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Abstract. We study a stochastic, continuous time model on a finite horizon for a firm that
produces a single good. We model the production capacity as an Ito diffusion controlled by a
nondecreasing process representing the cumulative investment. The firm aims to maximize its
expected total net profit by choosing the optimal investment process. That is a singular stochas-
tic control problem. We derive some first order conditions for optimality and we characterize
the optimal solution in terms of the base capacity process [*(t), i.e. the unique solution of a rep-
resentation problem in the spirit of Bank and El Karoui [4]. We show that the base capacity is
deterministic and it is identified with the free boundary g(¢) of the associated optimal stopping
problem, when the coefficients of the controlled diffusion are deterministic functions of time.
This is a novelty in the literature on finite horizon singular stochastic control problems. As a
subproduct this result allows us to obtain an integral equation for the free boundary, which we
explicitly solve in the infinite horizon case for a Cobb-Douglas production function and constant
coefficients in the controlled capacity process.
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1 Introduction

We study a continuous time, singular stochastic investment problem on a finite horizon T for a
firm that produces a single good. The setting is as in Chiarolla and Haussmann [I1] but without
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leisure, wages and scrap value. The capacity process is a diffusion controlled by a nondecreasing
process v(t) representing the cumulative investment, i.e.

dC¥¥(t) = CV¥(t)[—po(t)dt + oo (t)dW ()] + fo(t)dv(t), t€[0,T),

cvr(0) =y > 0.

The optimal investment problem is

T
supE{/ e Jo nr(s)ds R(CY¥(t))dt —/
v 0

0,7

e~ Jo ﬂF@)deV(t)}. (1.1)

In [II] the Authors proved the existence of the optimal investment process . As expected,
the optimal time to invest 7° was the solution of the associated optimal stopping problem. In
particular, under constant coefficients and a Cobb-Douglas production function, they obtained a
variational formulation for the optimal stopping problem, i.e. a free boundary problem. In order
to characterize the moving boundary ¢(¢) through an integral equation, the Authors proved
the left-continuity of ¢(¢) and assumed its right-continuity (cf. [11], Assumption-[Cfb]) since
continuity of the free boundary was needed to prove the smooth fit property.

In this paper, rather than trying to generalize the variational approach to the case of time-
dependent coefficients, we introduce a new approach based on a stochastic generalization of the
Kuhn-Tucker conditions and we identify the free boundary by exploiting the Bank-El Karoui
Representation Theorem (cf. [4], Theorems 1 and 3). As a subproduct, we obtain an integral
equation for the free boundary which does not require a priori continuity of the free boundary
and the smooth fit property to be derived.

The Bank-El Karoui Representation Theorem allows to write an optional process X =
{X(t),t € [0,T]} such that X(T') =0 as an optional projection of the form

X(1) = E{ /( (5 0 €0)) uta

t<v<s

}'t}, te[0,T7], (1.2)

where f = f(t,€) is a prescribed function strictly decreasing in &, p a nonnegative optional
random measure and {£(¢),t € [0,T]} is a progressively measurable process to be found. It was
shown in [4] that the representation problem (L.2]) is closely linked to the solution of stochastic
optimization problems as continuous time dynamic allocation problems with a limited amount
of effort to spend on a fixed number of projects (e.g., cf. [15]), or the optimal consumption choice
problem in a general semimartingale setting with Hindy-Huang-Kreps utility functional (cf. [2]).

It turns out that the representation problem (L2]) allows to handle problems in a framework
not necessarily Markovian, as optimal control problems with a time-dependent, stochastic fuel
constraint (cf. [5], [I2]), or irreversible investment problems (cf. [25]) with deterministic capacity
and with profit rate influenced by a stochastic parameter process, not necessarily a diffusion.
In [25] invest just enough to keep the production capacity above a certain lower bound (‘the
base capacity’) was shown to be the optimal investment strategy. Clearly such a policy acts like
the optimal control of singular stochastic control problems as the original Monotone Follower
Problem (e.g., cf. [I8] and [19]) or, more generally, irreversible investment problems (cf. [1], [11],
[21], [23] and [27], among others. See also the Introduction of [I0] and [II] for an extensive
review on such subject). Therefore the ‘base capacity’ and the free boundary arising in singular
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stochastic control problems must be linked. Here we aim to prove such a link by identifying the
‘base capacity’ [*(t) of our irreversible investment problem.

