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ON SIMULTANEOUS IDENTIFICATION OF THE SHAPE AND
GENERALIZED IMPEDANCE BOUNDARY CONDITION IN OBSTACLE
SCATTERING

LAURENT BOURGEOIS*, NICOLAS CHAULET f, AND HOUSSEM HADDAR

Abstract. We consider the inverse obstacle scattering problem of determining both the shape and the “equiva-
lent impedance” from far field measurements at a fixed frequency. In this work, the surface impedance is represented
by a second order surface differential operator (refer to as generalized impedance boundary condition) as opposed
to a scalar function. The generalized impedance boundary condition can be seen as a more accurate model for
effective impedances and is widely used in the scattering problem for thin coatings. Our approach is based on
a least square optimization technique. A major part of our analysis is to characterize the derivative of the cost
function with respect to the boundary and this complex surface impedance configuration. In particular, we provide
an extension of the notion of shape derivative to the case where the involved impedance parameters do not need to
be surface traces of given functions, which leads (in general) to a non-vanishing tangential boundary perturbation.
The efficiency of considering this type of derivative is illustrated by several 2D numerical experiments based on a
(classical) steepest descent method. The feasibility of retrieving both the shape and the impedance parameters is
also discussed in our numerical experiments.

Key words. Inverse scattering problem, Helmholtz equation, Generalized Impedance Boundary Conditions,
Fréchet derivative, Steepest descent method.
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1. Introduction. The identification of complex targets from measurements of scattered
waves is an important problem in inverse scattering theory that arises in many real life applications,
such as in non-destructive testing, and radar or sonar applications. The solution of underlying
inverse problem is challenging due to the inherent ill-posedness and also the non-linearity of the
problem. Therefore, it is desirable to base the inversion algorithms on a simplified direct scattering
model, whenever possible. Such an example, is the modeling of the direct scattering problem for
an imperfectly absorbing target or an obstacle coated by a thin layer, as boundary value prob-
lems with complicated surface impedance known as Generalized Impedance Boundary Conditions
(GIBC). The most simplified model is the so-called impedance or Robin-Fourier boundary condi-
tion. However, as demonstrated in many recent studies (see [4], [12] 13, 04} 2]), such impedance
boundary condition can not accurately model many instances of complex materials in the case
of multi-angle illuminations of coated (and/or corrugated) surfaces. For such materials, a better
approximation is the surface impedance in the form of a second order surface operator. The goal of
this work is to solve the inverse scattering problem for targets made of complex material based on
an approximate model of the direct scattering as a boundary value problem with complex surface
impedance. More precisely we shall consider the scalar problem for the Helmholtz equation (which
corresponds to the scattering of acoustic waves, or electromagnetic waves specially polarized) and
consider GIBC of the form

du

+divp(uVru) + Adu=0 onT,
ov

where I' is the boundary of an obstacle D, p and A are complex valued functions, divr and Vr the
surface divergence and the surface gradient on I', respectively and v denotes the unit normal to I"
directed to the exterior of D. As a particular example of electromagnetic scattering, if the scatterer
is a perfect conductor coated with a thin dielectric layer, for the transverse electric polarization,
the GIBC model corresponds to = 6 and A\ = 6k?n, where k denotes the wave number, ¢ is the
(possibly non constant) width of the layer and n is its refractive index [2].

The inverse problem under investigation is then to reconstruct both the obstacle D and the
coefficients A and u from far fields measurements at a fixed frequency (wave number). This problem
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for the case of u = 0 (which corresponds to the classical impedance boundary condition) has been
addressed for instance in [9, 25] 22| [I6] for the Helmholtz equation and in [24, [3 26| I0] for the
Laplace equation. The case p # 0 has been considered in [8| [7] where the main interest was prove
the unique characterization of the impedance operator from a single measurement assuming that
the boundary is known a priori, as well as the study of the question of stability, in particular
when only an approximation of such boundary is known. In the present work, in addition to
the impedance operator, the geometry of the obstacle is also unknown and hence we assume that
measurements corresponding to several incident plane waves are available.

We first prove the uniqueness for both D and (\,u) from a knowledge of the far field patterns for
all possible incident and observation directions. Our proof uses the technique of mixed reciprocity
relation as in [I9, 21]. To solve the inverse problem we use an iterative Newton approach for
nonlinear optimization problems. The main contribution of our analysis is the characterization
of the derivative of the far field with respect to the domain D when the impedance parameters
(A, ) are unknown. At a first glance, this may appear as a simple exercise using shape derivative
tools, as described for example in the monographs [I, [I7, 27]. However, it turned out that the
following two specific issues of the problem seriously complicate this task. The first one is due
to the second-order surface differential operator appearing in the expression of the generalized
impedance boundary condition. As it will become clear from the paper, this requires involved
calculations which lead to non-intuitive final expressions for the derivatives.

The second major issue is not attributed to GIBC but rather to the fact that the coefficients A
and/or p are unknown functions supported on the unknown boundary dD. This configuration
makes unclear the definition of the partial derivative with respect to D. To overcome this ambiguity
we shall adapt the usual definition of partial derivative with respect to D by defining an appropriate
extension of the impedance parameters A and p to the perturbed boundary 0D. = 9D + ¢(9D),
where € is a perturbation of 9D (see definition LIl hereafter). As a surprising result, the obtained
derivative depends not only on the normal component of the perturbation € but also on the
tangential component (see Theorem hereafter). In order to derive these results we adopted
a method based on integral representation of the solutions as introduced in [20] for the case of
Dirichlet or Neumann boundary conditions and in [I5] for the case of constant impedance boundary
conditions. An alternative technique could be the use of shape derivative tools, but this is not
subject of our study as we believe that it is probably more technical.

The last part of our work is dedicated to the investigation of the numerical reconstruction algorithm
based on a classical least square optimization formulation of the problem which is solved by using
a steepest descent method with regularization of the descent direction. The forward problem is
solved by using a finite element method and the reconstruction update is based on a boundary
variation technique (which requires re-meshing of the computational domain at each step). The
goal of our numerical study is first to illustrate the efficiency of considering the proposed non
conventional form of the shape derivative, and second to discuss the feasibility of retrieving both
the obstacle and the impedance functions in the impedance operator.

The outline of the paper is as follows. In Section 2, we describe the direct and inverse
problems. In Section 3, we prove uniqueness for the considered inverse problem, whereas Section
4 is dedicated to the evaluation of the derivative of the far field with respect to the boundary
of the obstacle. In Section 5 we describe the optimization technique based on a least square
formulation of the inverse problem. Various numerical tests in the 2D case showing the efficiency
of the proposed steepest descent method are presented in Section 6. A technical lemma related to
some differential geometry identities that are used in our analysis is presented in an Appendix.

