Ω) for i = 1, 2. Assume that A1, A2 : W → W ′ satisfy H1 (with the same
constants c > 0 and r > 1), H2, and H8 (with the same r′ > 0 such that r′ < r
and the same function F ). Define ui := S(Ai, fi, ϕi) for i = 1, 2. Then there are
constants CA, Cf , and Cϕ (depending only on cf ) such that

|u1 − u2|rW ≤ CAδR(A2, A1) + Cf |f1 − f2|W ′ + Cϕ|ϕ1 − ϕ2|L∞(Ω),

where δR(A2, A1) := supv∈B̄R(0) |A2(v)−A1(v)|W ′ and B̄R(0) = {v ∈W : |v|W ≤ R}
with R := (cf/c)

1
r−1 .

Proof. Define α := 1 +
|ϕ1−ϕ2|L∞(Ω)

ν , and notice that ϕ1(x)
α ≤ ϕ2(x) and

ϕ2(x)
α ≤

ϕ1(x) (recall that ϕi(x) ≥ ν > 0, since ϕi ∈ L∞
ν (Ω) for i = 1, 2). Then, set v1 := u1

α
and v2 := u2

α , which satisfy v1 ∈ K(ϕ2) and v2 ∈ K(ϕ1) because of

|∇vi(x)| ≤ α−1|∇ui(x)| ≤ α−1ϕi(x) ≤ ϕj(x)

for (i, j) = (1, 2), (2, 1).
Using v2 in (4.1), with A = A1, f = f1, and u = u1, we observe that(

A1(u1), u2 − u1
) ≥ (f1, u2 − u1

)
+
(
1− α−1

) (
A1(u1)− f1, u2

)
,

and analogously, replacing v1 in (4.1) with A = A2, f = f2, and u = u2, we obtain
the same inequality with “1” and “2” interchanged. Adding both inequalities and
multiplying by −1, we have that(

A2(u2)−A1(u1), u2 − u1
)

≤ −(f1 − f2, u2 − u1
)
+
(
α−1 − 1

) ((
A1(u1)− f1, u2

)
+
(
A2(u2)− f2, u1

))
or, equivalently,

(
A2(u2)−A2(u1), u2 − u1

) ≤ −(A2(u1)−A1(u1) + f1 − f2, u2 − u1
)(4.2)

+
(
α−1 − 1

) ((
A1(u1)− f1, u2

)
+
(
A2(u2)− f2, u1

))
= I + II.

We start by bounding I. Using v = 0 in (4.1) and the uniform monotonicity (with
the same c > 0 and r > 1 for i = 1, 2) of the operators Ai, we have |ui|W ≤
(|fi|W ′/c)

1
r−1 ≤ (cf/c)

1
r−1 =: R for i = 1, 2. Also, |I| ≤ (|A2(u1)−A1(u1)|W ′ + |f1 −

f2|W ′)|u2 − u1|W , and hence

|I| ≤ D1 (δR(A2, A1) + |f1 − f2|W ′),

with D1 = 2R and B̄R(0) = {v ∈W : |v|W ≤ R}.
We now turn our attention to II. The boundedness condition H8 for Ai implies

that

|(A1(u1)− f1, u2
)
+
(
A2(u2)− f2, u1

)| ≤ D2,

where D2 := 2(Rr′F (R) + cfR). Further, by the definition of α,
∣∣ 1
α − 1

∣∣ ≤ 1
ν |ϕ1 −

ϕ2|L∞(Ω), and then

|II| ≤ (D2/ν)|ϕ1 − ϕ2|L∞(Ω).
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Therefore, from (4.2), we have that(
A2(u2)−A2(u1), u2 − u1

) ≤ D1 (δR(A2, A1) + |f1 − f2|W ′) + (D2/ν)|ϕ1 − ϕ2|L∞(Ω).

Finally, the uniform monotonicity of A2 (hypothesis H1) implies that

|u1 − u2|rW ≤ (D1/c) (δR(A2, A1) + |f1 − f2|W ′) + (D2/νc)|ϕ1 − ϕ2|L∞(Ω).

Since D1 and D2 depend only on cf , the claim is proved.
Remark 1. The result in Lemma 4.1 guarantees the continuity of the solution

mapping (f, ϕ) �→ S(A, f, ϕ) for a fixed A, but it does not guarantee Lipschitz con-
tinuity (which would be desirable later for the convergence of our numerical scheme)
with respect to either of the variables (f, ϕ). Under certain hypotheses, it can be
proven that f �→ S(A, f, ϕ) is Lipschitz continuous (see [43] or [41]) when r = 2 in
H1. Conditions for obtaining Lipschitz continuity (and the contraction property) of
the map ϕ �→ S(A, f, ϕ) are given in Theorem B.1. Suppose that X and Y are Banach
spaces, and that CX ⊂ X is closed and convex. Consider the (generally nonlinear)
map Φ : CX ⊂ X → Y . We say that Φ is bounded if it maps bounded sets in CX

into bounded sets in Y . If it maps bounded sets in CX into sets with compact closure
in Y , then it is said that Φ is compact. Finally, if for every sequence {un} such that
un ⇀ u∗ in X we have Φ(un) → Φ(u∗), we say that Φ is completely continuous. Since
Φ is allowed to be nonlinear, if X and Y are reflexive, and Φ is completely continuous,
then it is compact, but the converse is not true in general. (For a counterexample
consider X = Y = L2(I) with I = (0, 1), Φ(u) =

∫
I |u(t)|2 dt. Then Φ is clearly

compact because its range is one dimensional. Let un(t) = sin(πnt). Then un ⇀ 0 in
X but Φ(un) = 1/2 �= 0 = Φ(0).) For convergence purposes, it is useful to define the
following.

Definition 4.2. Suppose X and Y are Banach spaces. Let Φ,Φn : CX ⊂ X → Y
for n ∈ N, where CX is closed. We say that the sequence {Φn} is continuously

convergent to Φ (denoted as Φn
c−→ Φ) if the following holds:

(a) For any bounded sequence {un} ⊂ CX , the sequence {Φn(un)} ⊂ Y has a
strongly convergent subsequence in Y .

(b) If {un} ⊂ CX and un → u∗ in X, then Φn(un) → Φ(u∗) in Y as n→ ∞.
If Φn = Φ for all n ∈ N, Definition 4.2 is equivalent to requiring that Φ be

continuous and compact. However, in general, Definition 4.2 does not require Φn, for
n ∈ N, to be continuous or compact: Let X be an infinite dimensional Banach space
and CX = X = Y . Consider Φn(u) = (step(1 − |u|X)/n)u, where step(t) = 1 if t ≥ 0

and zero otherwise. It is straightforward to observe that Φn
c−→ 0 and Φn is not

continuous or compact for n ∈ N.
In general, if Φn

c−→ Φ, then Φ is continuous. In fact, condition (b) of Definition
4.2 is sufficient for this (see, for example, [4, 3]).

It is not clear whether Φn
c−→ Φ implies that Φ is compact. However, if condition

(a) of Definition 4.2 is strengthened by requiring that the set of cluster points for any
subsequence of {Φn(un)} ⊂ Y (when {un} ⊂ C is bounded) be nonempty, then this
implies that Φ is compact. In this case, the set of all cluster points of {Φn(un)} ⊂ Y ,
for all bounded sequences {un} ⊂ CX , is compact (see [45] for a proof). Since the
latter set contains Φ(B) for any bounded B ⊂ CX (because of condition (b)), Φ is
compact.

Sufficient conditions for satisfying (a) and (b) in Definition 4.2 are well known
from the theory of collectively compact sets of operators (see [2]). For example, if
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1236 MICHAEL HINTERMÜLLER AND CARLOS N. RAUTENBERG

{Φn} is collectively compact (i.e., ∪∞
n=1Φn(B) is compact in Y for any bounded set

B ⊂ CX), uniformly equicontinuous (i.e., for each ε > 0, there is a δ(ε) > 0 such
that |Φn(u) − Φn(v)|Y < ε for n ∈ N if |u − v|X < δ(ε) with u, v ∈ CX) and Φ
lies in the pointwise closure of {Φn} (i.e., for any u ∈ CX , Φn(u) → Φ(u)), then
conditions (a) and (b) in Definition 4.2 are satisfied. In this case, Φ is compact since
the strengthened condition (a), described in the previous paragraph, is met.

Definition 4.3. Let A,An :W →W ′ for n ∈ N. We say that {An} is uniformly

convergent to A :W →W ′ (denoted as An
u−→ A) if the following hold:

(a) All An satisfy H1 (with the same c > 0 and same r > 1), H2, and H8 (with
the same r′ > 0 such that r′ < r and the same F ).

(b) For each fixed R > 0,

lim
n→∞ sup

v∈B̄R(0)

|An(v)−A(v)|W ′ = 0.

If An
u−→ A as n → ∞, then A satisfies H1, H2, and H8 (with the same

parameters c, r, r′, and F , as all An). If each An is a linear continuous operator,
condition (b) of Definition 4.3 is equivalent to requiring that A ∈ L (W,W ′) (the
space of bounded linear operators from W to W ′) and limn→∞ |An −A|L (W,W ′) = 0.