We start by proving some first order conditions for optimality. Then we obtain [*(¢) as the
unique solution of a representation problem a la Bank and El Karoui [4] and we characterize
the optimal solution of the investment problem in terms of [*(¢) by the first order conditions
for optimality. In particular, we prove that the ‘base capacity’ I*(t) is deterministic and it
coincides with the free boundary g(t) of the original irreversible investment problem when the
coeflicients of the controlled diffusion and the manager’s discount factor are deterministic. This
is a novelty in the literature on finite horizon singular stochastic control problems. To the
best of our knowledge, the connection between the optional solution of the Bank-El Karoui
representation problem and the free boundary of optimal stopping problems has not received
significant attention so far. In the infinite horizon case, a somehow related paper is [7], in which
the Authors study the optimal stopping problem of a one-dimensional diffusion X when the
reward function u(z) — k depends on the parameter k. They construct a function y(x) (which
they call a universal stopping signal) such that for each k the optimal stopping region I'y, may
be written as I'y := {x : v(z) > k}. Then, in the case of constant discount rate and under some
additional uniform integrability assumptions on X, they prove that v(X(¢)) solves a suitable
representation problem a la Bank-El Karoui. Since the optimal stopping region is written in
terms of v, one would expect the signal function v to be related in some way to the locus of
single points representing each the free boundary of the k-th problem, however such relation is
not clear nor explicit. In our case we deal with a finite time horizon problem and our setting
is quite different from that of [7]. Under Markovian assumptions the solution of the Bank-El
Karoui representation problem is deterministic and it coincides exactly with the free boundary
of our singular control problem (LI]). As a subproduct the representation problem for [*(t)
provides an integral equation for the free boundary, which, once discretized, might be solved
numerically by backward induction.

Notice that when T = +oc we are able to find the explicit form of the free boundary which
we show to coincide with that obtained in [24] by H. Pham via a viscosity solution approach.

The paper is organized as follows. In Section [2we introduce the optimal investment problem,
whereas in Section B we derive the first order conditions for optimality. In Section dl we find the
optimal production capacity. In Section [ under restrictions on the coefficients of the controlled
diffusion, we show that [*(¢) is deterministic and coincides with §(¢). Section [6]is devoted to
the analysis of the Cobb-Douglas case with infinite time horizon. In the Appendix we recall the
variational approach of Chiarolla and Haussmann [11] and we generalize some of their results
to the case of deterministic, time-dependent coefficients. Such results are needed in Section [

2 The Firm’s Investment Problem

The setting is as in Chiarolla and Haussmann [11] but without leisure, wages and scrap value. We
briefly recall their notation. An economy with finite horizon T" and productive sector represented
by a firm is considered on a complete probability space (2, F,P) with filtration {F;,¢ € [0,T]}.
Such a filtration is the usual augmentation of the filtration generated by an exogeneous Brownian
motion {W(t),t € [0,T]} and augmented by P-null sets. The firm produces at rate R(C) when
its capacity is C. The cumulative, irreversible investment up to time ¢ is denoted by wv(t).
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It is an a.s. finite, left-continuous with right-limits, nondecreasing, and adapted process. The
irreversibility of investment is expressed by the nondecreasing nature of v. The production
capacity C¥" associated to the investment strategy v satisfies

dC¥"(t) = C¥"(t)[~pc(t)dt + oc(t)dW ()] + fo(t)dv(t), t€[0,T), |
(2.1
cvr(0) =y >0,

where pc, oc and fo are given progressively measurable processes, uniformly bounded in (w, t).
Moreover fc is continuous with 0 < kf < fo(t) < ky and pc > 0. Here fc is a conversion factor
since any unit of investment is converted into fo units of production capacity.

By setting

ct) .= c0), o(t) = o Z;%EZ; dv(s), (2.2)
we may write
CO(t) = e~ Jone(®)ds Ao (1), (2.3)
where the exponential martingale
M, (t) = e~ Js 3o8dut[ocdW W) ¢ ¢ 5 7], (2.4)

is defined for s € [0, 7]. Without investment, C° represents the decay of a unit of initial capital
and we have

C¥r(t) = CO(t)ly +v(t)). (2.5)
The production function of the firm is a nonnegative, measurable function R(C'). We make
the following

Assumption 2.1. the mapping C — R(C) is strictly increasing and strictly concave with con-

tinuous derivative R.(C) := %R(C) satisfying the Inada conditions
lim R.(C) = oo, lim R.(C)=0.
C—0 C—o0

Our Assumption [ZJ]is not as general as the Assumption in [II] but it is needed to apply the
Bank-El Karoui Representation Theorem [4].
Each investment plan v € S, leads to the expected total profit net of investment