2. The statement of the inverse problem. Let D be an open bounded domain of_Rd,
with d = 2 or 3, the boundary 9D of which is Lipschitz continuous, such that Q = R\ D is
connected and let (\, u) € (L>°(0D))? be some impedance coefficients. The scattering problem
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with generalized impedance boundary conditions (GIBC) consists in finding u = u*® +u* such that

Au+Ku=0 inQ

ou
oz : — D
£ + divp(pVru) + Au =0 ond 21
s 2
lim / ou” tku®| ds = 0.
R—o00 |z|=R s

Here k is the wave number, u’ = e**%® is an incident plane wave where d belongs to the unit
sphere of R? denoted $?~*, and u® € V(Q) := {v € D'(Q),pv € H () V¢ € D(R?) and vgp €
HY(OD)} is the scattered field.

The surface operators divp and Vr are precisely defined in Chapter 5 of [17]. For v € H'(9D) the
surface gradient Vo lies in LZ(0D) := {V € L?(0D,R%), V -v = 0} while divr(uVru) is defined
in H=Y(0D) for u € L>=(0D) by

(divr (uVru), v) g1 (o), 11 (9D) = —/ puVru-Vevds Vv € HY(OD). (2.2)
oD

The last equation in (21)) is the classical Sommerfeld radiation condition. The proof for well-
posedness of problem (Z1]) and the numerical computation of its solution can be done using the
so—called Dirichlet—to-Neumann map so that we can give an equivalent formulation of (2] in
a bounded domain Qr = Q N Br where By is the ball of radius R such that D C Bgr. The
Dirichlet-to-Neumann map, Sg : H'/?(0Bg) + H~'/?(8Bg) is defined for g € H'?(0Bgr) by
Srg := Ouc/Or|sp, where u® € V(R?\ Bpg) is the radiating solution of the Helmholtz equation
outside Br and u® = g on 0BpR.

Solving () is equivalent to find u in Vg := {v € H'(Qg); vjopp € H'(OD)} such that:

Au+Eku=0 inQp

ou .
5 + leF(MVFU) + =0 ondD (23)
ou B ou’

E—SPL(U) 5 — Sg(u*) on JBg.

We introduce the assumption
ASSUMPTION 1. The coefficients (A, ) € (L°>°(0D))? are such that

Sm((A) >0, Sm(p) <0 ae indD
and there exists ¢ > 0 such that
Re(p) > ¢ a.e. in OD.

Well-posedness of problem (23] is established in the following theorem, the proof of which is
classical and given in [5].

THEOREM 2.1. With assumption [ the problem (Z3) has a unique solution u in Vg.
In order to define the inverse problem, we recall now the definition of the far field associated to a
scattered field. From [IT], the scattered field has the asymptotic behavior:

eikr . 1

uniformly for all the directions # = x/r € S?~! with r = |z|, and the far field u> € L?(S%!) has
the following integral representation

oA\ us aq)oo(i.,y) o aus(y) oo (4 S 7 d—1
@)= [ (Pt - Wex @y i) viest 24
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Here ®°°(-, y) is the far field associated with the Green function ®(-,y) of the Helmholtz equation.
The function ®(-,y) is defined in R? by ®(x,y) = (i/4)Hi(k|z — y|), where H} is the Hankel
function of the first kind and of order 0, and in R? by e?*1#=vl/(47|2 — y|). The associated far
fields are defined in S by (e!™/*/v/87k)e~"*¥% and in S? by (1/47)e~ %% respectively. The second
integral in ([Z4) has to be understood as a duality pairing between H~'/2(9D) and H'/?(0D).
We are now in a position to introduce the far field map T,

T: (\p,dD)— u™

where 1> is the far field associated with the scattered field u® = u—u’ and u is the unique solution
of problem (ZJ]) with obstacle D and impedances (A, u) on 9D.

The general inverse problem we are interested in is the following: given incident plane waves of
directions d € S d=1 s it possible to reconstruct the obstacle D as well as the impedances A and s
defined on 9D from the corresponding far fields u® = T'(\, u, dD)? The first question of interest
is the identifiability of (A, u, D) from the far field data.

3. A uniqueness result. In this section, we provide a uniqueness result concerning identi-
fication of both the obstacle D and the impedances (A, u) from the far fields associated to plane
waves with all incident directions d € S4~. In this respect we denote by u™(,d) the far field in
the Z direction associated to the plane wave with direction d. In the following, we introduce some
regularity assumptions for the obstacle D and the impedances A\, p.

ASSUMPTION 2. The boundary D is C?, and the impedances satisfy X € C°(OD) and p €
Cl(oD).

The main result is the following theorem, which is a generalization of the uniqueness result for
=0 proved in [21].

THEOREM 3.1. Assume that (A1, p11,0D1) and (s, p2, 0D2) satisfy assumptionsdl and[3, and
the corresponding far fields u$® = T(\1, u1,0D1) and u$® = T(Aa, po, dD2) satisfy u‘fo(:i",(i) =
use(&,d) for all & € S* ' and d € S, Then Dy = Dy and (A1, 1) = (A, pi2).

The proof of the above theorem is based on several results, the first one is the mixed reciprocity
lemma and does not require the regularity assumption

LEMMA 3.2. Let w™ (-, z) be the far field associated to the incident field ®(-,z) with z € Q,
and u®(-, ) be the scattered field associated to the plane wave of direction & € S¢~1. Then

with v(2) = e™/*/\/8rk and v(3) = 1/4r.
Proof. For two incident fields v} and uj, the associated total fields u; and uy satisfy

= / (uVruy - Veus— Aujus — pVpug - Viug + Aujug) ds = 0.
oD

By using the decomposition u; = u} + uj and uy = ub + u$, that the incident fields solve the
Helmholtz equation inside D and that the scattered fields solve the Helmholtz equation outside D
as well as the radiation condition, we obtain

ol Ous oul ;O
H — ub ds = 3 — uj ds. 1
/aD <u1 v o ) 3 /BD <u2 aw Yo ) (3-1)

Now we use the Green’s formula on the boundary 9D for u®(-,#): for z € Q and # € 971,

si oy (. ) 02 2) 0wy, 2) oV
wed) = [ (e - 2D ) ds)
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By applying equation ([B.I) when u} is the plane wave of direction # and u} is the point source
(-, 2), it follows that

Lastly, from the integral representation ([2:4) and the above equation we obtain

y(d)u®(z, &) = w* (-1, 2).

d
The second lemma is a density result and does not require the regularity assumption [ either.
Since it is a slightly more general version of Lemma 4 in [8], the proof is omitted.

LEMMA 3.3. Let u(-,d) denote the solution of (1) associated to the incident wave u'(z) =
e and assume that for some f € H=1(0D),

<u(-d), f >m@ep)a-10m="0, VdeSI

Then f = 0.
We are now in a position to prove Theorem [3.]

