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Convergence of the Gauss-Newton method for convex
composite optimization under a majorant condition
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Abstract

Under the hypothesis that an initial point is a quasi-regular point, we use a majorant
condition to present a new semi-local convergence analysis of an extension of the Gauss-
Newton method for solving convex composite optimization problems. In this analysis
the conditions and proof of convergence are simplified by using a simple majorant
condition to define regions where a Gauss-Newton sequence is “well behaved”.
AMSC: 47J15, 65H10.

1 Introduction
Consider the convex composite optimation problem

min h(F(z)), (1)

where h : R™ — R is a real-valued convex and F' : R" — R™ is continuously differentiable.
As it is well known, see [I],[7, [§] and references therein, a wide variety of applications with this
formulation can be found in mathematical programming literature, e.g., nonlinear inclusions,
penalization methods, minimax, and goal programming. Besides its practical applications,
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this model provides a convenient tool for the study of first and second order optimality
conditions in constrained optimization.

The basic algorithm considered in [T} [7, ], which is an extension of the Gauss-Newton
method for solving nonlinear least square problem, will be considered in this paper. The
study of () is related to the convex inclusion problem

F(zx) e C:={2€R": h(z2) < h(zx), x € R"}, (2)

because if x, € R™ satisfies the convex inclusion (2) then z, is a solution of (), but if
x, € R™ is a solution of ([l it does not necessarily satisfy the inclusion convex (2)). Although
a priori, our goal is to give criteria that ensure the convergence of the sequence generated
by the Gauss-Newton algorithm for a solution of (II), we will give a criteria that ensure the
convergence of that sequence for some x, € R" satisfying F'(z,) € C which, in particular,
solves ().

In this paper, we are interested in the semi-local convergence analysis, i.e., based on
the information at an initial point, criteria are given that ensure the convergence of the
sequence generated by the Gauss-Newton algorithm for some z, € R™ with F(z,) € C.
Under the hypothesis that the initial point is a quasi-regular point of the inclusion (2I),
we use a majorant condition similar to the one used in [3| 4, [5] to present a new semi-
local convergence analysis for the sequence generated by the Gauss-Newton algorithm. The
convergence analysis presented here communicates the conditions and proof in quite a simple
manner. This is possible thanks to our majorant condition and a demonstration techinique
in which instead of only looking to the generated sequence, we identify regions where the
Gauss-Newton sequence (for the convex composite optimation problem) is well behaved, as
compared with Newton method applied to an auxiliary function associated with the majorant
function. This technique was introduced in [4].

The convergence of the sequence generated by the Gauss-Newton algorithm was also
studied in [I], [7, 8]. Among these, the criterion introduced by Li and Ng in [7] is the best.
Besides the technique used in the demonstration, the main difference from our analysis
regarding [7] is that they used Wang’s condition, introduced in [13], in place of our majorant
condition. But, the formulation using the majorant condition provides a clear relationship
between the majorant function and the nonlinear function F' under consideration. Besides
this, the majorant condition simplifies the proof of convergence.

The organization of our paper is as follows. In section [T we list some notation and
one basic result. The Gauss-Newton algorithm is discussed in Section 2| in Section 2.I] we
present some regularity properties, and an analysis of the majorant and auxiliary functions
is established in Section 2.2l In Section [B] the main result is stated and in Section B.] it is
proved. Some applications of this result are given in Section [l



1.1 Notation and auxiliary result

The following notation and result are used throughout our presentation. Let R™ be with
a norm || - ||. The open and closed ball in R™ with center x and radius r are denoted,
respectively by B(z,r) and B[z, r]. The polar of a closed convex W C R™ is the set W° :=
{z € R": (z,w) < 0,YVw € W}. The distance from a point = to a set W C R" is given by
d(z, W) := inf{||z — w|| : w € W}. The set of all subsets of R" is denoted by P(R") and
Ker(A) represents the kernel of the linear map A. Finally, the sum of a point z € R"™ with
aset X € P(R") is the set given by y + X = {y+x: 2 € X}.
The following auxiliary result of elementary convex analysis will be needed:

Proposition 1. Let I C R be an interval, and ¢ : I — R be convex. If u,v,w € I, u < w,

and u < v <w then
v—1u

() — p(u) < [p(w) — @(u)]

w—u

Proof. See Theorem 4.1.1 on p.21 of [6]. O

2 Preliminary

In this section we present the algorithm to solve problem (), a brief study of regularity,
and an analysis of our majorant and auxiliary functions. The results of this section are the
main tools used in the proof of convergence of the sequence generated by the Gauss-Newton
algorithm.

In order to state the Gauss-Newton algorithm, for solving problem (I), we need the
following definition: For A € (0, +00) and x € R™ define

Da(x) := argmin {h(F(z) + F'(z)d) : d € R", ||d|| < A}, (3)
that is, Da(z) is the solution set for the following problem
min {h(F(z) + F'(z)d) : d € R", ||d|| < A}. (4)

Given that A € (0, +o00], n € [1,+00) and a point xy € R", the Gauss-Newton type algorithm
associated with (A, 7, zo) as defined in [I] (see also, [7, §]) is as follows:

Algorithm 1.

INITIALIZATION. Take A € (0,400], n € [1,4+00) and xo € R". Set k = 0.
STOP CRITERION. Compute Da(xy). If 0 € Da(zy), STOP. Otherwise.
ITERATIVE STEP. Compute dy satisfying

dk € DA(xk)v ||dkH < nd(ou DA(Ik)),
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and set
Tpt1 = T + di,

k=k-+1 and GO TO STOP CRITERION.

Note that, since () is a convex optimization problem in a compact set, it follows that
the set Da(z) is nonempty, for all x € R™. Therefore, the sequence {x} generated by
Algorithm [ is well defined.

2.1 Regularity

In this section we state the hypothesis on the starting point of the sequence generated by
Algorithm [l which we need in our analysis, as well as some related concepts.