Definition 4.4 (hypothesis A1). Let f, fn ∈W ′, A,An :W →W ′, and Φ,Φn :
C ⊂ W → L∞

ν (Ω) for n ∈ N with C closed and convex. We say that the sequence
un = S(An, fn,Φn(un−1)) with n ∈ N and u0 ∈ C satisfies hypothesis A1 if

Liminfn→∞S (An, fn,Φn (co{un}∗)) ⊂ co S (A, f,Φ ({un}∗)),

where Liminf denotes the lower limit in the sense of Kuratowski, {un}∗ denotes the set
of cluster points of the sequence {un}, i.e., {un}∗ := {u ∈ W 1,p

0 (Ω) : un → u for n ∈
N′ ⊂ N}, and co{un}∗ denotes the closed convex hull of {un}∗.

We recall that if {Mn} is a sequence of subsets of a Banach space X , then
Liminfn→∞Mn := {x ∈ X : limn→∞ d(x,Mn) = 0}, where d(x,Mn) = infy∈Mn |x −
y|X (see [7]).

Hypothesis A1 is simple to verify in certain situations, e.g., when {un}∗ is a
singleton and S (An, fn,Φn(v)) → S(A, f,Φ(v)) as n → ∞ for all v ∈ C. Although
we will prove in Theorem 4.5 that the second condition always holds when fn → f in
W ′, An

u−→ A, and Φn
c−→ Φ, as n→ ∞, in order to prove that {un}∗ is a singleton,

other assumptions are required. For example, consider that An = A, fn = f , Φn = Φ
for all n ∈ N. Suppose that for some closed, convex subset M ⊂W 1,p

0 (Ω), we observe
that S(A, f,Φ(·)) : M → M and that u �→ S(A, f,Φ(u)) is contractive on M ; that
is, there is a 0 < α < 1 such that |S(A, f,Φ(u1)) − S(A, f,Φ(u2))|W ≤ α|u1 − u2|W
for all u1, u2 ∈ M . Therefore, by Banach’s contraction principle, the sequence un =
S(A, f,Φ(un−1)) for n ∈ N and u0 ∈M satisfies {un}∗ = {u∗} (a singleton). For the
sake of completeness, in Appendix B we give conditions for u �→ S(A, f,Φ(u)) to be
contractive.

The following constitutes our main result. It proves the existence of solutions to
(PQVI) and shows how to approach them by a sequence of solutions to VIs.

Theorem 4.5. Let f, fn ∈ W ′, A,An : W → W ′, and Φ,Φn : C ⊂W → L∞
ν (Ω)

for n ∈ N with C closed and convex such that C ⊃ B̄R(0) with R =
supn∈N(|fn|W ′/c)1/(r−1) (where r > 1 and c > 0 are as in Definition 4.3). Sup-
pose that fn is strongly convergent to f ∈ W ′, Φn is continuously convergent to a
compact Φ (Definition 4.2), and that An is uniformly convergent to A (Definition
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QVIs WITH GRADIENT CONSTRAINTS 1237

4.3), i.e.,

An
u−→ A, Φn

c−→ Φ, and fn → f in W ′,

as n → ∞. Consider u0 ∈ C and the sequence {un}∞n=0 defined as
un = S(An, fn,Φn(un−1)); i.e., un ∈W is the unique solution to

(4.3) find u ∈ K(Φn(un−1)) : (An(u)− fn, v − u) ≥ 0 ∀v ∈ K(Φn(un−1)).

Suppose that {un} satisfies hypothesis A1.
Then, there is a u∗ ∈ co{un}∗, where u∗ = S(A, f,Φ(u∗)); i.e., u∗ solves

find u ∈ K(Φ(u)) : (A(u)− f, v − u) ≥ 0 ∀v ∈ K(Φ(u)).

If {un}∗ = {u∗} (a singleton), un → u∗ in W (along a subsequence ), where u∗ =
S(A, f,Φ(u∗)).

Proof. Step 1: The set {un}∗ is not empty. Using v = 0 in the VI given in
(4.3) and because the operators An satisfy hypothesis H1 (with uniform c and r for

all n ∈ N), we have |un|W ≤ (|fn|W ′/c)
1

r−1 . Then, the sequence {Φn(un−1)} is well

defined, because {un} ⊂ B̄R(0) ⊂ C with R = supn∈N(|fn|W ′/c)
1

r−1 . Since Φn
c−→ Φ,

condition (a) in Definition 4.2 implies that Φn(un−1) → y in L∞(Ω) for some y when
n ∈ N′ ⊂ N . Lemma 4.1 states that
(4.4)
|un − um|rW ≤ CAδR(An, Am) + Cf |fn − fm|W ′ + Cϕ|Φn(un−1)− Φm(um−1)|L∞(Ω).

We know that {Φn(un−1)} with n ∈ N′ ⊂ N is a Cauchy sequence in L∞(Ω) and

An
u−→ A implies δR(An, Am) → 0, as m,n → ∞. Also, we have that fn → f in

W ′. Therefore {un} with n ∈ N′ ⊂ N is a Cauchy sequence in W and has a strong
limit. Thus, un → u∗ for n ∈ N′ ⊂ N in W for some u∗ ⊂ W , and since un ∈ C for
n ∈ N′ ⊂ N, then u∗ ∈ C. Hence, {un}∗ is not empty.

Step 2: If wn → w∗ in W , then S(An, fn,Φn(wn)) → S(A, f,Φ(w∗)) in W as
n → ∞. Let yn := S(An, fn,Φn(wn)). We know that Φn(wn) → Φ(w∗) in L∞(Ω)
(because of condition (b) in Definition 4.2). Then, by Lemma 4.1, we observe that
{yn} is a Cauchy sequence in W , and then yn → y∗ in W , for some y∗ ∈ W as
n → ∞. The strong convergence (in W = W 1,p

0 (Ω)) of yn to y∗ implies the strong
convergence of ∇yn to ∇y∗ in Lp(Ω)l. For a subsequence of {yn} (denoted also by
{yn}), ∇yn(x) → ∇y∗(x) for almost all x ∈ Ω. Hence, |∇yn(x)| ≤ Φn(wn(x)) a.e.
(because yn = S(An, fn,Φn(wn))) implies that |∇y∗(x)| ≤ Φ(w∗(x)) for almost all
x ∈ Ω, i.e., y∗ ∈ K(Φ(w∗)).

Step 2.1: For arbitrary v ∈ K(Φ(w∗)), there is a sequence {vk} such that vk ∈
K(Φnk

(wnk
)) with k = 1, 2, . . . for some subsequence {wnk

} of {wn} and vk → v in
W . Since Φ(w∗),Φn(wn) ∈ L∞

ν (Ω), we have that Φ(w∗)(x) ≥ ν and Φn(wn)(x) ≥ ν
for almost all x ∈ Ω and for all n = 1, 2, . . .. Also, Φn(wn) → Φ(w∗) in L∞(Ω).
Therefore we next show that for any η ∈ (0, 1) there is an N(η) such that

0 ≤ ηΦ(w∗)(x) ≤ Φn(wn)(x)

for almost all x ∈ Ω and for all n ≥ N(η). Indeed, let η ∈ (0, 1) be arbitrary and
Ωn := {x ∈ Ω : ηΦ(w∗)(x) > Φn(wn)(x)}. Then, for almost all x ∈ Ωn, we observe
that

|Φ(w∗)−Φn(wn)|L∞(Ω) ≥ Φ(w∗)(x)−Φn(wn)(x) > (1− η)Φ(w∗)(x) ≥ (1− η)ν > 0.
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1238 MICHAEL HINTERMÜLLER AND CARLOS N. RAUTENBERG

But |Φ(w∗) − Φn(wn)|L∞(Ω) → 0, and hence for some large enough N(η), we have
that |Ωn| = 0 for all n ≥ N(η).

Now, let {ηn} be a monotonically increasing sequence in (0, 1) such that
limn→∞ ηn = 1, and let v ∈ K(Φ(w∗)) be arbitrary. Hence, the sequence {vn}
with vn = ηnv belongs to K(ΦN(ηn)(wN(ηn))), i.e.,

|∇vn(x)| = |ηn∇v(x)| ≤ ηnΦ(w
∗)(x) ≤ ΦN(ηn)(wN(ηn))(x)

for almost all x ∈ Ω. Also, we have |v − vn|W = (1− ηn)|v|W , i.e., vn → v in W .

Step 2.2: y∗ = S(A, f,Φ(w∗)). The operator A is monotone and hemicontinuous,
and W is a real Banach space. Therefore A is demicontinuous (for a proof, see [46]);
i.e., from yn → y∗ in W , we infer that A(yn) ⇀ A(y∗) in W ′. Since An(yn) =
(An(yn)−A(yn)) +A(yn), and |An(yn)− A(yn)|W ′ ≤ δR(An, A) → 0 as n → ∞, we
have that An(yn)⇀ A(y∗) in W ′.