Proof. [Proof of Theorem [BI] The first step of the proof consists in proving that Dy =
D5, following the method of [19] [I8]. Let us denote Q) the unbounded connected component of
R4 \ D1 U D3. From Rellich’s lemma and unique continuation, we obtain that

ui(z,d) = uj(z,d), VzeQ,vde S (3.2)
Using the mixed reciprocity relation of Lemma [3.2] we get
uP(—d,z) =u®(—d,z), Vde S¥ ' vzeq,

where u$°(-, z) and u$°(-, z) are the far fields associated to the incident field ®(-,z) with z € Q.
By using again Rellich’s lemma and unique continuation, it follows that

ui(z, z) = uj(z, 2), Y(z,2) € Q x Q. (3.3)

Assume that Dy ¢ Ds. Since R? \ D, is connected, there exists some non empty open set
I, € (0D1NOQ) \ Dy. We now consider some point x, € I, and the sequence

1/1(:0*)-

n

Ty, = Ty +
For sufficiently large n, x, € Q. From B3), we hence have by denoting Pyv := 0v/ov +
divp (1 Vo) + Ao,
Piui(,x,) = Pruj(c,z,) on T
Using boundary condition on 9D for u; = uf + ®(+, ,), this implies that
Piui(,xn) = —P1®(-,x,) on T

Using assumption 2l and the fact that u§ is smooth in the neighborhood of T, we obtain

. , ousj , , ,
nllgloo Prus (-, xp) = 8—1/2(’ T.) + i Arus (s 2x) + Veps - Veus (s, 24) + Aus (-, 24)

in L?(T',). On the other hand, for z; € T'x \ {2}, we have pointwise convergence

0P
HEIEOO P ®(xy,xy,) = E(fﬁ, xy) + i Ar® (21, 24) + Veopr - Ve (z1, z.) + M@ (21, 24).
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We hence obtain that

g—§(~,x*) + divp (i Vr®) (-, 24) + M ®(-, z.) € L*(T,). (3.4)

Now we consider some reals R, > r, > 0 such that 9D N B(z.,R.) C Ty, a function ¢ €
C§°(B(x, Ry)) with ¢ =1 on B(z,,r.), and w? := ¢ ®(-, ). The function w? satisfies

Aw® + EwS = f iny

8611;* + divp(p1 Vrws) + Mqwi =g on dD; (3.5)
Ows ?

lim Y ikw| ds =0,

R—o |z|=R or

with Q; = R?\ D; and
[=(Ad)P(-,2:) + 2V - VO(-, 1,),

g=9 (g_i)(; $*) + diVF(MlVF(I))(',.T*) + )\1@(-, $*))

+ (-, ) (% + Vruy - Vro + ,u1AF¢) + 2 Vr®(-, zy) - V.
Since ¢ = 1 in the neighborhood of z. and by using 3.4, we have f € L?(Q;) and g € L?(0D1).
With the help of a variational formulation for the auxiliary problem (33]) as in [7], we conclude that
ws € HY(Bgr\ D), hence ®(-,z.) € H(Q1 N B(x4,74)). Since D is C?, we can find a finite cone
C. of apex x., angle 0., radius r, and axis directed by &, = v1(x,), such that C,. C Q1N B(x4, 7).
Hence ®(-,x,) € H'(C,).

In the case d = 3 (the case d = 2 is similar), we have

ik|z—x .| 1
Vo(,2,) = —— <| |¢k> (@ — ),

Cdrwlr — 2?2 \ |z — .

and by using spherical coordinates (1,0, ¢) centered at x.,

/ dx / /9* /2” 72 sin 0 drdfdg N
— = ———— = $0q,
o+ |z — it 0 0 0 4

which contradicts the fact that ®(-,z.) € H'(C,). Then D; C Dy. We prove the same way that
DQ C Dl, and then D1 = D2 =D.

The second step of the proof consists in proving that (A1, 1) = (A2, p2). We set A := A1 — A2 and
1= 1 — pe. From equality ([B2]), the total fields associated with the plane waves of direction d
satisfy

w(x,d) == uy(2,d) = us(z, d) Ve e R4\ D, vd € S 1.
From the boundary condition on D for u; and us it follows that

dive (uVru(-,d)) + Mu(,d) =0  ondD,  vdesit

For some ¢ € H*(dD), by using formula ([2.2)) we obtain

< u(-,d),dive(uVre) + Ao >miopy.a-10m=0,  Vde S
With the help of Lemma B3] we obtain that

divp(uVre) + X =0  ondD, V¢ e H'(dD).



Choosing ¢ = 1 in the above equation leads to A = 0. The above equation also implies that
/ p|Vrol?ds =0, V¢ e H' (D).
oD

Assume that p(xg) # 0 for some zp € 9D, then for example Re(u)(xg) > 0 without loss of
generality. Since 4 is continuous there exists € > 0 such that Re(u)(z) > 0 for all x € dIDNB(z9, £).
Let us choose ¢ as a smooth and compactly supported function in D N B(xg,<). We obtain that

/ Re ()| Vol ds = 0,
DN B(z0,¢)

and then Vr¢ = 0 on 9D, that is ¢ is a constant on 0D, which is a contradiction. We hence have
=0 on 0D, which completes the proof. O

As illustrated by Theorem 3.1 if all plane waves are used as incident fields, then it is possible to
retrieve both the obstacle and the impedances, with reasonable assumptions on the regularity of
the unknowns. In the sequel, we consider an effective method to retrieve both the obstacle and
the impedances based on a standard steepest descent method. To use such method, one needs to
compute the partial derivative of the far field with respect to the obstacle shape, the impedances
being fixed. This is the aim of next section. The adopted approach is the one used in [20] for
the Neumann boundary condition and in [I5] for the classical impedance boundary condition with
constant A\. The computation of the partial derivative with respect to the impedances is already
known and given in [7].

4. Differentiation of far field with respect to the obstacle. Throughout this section,
we assume that the boundary of the obstacle and the impedances are smooth, typically 0D is C*,
A € C%(OD) and p € C3(dD), which ensures that the solution to problem (Z3)) belongs to H*(Qz).
In order to compute the partial derivative of the far field associated to the solution of problem
@) with respect to the obstacle, we consider a perturbed obstacle D. and some impedances
(Ae, pte) that correspond with the impedances (A, i) composed with the mapping 9D, — 9D.
More precisely, we consider some mapping ¢ € C1° (R4 R?) with C1:> := C1 N W1 equipped
with the norm |[e[| := [[e|[w1, (ra,ga). From [I7, section 5.2.2], if we assume that |[e]| < 1, the
mapping f. := Id + ¢ is a C'—diffeomorphism of R%. The perturbed obstacle D, is defined by

0D, = {z+¢<(z), x € 0D},
while the impedances (Ac, pe) are defined on 9D, by
Ae=Xofot po=pofl. (4.1)

We now define the partial derivative of the far field with respect to the obstacle shape.
DEFINITION 4.1. We say that the far field operator T : (X, i, 0D) — u™ is differentiable with
respect to 0D if there exists a continuous linear operator Ty (0D) : Ch° (R4, RY) — L2(59°1)

and a function o(||e||) : C1°°(RY, RY) — L2(S9~1) such that
T(Xe; pe, 0De) — T(A, 4, 0D) =T (D) - £ + o([[e]]),

where A: and p. are defined by (1) and limj 0 0(||e]])/|[e]| = 0 in L2(S471).