Let C be as defined in (2)), that is, C is the set of all minimum points of h. For each
x € R", we define the set D¢ (x) associated to C' as

Deo(z) :={d e R": F(x)+ F'(x)d € C}.
In the next proposition we state a relation between the sets Da(z) and De(z).
Proposition 2. Let x € R". If Do(z) # 0 and d(0, Do(x)) < A, then
Da(z)={d e R": ||d|| <A, F(z) + F'(x)d € C} C Dc(x).
As a consequence, d(0, Da(x)) = d(0, Do(x)).
Proof. By definition of C'in (2) and Da(x) in (@) it can be seen that
{deR": ||d|| < A,F(z) + F'(z)d € C} C Da(x).

Let d € Da(x). Since Do(x) # 0 and d(0, De(z)) < A, there exists d € D¢ (x) such that
|d|| < A and F(z) + F'(x)d € C. Hence, from the definition of C' in (@) and Da(z) in (5]
we obtain d € Da(z). Therefore, as d,d € Da(x), and using again the definition of Da ()
in ([3]), we have

h(F(z) + F'(z)d) = h(F(z) + F'(z)d).

Now, using F(x) + F'(x)d € C, the last equality and definition of C, we obtain F(x) +
F'(z)d € C, which proves the first statement. The second statement, i.e., Da(z) C D¢ ()
can be seen by definition of D¢ (x). To conclude the proof, first note that the inclusion
Da(x) C De(x) implies that

4



Since Do(x) # 0 and d(0, De(x)) < A, there exists d € D¢ () such that
ld]] = d(0, D () < A.
Hence, from definition of C' in (@) and Da () in () we conclude that d € Da(x). Therefore,
d(0, Da(z)) < |ld|| = d(0, Dc(x))
and taking into account (), the proof is concluded. O

Definition 1. Let F' : R" — R™ be a continuously differentiable function and let h : R™ — R
be a real-valued convexr function. A point ro € R™ is called a quasi-regular point of the
inclusion ([2), that is, of the inclusion

F(z) e C:={z € R™: h(z) < h(z), z € R™},

if r € (0,400) exists as well as an increasing positive-valued function 5 : [0,r) — (0, +00)
such that

Do(z) #0,  d(0, De(x)) < B(| — x| )d(F(x),C), V€ Blxo,r). (6)

Let xy € R™ be a quasi-regular point of the inclusion ([2). We denote r,, the supremum
of r such that (@) holds for some increasing positive-valued function /5 on [0,r), that is,

Tz :=sup{r: 30 :[0,7) — (0,400) satisfying (@)} . (7)

Let r € [0,r,,). The set B, (xy) denotes the set of all increasing positive-valued functions g
on [0,r) such that (6) holds, that is,

B.(zg) :=={p:]0,7) = (0,400) : B satistying (@)} .

Define
B (t) := inf {B(t) B e Brxo(l'o)} , t€0,7s,). (8)

The number r,, and the function f,, are called, respectively, the quasi-reqular radius and
the quasi-regular bound function of the quasi-regular point z;.

Remark 1. Note that from the definition of r,, and (B, it is easy to prove that for allr < r,,
such that lim,_,,— B(t) < 400 it holds that

Bro(t) = Inf {B(t) : B € B,(x0)}, te|o,r).



2.2 The majorant condition

In this section, we define the majorant condition for the nonlinear function F', which relaxes
the assumption of Lipschitz continuity to £”, used in our analysis. We present an analysis of
the behavior of the majorant function and of a certain associated auxiliary function - more
details about the majorant condition can be found in [3| [4] [5].

Definition 2. Let R > 0, x9 € R" and F : R" — R™ be continuously differentiable. A
twice-differentiable function f : [0, R) — R is a majorant function for the function F on
B(zo, R) if it satisfies

1F"(y) = F'(@)l < f(ly = zll + |2 = zoll) = f'(Ilz = xol]), (9)
for any x,y € B(xo, R), || — xo|| + |ly — || < R, and moreover,
h1) 7(0) =0, /(0) = —1;
h2) [’ is convex and strictly increasing.

In the next result we bound the linearization error of the function F' by the error in the
linearization on the majorant function.

Lemma 3. Take
z,y € B(xo,R) and 0<t<wv<R.

If ||z — zo|| <t and ||y — z|| < v —t, then

IF(y) — [F(2) + F'(@)(y — )l < £(0) = [f(8) + £ (1) (v 1) (Hy - z”) .

v—t
Proof. The proof follows the same pattern as Lemma 7 from [5]. O

To state our main theorem we need a certain auxiliary function associated with the
majorant function. We shall see later that the sequence generated by Algorithm [l will be
“majorized 7 by the Newton sequence associated with this auxiliary function.

Let f: [0, R) — R be a majorant function for the function F' on B(x, R). Take £ > 0,
a > 0 and define the auxiliary function

f&a : [O,R) — R

t s £+ (a—1)t+af(t). (10)

Now, consider the following conditions on the auxiliary function f¢ 4:



h3) there exists ¢, € (0, R) such that fe,(t) > 0 for all ¢ € (0,%,) and feo(t.) = 0;
h4) f{ (t.) <0.

From now on, we assume that f : [0, R) — R is a majorant function for the function F
on B(xg, R) and that h3 holds. The assumption h4 will be considered to hold only when
explicitly stated.

Proposition 4. The following statements hold:
i) feal0)=8>0, f,(0)= -1
ii) f{, is convex and strictly increasing.
Proof. Seen from the definition in (I0) and assumptions h1 and h2. O

Proposition 5. The function fe o is strictly convez, and

feat) >0, fio(t) <0, t<t— fealt)/fialt) <t Viel0,t). (1)
Moreover, fgl,a(t*) <0.
Proof. Using Proposition @], the proof follows the same pattern as Proposition 3 from [5]. O

In view of the second inequality in (IT]), the Newton iteration map is well defined in
[0,t,). Let us call it
:[0,t,) — R
oo t— fealt)/ FLa(2).

Proposition 6. For each t € [0,t) it holds that § < ny, (t).

Mo (12)

Proof. Proposition [blimplies that f¢, is convex. Hence, using the first item of Proposition @l
it is easy to see, by using convexity properties, that t —§ > — f¢ o(t). So, the above definition
implies that

fﬁa(t> fia(t) fia(t) /
npalt) €=t =S es gy Teall el i wieon),
© féa(t) fé,a(t) _fgl,a(t) ©
Proposition @ implies that f{ ,(0) = —1 and f{ , is strictly increasing. Thus, we obtain
féo(t) +1 >0, for all ¢t € [0,¢.). Therefore, combining the above inequality with the first
two inequalities in Proposition [l the desired result follows. O



Proposition 7. Newton iteration map ny, . maps [0,t*) in [0,t*), and it holds that

(t,—t),  Vtelot,).