Joy(v) = E{ /T e~ Jo e (Vs R(Cv ¥ (¢))dt — /

e o “F(S)dsdu(t)} (2.6)
0 [0,T)

where
S, = {v : Q x [0,T] — Ry nondecreasing, left-continuous, adapted s.t. v(0) = 0, P-a.s.}

is the convex set of irreversible investment processes. Here pp is the firm’s manager discount
factor; it is a nonnegative, progressively measurable process, uniformly bounded in (w,t).
The firm’s problem is then

V(0,y) := sup Joy(v), (2.7)
VES,

with V finite thanks to Assumption 2] (cf. [I1], Proposition 2.1). Moreover, the strict concavity
of R and the affine nature of C¥" in v imply that Jy,(v) is strictly concave on S,. Hence if
a solution  of (Z7)) exists, it is unique. The existence of the solution has been proved in [I1],
Theorem 3.1. We provide a new characterization of it in Theorem below.
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3 First Order Conditions for Optimality

As in [2], [5], [25] and [26], among others, we now aim to characterize the optimal solution of
[2.7) by some first order conditions for optimality.

Let T denote the set of all stopping times with value in [0, 7], P-a.s. Note that the strictly
concave functional Jy,(v) admits the supergradient

T R T
Voo (v)(7) = E{ / e s w(u)ducO(s)gCO((T)) Rc(Cy’”(s))ds‘}"T} (3.1)

_ e_ fOT H’F(u)du ]1{T<T}7

forTteT.

Remark 3.1. The quantity V,Jo,(v)(t) may be interpreted as the net marginal expected future
profit resulting from an additional infinitesimal investment at time t. Mathematically, V, Jo(v)
can be viewed as the Riesz representation of the profit’s gradient at v. More precisely, we may
define V,Joy(v) as the optional projection of the product-measurable process

o(t) == /T e o ur(wdu 0 (g fe(t)

t cog FelC (@) ds — e by, (32)

fort €[0,T]. Hence V,Joy(v) is uniquely determined up to P-indistinguishability and it holds

E{ o Vyqu(u)(t)du(t)} = E{ ¢(t)du(t)} (3.3)

[0,7)
for allv € S, (cf. Theorem 1.33 in [17]).
We shall prove that

Theorem 3.2. Given problem (2.7), ©v(t) is optimal if and only if the following first-order
conditions

VoJoy(0)(1) <0, VT eT, P-as., (3.4)

B{ [ C.am0d0) =0 (35)

hold true.

Proof. We may start by proving the sufficient part. Let  satisfy the first-order conditions (B4
and (30) and let v € S,. Then it follows from (23] that

cvit) -t = [ L2 i) - vt

[0,¢)

Hence concavity of R implies
Joy(0) = Joy(v)
T t N
= E{ / e Jo wr(w)du [R(Cy’”(t)) — R(Cy’”(t))] dt — /

e~ Jo rr(du gy 4y — du(t))}
0 [0,T)
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— E{ /OT o= Jo ne(w)du {R(Cyvﬁ(t)) - R(Cyvu(t))]dt - /[O’T) e Ji mr()du (o) — dy(t))}

T
effot r(u)du N7 N7 _ v N effot r(u)du o —dv
zE{ /0 k(A R (OB (1)(CV (1) — OV (1)) dt /[O ¢ —a <t>>}
T
_ e—fot r(u)du Y, 0 fC(S) (s) — du(s
s [ e B niemy [ o0 K @t - avioa

_/ o fguF(u)dU(dp(t) _du(t))}
[0,T))

= E{ VouJoy(D)(t) (di(t) — du(t))} >0,
[0,T)

where we have used Fubini’s theorem in the third equality, and 3], 34 and B3] in the last
one. It follows that  is optimal for problem (Z7]).

Necessity may be derived from [26], Proposition 3.2, with k(t) := f5'(t)e” Jo pr(w)du O ()
and F(w,t,q) == e~ Jo prwud RaCO(w, 1)), w € Q,t € [0,T],¢ > 0. Although we do not have
that the optional cost process k is a supermartingale, however it is nonnegative and this is all
that is needed in [26], proof of Proposition 3.2, to get necessity of ([3.4]) and ([B.3]). O

Theorem (B.2]) characterizes the optimal investment plan but it might not be useful if one aims
to find the explicit solution, since the first order conditions are not always binding.