REMARK 1. Note that if A and u are constants, the above definition coincides with the classical
notion of Fréchet differentiability with respect to an obstacle.
Now we denote by u. the solution of problem (2] with obstacle D, instead of obstacle D and
impedances (), j1-) instead of impedances (), ;). We assume in addition that D C D.. We then
have the following integral representation for u? — u*:

LEMMA 4.2. For z € R4\ D,

) =) = [ e { S+ i a0 0) + Al
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where w(-, ) is the solution of problem (Z1)) with incident wave ®(-,z).
Proof. Let x € R4\ D.. We recall the representation formula for the scattered field

(@) = /BD (ug—‘f(-,x) - %@(-,x)) ds. (4.2)

By using the boundary condition on D in problem (2.1 for functions v and w(-, ) = w*(-, z) +
®(-,x) and by using formula (22]), we obtain

| (s tn =Gt ) as = [ (w5 o) - Shwe) ) i

From the two above equations, using the Green’s integral theorem outside D and the radiation
condition for u® and w*(-, z),

wt(z) = /w <6615w8(~,z) uia;}j(-,z)> ds.

We now use the Green’s integral theorem in D. \ D for functions u* and w* (-, z) and find

s/ o' ;ow®
u®(x) = /61)5 <81/8w (,z)—u v (,z)> dse.

Using again the Green’s integral theorem outside D, and the radiation condition for u? and w*(-, z),

o [ (P
u®(x) = /{;ujs <6V5w (,2) — ue o ( ,x)) dse.

The boundary condition satisfied by u. on 0D, implies

a s
711'5(:6) - / te < ~ (,SC) + diVFa (‘LLEVFE’U)S)(',SC) + AEwS('a :L'>> s
D, aVE
Lastly, we use formula ([£.2) for u. and D, as well as the boundary condition of u. on dD,, and
obtain that for z € R?\ D,,

ww = [ (G )+ dive, (T ). 2) + Ac(,2) ) ds.

We complete the proof by adding the two last equations, given w(-, z) = w*(-,x) + ®(-,x). O
Using the continuity of the solution with respect to the shape one can replace u. by u in the
integral representation of Lemma 2 up to O(||¢[|?) terms. In the following, we make use of the
notation

Je = |det(vfa)|a JZ = Jal(vfa)iTyla Pe= (vff)il(vfa)iT’

where det(B) stands for the determinant of matrix B, while B~ stands for the transposition of
the inverse of invertible matrix B.
LEMMA 4.3. Let w be as in Lemma[{.3 Then

@) @) = [ uf G ) 4 dive, (Ve w)(ea) + Acuto) pdse + Ol

uniformly for x in each compact subset K C R%\ D.
Proof. We first observe that

/BDE (e —u) {gz (-, @) + divr, (ue Ve w) (-, @) + Aw(, z)} ds.

= / (ue — u)a—w dse — / peVr, (ue —u) - Ve wdse —|—/ e (ue — u)w dse. (4.3)
dD. Ove dD. dD.
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We shall only consider the second integral on the right hand side of the last equality. The other
two integrals are simpler terms and can be treated in a similar way (see for instance [6] for a
detailed proof). By denoting . = u. o f., @i. = uo f. and W, = w o f., we have

/ peVr, (ue —u) - Ve wds. = / (uofgl)vl“s((aa — ) Ofgl) -V, (e of{l)dse.
0D, 90D,

For z € H(OD), x € 0D and z. = f.(z),
Vr.(zo fo1)(ze) = (Vfe(2) T Vr 2(2).

(See e.g. [7, proof of Lemma 3.4].) Consequently, the change of variable z. = f-(x) in the integral
(see [I7, Proposition 5.4.3]) implies

/ 1V, (ue —u) - Ve wdse = / uVr(te —e) - Ps - Ve JY ds,
0D, oD

and
/ e Vr, (ue —u) - Ve wdse — / uVr(te — ) - Vrwds
D, oD
= / /LVF(’[IJE - ﬁ€> . (JEVPE . Vp’lf)s - VF’LU) ds.
oD
Then
/ 1V, (ue —u) - Ve wdse — / uVr(te —a.) - Vrwds
0D, oD
< ullzeeap)llite — tel| g o) Ve ()
with

Ve(z) = [|[(JZ P - Vr(wo f2) = Vrw) (-, @)l 2 o)
By using the fact that
JL=140(el), P-=1Id(1+O(lel])),

we conclude that V(z) = O(]|¢||), uniformly for z in some compact subset K C R¢\ D.
On the other hand,

l|te — tic|[m1 oDy < ||tUe — ul|gr oDy + [|te — ul| g1 (oD)-
We have
|[te — ul[z1ap) = O[ell),  [l@e — ullzrap) = O([e]])-

The first estimate is a consequence of Theorem 3.1 in [7], that is continuity of the solution of
problem (Z3)) with respect to the scatterer D. The second one comes from the fact that . = uo f..
We hence conclude that

/ weVr (ue —u) - Ve w(-, x)ds. — / uVr(te — ) - Vew(-,x)ds = (9(||€||2),
0D, oD

uniformly for z in some compact subset K C R?\ D, and we treat the other two integrals of ([Z3])
similarly. We remark that due to boundary condition satisfied by w(-,2) on 9D, we have

0:/ (ae—ﬂg)a—wds—/ MVF(QE—QE)-VFwds—l—/ AMie — e )w ds
aD ov aD aD

0
= / (ue — u)—w ds. — / peVr, (ue —u) - Ve, wds. —|—/ Ae (ue — w)wdse + (’)(||5||2),
dD, Ove aD, aD,
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and conclude that

e =) { G+ v, (1)) 4 At ) s = O,

which, combined with Lemma 2] gives the desired result. O

The next step is to transform the surface representation of Lemma into a representation
that uses 0D instead of 0D, by using the divergence theorem. We therefore need to extend the
definitions of some surface quantifies, essentially the outward normal v on 9D and the surface
gradient Vr inside the volumetric domain D. \ D. In this view, for o € D, by definition of a
domain of class C' there exist a function ¢ of class C' and two open sets U C R?~! and V c R?
which are neighborhood of 0 and x( respectively, such that ¢(0) = z¢ and

oDNV ={¢(£);£ €U}
Defining now for ¢ € [0, 1],
ft ::Id+t€a (bt ::fto¢a

¢¢ is a parametrization of 9D; = (Id + t)(0D), and hence the tangential vectors of D, at
xy = fi(xo) are

ke 99 .
t —_ —_— = _— . f— —
e; = 6 (Id+tVe) 7 (Id+tVe)e;, for j=1,d—1. (4.4)