N~

t <ny, (1), te —ng  (t) <

If feo also satisfies h4, i.e., fi (t.) <0, then

f”a (t*)
te —mny, (1) < 200 (t, — t)?, Vtel0,t.).
e T o (8)
Proof. The proof follows the same pattern as Proposition 4 of [5]. O

The Newton sequence {t;} for solving the equation f¢ ,(t) = 0 with starting point ¢, = 0
is defined as
to :O, tk+1 :nfg,a(tk), /{?:O,l,... . (13)

Therefore, by also using Proposition [7] it is easy to prove that

Corollary 8. The sequence {t} is well defined, is strictly increasing, is contained in [0,t,),
and converges Q-linearly to t, as follows

1
o=t <o —t), k=01,

If feo also satisfies assumption h4, then {t;} converges Q-quadratically to t. as follows

"
Ly
te — thy1 < M(t*—tk)i k=0,1,....

—2f¢ o(ts)
Proposition 9. The map [0,t.) 3t — —fea(t)/ f¢ (1) is decreasing.

Proof. Proposition [l implies that f{ (t) # 0 for all ¢ € [0,%.). So, the function in the
proposition is well defined. As fe , is twice-differentiable we have

~feal®)) _ feafEal®) ~ (@)
< 70 ) =T Lor o e
Hence, it suffices to show that
feaFEa(t) = (fea)? <0, Ve [0,t). (14)



Since f¢ o is strictly convex (Proposition [l) and f¢ , is convex (Proposition ), we have

0> fealt) + fia@t—1),  fio(t) 20, feolts) = fea(t) + fla()(t — 1), VEED,L).

Using these inequalities and the second inequality in (II]), we obtain

Fea®feat) = (fea®)” < faOE = t)f0(t) = (fea(t)® < —fa®)fealts),

which combined with Proposition [l yields the inequality in (I4]). Therefore, the proposition
is fulfilled. O

Proposition 10. It holds that £ < t.. Moreover, if

1B, (1)

N OO ES ES ML (15)

then
WBa(t)fa < —1/flo(t),  VE<t<L.

Proof. Proposition bl implies that f¢ , is strictly convex, which combined with the definition
of t, in h3 and item i of Proposition [4] gives

0= fﬁ,a(t*) > fﬁ,a(o) + fé,a(())(t* - O) =¢{ —ty,

which proves the first statement.
Combining the assumption in (IH), as well as h1 and h2, we obtain after simple calculus
that

anBe (O (f(t) + 1) + a > 0B, (1), VE<t<t,.

Hence, using f{ ,(t) = (o —1) +af'(t) and some algebraic manipulations, the last inequality
becomes
MBee () fealt) > —a, V<<,

which combined with the second inequality in ([[I]) yields the desired inequality. O

Proposition 11. Let 0 < & < « for the corresponding auziliary functions fea and feo, as
well as t, and t,, its smallest zeros, respectively. Then the following assertions hold:

i) fﬁ,o_z < fﬁ,a on (OvR)7
i) fis < /[fia on(0,R);

i) £, < t..



Proof. From h2 it follows that f’ is strictly increasing which implies that f is strictly convex.
Thus, using hl we conclude that f(t) +¢ > 0, for all ¢ € (0, R) and hence the assumption
a > & implies
alt+ f(t) <a(t+ f(t)), Vtelo,R).

To conclude the proof of item i, add & — t on both sides of the last inequality and use the
definition in ([I0J).

To prove item ii, we first use that f’ is strictly increasing (h2), as well as the assumption
a > @ to obtain that (a — a@)(f'(t) — f'(0)) > 0, for all ¢ € (0, R). Hence, from h1 and some
algebraic manipulation, we obtain

(@—1)+af'(t) < (a=1)+af'(t), Vtel0,R).

So, by using the definition in (I0)), the statement holds true.
To establish item iii, use item i and the definition of ¢, and ¢, in h3. O

3 Semi-local analysis for the Gauss-Newton method

In this section our goal is to state and prove a semi-local theorem for the sequence generated
by Algorithm [d]in order to solve problem (Il). Under the hypothesis that the initial point is
a quasi-regular point of the inclusion (2]) and the nonlinear function F' satisfies the majorant
condition in Definition [2 we will prove convergence of the sequence to a point x, € Blxg, ]
such that F'(z,) € C, and in particular that z, solves (l). The statement of the theorem is:

Theorem 12. Let F : R — R™ be a continuously differentiable function. Assume that
R >0, 20 € R" and f : [0, R) — R is a majorant function for F on B(x, R). Take the
constants a > 0 and & > 0 and consider the auxiliary function fe, : [0, R) = R,

fea(t) ==&+ (o= 1)t +af(t).

If fe o satisfies h3, i.e., t, is the smallest zero of f¢ o, then the sequence generated by Newton’s
method for solving fe o(t) = 0, with starting point ty = 0,

ther =t — feolte) fealte), k=0,1,..., (16)

is well defined, {ty} is strictly increasing, is contained in [0,t.), and converges Q-linearly to
ti. Letn € [1,00), A € (0,00] and h : R™ — R a real-valued convez function with minimizer
set C' nonempty. Suppose that vy € R™ is a quasi-reqular point of the inclusion

F(z) e C,
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with the quasi-reqular radius ., and the quasi-reqular bound function [, as defined in ()
and (&), respectively. If d(F(xg),C) >0, t, < 1y,

A€ 0)F@). 0, azsw{ O secicn). an

then the sequence generated by Algorithm [, denoted by {x}, is contained in B(xo,t.),

F(xy) + F/(ifk)(fﬂkﬂ —xp)€eC, k=0,1,..., (18)

satisfies the inequalities

ley1 — Lk
|Zre1 — 2kl < thyr — ti, zpsr — )l € ——— ||z — 2] (19)
(te — te—1)
k=0,1,..., and k = 1,2,..., respectively, converge to a point x, € Blxg,t.] such that
F(z,) € C,
||£L'*—£L’k|| St*—tk, /{?:O,l,... (20)

and the convergence is R-linear. If, additionally, fe. satisfies hd then the sequences {t;}
and {x} converge Q-quadratically and R-quadratically to t, and x., respectively.