Finally, we have that
(
AN(ηn)(yN(ηn))− fN(ηn)

)
⇀ (A(y∗)− f) in W ′ and(

vn − yN(ηn)

)→ (v − y∗) in W , and hence

(AN(ηn)(yN(ηn))− fN(ηn), vn − yN(ηn)) −→ (A(y∗)− f, v − y∗),

as n→ ∞. Since (A(yN(ηn))−fN(ηn), vn−yN(ηn)) ≥ 0 and v ∈ K(Φ(w∗)) is arbitrary,
we observe that

(A(y∗)− f, v − y∗) ≥ 0

for all v ∈ K(Φ(w∗)), i.e., y∗ is identical to S(A, f,Φ(w∗)), which implies that
S(An, fn,Φn(wn)) → S(A, f,Φ(w∗)) in W if wn → w∗ in W , as n→ ∞.

Step 3: There is a u∗ ∈ co{un}∗ such that u∗ = S(A, f,Φ(u∗)). Let ū ∈ {un}∗
be arbitrary. Then, unj → ū as j → ∞ (for some subsequence {unj} of {un}), and
hence unj+1 = S(Anj+1, fnj+1,Φnj+1(unj )) → S(A, f,Φ(ū)) = ũ ∈ {un}∗ as j → ∞.
Therefore, S (f,A,Φ ({un}∗)) ⊂ {un}∗, and this implies that co S (f,A,Φ ({un}∗)) ⊂
co{un}∗.

Since the sequence un = S(An, fn,Φn(un−1)) for n ∈ N and u0 ∈ C satisfies hy-
pothesis A1, we have that Liminfn→∞S (An, fn,Φn (co{un}∗)) ⊂ coS (A, f,Φ ({un}∗)) .
Also, for a fixed û ∈ co{un}∗, we have that S(An, fn,Φn(û)) → S(A, f,Φ(û)). There-
fore, S (A, f,Φ (co{un}∗)) ⊂ Liminfn→∞S (An, fn,Φn (co{un}∗)). This implies that

S (A, f,Φ (co{un}∗)) ⊂ co S (A, f,Φ ({un}∗)) ⊂ co{un}∗,

i.e., S (A, f,Φ (·)) : co{un}∗ → co{un}∗. Since ϕ �→ S(A, f, ϕ) is continuous (Lemma

4.1), and u �→ Φ(u) is continuous (because Φn
c−→ Φ) and compact, then u �→

S(A, f,Φ(u)) is continuous and compact, and since co{un}∗ is closed, bounded, and
convex, by Schauder’s fixed-point theorem, there is a u∗ ∈ co{un}∗ such that u∗ =
S(A, f,Φ(u∗)).

If {un}∗ is a singleton, then co{un}∗ = {un}∗ and {u∗} = {un}∗; i.e., there is a
subsequence of {un} that converges strongly to u∗.

Remark. The previous theorem is a type of abstract stability result. These are
(usually) obtained with the aid of the Mosco convergence of the sets K(Φn(un−1)) to
K(Φ(u∗)) and the continuity of the operator A :W →W ′ (see [41]). Neither of these
hypotheses is used to prove the previous theorem.
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5. Algorithm. Although the method described in this section works for a gen-
eral operator satisfying the hypotheses of Theorem 4.5, from now on we assume
that A = Δp, as the p-Laplacian is related to interesting applications such as (for
example) the magnetization of a superconductor (see [31]). Also, we assume that
Φ : C ⊂ W → L∞

ν (Ω) is continuous and compact and C = W . The algorithmic
approach we pursue in order to solve problem (PQVI) consists of solving a sequence of
problems with a fixed upper bound, i.e., a sequence of problems (PQVI) with constraint
sets K(ϕn) for some sequence {ϕn} ⊂ L∞

ν (Ω).

When Φ determines a QVI problem (i.e., when Φ is not constant), then we consider
the sequence of solutions {un}∞n=0 defined as un := S(Δp, f,Φ(un−1)) and u0 ∈ W
given. Thus, un solves

(5.1) find u ∈ K(Φ(un−1)) : (Δp(u)− f, v − u) ≥ 0 ∀v ∈ K(Φ(un−1)).

Note that the problem in (5.1) is the first order necessary and sufficient condition of
the convex minimization problem

min 1
p (Δp(u), u)− (f, u) over u ∈W

subject to u ∈ K(Φ(un−1)).

}
(5.2)

We propose Algorithm 1 for the sequential minimization of the QVI under con-
sideration. The stopping criteria for our algorithm could be related to the inequality
obtained in (4.4), i.e., |un+1−un|W ≤ C(|Φ(un)−Φ(un−1)|L∞(Ω))

1/p for some C > 0.
This indicates some type of sublinear convergence. Interestingly, in our tests it turned
out that we have linear convergence, i.e., limn→∞|un+1 − un|W /|un − un−1|W < 1.

For the resolution of step 2 of Algorithm 1 (given in Algorithm 2) consider
Jγ(u, v) := J(u) + γJP(u, v) with

J(u) :=
1

p

∫
Ω

|∇u|p dx− (f, u) and JP(u, v) :=
1

2

∫
Ω

|(|∇u| − Φ(v))+|2 dx.

Algorithm 1.

Data: f ∈W ′ and Φ :W 1,p
0 (Ω) → L∞

ν (Ω) ⊂ L∞(Ω) continuous and compact.
1: Initialization. Choose u0 ∈ W arbitrary and set n = 1.
2: Solution to subproblem. Compute the solution un = S(Δp, f,Φ(un−1)) to the

VI problem (5.1).
3: Check stopping criteria. Unless suitable stopping criteria are met, set n = n+1

and return to Step 2.

Algorithm 2. (Step 2 of Algorithm 1.)

1: Initialization of γ and un,γ. Set γ0 = 0 and γ1 > 0 arbitrary. Compute
un,γ0 := argminu∈W 1,p

0 (Ω) J(u) and set i = 1.

2: Solution to un,γi. Compute un,γi := argminu∈W 1,p
0 (Ω) Jγi(u, un−1).

3: Check stopping criteria. If suitable criteria are met, un := un,γi, and go to
step 3 of Algorithm 1. Otherwise, compute γi+1 > γi as a function of {γj}ij=0 and

{un,γj}ij=0 and such that γi → ∞ as i→ ∞. Set i := i+ 1 and return to step 2.
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There are several ways of computing γi+1 in step 3 of Algorithm 2. The simplest
is to consider just γi+1 = ξγi for i ∈ N, ξ > 1, γ0 = 0, and γ1 > 0. We consider
an adaptive method to perform this iteration in section 6 since Algorithm 2 is highly
sensitive with respect to γ. However, the only requirement for {γi} is γi → ∞ as
i→ ∞.

6. Numerics. We consider the approximation of the problem (PQVI) associated
with the p-Laplace operator and always use Ω := (0, 1)× (0, 1) and p = 3.

Our finite difference approximation scheme has M2 uniformly distributed nodes
implying the mesh size h = 1/(M + 1). At a node xij = (xi, xj), with xi = ih and
xj = jh for 1 ≤ i, j ≤ M , we approximate w(xij) for w ∈ W by wij = w(xi, xj)
and denote by wh the corresponding discrete approximation of w on the given mesh.
We approximate the W -norm by |wh|pW :=

∑M
i,j=1 |(D−wh)|pijh2 with (D−wh)ij =

1
h (wij − w(i−1)j , wij − wi(j−1))

T and |(uh, vh)T|2ij = u2ij + v2ij . The discretization
of the operator Δp and the optimality conditions (OSγ) are discussed at the end
of this section. Also, whenever the pointwise evaluation of f in Ω is well defined,
(fh, wh) :=

∑M
i,j=1 fijwijh

2. This is the case when f ∈ W , for instance.

In our numerical tests, several choices of f ∈ W ′ and Φ : W → L∞
ν (Ω) are used.

In our examples f ∈W ≡W 1,p
0 (Ω), and we initialize uh0 = fh in Algorithm 1. In the

case where f is less regular, a different initialization must be used.

Before we analyze Algorithm 2, we describe the termination condition (step 3) of
Algorithm 1 in the case when Φ is not a constant operator.

6.1. The convergence of Algorithm 1. Although there is no proof that Algo-
rithm 1 has linear convergence, we observe in our test runs that the sequence {μh

n}∞n=1

defined as

μh
n :=

|uhn+1 − uhn|W
|uhn − uhn−1|W

satisfies lim
n→∞μh

n =: μh < 1.