In what follows we construct the optimal capacity in terms of the ‘base capacity’ {I*(t),t €
[0,T]} (cf. also [25], Definition 3.1) which represents the capacity level that is optimal for a firm
starting at time ¢ with capacity zero. We show that it is optimal for (2.7)) to invest up to the
base capacity level if the current capacity level is below it; otherwise no investment is optimal.
Mathematically, I* is the solution of the Bank-El Karoui representation problem [4].

4 Finding the Optimal Capacity Process

The Bank-El Karoui Representation Theorem (cf. [4], Theorem 3 and Remark 2.1) states that,
given

e an optional process X = {X(¢),t € [0,T]} of class (D), lower-semicontinuous in expectation
with X(T) = 0,

e a nonnegative optional random Borel measure u(w, dt),

o f(w,t,x): Q2x[0,T] xR +— R such that f(w,t,-): R — R is continuous, strictly decreasing
from +oo to —oo, and the stochastic process f(-,-,z) : © x [0,7] — R is progressively
measurable and integrable with respect to dP ® u(w, dt),

then there exists an optional process & = {{(t),t € [0,T]} taking values in R U {—o0} such that
forall €T,

f(ta sSup g(u))]l(r,T} (t) € L' (dP b2y M(UJ, dt))

T<u<lt
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and

E{ /(m £(5, sup s<u>>u<ds>1ff} — X(r). (4.1)

T<u<s

In [4], Lemma 4.1 (see also [3], Remark 1.4-(ii)), a real valued process ¢ is considered upper
right—continuou on [0,7) in the sense of the French ‘Bourbakist’ school (cf., e.g., [9], IV.24, or
[22], Remark 3 at pp. 29-30); that is, if, for each ¢, {(t) = limsup,\ , £(s) with

limsup&(s) :==lm  sup  &(s). (4.2)
s\t l0 st (t+¢)AT]

Then, by [], Theorem 1, any progressively measurable, upper right-continuous solution & to
(@T)) is uniquely determined up to optional sections on [0,7") in the sense that

= inf = €10, T
5(7—) SisolgT 0 T [7 )7

where =, ; is the unique (up to a P-null set) F--measurable random variable satisfying

BIX() - X7} =B{ [ f2utan|7 ).

(1,01

Lemma 4.1. There exists a unique optional, upper right-continuous, positive process U*(t) that

solves
T s I (u)
IE{ /T e Jo nr(u)d CO(S) RC<CO(5) TZIIJLES <C’0(u)>> ds ]:T}
0
= —foTMF(U)dUC (T)]l 4.3
€ fC(T) {r<T} ( )
forallTeT.

Proof. We apply the Bank-El Karoui Representation Theorem to

0
X(w,t) = e Jo “F(w’“)d“%lmj)(t), p(w, dt) = e Jorr@udu o0, pyar  (4.4)
and 0
R. (—(7‘”)> . forz <0,
flwta) = v (4.5)

-, for x > 0,

!Notice that usually the limit superior is defined as

limsupé(s) :=1lim  sup  &(s)
s\t €40 se(t,(t+e)AT)
(see for example [28], Chapter 3, p. 250). Instead the definition in ([£2)) is commonly referred to as the upper
envelope € of ¢ and it is such that £(¢) > lim.o SUPge (1, (t+e)a1) §(8) (see also [28], Chapter 2, Definition 7.24
and Observation 7.25, among others). In this paper we follow the point of view of the literature on the Bank-El
Karoui Representation Theorem and its applications (like [3], [4] and [6], among others) and hence we base our

results on ([€2)).
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and define

Ié(t) == essianE{ /tT fu, &) p(du) + X (1) ‘]:t}, EeR, te[0,T]. (4.6)

t<r<T

Recall that T€ of ([&B) may be taken to be right-continuous and it is such that the mapping
€+ T%(w, t) is continuous and nonincreasing for w € Q, ¢ € [0, T] (cf. [4], Lemma 4.12).
Then, the optional process (cf. [4], eq. (23) and Lemma 4.13)

£5(t) = sup {5 eR: (1) = X(t)}, telo,7), (4.7)

solves the representation problem

- CO T
e i (i fcggﬂ{ﬂ}:l@{ / f(s,Tiggsg*w))u(ds)\fT}. (4.8)

We now claim (and we prove it below) that £* is upper right-continuous and a.s. strictly negative
on [0,7). Then, the upper right-continuous, strictly positive process

_C®)

PO ="

(4.9)

-

solves by (3]

e O g Sl
o= Jo ne(u)d fC(T)]l{T<T} :E{/ e Jo nr(u)d CO(S) Rc< CO(u))>d5

T - SUPTSKS(—W

T 0
o[t Co )

inf7§u<s ( l*(—u)

=5 [ ierescr n (e s () el )

i.e. ([A3)). Moreover, £* (and hence [*) is unique up to optional sections by [4], Theorem 1, as
it is optional and upper right-continuous. Therefore it is unique up to indistinguishability by
Meyer’s optional section theorem (see, e.g., [13], Theorem IV.86).