We define the covariant basis (e!) of 9D, at point zf (see for example [23] section 2.5]) by
ej-eb =00, for i,j=1,d—1. (4.5)
With these definitions, the outward normal of D, at point zf is given by

vy — el x eh
len x eb]’

while the tangential gradient of function w € H'(9D;) is given, denoting w; = w o ¢, by

(0)el. (4.6)

It is hence possible to consider in domain D, \ D an extended outward normal v; and an extended
tangential gradient Vr,w by using parametrization (§;,¢) for i = 1,d — 1. In the same spirit, the
impedances (A, p) are extended to (A, put), by

At 1= )\Oft_lv e = Moft_l-

We are now in a position to transform the integral representation of v — «® in Lemma into
an integral representation that uses 0D. We have the following proposition.

LEMMA 4.4. Let w be as in Lemma[{.2 Then,
ul(z) — u’(z)

€

= / (e -v)div ( = Vr,u - Ve,w(-, 2)ve +uVw(-, ) + Muw(-, 2)vy) [i—ods + O(|[e]]?),
oD

uniformly for x in some compact subset K C R?\ D.
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Proof. The proof relies on the Green’s integral theorem and on a change of variable. We have
by using the extension of fields as described above and noticing that 1° = v and v = v,

/ {u Ow — peVr.u-Vr w+ /\Euw} dss — / {ua—w — uVru - Vrw + /\uw} ds
0D, ay&‘ aD ov

= / _div{uVw — p(Vr,u - Vr,w) vy + Muw v } do
DD

1
:/ / div {uVw — p(Vr,u - Vr,w) ve + Muw vi }y (€ - v) dtds + O(|[e]]?).
ap Jo

Here we have used the change of variable (xpp,t) — xop + te(zop) for xsp € 0D and t € [0, 1]
and the determinant of the associated Jacobian matrix is (¢ - v) + ¢t O(||||?). Lastly, by using a
first order approximation of the integrand as in [20], we obtain

/ {ua—w — eV u- Ve w+ Aguw} ds. — / {ua—w — uVru - Vow + )\uw} ds
oD, 81/5 5) 81/
= / (e - v)div {uVw — p(Vr,u - Vp,w) v + Muw vg} [i—ods + O(||]|?).
oD

The proof is completed by combining the boundary condition satisfied by u on 9D, formula [2.2])

and the result of Lemma O

The remainder of the section consists in expressing the trace of the divergence term. In order to

do that we need the following technical lemma, the proof of which is postponed in an appendix.
LEMMA 4.5. Let A be a C'(OD) function and define s := Ao f;i* and let w and w be in

H*(Br\ D). Then the following identities hold on 0D,

(E . V)(VAt . Vt)|t:0 = *(VI‘)\ . 5),

(diVVt) |t:0 = diVF v,

(E . V)V(thu . thw) . Vt|t:0 = —€r - VF(VFU . VF’LU) + VF(EF -Vru + (Vu . V)(E . I/)) - V9w
+ Vru - Vr(Vrw - ep + (Vw - v)(e - v)) — Vru - (Ve + (Ve)T) - Viw,
where we have set ey :=¢ — (¢ - V)v.
In order to simplify the presentation we split the computation of the divergence term in Lemma
A4 into two terms that we treat separately.
PROPOSITION 4.6. Let pu be a C'(OD) function and define iy := p o fr Y and let u and w be
in H*(Bg \ D). Then the following identity holds on 0D,
(e-v)div (uVr,u - Vr,wy) |i=0 = — (Vrp - e)(Vru - Vrw) + p(e - v)(Vru - Viw)(divry)
+ u(e - v)Vr(Vu-v) - Vrw + p(e - v)Vru - Ve (Vw - v)
+ u(Vu-v)Vr(e-v) - Vrw + pu(Vw - v)Vp(e - v) - Vru
—2u(e - v)(Vru - Vev - Vow).

Proof. Using the chain rule,
div (e Vr,u - Vi, wry) i=o
= (Ve - vi)|i=o(Vru - Vrw) + p(Vew - Vew)(diviy)|i=o + uV (Vr,u - Ve, w) - veli=o.
By using Lemma [£8] we obtain that
(e-v)div (utVr,u - Vr,w) lt=0 = —(Vrp - €)(Vru - Vrw) 4+ p(e - v)(Vru - Viw)(diver)

— per - Vr(Vru - Vrw) — uVru - (Ve + (Ve)T) - Viw
+ uVr(er - Vru+ (Vu-v)(e - v)) - Vrw + pVru - Ve (Vrw - er + (Vw - v)(e - v)).  (4.7)
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For a surface vector ar, we denote by Vrar the (d — 1) x (d — 1) tensor defined by

Vrar c€; =

£

Using the algebraic identity Vr(ar -br) = (Vrar)? - br + ar - Vrbr, the third line of (1) can be
expressed as

uVr(er - Vru+ (Vu-v)(e-v)) - Vrw + pVru - Ve(Vrw - er + (Vw - v) (e - v))
=per - Vr(Vru) - Vrw + puVru - Veep - Vow + p(e - v)Ve(Vu - v) - Vow
+ M(VU . I/)VF(E . l/) -Vrw + uVru - VF(VF’LU) -er + uVru - (VF€F>T -Vrw
—p(e-v)Vru-Ve(Vw - v) + p(Vw - v)Vru - Vp(e - v).  (4.8)
Plugging ([A]) into [@7) and using the identity
Er - VF(VFU . er> =€r- VF(VFU) -Vrw + Vru - VF(VF’LU) CEr,

one ends up with

(e -v)div (e Vr,u - Vr,wry) li=0 = —(Vrp - €)(Vru - Vew) + p(e - v)(Vru - Vow) (diver)
+ p(e - v)Ve(Vu - v) - Vrw + pu(Vu - v)Vr(e - v) - Viw
+ple-v)Veu - Vo(Vw - v) + p(Vw - v)Vru - Vr(e - v)
— uVru- (Vre + (Vre)?) - Vrw + uVru - (Vrer + (Vrer)?) - Viw.