This implies that {uhn}∞n=1 is a Cauchy sequence with a limit ūh and that

|ūh − uhn|W ≤
⎛
⎝T ({μh

n}∞n=n+1)
n∏

j=1

μh
j

⎞
⎠ |uh1 − uh0 |W ,

with T ({μh
n}∞n=n+1) := 1 +

∑∞
k=2

∏n−1+k
j=n+1 μ

h
j . If there is δ ∈ (0, 1) such μh

n < δ for all

n ∈ N, then T ({μh
n}∞n=1)

∏n
j=1 μ

h
j ≤ δn/(1 − δ). Since T ({μh

n}∞n=n+1) = 1 + μh
n+1 +

μh
n+1μ

h
n+2+· · · and limμh

n = μh < 1, then T ({μh
n}∞n=n+1) ≤ 1/(1−μh

n+1) � 1/(1−μh
n)

for a sufficiently large n. Therefore, in our numerics we declare that Algorithm 1 has
converged if, for some n > n0,

maxn−n0≤r,s≤n |μh
r − μh

s | < ε1,

|uh
1−uh

0 |W
1−μh

n

∏n
j=1 μ

h
j < ε2

⎫⎪⎬
⎪⎭(AL1convergence)

for some prescribed n0 ∈ N, ε1 > 0, and ε2 > 0; in this case, Algorithm 1 is stopped.
In our numerical tests for Examples 3 and 4, using n0 = 4, ε1 = 1e-3, and ε2 = 1e-4,
the conditions (AL1convergence) are satisfied at n = 13 and n = 11, respectively.
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6.2. Algorithm 2. The sequence {γm}∞m=0 in Algorithm 2 is defined as follows.
First, we bound the minimum and maximum “γ-steps” by 0 < MinGammaStep <
MaxGammaStep, respectively. We define γ0 = 0 and γ1 = MinGammaStep and assume
γm−1, u

h
n,γm−1

, and uhn−1 are given. Let Δ(γ, γm−1) := γ − γm−1, and set

I(γ, γm−1, u
h
n,γm−1

, uhn−1) := (γ − γm−1)J
P(uhn,γm−1

, uhn−1)− γtol|Jγm(uhn,γm−1
, uhn−1)|

(note that Jγ(·, ·) and JP(·, ·) are defined in section 5), where γtol ∈ (0, 1) is a constant
which is usually chosen close to 0, if the map Ω � x �→ Φ(uhn−1)(x) is not constant,
and close to 1 in the other case. Define the set

Θ(γm−1, u
h
n,γm−1

, uhn−1) :={γ ∈ R+ : I(γ, γm−1, u
h
n,γm−1

, uhn−1) ≤ 0 and

MinGammaStep≤ Δ(γ, γm−1) ≤ MaxGammaStep}.
For m ≥ 2, γm is chosen such that

(Γupdate) γm = maxΘ(γm−1, u
h
n,γm−1

, uhn−1).

After γm is computed according to (Γupdate), u
h
n,γm

is determined as described
later in subsection 6.2.1.

Let us further motivate (Γupdate). The condition I(γm, γm−1, u
h
n,γm−1

, uhn−1) ≤ 0

is justified as follows. Suppose un,γ ∈W 1,p
0 (Ω) minimizes J(un,γ) + γJP(un,γ , un−1),

and let V : R+ → R+ be defined as

V (γ) := J(un,γ) + γJP(un,γ , un−1).

When p = 2, its Fréchet derivative is dV
dγ (γ) = JP(un,γ , un−1) (see [24]). In this case,

JP(uhn,γ , u
h
n−1) is an indicator of how fast the functional is growing with respect to

γ (and hence I(γ, γm−1, u
h
n,γm−1

, uhn−1) controls the distance, for γ ≥ γm−1, between
V (γ) and its tangent at the point γm−1). In the case of p > 2, this quantity still
seems to be a reliable indicator of the growth behavior of V . Note, however, that it
is not clear whether JP(un,γ , un−1) is the Fréchet derivative of V when p �= 2.

Let μh
n,m := |uhn,γm+1

− uhn,γm
|W /|uhn,γm

− uhn,γm−1
|W . For the meshes studied,

i.e., h =1/32, 1/64, 1/128, 1/256 (and the choice of (Γupdate) parameters for our
numerical runs), we observe that lim supm→∞ μh

n,m < 1. Based on this, we declare
that Algorithm 2 has converged if for some m ∈ N the following holds for γm ≥ γmin:

γmJ
P(uhn,γm

, uhn−1) < ε3,

|uhn,γm
− uhn,γm−1

|W < ε4,

μm−1 < δ1 < μm

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(Γconvergence)

for some prescribed γmin > 0, ε3 > 0, ε4 > 0, and 0 < δ1 < 1; in this case, we stop
Algorithm 2 (the inner loop) and return to Algorithm 1 (the outer loop).

The first condition in (Γconvergence) (for a small ε3 > 0) guarantees “almost”
feasibility of uhn,γm

in the L2(Ω) sense. The second condition (for a small ε4 > 0)
implies a small variation with respect to the previous iterate, and the third condition
(for a δ1 close to 1) suggests that the variation in the following iterates will not be
significant. The parameter γmin is usually chosen big enough so that the first condition
in (Γconvergence) is not satisfied due only to a small γ.
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1242 MICHAEL HINTERMÜLLER AND CARLOS N. RAUTENBERG

In all the examples that follow we have chosen γmin = 10, ε3 = 1e-5, ε4 = 1e-4,
and δ1 = 0.9, for which the conditions in (Γconvergence) are satisfied when γm ≥
500. Also, m �→ γmJ

P(uhn,γm
, uhn−1) and m �→ |uhn,γm

− uhn,γm−1
|W are monotonically

decreasing, and μm < 1. Hence we consider uhn := uhn,FinalGamma with FinalGamma =
1000.

6.2.1. Step 2 of Algorithm 2. Let F (u) = Δp(u) − f + γP(u) for u ∈ W ,
with P(u) = ∇∗(|∇u| −Φ(un−1))

+q(∇u)∇ (defined as in Corollary A.3 in Appendix
A and where “∇∗” refers to the adjoint of the operator ∇ :W 1,p

0 (Ω) → Lp(Ω)l ). If u∗

satisfies (OSγ), then F (u
∗) = 0. For the numerical solution of (OSγ), we next specify

the discretization of the system. For this purpose, throughout this section we assume
that uhn−1 and γ are given.

For a (uniform) mesh of size h we define the approximation of the second order
elliptic operator u �→ B(a, u) := ∇∗(a(x, y)∇u) with a(x, y) > 0 as [B]h given by

−[B]h(ah, uh)ij = (αij + α(i+1)j)(u(i+1)j − uij)− (αij + α(i−1)j)(uij − u(i−1)j)

+ (αij + αi(j+1))(ui(j+1) − uij)− (αij + αi(j−1))(uij − ui(j−1)),

with αij = a(xi, xj)/(2h
2), 1 ≤ i, j ≤M . This scheme is second order accurate, and

the linear map uh �→ B(ah, uh) is symmetric and positive definite (see [27]). Hence,
the approximation of F , denoted by [F ]h, is defined as

[F ]h(uh)ij = [Δp]
h(uh)ij − fij + γ[P]h(uh)ij ,

where

[Δp]
h(uh)ij = [B]h(|D−uh|p−2, uh)ij ,

with (D−uh)ij = 1
h (uij−u(i−1)j, uij−ui(j−1))

T and |(vh, wh)|p−2
ij = (v2ij+w

2
ij)

(p−2)/2,
fij = f(xi, xj), and

[P]h(uh)ij = [B]h((|D−uh| − [Φ]h(uhn−1))
+/|D−uh|, uh)ij ,

with [Φ]h(vh)ij = Φ(vh)(xi, xj), (v
h)+ij = (vij)

+, and (uh/wh)ij = uij/wij provided
that wij �= 0.

Assuming that |D−ūh|ij ≥ ε > 0 for some prescribed ε and that ūh solves
[F ]h(ūh) = 0, following the arguments of the proofs of Theorem A.1 and Corollary A.3
in the discrete setting, one finds that [F ]h is semismooth at ūh (see [40]) and that all
V ∈ ∂B[F ]

h(ūh) are nonsingular. Here ∂BH(x) := {J : J = limxi→x,xi∈DH ∇H(xi)} ,
where H : Rm → Rn is locally Lipschitz and DH denotes the set where H is differen-
tiable. Therefore, based on this discussion, the Newton iteration

vi = vi−1 − V −1
i−1[F ]

h(vi−1) for i = 1, 2, . . .

with Vi−1 ∈ ∂B[F ]
h(vi−1) converges superlinearly to ūh provided that v0 is chosen

sufficiently close to ūh (for a proof of this see, for example, [22] or [40]). Finally, let
uhn−1, u

h
n,γm−1

, and γm be given. Define v0 = uhn,γm−1
and perform the iteration

(6.1) Vi−1(vi − vi−1) = −[F ]h(vi−1) for i = 1, 2, . . . ,

where Vi−1 ∈ ∂B[F ]
h(vi−1). Then, we define uhn,γm

:= vk, whenever |vk − vk−1|W <
NewtonTol with NewtonTol = 1e-5. Each iterate vi in (6.1) is computed by the
conjugate gradient method with tolerance given by ConjGradTol= 1e-3*NewtonTol.
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6.3. Specification of our test problems and discussion of numerical re-
sults. We note that all test problems specified below satisfy the prerequisites of
Theorem 3.2. Although Theorem 4.5 (in combination with Theorem B.1) is applica-
ble to a wide range of problems, the p-Laplacian in Examples 3 and 4 does not fulfill
condition (i) in Theorem B.1 but shows the “contraction” behavior in the numerical
tests.