Remark 2. If,
- 1B, (1)
a>a::sup{ E<t<t,,p,
Bz (O)[f'(E) + 1] 41
then the sequence {xy} converges R-quadratically to x.. To prove this assertion, note that
through item iii of Proposition[I1, we have t, < t.. Hence, using that fé@ strictly increasing
and item ii of Proposition 11, we obtain

fea(ts) < fea(te) < féalts),

which, combined with Proposition [3 implies that fg’,a(ti) < 0. So, the statement is correct if
fe.a is replaced by fe s in Theorem 12

Remember that all statements made in Theorem [12] for the sequence t; were proven in
Corollary Rl

From now on, we assume that the hypotheses of Theorem [I2] hold, with the exception of
h4, which will be considered to hold only when explicitly stated.
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3.1 Proof of convergence

In this section we prove convergence of the sequence {z;} generated by Algorithm [I] for
solving (), based on the assumptions stated in Theorem

As we saw in Section 2] Da(x) # () for all z € R™, therefore the sequence {z} is well
defined. But this is not enough to prove the convergence of sequence {z}} to some point
z, € R"™ such that F(z,) € C, because we have no relationship between the set of search
directions D (z) to the set of solutions of the linearized inclusion

F(z)+ F'(z)d € C, ]| < A.

Now, if we prove that Da(x) C D¢(z) for suitable points, then we can use the results of
regularity to relate the sets mentioned above. First, we define some subsets of B(xo,t,) in
which, as we shall prove, the desired inclusion holds for all points in these subsets.

_Jea(?)
R0 } , t €[0,t,), (21)

K= | K@. (22)
)

te[0,t«

K(t) := {x eR" : ||z — x| <t, nd(0,De(x)) <

In (2I) we assume that 0 < ¢ < t,, therefore it follows from Proposition [§] that f ,(t) # 0.
So, the above definitions are consistent.

Proposition 13. If x € K, then
Da(z)={deR" : F(x)+ F'(z)d € C, ||d|| < A} C D¢o(x),

and

Proof. From Proposition 2 it is sufficient to prove that Do (z) # 0 and d(0, Do (z)) < A for
all z € K. Let € K, then x € K(t) for some ¢ € [0,t,) which implies that x € B(x,t,).
Since t, < r,, and zg is a quasi-regular point, it follows from Definition [I] and the definition
of the quasi-regular radius in (7)) that Do (z) # 0.

By hypothesis n > 1 and £ < A. Thus, as x € K(t), by using the definition in (21),
Proposition [0, and Proposition 4 we obtain

_f&a(t) _f&a(O) _ A
ST S TR0 ES

which proves the desired result. O

d(0, De(x)) < nd(0, De(z))
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For each z € R", we define the set Da(7) as
Da(z) :={d € Da(x) : [|d|| <nd(0, Da(x))}. (23)

As Da(z) # 0 for all # € R™, we have Da(x) # ) for all # € R™ and consequently, the
Gauss-Newton iteration multifunction is well defined. Let us call Gr the Gauss-Newton
iteration multifunction for F' in B(xg, t):

GF : B(l’o,t*) — P(Rﬁ)

v 2+ Da(a). (24)

We shall prove that the Gauss-Newton iteration multifunction is “well behaved” on the
subsets defined in (21I), but first we need the following technical result:
Lemma 14. For each t € [0,t.), v € K(t) and y € Gp(z) it holds that:

i) lly =zl < ng (@) =t

i) [ly —@oll <7y, (1) <t

_kdmmﬁg(lw—ﬂl)_

fé7(x(nf§,a( ny. ( ) —1

iii) 7d(0, Do(y)) <

Proof. Since t € [0,t,) and x € K(t), by using the definition in (21I), Proposition [[3] and the
first two statements in Proposition [l we obtain

fﬁ,a(t)
fea®)

Now, as y € Gp(x) there exists d € Da(z) such that y = z + d. Using the definition of the
set Da(x) in (23)) and the second inequality in (25]) it follows that

]} < nd(0, Da(x)) = nd(0, Dc(x)) < = fe.a(t)/ féalt)-

Since d = y — x, the last inequality together with the definition in (I2)) implies item i.
Triangular inequality combined with the first inequality in (23]), item i, and the last
inequality in (25]) yields

|z — x| <t nd(0, Da(z)) = nd(0, Do(z)) < — t<myg (t) <t. (25

ly = woll < ly =@l + llz = @oll <y, (1) < t., (26)

which proves item ii.
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Since ||y — xo|| < t« and t, < r,, we obtain by the quasi regularity assumption
De(y) #0,  d(0, Do(y)) < Buo(lly — 2ol )d(F (y), C).
Asz e K(t) C K and y —x = d € Da(x), it follows from Proposition [[3 that
F(z)+ F'(z)(y —z) € C.

Therefore, taking into account that n > 1, by using the above inequality and the last inclusion
it is easy to conclude that

nd(0, De(y)) < 0By (ly — 2D F(y) — F(x) — F'()(y — ).

On the other hand, from item i we have |y —z[| < ny, () —t and, as ||z — x| < ¢, by using
Lemma [3 we have

IF(5) = F) = F @)y = D) < [l (0) = 0 = Oz 0= 0] (170 )

nf{,a (t> - t

Hence, combining the two above inequalities we conclude that

0. D) < 18l = 2D 4) = 1) = Oz, 0= 0] (12 ) o)

Now, the definition in (12) implies that feo(t) + f{,(t)(ns, . (t) —t) = 0. So, we have
fea(ng (1) = fea(ng () = fealt) = fia(t)(ng (1) — 1)
By using the definition in (I0) and after simple algebraic manipulation, the last equality

becomes
fealnge, () = a(f(ng,@t) = f(t) = ) (ng . (t) = 1)) .

So, as [, is an increasing function, by a simple combination of (26), (27) and the last
equality, we obtain

0. Do) < Py oy (LY

From Proposition [fland the first statement in Proposition [l we have § < ny, (t) < t,. Thus,
by using the last inequality and Proposition [I0] the last inequality of the lemma follows. [
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In the next result we prove the desired result, namely, that the Gauss-Newton iteration
multifunction is “well behaved” on the subsets defined in (21]).