Now we need to evaluate Vre — Vrep. Since € — ep = (e - v)v, we have
Vre — Vrer =Vr((e-v)v) = (- v)Vrrv+ v @ V(e - v),

where for a surface field a, we denote by v ® Vra the d x d tensor M defined by

M.ej:g_gy j=1,..d—1, M-v=0.
J

This implies in particular
Vru - Vrer - Vrw — Vru - Vre - Vrw = —(e - v)Vru - Vv - Viw.
Since the tensor Vv is symmetric (see for example [23] Theorem 2.5.18]), we also obtain
Vru - (Vrer)T - Vrw — Vru - (Vre)? - Vow = —(e - v)Vru - Vv - Viw.
We finally arrive at

(e - v)div (e Vr,u - Vi, wry) |i=o
=—(Vrp-&)(Vru- Vrw) + ple - v)(Vru - Viw)(divry)
+u(e - v)Vr(Vu-v) - Vrow + w(Vu - v)Vr(e - v) - Vrow
+u(e - v)Vru - Ve(Vw - v) + p(Vw - v)Vru - V(e - v) = 2u(e - v)Vru - Vev - Viw,
which completes the proof. O

PROPOSITION 4.7. Let uw and w(-,x) be as in Lemma[{-4] Then the following identity holds
on 0D,

(e -v)div (uVw(-, z) + Muw(-, 2)vt) [i=0 = — (VA - e)uw(-, x)
+ (e-v) (Vru- Vrw(-, z) + Myu Myw(-, z) — (k* + A = Mdivey)uw(-, 2)))
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where we have used the short notation M, := divp(uVr-).
Proof. We first observe that

div(uVw + Muwry) = Vu - Vw + uAw + ww(V A - 1) + MwVau - vg + MuVw - v + Auw(divey).

By using the equation Aw + k?w = 0 outside D and the decomposition of gradient into its normal
and tangential parts, we obtain

div(uVw + Muwvy)|i—o =Vru - Vrw + (Vu - v)(Vw - v) — (k% — A(diviy)|i—o)uw
+ uw(VAt - ) |t=0 + A(Vu - v)w + Mu(Vw - v).

We can now replace Vu - v and Vw - v by (=M,u — Au) and (—M,w — Aw) respectively, which
leads to

div(uVw + Muwy) = =Vru - Vrw + Muu Myw — (2 + X2 — M(diviy)|s—o)uw
+ ’U/U_)(VAt . Vt)|t:0-
The proof follows by using Lemma 35l O
Gathering Propositions and [£77] we establish the main theorem of this section, that is

THEOREM 4.8. The discrepancy between the scattered fields due to obstacle D. and the obstacle
D is

uf(w) —uw’(x) = = [ Beu(y)w(y,z) ds(y) + O(|[e[]*),
oD

uniformly for x in some compact subset K C R\ D, where w(-,z) is the solution of problem (Z1)
associated with u* = ®(-,x), and the surface operator Be is defined by

Bou= (¢ -v)(k* = 2H\)u + divy (Id + 2u(R — H Id))(e - v)Vru) + Ly, ((e - v) Ly )
+ (VrA-er)u+dive (Vrp - er)Vru),
with 2H :=divrv, R:= Vrv and Ly, - == divp(uVr ) + A - .

Proof. From Propositions 7 and it follows that

(e-v)div (—u:Vr,u - Ve, wvy + uNVw + Auwiy) =g

= (e-v)Vru- Vrw+ (e - v)Myu Myw — (¢ - v) (k> + A* — A(divry)) uw
—(VrX-e)uw+ (Vrp - €)Vru - Vew — p(divey)(e - v)Vru - Viw

—p(e-v)Vr(Vu-v) - Vrw — pe - v)Vru - Vi (Vw - v)

—u(Vu-v)Vr(e-v) - Vrw — u(Vw - v)Vr(e - v) - Vru
+2u(e - v)(Vru- Vrv - Viw).

Using the boundary condition for u and w(-, ) on 9D, we obtain

(e-v)div (= Vr,u - Vr,wy, + uVw + Muwry) [i=o
= —(e-v)(k* = 2HN)uw + (¢ - v)Vru - (Id + 2u(R — H Id)) - Vrw
— (VrA-g)uw + (Vrp - €)Vru - Viw
+ (e - v)Myu Myw — (g - v)N\2uw
+p(e - v)Ve(Muu+ Au) - Vew + ple - v)Vrew - Ve (Muw + Aw)
+u(Myu+ M)V (e - v) - Vrw + p(Muw + Aw)Vr(e - v) - Vru.

The three last lines of the above expression can be written as

(e - v) (L pu)(Lagw) — e - v)w(Ly pu) — Me - v)u(Ly,,w)
+ MVF((E : V)LA,HU) -Vyrw + ,UVF((E . V)L)\,Hw) - Vru.
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The integral over 0D of the above expression is, after integration by parts and simplification,

_/ (e - v)(La,pu)(La,pw) ds.
oD

To complete the proof, we simply use Lemma 4] and integration by parts. O

COROLLARY 4.9. We assume that 0D, A and p are analytic, and (A, p) satisfy assumption[1l
Then the far field operator T : (A, pu, 0D) — u™ is differentiable with respect to D according
to definition[{-1] and its Fréchet derivative is given by

T;#(aD) e =02,

where vZ° is the far field associated with the outgoing solution v of the Helmholtz equation outside
D which satisfies the GIBC' condition

ovg ,
aUE + div(uVrvl) + Al = B.u on 9D,
v

where Beu is given by Theorem [{.8

Proof. Proceeding as in [I5], we can drop the assumption D C D. provided we assume that
dD, X and p be analytic. The result then follows from Theorem [§ and an integral representation
for the scattered field v = ui —w®. O

REMARK 2. With classical impedance boundary condition, that is p = 0, we retrieve the result
of [1, theorem 2.5]. Let us also remark that in this case the surface operator Be in Theorem [{.8
is a second-order operator, while it becomes a fourth-order surface operator when p # 0.

REMARK 3. Classically, the shape derivative only involves the normal part (e-v) of field € (see
for example [17, Proposition 5.9.1]). In view of Theorem [{.8, the expression of B. may be split
in two parts: a first part involving only the normal component (¢ - v) and a second part involving
only the tangential component ep. The presence of this second part is due to the fact that the
impedances A and u are surface functions that depend on 0D!

5. An optimization technique to solve the inverse problem. This section is dedicated
to the effective reconstruction of both the obstacle 9D and the functional impedances (A, ) from
the observed far fields ugy, ;= T; (Mo, o, Do) € L?(S?~1) associated with N given plane wave

directions, where T refers to incident direction Jj. We shall minimize the cost function

N
1 (o]
F()‘a Hs aD) = 5 Z ||Tj()‘a Hs aD) - uobs,jH%Z(Sdfl) (5'1)

Jj=1

with respect to 9D and (\, p) by using a steepest descent method.
To do so, we first compute the Fréchet derivative of T' with respect to (A, u) for fixed D. We have
the following theorem.