Examples 1 and 2 (VIs). We consider the approximation of two VI-problems
on Ω ≡ (0.1)× (0, 1). The data f ∈W and Φ :W → L∞

ν (Ω) are given in the following
table:

Example 1 Example 2

f(x1, x2) sin(2πx1) sin(πx2) (x1x2(x1 − 1)(x2 − 1))2

Φ(ψ)(x1, x2) 0.1 0.4χΩ0
(x1, x2) + 0.1

The function χΩ0 denotes the characteristic function of the set Ω0 = (0.5, 1) ×
(0.5, 1). In these examples we use the mesh size h =1/256 for computing the finite
difference approximation to the solution of the respective VIs. The computed nu-
merical solutions ūh are shown in Figures 6.1(e) and 6.1(f) for Examples 1 and 2,
respectively. The approximations of the corresponding active sets (i.e., A = {x ∈
Ω : |∇ū(x)| − Φ(ū)(x) = 0}, where ū solves the VI) are shown in Figures 6.1(c) and
6.1(d), respectively.

Next, we study the stability of the Newton iteration with respect to mesh refine-
ments. For this purpose we use a sequence of uniform meshes with hk = 2−k with
k = 5, 6, 7, 8. The parameters for (Γupdate), common to both examples, are γtol = 0.2

and MinGammaStep=0.01. We use MaxGammaStep=100 and MaxGammaStep=10 for Ex-
amples 1 and 2, respectively. The number of Newton iterations (until successful
termination for solving step 2 of Algorithm 1) with respect to γ in Figures 6.1(a) and
6.1(b) show little variation with respect to h. This suggests mesh independence of
our semismooth Newton solver in Algorithm 2. Figure 6.1(b) shows the number of
Newton iterations only for 0 ≤ γ ≤ 300. For γ > 300 and for all meshes, only three
iterations are required.

Examples 3 and 4 (QVIs). The mesh size in these examples is h =1/256. The
data f ∈W and Φ :W → L∞

ν (Ω) for Examples 3 and 4 are given as follows:

Example 3 Example 4

f(x1, x2) (x1x2(x1 − 1)(x2 − 1))2 sin(2πx1) sin(πx2)

Φ(ψ)(x1, x2) 2| ∫Ω ψ(x) dx|+ 0.1 10φ1(x)|
∫
Ω φ2(x)ψ(x) dx|+ 0.05

The variable “x” is shorthand notation for “(x1, x2).” The functions φ1 and φ2
are defined by

φ1(x1, x2) := e−5((x1− 1
3 )

2+(x2− 1
3 )

2), φ2(x1, x2) := 10χΩ0(x1, x2) + 0.1,

where χΩ0 denotes the characteristic function of the set Ω0 = (0.5, 1)× (0.5, 1).
The parameters for (Γupdate) are given by the following:

Example 3 Example 4
γtol 0.1 1e-4

MinGammaStep 0.1 1

MaxGammaStep 100 10

The numerical results are shown in Figures 6.2 and 6.3, respectively.
Our theory does not ensure linear convergence of the fixed-point iteration for

approximating the solution of the QVI. However, we observe numerically that the
quotient μn := |uhn+1−uhn|W /|uhn−uhn−1|W approaches 0.3139 in Example 3 and 0.3055
in Example 4 as observed in Figures 6.2(b) and 6.3(b), respectively. This implies a
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(a) Newton iterations. Example 1. (b) Newton iterations. Example 2.

(c) Active set. Example 1. (d) Active set. Example 2.

(e) Approximate solution. Example 1. (f) Approximate solution. Example 2.

Fig. 6.1. Number of Newton iterations with respect to γ for (a) Example 1 and (b) Example
2. Active set (grey) A := {x ∈ Ω : |∇u∗(x)| −Φ(x) = 0}, where u∗ is the approximated solution to
the VI for (c) Example 1 and (d) Example 2. Approximation to the final solution of the VI for (e)
Example 1 and (f) Example 2.

much faster convergence than expected from the previously described relation |uhn+1−
uhn|W ≤ Cφ|Φ(uhn) − Φ(uhn−1)|1/pL∞(Ω). Indeed, our results appear to indicate |uhn+1 −
uhn|W /|Φ(uhn)−Φ(uhn−1)|1/pL∞(Ω) → 0 as n increases in both examples (see Figures 6.2(a)

and 6.3(b)).
The behavior of n �→ J(uhn), where n is the iteration number and

J(u) :=
∫ |∇u|p dx/p − ∫ fu dx, is shown in Figures 6.2(c) and 6.3(c) for Exam-

ples 3 and 4, respectively.
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(a) (b)

(c) (d)

(e)

Fig. 6.2. Results for Example 3. (a) |un+1 − un|W1,p
0

/(|Φ(un) − Φ(un−1)|L∞(Ω))
1/p vs. the

iteration number n. (b) |un+1 −un|W1,p
0

/|un −un−1|W1,p
0

vs. the iteration number n. (c) J(un) =

min
u∈W

1,p
0

J(u) subject to u ∈ K(Φ(un−1)) vs. iteration number n. (d) Active set (grey) A. (e)

Approximate solution to the QVI.D
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(a) (b)

(c) (d)

(e) (f)

Fig. 6.3. Results for Example 3. (a) |un+1 − un|W1,p
0

/(|Φ(un) − Φ(un−1)|L∞(Ω))
1/p vs. the

iteration number n. (b) |un+1 −un|W1,p
0

/|un −un−1|W1,p
0

vs. the iteration number n. (c) J(un) =

min
u∈W

1,p
0

J(u) subject to u ∈ K(Φ(un−1)) vs. iteration number n. (d) Active set (grey) A. (e)

approximate solution to the QVI. (f) Φ(u∗), where u∗ is the approximated solution to the QVI.
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The approximation of the active setA = {x ∈ Ω : |∇ū|−Φ(ū) = 0}, where ū solves
the QVI of interest, is shown in Figures 6.2(d) and 6.3(d). Here, ū is approximated
by uhn∗ , which satisfies conditions (AL1convergence) for some n∗ ∈ N. The values of n∗

are 13 and 11 for Examples 3 and 4, respectively.

7. Discussion and open problems. In section 6, we provided details on the
implementation of the generalized Newton method for solving a nonsmooth equation.
This equation was related to the first order optimality system of step 2 of Algorithm 1.
Clearly, from a functional analytic and also a numerical analysis (mesh independence)
point of view, it might be of interest to study the subproblem solver in the original
function space setting. See, e.g., [21, 23, 24, 22] for such an analysis in the context of
optimization problems with PDE constraints or path-following techniques for classes
of variational inequalities. In our context this analysis is hindered by the following
fact. Let F be given by

F (u) = Δp(u)− f + γP(u),

where Δp is the monotone operator defined in (2.2) and P(u) =
∇∗(|∇u|−Φ(un−1))

+q(∇u)∇ as in Corollary A.3. Then F is Newton (or slant) differ-

entiable, i.e., semismooth, as a mapping fromW 1,p
0 (Ω) to (W 1,s′

0 )′ for 3 ≤ 3s ≤ p <∞,
where 1/s+1/s′ = 1 (for a proof, see Theorem A.1 and Corollary A.3) with a Newton
(or slant) derivative GF given by

GF (u) = DΔp(u) + γGP(u),

where DΔp is defined as in (A.1) and GP as in (A.9). We refer the reader to [22,
26, 40] for the notion of a Newton (or slant) derivative. The fact that the range

space is (W 1,s′
0 (Ω))′ implies a fundamental difficulty associated with the Newton-

type iteration, for which we require the Newton derivative of F to have a uniformly
bounded inverse in some neighborhood of u∗ ∈W with F (u∗) = 0. At this point, the
latter property is still an open question, and it is not clear whether it is possible to
add a “lifting step” to the algorithm (as done in [24]) to overcome this difficulty.

The behavior of μh
n = |uhn+1−uhn|W /|uhn−uhn−1|W is an interesting feature of Ex-

amples 3 and 4. In addition to showing linear convergence, it satisfies μ
h/2
n − μh

n ≤ 0
for h =1/32, 1/64, 1/128 (for n ≥ 2), and this difference gets smaller as h decreases.
The observed linear convergence suggests that the bound established in Lemma 4.1
is not optimal, i.e., the Lipschitz continuity of the mapping u �→ S(A, f,Φ(u)) (ob-
tained in Theorem B.1) might hold under weaker conditions on A and Φ, in some
neighborhood of a solution to problem (PQVI).