Lemma 15. For each t € [0,t,), the following inclusions hold: K(t) C B(zo,t.) and
Gr (K(1) € K (ng,, (1)
As a consequence, K C B(xg,t,) and Gp(K) C K.

Proof. The first inclusion follows trivially from the definition of K (t). Take x € K(t) and
y € Gp(z). Combining items i and iii of Lemma [[4] we have

B fea (nfE,a ()
fealnge (1)

The last inequality together with item ii of Lemma [[4] and the definition in (2I)) show us
that y € K(ny, (t)), which proves the second inclusion.

The next inclusion, first on the second sentence, follows trivially from definitions (21))
and (22)). To verify the last inclusion, take z € K. Therefore, x € K(t) for some t € [0, t,).
Using the first part of the lemma, we conclude that Gr(r) C K(ny, ,(t)). To end the proof,
note that ny, (t) € [0,%.) and use the definition of K. 0O

nd(0, Do (y)) <

Finally, we are ready to prove the main result of this section which is an immediate
consequence of the latter results. First, note that definitions (23]) and (24]) imply that the
sequence {z}} satisfies

Tp41 € GF(LL’k), k=0,1,..., (28)

which is indeed an equivalent definition of this sequence.

Corollary 16. The sequence {xy} which is contained in B(xg,t.), converges to a point
T. € Blwo,t.] such that F(z.) € C. Moreover, {zx} and {t;} satisfy [I8), (I9) and 20).
Furthermore, if fe o also satisfies assumption h4 then {x)} converges R-quadratically to x,.

Proof. Since xy € B(xg,t.) C B(xo,74,); by using the quasi regularity assumption, n > 1,
the first inequality in (), and Proposition @} we obtain

_ Jeal0)
fea(0)

DC(ZEO) 7é ®> 77d(0> Dc(l'o)) < nﬁxo(o)d(F(xO)a C) < 5 =

Therefore,
xo € K(0) C K,

15



where the second inclusion follows trivially from (22]). Using the above inclusion, the in-
clusions Gp(K) C K (Lemma [5) and (28), we conclude that the sequence {xj} rests in
K and, in particular, we have {z}} contained in B(x,t,). Since {z}x} C K, by combining
Proposition [[3 and Algorithm [ the inclusion in (I8)) follows. Now, we prove by induction
that

x € K(ty), k=0,1,.... (29)
The above inclusion, for k = 0, is the first result in this proof. Assume that x; € K(t). From
([@3) we have t11 = ny, , (tx) and, as z, € K(t;), Lemma [[5implies that Gr(zy) C K(tgy1),

which taking into account (28) completes the induction proof.
Simple combination of Algorithm [l with (29), Proposition I3 and (2I)) yields

all
£7a
which, using (I6]) becomes
[Tk — Tkl < trr — t, k=0,1,....

So, the first inequality in (I9) holds. On the other hand, as {t;} converges to t,, the above
inequalities imply that

o0 o0
Z |Tpr1 — zx]| < Z thgp1 — b = b — tg, < +00,
k=ko k=ko
for any ko € N. Hence, {z;} is a Cauchy sequence in B(zy,t,) and so converges to some
T, € B[z, t.]. Moreover, the above inequality also implies (20), i.e., ||z, — x| < t. — t, for
any k. As C is closed, {z} converges to .,

F(xy) + F'(z)(zpe1 — 1) € C,

and F'is a continuously differentiable function; therefore, we have F(z,) € C.

In order to prove the second inequality in (I9), first note that xp € K(t;) and tpy1 =
ny, . (tx), forall k = 0,1,.... Thus, take an arbitrary & and apply item iii of Lemma [4 with
Yy =1x, r =x_1 and t = t;_; to obtain

e fealty) (ka —xk—lii)Q
nd(0, Do (zy)) < ftao(te) by — th—1 ’

which, using (I6]) and the first inequality in (B0) yields the desired inequality.
To end the proof, combine (20) with the last inequality in Corollary [§ O

Therefore, it follows from Corollaries [§ and [16 that all statements in Theorem [[2] are
valid.
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4 Special cases

In this section, we present special cases for Theorem [[2l They include the case where x is
a regular point of the inclusion (2]), and the case where z satisfies the Robinson condition.
Moreover, we present the result of convergence under the Lipschitz and Smale conditions.

4.1 Convergence result for regular starting point

In this section we present a correspondent theorem to Theorem [I2] namely, we assume that
x¢ is a regular point of the inclusion (2), see [I] and references therein. We also present results
of convergence under the Lipschitz and Smale condition. We start by defining regularity.

Definition 3. Let ' : R" — R™ be a continuously differentiable function and let h : R™ — R
be a real-valued convex function with minimizer set C' nonempty. A point xy € R" is a regular
point of the inclusion F(x) € C if

Ker(F'(20)") N (C = F(w))* = {0},

As we know (see [7]) the definition of a quasi-regular point extends the definition of a
regular point. The following proposition relates these two concepts, where the existence of

constants r and J is due to Burke and Ferris in [1], and the second assertion then follows
from Remark Il

Proposition 17. Let xy € R" be a reqular point of the inclusion F(x) € C. Then there
exist constants r > 0 and 3 > 0 such that

De(x) #0 e d(0,De(x)) < Bd(F(x),C), Vo € B(xg, 7).

Consequently, xy is a quasi-reqular point with the quasi-reqular radius r,, > r and the quasi-
reqular bound function B.,(-) < B on [0,7), as defined in (M) and (&), respectively.

From now on, for each regular point zo € R" of the inclusion F'(x) € C we will denote
by r > 0 and 8 > 0, the associated constants given by the last proposition.

Theorem 18. Let F' : R" — R™ be a continuously differentiable function. Assume that
R >0, 20 € R" and f : [0, R) — R is a majorant function for F on B(xy, R). Take the
constants a > 0 and & > 0 and consider the auxiliary function fe, : [0, R) = R,

fealt) = &4 (= 1)t + af(1).