THEOREM 5.1. We assume that D is Lipschitz continuous. Then for (\,u) € (L*°(0D))?
which satisfy assumptiond, the function T : (A, u, D) — u™ is Fréchet differentiable with respect
to (A, ) and its Fréchet derivative is given by

Typ(A p) - (h,1) = v (@) = (p(-, &), dive (IVru) + hu>H1(F),H*1(F) , VEesTl

where
e u is the solution of the problem (211),
o p(-, &) = ®>°(-,2) + p°(-, &) is the solution of (Z1) with u® replaced by ®>(-, 7).
Proof. The proof of this result can be found in [7]. O
The Fréchet derivative of T' with respect to 9D for fixed (A, p) is given by Theorem and its
corollary 91 With the help of corollary and Theorem [0l and in the case 9D, A and p are
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analytic, we obtain the following expressions for the partial derivatives of the cost function F' with
respect to (A, 1) and D respectively.

N
Fhp(\ ) - (h,1) = Z Re ( /8 . G, (divr (IVruj) + huj) dy) , (5.2)

F{,(0D) Zé)%e( G;(B uj)dy) (5.3)

where
e u; is the solution of the problem () which is associated to plane wave direction d;,
e G = G’ + Gj is the solution of problem () with u* replaced by

Gily) = [ (08T 0D) = vy, ) i

In the numerical part of the paper we restrict ourselves to the two dimensional setting, that is
d = 2. The minimization of the cost function F alternatively with respect to D, A and pu relies
on the directions of steepest descent given by (5.2) and (E3]). The minimization with respect to
(A, ) is already exposed in [7], so that we only describe the minimization with respect to D. It is
essential to remark from Theorem [£.§] that the partial derivative with respect to D depends only
on the values of € on 9D. With the decomposition € = ;7 + €, v, where 7 is the tangential unit
vector, we formally compute (¢,,¢,) on dD such that

&7 +e,v = —aF; ,(dD),

where a > 0 is the descent coefficient. In order to decrease the oscillations of the updated
boundary, similarly to [7] we use a H'-regularization, that is we search ¢, and ¢, in H'(9D) such
that for all ¢ € H'(0D),

m/ Vrer - Vrods Jr/ er¢ds = —aFy ,(0D) - (o7), (5.4)

oD oD

iy Vre, - Vrods +/ evpds = —aFy ,(0D)- (pv), (5.5)
oD oD

where 7., 1, > 0 are regularization coefficients, while Fy  (0D) - (¢ 1) and F§ ,(9D) - (¢v) are
given by (53)) (see more explicit expressions in [6]). The updated obstacle D, is then obtained by
moving the mesh points z of 9D to the points z. defined by x. = x + (.7 + £,v)(x), while the
extended impedances on 9D, are defined, following ([@I), by Ac(x:) = A(z) and p.(x.) = u(z).
The points z. enable us to define a new domain D., and we have to remesh the complementary
domain Q% = Bpg \ D, to solve the next forward problems. The descent coefficient o and the
regularization parameters 7,7, are determined as follows: « is increased (resp. decreased) and
N-, My are decreased (resp. increased) as soon as the cost function decreases (resp. increases). The
algorithm stops as soon as « is too small. With the help of the relative cost function, namely

(5.6)

Error :=

Z IT(X, 11, 0D) = uZ, il L2st)
N ||uobs,j||L2(Sl)

we are able to determine if the computed (X, i, 9D) corresponds to a global or a local minimum:
in the first case Error is approximately equal to the amplitude of noise while in the second case it
is much larger.

6. Numerical results. In order to handle dimensionless impedances, we replace A by kA
and p by p/k in the boundary condition of problem (2.3]) without changing the notations. Problem
[23) is solved by using a finite element method based on the variational formulation associated
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with problem (23] and which is introduced in [5]. We used classical Lagrange finite elements. The
variational formulations (4] (B5]) as well as those used to update the impedances A and p (see
[5]) are solved by using the same finite element basis. All computations were performed with the
help of the software FreeFem++ [28]. We obtain some artificial data with forward computations
for some given data (Ao, f10,0Do). The resulting far fields ugy, ;, j = 1, N are then corrupted with
Gaussian noise of various amplitudes. More precisely, for each Fourier coefficient of the far field
we compute a Gaussian noise with normal distribution. Such a perturbation is multiplied by a
constant which is calibrated in order to obtain a global relative L? error of prescribed amplitude:
1% or 5%.

We use the same finite element method to compute the artificial data and to solve the forward
problem during the iterations of the inverse problem. However, we avoid the “inverse crime” for
two reasons. First, the mesh used to obtain the artificial data is different from the one used to
initialize the identification process. Secondly, as said before, the artificial data are contaminated
by some Gaussian noise. In figure[G.Ilwe show, on a particular example, the mesh used to compute
the artificial data, the mesh based on our initial guess and some intermediate mesh obtained during
the iterations of the inverse problem.
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(a) Used mesh for artificial data (b) Mesh for the initial guess (c) Mesh for an intermediate it-
eration mesh

Fic. 6.1. Example of used meshes

6.1. Reconstruction of an obstacle with known impedances. First we try to recon-
struct an L—shaped obstacle Dy with known impedances (Ag, f19). The result is shown in Figure
in the case of 1% noise by using only two incident waves, i.e. N = 2. The results are shown
in Figure in the case of 5% noise and N = 2, as well as 5% noise and N = 8, respectively.
This enables us to test the influence of the amplitude of noise as well as the influence of the
number of incident waves. In order to evaluate the impact of the initial guess on the quality of
the reconstruction, we consider another initial guess which is farther from the true obstacle, in the
presence of 5% noise. We obtain poor reconstructions when only two incident waves are used (see
Figures [6.4a) and [63(a)) while the accuracy is much better in the case of eight incident waves
(see Figures[6.4b) and [E3|(b)). In the remainder of the numerical section all reconstructions will
be done using eight incident waves.

6.2. Reconstruction of the geometry and constant impedances. Secondly we as-
sume that both the obstacle Dy and the impedances (Ao, o) = (0.5¢,2) are unknown, but these
impedances are constants. Starting from (¢, 1.5) as initial guess for (A, i), the retrieved impedances
are (A, u) = (0.49¢,1.99) for 1% noise and (A, u) = (0.51¢,1.93) for 5% noise, while the correspond-
ing retrieved obstacles are shown on Figure [6.5]

6.3. Reconstruction of the geometry and functional impedances. In order to em-
phasize the role played by the tangential part of the mapping ¢ in the optimization of the cost
function F for functional impedances (see remark [3]), we first consider a very academic case. We
try to reconstruct a circle Dy of radius Ry = 0.3 and an impedance \g(6) = 0.5(1 + sin®(0 + %)),
where 0 is the polar angle, starting from an initial circle of same center and radius 0.2 and from
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(b) 1% noise, N = 2, Final Error = 2.1%