In Examples 1–3 the quantity μh
n,m := |uhn,γm+1

− uhn,γm
|W /|uhn,γm

− uhn,γm−1
|W

decreases monotonically and μh
n,m < 1 for the region 2 ≤ m � 8 (and for n ≥ 2

in Example 3). This suggest that in this region we have superlinear convergence of
m �→ uhn,γm

to uhn, and this is reflected in the relatively low values of γ for which the

conditions in (Γconvergence) are met. In Example 4, although μh
n,m does not decrease,

it satisfies 0.1 ≤ μh
n,m ≤ 0.5 for 2 ≤ m � 8. The behavior described above seems to

be independent of the mesh size.
The choice of parameters in (Γupdate) is crucial for the convergence of the al-

gorithm in each of the examples. Our observation is that if ϕ in K(ϕ) is spatially
variant in Ω, then the strategy should be conservative (i.e., γtol, MinGammaStep, and
MaxGammaStep should be relatively small). For Examples 1 and 3, the algorithm
appears much more robust with respect to the parameters in (Γupdate).
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Appendix A. Differentiability properties. We study differentiability prop-
erties of Δp :W →W ′,

(Δp(u), v) =

∫
Ω

|∇u|p−2(∇u · ∇v) dx,

for all u, v ∈W ≡W 1,p
0 (Ω) and of P :W → (W 1,s′

0 (Ω))′ (for some s′),

(P(u), w) =

∫
Ω+(u)

(|∇u| − ϕ)+
(∇u · ∇w)

|∇u| dx,

for all u ∈ W and w ∈ W 1,s′
0 (Ω), where ϕ ∈ L∞

ν (Ω) := {v ∈ L∞(Ω) : |v(x)| ≥ ν >
0 a.e. for x ∈ Ω} and Ω+(u) := {x ∈ Ω : |∇u(x)| > 0}.

A.1. Fréchet Differentiability of the p-Laplacian.
Theorem A.1. The map Δp : W → W ′ is continuously Fréchet differentiable

for 2 ≤ p <∞ with derivative DΔp(u) ∈ L (W,W ′) at u ∈ W, given by

(A.1) (DΔp(u)h, z) =

∫
Ω+(u)

(p−2)|∇u|p−4(∇u ·∇h)(∇u ·∇z)+ |∇u|p−2(∇h ·∇z)dx

for all h, z ∈ W with Ω+(u) = {x ∈ Ω : |∇u(x)| > 0}.
Proof. Suppose p > 2 (when p = 2 the result is standard).
Step 1: DΔp(u)h is the strong Gâteaux derivative at u ∈ W in direction h ∈ W .

For fixed x ∈ Ω, the map t �→ |∇u(x) + t∇h(x)|p−2 (∇u(x) + t∇h(x))T defines a
differentiable function G(·,x) : R → Rl as

G(t,x) = |∇u(x) + t∇h(x)|p−2 (∇u(x) + t∇h(x))T .
Suppressing “(x)” for the sake of brevity, its derivative with respect to “t” is given by

G′(t, ·) = (p− 2)
∣∣∇u+ t∇h∣∣p−4

(
(∇u+ t∇h)T∇h

)
(∇u+ t∇h)T

+ |∇u+ t∇h∣∣p−2
(∇h)T

when∇u(x)+t∇h(x) �= 0 and G′(t,x) = 0 otherwise. If x /∈ Ω+(u), then G′(0,x) = 0.
Suppose that 0 < |t| < 1. Then the mean value theorem implies that

|G(t,x)−G(0,x)| ≤ (p− 1)(|∇u(x)|+ |∇h(x)|)p−2|∇h(x)||t|.
Also, for 0 < |t| < 1, we have∣∣∣∣∣
(
Δp(u+ th)−Δp(u)

t
−DΔp(u)h, z

)∣∣∣∣∣ ≤ q

∫
Ω

∣∣∣G(t,x)−G(0,x)

t
−G′(0,x)

∣∣∣|∇z| dx

≤
(∫

Ω

∣∣∣G(t,x)−G(0,x)

t
−G′(0,x)

∣∣∣ p
p−1

dx

) p−1
p

|z|W .

Since (|∇u|+ |∇h|)p−2|∇h| ∈ Lq(Ω) and |∇u|p−2|∇h| ∈ Lq(Ω) with 1
q +

1
p = 1 so that

q = p
p−1 , then∣∣∣∣G(t,x) −G(0,x)

t
−G′(0,x)

∣∣∣∣
p

p−1

≤ ((p− 1)(|∇u|+ |∇h|)p−2|∇h|+ (p− 1)|∇u|p−2|∇h|) p
p−1 ∈ L1(Ω).
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QVIs WITH GRADIENT CONSTRAINTS 1249

Applying Lebesgue’s bounded convergence theorem, we observe that DΔp(u)h is the
strong Gâteaux differential of Δp at u in the direction h, i.e.,

lim
t→0

Δp(u+ th)−Δp(u)

t
= DΔp(u)h.

Step 2: Existence and continuity of the Fréchet derivative. We will show that u �→
DΔp(u) is continuous, and thus DΔp(u) is the Fréchet derivative of Δp :W →W ′ at
u ∈W . It is convenient to write the pairing (DΔp(u)h, z) with the use of transposes
as

(DΔp(u)h, z) =

∫
Ω

(
(p− 2)(∇hT∇u)|∇u|p−4χΩ+(u)∇uT + |∇u|p−2∇hT)∇z dx,

where χΩ+(u) is the characteristic function of the set Ω+(u). Consider k : Rl → R

and ki,j : R
l → R, for 1 ≤ i, j ≤ l, defined as

k(x) = |x|p−2 and ki,j(x) =

{ |x|p−4(x · ei)(x · ej), x �= 0,
0, x = 0,

where ek is the vector with a one in the kth position and zero otherwise. All functions
k and ki,j , for 1 ≤ i, j ≤ l, are continuous and satisfy

max
(
|ki,j(x)|, |k(x)|

)
≤ |x|p−2 = |x| pq for 1 ≤ i, j ≤ l

with q = p
p−2 . Hence all ki,j and k are (p, q)-Carathéodory (see [38]). Therefore,

the Nemytskii (or superposition) operators defined by Ni,j(w)(x) := ki,j(w(x)) and

N(w)(x) := k(w(x)) with Ni,j : L
p(Ω)l → L

p
p−2 (Ω) for 1 ≤ i, j ≤ l and N : Lp(Ω)l →

L
p

p−2 (Ω) are well defined and continuous (see, for example, [38] or [5]).

We observe, due to the equivalency of norms in finite dimensions, that

∣∣∣(DΔp(u)h−DΔp(v)h, z
)∣∣∣

≤
∫
Ω

(p− 2)
∣∣∣∇u|∇u|p−4χΩ+(u)∇uT −∇v|∇v|p−4χΩ+(v)∇vT

∣∣∣|∇h||∇z|
+
∣∣∣|∇u|p−2 − |∇v|p−2

∣∣∣|∇h||∇z| dx
≤ C(p− 2)

l∑
i,j=1

∫
Ω

∣∣∣|∇u|p−4χΩ+(u)(∇iu)(∇ju)− |∇v|p−4χΩ+(v)(∇iv)(∇jv)
∣∣∣|∇h||∇z|

+
∣∣∣|∇u|p−2 − |∇v|p−2

∣∣∣|∇h||∇z| dx
for some C > 0 and where ∇iu = ∇u · ei for 1 ≤ i ≤ l. Hence, using Hölder’s
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1250 MICHAEL HINTERMÜLLER AND CARLOS N. RAUTENBERG

inequality, we obtain∣∣∣(DΔp(u)h−DΔp(v)h, z
)∣∣∣

≤ C

(
(p− 2)

l∑
i,j=1

(∫
Ω

∣∣∣|∇u|p−4χΩ+(u)(∇iu)(∇ju)

− |∇v|p−4χΩ+(v)(∇iv)(∇jv)
∣∣∣ p
p−2

dx

) p−2
p

+

(∫
Ω

∣∣∣|∇u|p−2 − |∇v|p−2
∣∣∣ p
p−2

dx

) p−2
p
)
|h|W |z|W .

As a consequence, we infer

|DΔp(u)−DΔp(v)|L (W,W ′)

≤ C

⎛
⎝(p− 2)

l∑
i,j=1

|Ni,j(∇u)−Ni,j(∇v)|Lq(Ω) + |N(∇u)−N(∇v)|Lq(Ω)

⎞
⎠ ,

with q = p
p−2 . Suppose now that un → u in W . This implies that ∇un → ∇u

in Lp(Ω)l, and since each one of the mappings Ni,j : Lp(Ω)l → L
p

p−2 (Ω) for 1 ≤
i, j ≤ l and N : Lp(Ω)l → L

p
p−2 (Ω) is continuous, the above inequality implies that

DΔp(un) → DΔp(u). Therefore DΔp(·) : W → L (W,W ′) is continuous, and hence
DΔp(u) is the Fréchet derivative of the map u �→ Δp(u) at u.

Newton derivative of the penalty term. Consider P (u) := b(u)q(u) with

b(u)(x) = (|u(x)| − ϕ(x))+, where ϕ(x) ≥ ν > 0 and q(u)(x) = u(x)
|u(x)| when u(x) �= 0.

Suppose Ω ⊂ Rl is an open and bounded domain. We know that b : Lp(Ω)l → Ls(Ω)
for 1 ≤ s < p ≤ ∞, with a Newton derivative (see, for example, [26] for a definition)
Gb(u) ∈ L (Lp(Ω)l, Ls(Ω)) given by

Gb(u)(x) = Gmax(|u(x)| − ϕ)
uT(x)

|u(x)|

when u(x) �= 0 and where Gmax is the Newton derivative of max(·, 0) : Lp(Ω)l →
Ls(Ω) (see [24] and [22]). Define Q(u) as

Q(u)(x) =
1

|u(x)|
(
id− u(x)uT(x)

|u(x)|2
)

when u(x) �= 0 and where id is the identity mapping. We have the following result.