17



If, feo satisfies h3, i.e., t, is the smallest zero of feo, then the sequence generated by
Newton’s Method for solving feo(t) = 0, with starting point to = 0,

thr =t — feo(t)  fealts), k=0,1,...,

is well defined, {ty} is strictly increasing, is contained in [0,t.), and converges Q-linearly
to t.. Letn € [1,00), A € (0,00] and h : R™ — R be a real-valued convez function with
minimizer set C' nonempty. Suppose that zo € R™ is a reqular point of the inclusion F(x) € C
with associated constants v > 0 and 5 > 0. If d(F(x0),C) >0, t. <,

AZEZnBd(F(x0),C),  a=nB/(0BLf(§)+1]+1),

then the sequence generated by Algorithm [, denoted by {x}, is contained in B(xo,t.),
F(zg) 4+ F'(zg) (g —xr) €C, k=0,1,...,

satisfies the inequalities

b1 — i
[@ke1 — k| <ty — t, [@ke1 — 2| < mnﬂ% — zp |,
ork=0,1,..., and k = 1,2,..., respectively, converging to a point x. € Bz, t.] such tha
fork=0,1 dk=1,2 tivel ng t nt Blxg,t h that
F(x,) € C,
||SL’*—LL’kH§t*—tk, ]{Z:O,l,

and the convergence is R-linear. If, additionally, fe. satisfies hd then the sequences {t;}
and {x} converge Q-quadratically and R-quadratically to t, and x., respectively.

Proof. Since xq is a regular point for the inclusion, we have from Proposition [I7] that zq is
a quasi-regular point for the inclusion F'(xz) € C with the quasi-regular radius r,, > r. So,
taking into account the assumption ¢, < r we obtain

te < Ty
Moreover, Proposition [I7] also implies that the quasi-regular bound function
B (t) < B, Vit elo,r). (31)
Since A > & > nfBd(F(z),C) and the last inequality implies that §,,(0) < 5, we have

A > € 2 B, (0)d(F (20), C).

18



Now, combining the assumptions 0 < £ and ¢, < r with the first statement in Proposition [10]
we conclude that 0 < & < t, < r. So, using B1), f/(0) = —1, f’ as strictly increasing and
n > 1; after simple algebraic manipulation we obtain

nf < 1Bz (1)
nBLf(E) + 1 +1 = nBe()[f'(t) +1] + 1’

Hence, the assumption oo > nB/(nB[f'(§) + 1] + 1) and the last inequality imply that

1B, (1) ,
“= Sup{nﬁxo(t)[f/(t) TR t*}‘

Therefore, F' and x satisfy all assumptions in Theorem [I2 and consequently the statements
of the theorem are satisfied. O

Vi e [§t).

Under the Lipschitz condition, Theorem [I18§ becomes:

Theorem 19. Let F : R® — R™ be a continuously differentiable function. Assume that
9 € R", R >0 and K > 0, such that

1F'(y) = F'(@)| < Klly—zll, .y € B(xo, R).
Take the constants o > 0 and £ > 0 and consider the auziliary function fe, : [0, R) = R,
fealt) = € =t + (aKt?) /2.

If 2aK¢ < 1, then t, = (1 — /1 —2aK¢)/(aK) is the smallest zero of fe ., the sequence
generated by Newton’s Method for solving feo(t) = 0, with starting point ty =0,

thar = te — feo(t)  fealts), k=0,1,...,

is well defined, {ty} is strictly increasing, is contained in [0,t.), and converges Q-linearly
to t.. Letn € [1,00), A € (0,00] and h : R™ — R be a real-valued convex function with
minimizer set C nonempty. Suppose that zo € R™ is a reqular point of the inclusion F(x) € C
with associated constants v > 0 and > 0. If d(F(xg),C) >0, t,. <,

A > & >nBd(F(x),C),  a>nB/(KnBE+1),
then the sequence generated by Algorithm [, denoted by {x}, is contained in B(xo,t,),

F(xp) + Fl(zg)(@p1 — ) €C, k=0,1,...,
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satisfies the inequalities

t —1
[ 2h41 = zell < torr — B, |21 — o] < ﬁ“xk — o |,
fork=0,1,..., and k =1,2,..., respectively, converging to a point x. € Blxg,t.| such that
F(z,) € C,
||£L'*—£L’k||§t*—tk, /{?:O,l,...

and the convergence is R-linear. If, additionally, 2a K& < 1 then the sequences {ty} and
{z1} converge Q-quadratically and R-quadratically to t, and x., respectively.

Proof. Tt is promptly proved that f : [0, R) — R defined by f(t) = Kt?/2 — t is a majorant
function for the function F on B(zq, R). Hence,

fealt) =€ —t+ (aKt")/2 =€+ (a — )t +af(t),

and, since 2a K¢ < 1, we conclude that f¢ , satisfies h3 and ¢, = (1 — /1 — 2aK¢)/(aK) is
its smallest root. In this case, the constant « satisfies

as "M np
1+ Knps nBlf(&) +1]+1

Therefore, taking a, fe¢, and ¢, as defined above, all the statements of the first part of the
theorem follow from Theorem [I8 For proving the second part, it is sufficient to note that
the assumption 2aK¢ < 1 implies that f¢ , satisfies h4. O

Under the Smale condition, see [12], Theorem [I§ becomes:
Theorem 20. Let F': R" — R™ be an analytic function. Assume that xo € R™ and

1/(n—1)

M < +o00. (32)

7y 1= sup '
n!

n>1

Take the constants o > 0 and £ > 0 and consider the auziliary function feo :[0,1/7) = R,

oy
1—nt

fealt) = 2 —t+¢€

If &y < 1+ 2a —2+/a(l + «) then

L= (098?40 )
B 2(14+ )y

by

Y
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is the smallest zero of fe o, the sequence generated by Newton’s Method for solving fe o(t) =0,
with starting point tog = 0,

tk-l—l =t — fé,a(tk)_lff,a(tk)a k= Oa ]-7 cee

is well defined, {ty} is strictly increasing, is contained in [0,t.), and converges Q-linearly
to t.. Letn € [1,00), A € (0,00] and h : R™ — R be a real-valued convez function with
minimizer set C nonempty. Suppose that xo € R™ is a reqular point of the inclusion F(z) € C
with associated constants v > 0 and > 0. If d(F(xg),C) >0, t. <,

nB(1 —~E)?
@« = nB+ (1 —np)(1—~E&)?

then the sequence generated by Algorithm [, denoted by {x}, is contained in B(xo,t.),

A = &= nBd(F(x),C),

F(zg) 4+ F'(zg) (g —xr) €C, k=0,1,...,

satisfies the inequalities

t —1
[T — k|l < tosr — i, [h1 — 2| < #ka — x|l
fork=0,1,...,and k =1,2,..., respectively, converging to a point x. € Blxg,t.| such that
F(x,) € C,
||SL’*—LL’kH§t*—tk, ]{Z:O,l,

and the convergence is R-linear. If, additionally, &y < 1+ 2a — 2y/a(l + «) then the
sequences {ty} and {xy} converge Q-quadratically and R-quadratically to t, and x., respec-
tively.