Fic. 6.2. Case of known impedances and good initial guess
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(a) 5% noise, N = 2, Final Error = 6.3%

(b) 5% noise, N = 8, Final Error = 5.0%

Fic. 6.3. Case of known tmpedances and good initial guess, influence of noise and of N
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(a) 5% noise, N = 2, Final Error = 25.2%
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(b) 5% noise, N = 8, Final Error = 5.8%

Fic. 6.4. Case of known itmpedances and bad initial guess, increasing number of incident waves

the initial impedance A(#) = 0.5(1 + sin?(#)). Compared to the true obstacle, the initial guess is
hence a smaller and rotated circle. Here u = 0 for sake of simplicity. The amplitude of noise is 5%
and we use eight incident waves. As can be seen in Figure[6.6] the obstacle Dy and the impedance



18 On simultaneous identification of the shape of an obstacle and its GIBC

04 0.4
Exact geometry  + Exact geometr
Initial geometry ~ x Initial geometry
Reconstructed geometry ——— Reconstructed geometry ——
0.2 2 02
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04 04
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-0.4 -0.2 0 0.2 0.4 -04 -0.2 0 02 0.4
(a) 1% of noise, N = 8, Final Error = 1.4% (b) 5% of noise, N = 8, Final Error = 5.8%

Fic. 6.5. Case of constant but unknown impedances

Ao are quite well reconstructed even if we use only the gradient iterations on the geometry (we do
not use the gradient iterations on the impedance).

We end this numerical section with a more complicated example. The goal is to retrieve the ob-
stacle Dy defined with polar coordinates (r, ) by r = 0.3+ 0.08 cos(30), as well as the impedances
Ao = 0.5(1 +sin?6)i and po = 0.5(1 + cos? #), assuming that both the real part of A\ and the
imaginary part of p are 0, in the presence of 5% noise and using eight incident waves. Notice that
in this case the obstacle is star-shaped, which is not necessary to apply our optimization process,
but it enables us to compare the retrieved and the exact impedances in a simple way. The results
are presented in Figure and show fairly accurate reconstructions.

act geometry  +
04 Initial geometry
Reconstructed geometry

02 P ek xxa,

& X, X
02 L XX

s

-04
wavelength

04
04 02 [ 02 04 3 2 1 0 1 2 3

(a) Reconstruction of D (b) Reconstruction of ZmA

FiG. 6.6. Reconstruction of a circular obstacle and the impedance using only the derivative with respect to D,
N =38

REMARK 4. It should be noticed that our numerical results are somewhat irregular, both for the
obstacle and for the impedances. Concerning the obstacle, this is due to the fact that we update the
boundary 0D of the obstacle point by point following the procedure described at the end of section
[A Concerning the impedances, this is due to the fact that the discretization basis for (A, u) is
formed by the traces of the finite elements on the boundary of the obstacle. Moreover, there is no
regularization term in the cost function that could penalize the variations of D or (A, u). Our
choice enables us to capture some brutal variations of the unknown functions.

Appendix. We give below the proof of LemmalLIl In order to prove this lemma, we consider

the local basis (e}, e), j = 1,d — 1, where vectors e’ are defined by (@), while ¢} = . We can

hence define the associated covariant basis (f;), i = 1,d. Note that f # e! (i = 1,d — 1), where
covariant vectors el are defined by ([5]). We begin with the proof of the first part of Lemma
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Fic. 6.7. Case of unknown arbitrary geometry and unknown variable impedances, N = 8

We have, denoting A = Ao ¢

z R D

By the definition of A, we have 85\/61? = 0. We hence have, with f?:= f¢,

(VA)le=0 = Z ag (6.1)

It remains to compute the covariant vectors f? for i = 1,d — 1. In this view we search f' in the
form

d—1
= Z Bie' + av.
i=1
The coefficients «, 5; are uniquely defined by
fl'elzlv fl'ej:()v j:2ad717 fl'EZO-
This implies that
Bi=1, B;=0, j=2d—1, al-e)=—e'" e

As a conclusion, we have

fr=e'——(e'-e).
v-e

We obtain a symmetric expression for fi, i = 2,d — 1 and coming back to (G.1]), we obtain

S )
(VA v)|t=0 = (VAe)|t=0 - v = —; V—.E(ez .5)8_&’

and lastly,
(v-e) (VA - 1)|i=0 = —(VrA - €),

which completes the proof of the first statement of Lemma
Now let us give the proof of the second statement of Lemma In this view we also need an
expression of the covariant vector f¢. We again search f? in the form

d—1
= Z Bie' + av.
i=1
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The coefficients «, 3; are now uniquely defined by
fée=0, i=1,d—-1, fl.e=1.

After simple calculations, we obtain

fl=—u.
v-e

We ha\/e
5 ;i d
i = Z l/t Z t ’ -jt .

By differentiation of |14]? = 1 with respect to & and t, we obtain

81/t

ayt a |t 0.V = 05

5. o =0, i=1,d—1

hence

d—1
o, o
(E el f;) lt=0 = E _8§V- -e' =divry,
i=1 >

and we obtain the second thesis of Lemma [£3]
Lastly, let us give the proof of the third statement of Lemma [ZH Let us denote

G = thu . thw

and Gy = G o ¢;. Given the definition of surface gradient (6], we have
L 0G GG
VG = Z “fi A

By using the expressions obtained above for the covariant vectors f}, i = 1,d, we obtain

=1,
(v-e) (VG - v)|t=0 = — Z(ez . €>a—§'|t20

=1

aGt
|t 0,
that is

GGt|
ot t=0-

(v-e) (VG 1)|t=0 = —er - Vr(Vru - Vrw) +
We now have to compute dGy/dt at t = 0. We have
G, CS d. (8ut ;O j)
ot P 0¢&; K 0¢;
with

et BE, o601 06, 1T Bg agor T T Be, ve, i

9. (8utl o1, j) ity 0y ;O Py ;O Oy <6et Sy 06
t

;>_

From differentiation with respect to t of

(Id+ t(VE)T)ei = el

(6.2)
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we obtain
T i T 86%
(Ve)' e + (Id +t(Ve) ))E =0,
hence
86% Ty—1 T i
E = —(Id+t(V€) ) (VE) et,

and in particular

We arrive at

oG ot ow
a—tt|t:0 =Vr ((’)—tt|t_0) -Vrw + Vru - Vr (a—tt t_O)

— Vru-Ve-Vrw — Vru - (Ve)T - Viw.

By using

Ol Wy
Et:ngu-s, thosz-&'

as well as the decomposition € = er + (¢ - v)v, we obtain

oG
s = V(Vru-er+(Vu - v)(e - v)) - Vow + Viu - Vi(Viw - ep + (Vw - v)(e - v))

ot
— Vru- (Ve + (Ve)T)) - Vrw.

We complete the proof of Lemma by using equation (6.2)).
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