Theorem A.2. Let p and s satisfy 3 ≤ 3s ≤ p < ∞; then GP (u) : Lp(Ω)l →
Ls(Ω)l, given by

(A.2) GP (u) = q(u)Gb(u) + b(u)Q(u),

is a Newton derivative of P .
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Proof. Consider

P (u+ h)− P (u)−GP (u + h)h = b(u+ h)
(
q(u+ h)− q(u)−Q(u+ h)h

)
+
(
q(u)− q(u+ h)

)(
b(u+ h)− b(u)

)
+ q(u + h)

(
b(u+ h)− b(u)−Gb(u+ h)h

)
= I + II + III.

We start by estimating I. Define

(A.3) Ων(h) = {x ∈ Ω : |(u+ h)(x)| > ν}.
We observe that if x ∈ Ω\Ων(h), then b(u+h)(x) = 0. Hence |I|Ls(Ω)l = |I|Ls(Ων(h))l .
We partition Ων(h) = Ω+

ν (h) ∪ Ω−
ν (h) with

Ω+
ν (h) :=

{
x ∈ Ων(h) : |u(x)| > ν

2

}
and Ω−

ν (h) := Ων(h) \ Ω+
ν (h).

If x ∈ Ω−
ν (h), then |u(x)| ≤ ν/2 and |(u + h)(x)| > ν, and hence |h(x)| > ν/2. Then

|h|Lp(Ω)l ≥ ν
2 |Ω−

ν (h)|1/p, and consequently

(A.4) lim
|h|

Lp(Ω)l
→0

|Ω−
ν (h)| = 0.

For all x ∈ Ω, we have that |b(u+ h)(x)| ≤ |(u+h)(x)| and (when |u+h|, |u| > 0)

q(u+ h)− q(u)−Q(u+ h)h

= − u

|u+ h||u|
(
|u+ h| − |u| − (u+ h)Th

|u+ h|
)
+

(u + h)Th

|u+ h|2
(
u+ h

|u+ h| −
u

|u|
)
.

First, suppose that x ∈ Ω+
ν (h). Then, we have |u(x)| > ν/2 and |(u+ h)(x)| > ν and

observe that∣∣b(u+ h)(x)
(
q(u + h)− q(u)−Q(u+ h)h

)
(x)
∣∣

≤
∣∣∣∣
(
|u+ h| − |u| − (u+ h)Th

|u+ h|
)
(x)

∣∣∣∣ + 2|h(x)|
ν2

∣∣(u|u| − u|u+ h|+ |u|h)(x)∣∣
≤
∣∣∣∣
(
|u+ h| − |u| − (u+ h)Th

|u+ h|
)
(x)

∣∣∣∣ + 4

ν2
|u(x)||h(x)|2.

Second, suppose that x ∈ Ω−
ν (h). In this case, we have |u(x)| ≤ ν/2 and |(u+h)(x)| >

ν and observe that∣∣b(u+ h)(x)
(
q(u+ h)− q(u)−Q(u+ h)h

)
(x)
∣∣

≤
∣∣∣∣
(
|u+ h| − |u| − (u + h)Th

|u+ h|
)
(x)

∣∣∣∣ + 2|h(x)|.

Hölder’s inequality implies (because 3 ≤ 3s ≤ p) that∣∣b(u+ h)
(
q(u+ h)− q(u)−Q(u+ h)h

)∣∣
Ls(Ων(h))l

≤
∣∣∣∣|u+ h| − |u| − (u + h)Th

|u+ h|
∣∣∣∣
Ls(Ω)

+
4β(|Ω|)
ν2

|u|Lp(Ω)l |h|2Lp(Ω)l + 2|Ω−
ν (h)|(p−s)/(ps)|h|Lp(Ω)l ,
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with β(|Ω|) = 1 if 3s = p and β(|Ω|) = |Ω|(p−3s)/ps if 3s < p.

Then, since u �→ uT

|u| is a Newton derivative of |·| : Lp(Ω)l → Ls(Ω) when u(x) �= 0

and lim|h|
Lp(Ω)l

→0 |Ω−
ν (h)| = 0, we observe that

(A.5) I = o(|h|Lp(Ω)l).

Now we turn our attention to II. We define the following disjoint partition of
Ω = ∪4

i=1Ω
i(h):

Ω1 = {x ∈ Ω : |(u+ h)(x)| > ν/2 and |u(x)| > ν/4} ,
Ω2 = {x ∈ Ω : |(u+ h)(x)| > ν/2 and |u(x)| ≤ ν/4} ,
Ω3 = {x ∈ Ω : |(u+ h)(x)| ≤ ν/2 and |u(x)| > 3ν/4} ,
Ω4 = {x ∈ Ω : |(u+ h)(x)| ≤ ν/2 and |u(x)| ≤ 3ν/4v} .

If x ∈ Ω4, then b(u + h) − b(u) = 0, and hence |II|Ls(Ω)l ≤ |II|Ls(Ω1)l +
|II|Ls(Ω2∪Ω3)l . If x ∈ Ω2 ∪ Ω3, then |h(x)| ≥ ν/4. Therefore, we find |h|Lp(Ω)l ≥
ν
4 |(Ω2 ∪ Ω3)(h)|1/p and

(A.6) lim
|h|

Lp(Ω)l
→0

|(Ω2 ∪ Ω3)(h)| = 0.

We know that |(q(u+ h)− q(u))(x)| ≤ 2, and therefore

|II|Ls(Ω2∪Ω3)l ≤ 2|b(u+ h)− b(u)|Ls(Ω2∪Ω3)l ≤ 2|h|Ls(Ω2∪Ω3)l

≤ 2|(Ω2 ∪ Ω3)(h)| p−s
ps |h|Lp(Ω)l ,

implying |II|Ls(Ω2∪Ω3)l = o(|h|Lp(Ω)l).

If x ∈ Ω1, then from a simple calculation we observe

|(q(u+ h)− q(u))(x)| ≤ 16

ν2
|u(x)||h(x)|,

which implies by Hölder’s inequality (note 3 ≤ 3s ≤ p) that∣∣(q(u)− q(u + h)
)(
b(u+ h)− b(u)

)∣∣
Ls(Ω1)l

≤ 16

ν2
|uh2|Ls(Ω)l ≤

16β(|Ω|)
ν2

|u|Lp(Ω)l |h|2Lp(Ω)l ,

with β(|Ω|) = 1 if 3s = p and β(|Ω|) = |Ω|(p−3s)/ps if 3s < p. Then, |II|Ls(Ω1)l =
O(|h|2Lp(Ω)l). We conclude that

(A.7) II = o(|h|Lp(Ω)l).

Finally, it is simple to argue that

(A.8) III = o(|h|Lp(Ω)l),

since q is bounded.
Theorem A.2 implies the following result.
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Corollary A.3. Let W ≡ W 1,p
0 (Ω) and X ≡ W 1,s′

0 (Ω), where 1
s + 1

s′ = 1 and
3 ≤ 3s ≤ p <∞. Let P :W → X ′ be

(P(u), w)X′,X :=

∫
Ω+(u)

P (∇u) · ∇w dx =

∫
Ω+(u)

(|∇u| − ϕ)+
(∇u · ∇w)

|∇u| dx

for all w ∈ X and where P (∇u) = q(∇u)b(∇u). Then GP(u) :W → X ′, given by

(A.9) (GP(u)v, w)X′,X :=

∫
Ω+(u)

(GP (∇u)∇v) · ∇w dx

for all u, v ∈ W and w ∈ X, is a Newton derivative of P.

Proof. The map ∇ : W 1,p
0 (Ω) → Lp(Ω)l is Fréchet differentiable with ∇ as its

derivative, and P is Newton differentiable as a mapping from Lp(Ω)l to Ls(Ω)l for
3 ≤ 3s ≤ p. Then u �→ P (∇u) is Newton differentiable (because the composition
of a Newton and a Fréchet differentiable mapping is Newton differentiable; see, e.g.,
[26]) as a mapping from W 1,p

0 (Ω) to Ls(Ω)l with a Newton derivative u �→ GP (∇u)∇.
Therefore, by Hölder’s inequality,

|(P(u+ h)−P(u)−GP(u+ h)h,w)X′,X |
≤
∫
Ω+(u)

|P (∇(u + h))− P (∇u)−GP (∇(u + h))∇h||∇w| dx

≤ |P (∇(u+ h))− P (∇u)−GP (∇(u + h))∇h|Ls(Ω)l |∇w|Ls′ (Ω)l .

Since Ω is a bounded domain, then |∇w|Ls′ (Ω)l = |w|X (where X = W 1,s′
0 (Ω)) for

1 ≤ s′ ≤ ∞ (because the Poincaré inequality holds even in the case s′ = ∞ when
|Ω| <∞; see [44]). Therefore

|P(u+ h)−P(u)−GP(u+ h)h|X′

≤ |P (∇(u + h))− P (∇u)−GP (∇(u+ h))∇h|Ls(Ω)l .

Since the right-hand side goes to zero as |h|W → 0, the statement is proved.