We need the following results to prove the above theorem.

Lemma 21. Let F : R® — R™ be an analytic function. Suppose that xo € R™ and v is
defined in ([AQ). Then, for all x € B(xo, 1/7) it holds that

IF" (@)1 < (2)/ (1 = 3|2 = 2ol])*.
Proof. The proof follows the same pattern as Lemma 21 from [3]. O

Lemma 22. Let F : R" — R™ be twice continuously differentiable. If there exists a
f:[0,R) = R twice continuously differentiable and satisfying

[F" ()] < f"(lx = xoll),
for all x € R™ such that ||x — xo|| < R, then F and f satisfy ().
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Proof. The proof follows the same pattern as Lemma 22 from [3]. O
Proof of Theorem Consider the real function f :[0,1/7) — R defined by

t

f) ==y 2t

It is straightforward to show that f is analytic and that
fO)=0, ft)=1/(1—t)=2, f(0)=~1, f'(t)=027)/1-) [(0)=nly""",

for n > 2. It follows from the last equalities that f satisfies h1l and h2 in Definition 2. Now,
as f"(t) = (29)/(1 — ~t)?, combining the Lemmas 21 and 22, we have F' and f satisfy (9
with R = 1/~. Therefore, f is a majorant function for F' on B(xq,1/7). Hence,

fealt) = —L

1_vtt2—t+§=£+(a—1)t+af(t),

and, since £y <1+ 2a — 24/a(l + a), we conclude that f¢, satisfies h3 and

19— /(I + 9?2 — A1+ a)é
B 21+ a)y

ls

is its smallest root. In this case, the constant « satisfies

S 81— ¥)? _ 13
a > 5 = - :
nf+ (L —nB)1—~)?* nBlf'E€)+1+1
Therefore, taking o, f¢, and ¢, as defined above, all the statements of the first part of the

theorem follow from Theorem [I8 For proving the second part, it is sufficient to note that
the assumption £y < 1+ 2a — 24/a(1 + «) implies that f¢, satisfies h4. O

4.2 Convergence result under the Robinson condition

In this section we present a correspondent theorem to Theorem [I2] namely, we assume that
xo satisfies the Robinson condition, see [7] and [9]. Under the Robinson condition, we also
present results of convergence for the Lipschitz and Smale conditions. We start by defining
the Robinson condition.

Let ¢ C R™ be a nonempty closed convex cone, F' : R" — R™ be a continuously
differentiable function and = € R*. Define the multifunction 7}, : R" — P(R™) as

T,d = F'(z)d — C. (33)
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The multifunction T}, is a convex process from R” to R™. Convex process has been extensively
studied in [10, T1]. As usual, the domain, norm and inverse of T, are defined, respectively,

by
D(T,) :={d e R" : T,.d # 0}, T := sup {||Txd]| : x € D(T), ||d| < 1},
Ty ={deR": F'(z)d€y+C}, y € R™.
where ||T,d|| := inf{|jv]| : v € T,d}.
The point xy € R" satisfies the Robinson condition if the multifunction 77, carries R"
onto R™, that is,
VyeR™ FdeR*, JceC; y=F(xg)d—c (34)

Theorem 23. Let F' : R® — R™ be a continuously differentiable function. Assume that
R >0,z € R" and f : [0, R) — R is a majorant function for F' on B(xy, R). Take the
constants a > 0 and & > 0 and consider the auxiliary function fe, : [0, R) = R,

Jealt) = €+ (@ = 1)t + af(t).

If, feo satisfies h3, i.e., t, is the smallest zero of feo, then the sequence generated by
Newton’s Method for solving feo(t) = 0, with starting point to = 0,

thar = te — feo(tr)  fealts), k=0,1,...,

is well defined, {ty} is strictly increasing, is contained in [0,t.), and converges Q-linearly
to t.. Letn € [1,00), A € (0,00] and h : R™ — R be a real-valued convez function with
minimizer set C' nonempty. Suppose that C is a cone and xq € R"™ satisfies the Robinson
condition. Let By = ||T,'|. If d(F(x),C) >0, t, <rg,:=={t € [0,R) : fo— 1+ fof'(t) <
0},

nBo
Az znbdF(0),C). a2 r g e T

then the sequence generated by Algorithm [, denoted by {xy}, is contained in B(xo,t.),
F(xp) + Fl(xp)(tp —ap) €C, E=0,1,...,

satisfies the inequalities

tea1 — g
[rar = @l <t — e, [Jons — 2l < mnﬂ% — a1,
fork=0,1,...,and k =1,2,..., respectively, converging to a point x. € Blxg,t.| such that
F(z,) € C,
||SL’*—LL’kH§t*—tk, ]{Z:O,l,

and the convergence is R-linear. If, additionally, fe. satisfies h4 then the sequences {ty}
and {x} converge Q-quadratically and R-quadratically to t. and x., respectively.
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We need the following two results to prove the above theorem.

Lemma 24. Let F': R" — R™ be a continuously differentiable function and C' a nonempty
closed convex cone. Suppose that o € R™ satisfies the Robinson condition. Then

-1
1T, || < +oo0.

Moreover, if Sis a linear transformation from R™ to R™ such that || T, '||[|S|| < 1, then the
convex process T, defined by T := Ty, + S, carries R" onto R™, [|[T!|| < 400 and

175

EIE

1774 <
1 —

Proof. See Theorem 1 on p.342 of [9. O

Lemma 25. Let F : R" — R™ be a continuously differentiable function and let h : R™ — R
be a real-valued convex function with minimizer set C nonempty. Suppose that ro € R"™
satisfies the Robinson condition. Then xo is a reqular point of the inclusion F(x) € C, and
in particular, xo is a quasi-reqular point of the inclusion F(xz) € C. Moreover, assume C' is
a cone, R > 0 and f : [0, R) — R is a majorant function for F' on B(xg, R). Let & > 0,
Bo = T, the auziliary function feg, : [0, R) — R,

fepo(t) =&+ (Bo — 1)t + Bof(t),

and 1g, = sup{t € [0, R) : f{ 5 (t) < O}. If 4, is the quasi-reqular radius and f,(-) is the
quasi-reqular bound function for the quasi-reqular point xq, then

Bo

Tzo > TBo> ﬁxo(t) < 1— 60[f,(t) T 1]) Vite [07 rﬁo)'
Proof. Take y € Ker(F'(x9)T) N (C — F(x))°. Hence,
0= (F'(z)"y,d) = (y, F'(z0)d), VdecR", (y,c— F(x9)) <0, VceC.

Since z satisfies the Robinson condition, d € R™ and ¢ € C' exist, such that —y — F(xg) =
F'(x¢)d — ¢, which combining with the above inequalities gives

(v,y) = (y,c = F(xo) — F'(x0)d) = (d, c — F(x)) <0.

So y = 0, and we obtain from Definition Blthat x( is a regular point of the inclusion F'(x) € C.
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To establish the second part, first take x € R™ such that ||z — x| < r3,. Using f as a
majorant function of F' on B(zg, R), as well as the definitions of 5y, f¢ 5, and rg,, we obtain

175 M (@) = F' (o)l < Bolf (Il — woll) = £/(0)] = fe g (lz — ol ) + L < L. (35)

Using that z, satisfies the Robinson condition and the last inequality, it follows from
Lemma 24] that the convex process

T.d = F'(z)d — C = Tpd + [F'(z) — F'(zo)ld, V¥ deR",

carries R™ onto R™ and
_1|| < ||T:(;)1|| < 60
T L= [T HNE () — F' (o)l = 1= Bolf' (|2 — xol]) — £/(0)]

where the last inequality follows the definition of Sy and (B3). Moreover, as T, carries R™
onto R™, we also have

1T (36)

De(x) ={deR": F(z) + F'(x)d € C} # 0, Vx € B(xo,7s,)- (37)
Now, let d € T, (c — F(z)). Using the definition of T ! it follows that
F'(z)d€c—F(x)+C=C— F(x),

hence we conclude that F(z) + F'(x)d € C, which combining with the definition of D¢ (z)
yields
T '(c— F(x)) C Do(x).

Therefore,
d(0, Dc(x)) < T (e = F(2)l| < T llle = Fz)ll,  Veel.
The last inequality together with (36) imply

Bo
= TG (= — 2ol) = /(0)

which combined with (37), as well as definitions of r,, and f3,,(-) in (7)) and (&), respectively,
yields the desired inequalities. O

d(0, Do (w)) < |7, ||d(F (), C) d(F (), C),
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[Proof of Theorem [23] Since z, € R" satisfies the Robinson condition, we have from
Lemma 28] that xq is a quasi-regular point of the inclusion F(z) € C with the quasi-regular
radius 7, > 73,. S0, taking into account the assumption ¢, < rg, we obtain

by < Ty

Moreover, Lemma [25] also implies that the quasi-regular bound function G,,(-) satisfies

B
S TR pE

Since A > & > nfyd(F(xg),C) and the last inequality implies that 5,,(0) < Sy, we have

Vte [0, ’I“BO). (38)

A > € > B, (0)d(F (2,), C).

Now, combining the assumptions 0 < £ and ¢, < rg, with the first statement in Proposition [L0]
we conclude that 0 < £ < t, < rg,. So, using [B]), f'(0) = —1, f’ as strictly increasing and
n > 1; after simple algebraic manipulation we obtain

!/ 1 1 / 1 /
nlf () +1] + RO (n=D[f()+1] > 5 =D +1,  Viels t),
or equivalently,
7750 > nﬁxo(t) Vite [57 t*) (39)

L+ (n=1DB[f(€) + 1] — nBay(O)[f/(t) + 1]+ 17
Hence, the assumption o > n8/[1+ (n—1)8o(f'(§) + 1
1B, (1) ,
Tl St}

Therefore, F' and x satisfy all assumptions in Theorem [I2] and so statements of the theorem
follows. [

)] and the last inequality imply that

aZsup{

Remark 3. Let F' : R" — R™ be a continuously differentiable function. Assume that
9 € R", R >0 and K > 0 exists, such that

1F(y) = F'(2)l < Klly —«ll, =,y € B(xo, R).

Note that f : [0, R) — R defined by f(t) = Kt?/2 —t is a majorant function for the function
F on B(xg, R). In this case, it is easy to see that h3, h4 and t, in Theorem [23 become

20K¢ <1, 20K < 1, te=(1—+1-2aK¢)/(aK),
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and « satisfies

15
o> .
L+ (n— 1)K GBS
In particular, if C' = {0} and n = m, the Robinson condition is equivalent to the condition
that F'(zo)~! is non-singular. Hence, for n =1 we obtain the semi-local convergence for the
Newton method under the Lipschitz condition, see [2].

Remark 4. Let F': R® — R™ be an analytic function. Assume that o € R™ and

1/(n—1)

M < +o0. (40)

v := sup
n!

n>1

Note that the real function f :[0,1/v) — R defined by f(t) =t/(1 —~t) — 2t is a majorant
function for the function F on B(xg,1/v). In this case, it is easy see that h3, h4 and t, in
Theorem [23 become

£y <1+42a-—2ao(l+a), £y <1+4+2a—2a(l+a),

1= /(196?40 )
B 2(14+ )y

Us

Y

and « satisfies
)2
o nall = 18)

~ (n=1)Bo+ 1= Boln— (1 —~E?
In particular, if C = {0} and n = m, the Robinson condition is equivalent to the condition
that F'(zo)~' is non-singular. Hence, for n = 1 we obtain the semi-local convergence for the
Newton method under the Smale condition, see [12].
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