Appendix B. Conditions for u �→S(A, f,Φ(u)) to be contractive. Through-
out this appendix, we denote the norm ofW 1,p

0 (Ω) as | · |W 1,p
0 (Ω) (instead of | · |W ). For

the sake of brevity, we will denote S(f,Φ(u)) ≡ S(A, f,Φ(u)), assume Ω is a bounded
domain and Cp denotes the Poincaré’s constant associated to W 1,p

0 (Ω), i.e., for all

v ∈ W 1,p
0 (Ω), |v|Lp(Ω) ≤ Cp|v|W 1,p

0 (Ω), where Cp > 0 depends only on p and Ω.

Theorem B.1. Let 1 < p <∞ and assume the following:

(i) A : W 1,p
0 (Ω) → W−1,p′

(Ω) satisfies H1 with min(2, p) ≥ r > 1, H2, and H5
with β ≥ 1.

(ii) f ∈ Lr′(Ω) ⊂ W−1,p′
(Ω) such that (f, v) =

∫
Ω
fv dx for all v ∈ W 1,p

0 (Ω),
where 1/r + 1/r′ = 1 and 1/p+ 1/p′ = 1.

(iii) Φ :W 1,p
0 (Ω) → L∞

ν (Ω) ⊂ L∞(Ω) is defined as Φ(u) = λ(u)φ with φ ∈ L∞(Ω)
such that φ(x) > 0 a.e. on Ω, and the map u �→ λ(u) satisfies the following:
a. λ : B̄R(0) ⊂ W 1,p

0 (Ω) → R+ with R := (Cp|f |Lr′(Ω)|Ω|(p−r)/p)1/(r−1),

λ ≤ λ(u) ≤ λ for all u ∈ B̄R(0) and 0 < ν ≤ λφ(x) a.e. in Ω.
b. |λ(v)− λ(w)| ≤ Lλ|v − w|W 1,p

0 (Ω) for all v, w ∈ B̄R(0) and some Lλ > 0.
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Then, the map u �→ S(f,Φ(u)) satisfies that S(f,Φ(·)) : B̄R(0) → B̄R(0) and

|S(f,Φ(u1))− S(f,Φ(u2))|W 1,p
0 (Ω) ≤ LS(f)|u1 − u2|W 1,p

0 (Ω)

for all u1, u2 ∈ B̄R(0) and some LS(f) > 0 such that lim|f |
Lr′ (Ω)

→0 LS(f) = 0.

Proof. Let ϕ ∈ L∞
ν (Ω), f1, f2 ∈ Lr′(Ω) ⊂W−1,p′

(Ω) such that (fi, v) =
∫
Ω
fiv dx

for v ∈ W 1,p
0 (Ω). Let ui = S(fi, ϕ) for i = 1, 2. Then, the uniform monotonicity

implies

c|u1 − u2|rW 1,p
0 (Ω)

≤ (A(u1)−A(u2), u1 − u2) ≤ (f1 − f2, u2 − u1).

Young’s inequality states that
∫
Ω |gv| dx ≤ εr

′

r′
∫
Ω |g|r′ dx + 1

rεr

∫
Ω |v|r dx for all g ∈

Lr′(Ω), all v ∈ Lr(Ω), and all ε > 0. Since p ≥ r by Young’s, Hölder’s (when p > r),
and Poincaré’s inequalities,

c|u1 − u2|rW 1,p
0 (Ω)

≤ (f1 − f2, u2 − u1)

≤ εr
′

r′

∫
Ω

|f1 − f2|r′ dx+
1

rεr

∫
Ω

|u1 − u2|r dx

≤ εr
′

r′

∫
Ω

|f1 − f2|r′ dx+
1

rεr
|Ω|(p−r)/p

(∫
Ω

|u1 − u2|p dx
)r/p

,

≤ εr
′

r′

∫
Ω

|f1 − f2|r′ dx+
Cr

p

rεr
|Ω|(p−r)/p

(∫
Ω

|∇u1 −∇u2|p dx
)r/p

.

Hence for a sufficiently large ε > 0,

|u1 − u2|W 1,p
0 (Ω) ≤

⎛
⎝ εr

′

r′(
c− Cr

p |Ω|(p−r)/p

rεr

)
⎞
⎠

1/p (∫
Ω

|f1 − f2|r′ dx
)1/r

.

Therefore, for p ≥ r > 1, we have Θ1 > 0 such that

(B.1) |S(f1, ϕ)− S(f2, ϕ)|W 1,p
0 (Ω) ≤ Θ1|f1 − f2|r

′/r
Lr′ (Ω)

.

Suppose μ > 0 is such that μϕ ∈ L∞
ν (Ω). Since A satisfies H5, A(tu) = tβA(u)

for all t > 0 and all u ∈ W 1,p
0 (Ω). Thus, if u = S(f, ϕ), then μu = S(μβf, μϕ)

(because μ > 0) or, equivalently, S(f, ϕ) − S(μβf, μϕ) = (1 − μ)S(f, ϕ). Using this
and (B.1), we observe

|S(f, ϕ)− S(f, μϕ)|W 1,p
0 (Ω)

≤ |S(f, ϕ)− S(μβf, μϕ)|W 1,p
0 (Ω) + |S(μβf, μϕ)− S(f, μϕ)|W 1,p

0 (Ω)

≤ |1− μ||S(f, ϕ)|W 1,p
0 (Ω) +Θ1|1− μβ |r′/r

(∫
Ω

|f |r′ dx
)1/r

= |1− μ||S(f, ϕ)|W 1,p
0 (Ω) +Θ1|1− μβ |1/(r−1)|f |r′/r

Lr′ (Ω)
.(B.2)

Suppose that 0 < μ ≤ μ̄ for some fixed μ̄ > 0. Since 2 ≥ r > 1 and β ≥ 1, it holds that
|1− μβ |1/(r−1) ≤ Θ2|1 − μ| for some Θ2 > 0 (depending only on μ̄) for all μ ∈ (0, μ̄].
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Since |1− μ|ν ≤ |ϕ− μϕ|L∞(Ω) because ϕ ∈ L∞
ν (Ω), then from (B.2) we have

|S(f, ϕ)− S(f, μϕ)|W 1,p
0 (Ω) ≤ (|S(f, ϕ)|W 1,p

0 (Ω) +Θ1Θ2|f |r
′/r

Lr′ (Ω)
)|1− μ|

(B.3)

≤ (|S(f, ϕ)|W 1,p
0 (Ω) +Θ1Θ2|f |r

′/r
Lr′ (Ω)

)ν−1|ϕ− μϕ|L∞(Ω).

Using v = 0 in (4.1), the uniform monotonicity and the homogeneity of A imply
|u|r

W 1,p
0 (Ω)

≤ (A(u), u) ≤ (f, u). Hence,

(B.4) |S(f, ϕ)|W 1,p
0 (Ω) ≤ (Cp|Ω|(p−r)/p|f |Lr′(Ω)/c)

1/(r−1) = R.

From (B.3), we obtain

(B.5) |S(f, ϕ)− S(f, μϕ)|W 1,p
0 (Ω) ≤ Θ3(f)|ϕ− μϕ|L∞(Ω),

for which lim|f |
Lr′ (Ω)

→0 Θ3(f) = 0.

Now, let ϕ = λ(u1)φ, μ := λ(u2)/λ(u1) for some u1, u2 ∈ B̄R(0) ⊂W 1,p
0 (Ω). This

implies that μϕ = λ(u2)φ. Since μ ≤ μ̄ := λ/λ <∞, the above inequality implies

|S(f, λ(u1)φ)− S(f, λ(u2)φ)|W 1,p
0 (Ω) ≤ Θ3(f)|φ|L∞(Ω)|λ(u1)− λ(u2)|(B.6)

≤ Θ3(f)|φ|L∞(Ω)Lλ|u1 − u2|W 1,p
0 (Ω).(B.7)

We observe that (B.4) implies that S(f,Φ(B̄R(0))) ⊂ B̄R(0). Finally, define LS(f) :=
Θ3(f)|φ|L∞(Ω)Lλ. Then by (B.6) we observe u �→ S(f,Φ(u)) is Lipschitz continuous
(with Lipschitz constant less than one for small enough |f |Lr′(Ω)) on B̄R(0).

Example B.2. Consider p = 2 and some domain Ω, so that W 1,2
0 ≡ H1

0 (Ω), and
A = −Δ : H1

0 (Ω) → H−1(Ω), where Δ denotes the Laplacian. In this case, we have
that r = 2 (and hence consider f ∈ L2(Ω)) and that β = 1. Consider Φ(u) = λ(u)φ,
with φ ≡ 1 and

λ(u) =

∫
Ω

|∇u| dx+ ν.

Let R := C2|f |L2(Ω). Then, for u ∈ B̄R(0), λ(u)φ(x) ≥ ν for all x ∈ Ω and also

|λ(v)− λ(w)| ≤ |Ω|1/2|v − w|H1
0 (Ω).

Further, by Theorem B.1, for a small enough f (in the L2(Ω) sense), the sequential
approximation un = S(f,Φ(un−1)) with u0 ∈ B̄R(0) converges to a fixed point of
u �→ S(f,Φ(u)).
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