To complete the proof we must show that £* is indeed upper right-continuous and a.s.
negative on [0,7"). We start by proving its upper right-continuity. To accomplish that we only
need to prove that £* has upper semi right-continuous sample paths, i.e.

limsup £*(s) < £*(¢), (4.10)
s\t

since
limsup £*(s) > £*(t)
s\t
by definition (cf. ([£2])). Thanks to [14], Proposition 2, it suffices to show (cf. also [6], proof of
Theorem 1)

lim € (7) < £°(7), (4.11)
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for any 7 € [0,7") and any sequence of stopping times {7, }nen such that 7,, | 7 and for which
there exists ¢ := lim,, oo £*(75,) a.s. Then, fix € > 0 and use (7)), right-continuity of ¢ — ' ()
and continuity of & + T¢(¢) (see [4], Lemma 4.12) to write

[ (r) = lim T(r) = lim X(r,) = X(r) =T (r). (4.12)
It thus follows that ¢ — e < £*(7) for any € > 0, which implies (£I1J); i.e., £* is upper right-

continuous.
Finally, to prove that £*(¢) < 0 a.s. on [0,7) define

=inf{t € [0,T): £ (t) > 0} AT,

then for w € {o < T}, upper right-continuity of {* implies {* (o) > 0 and therefore sup, <, §*(u)
0 for all s € (0,T]. Hence, [AL8)) with 7 = o, i.e.

— [ CO(U) 4 -3 *

e~ Jo mr(u)du Ligery = —IE{ / e Jo neducO gy sup € (u) ds ‘ Fo }, (4.13)
fC(J) o o<u<s

is not possible for w € {o < T'} since the right-hand side of (£I3]) is nonpositive, whereas the

left-hand side is always strictly positive. It follows that o = T a.s. and hence £*(¢) < 0 for all

te€[0,T) a.s. O

Notice that [*(t) may be found numerically by backward induction on a discretized version
of problem (L3) (see [3], Section 4). In some cases, when T' = +oo, [@3]) has a closed form
solution as in the case of a Cobb-Douglas production function (see Section [ below).

We are now able to find the unique optimally controlled capacity plan for problem (2.7]).

Definition 4.2. For a given positive process I, the capacity process that tracks | is defined as
[(u)
cOt) =t < VvV sup < >> 4.14
0 =c(yv s (G (114)

Theorem 4.3. Let I*(t) be the unique optional, upper right-continuous, positive solution of (4-3)
and let CV) be the capacity process that tracks I*. Then the investment plan v\ that finances
c) .

dv)(t) = CU) () [uc(t)dt — oc(t)dW (1)) + dC®)(t), with v(0) =0,

1
fc( ) fe()
is optimal for the firm’s problem (2.7).

Proof. In order to prove that C")(#) is the optimal capacity, we only have to show that C'")(¢)
solves the two first-order conditions of Theorem In fact, for all 7 € T

T
E{ /T o B OO ) R(Cs) ds | 7, }
:E{ /TT e Ji nr(W)du 0 (o) RC<C (s <yvoi]£s (go((lg >>> ds‘]—;} )

S E{ /TT oI5 nrduc0 () g (Co(s) s (CO(?))) ds‘}}}

CO(r
fC’ ETi ]1{7'<T}7

_ o S nr(u)du

Y
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where in the last step we have used (£3)). Notice that in [LI5]) we have equality if 7 is a time of
investment; that is a time of strict increase for C(")| i.e. dC)(7) > 0. In fact, at such time, we

have C)(t) = C(t) supT§u<t(%) for t € (1,T]. Hence [B4]) and (B3] hold (see also ([B.1]))

and so v (t) = (t). O

Remark 4.4. Recall that CY7(t) = CO(t)[y + 7¥(t)] (cf. (23)) where DY(t) := f[o 9 écogzg dp(s).
Hence it follows from ({.17) with | =1* that

*(u
7Y(t) = Oiligt (y V CO((U))> — . (4.16)
Therefore
*(u) — 0 U
7Y(t) = S (%) V0. (4.17)

5 Identifying the Base Capacity Process

In this Section we find the explicit link between our ‘base capacity’ approach and the variational
approach in Chiarolla and Haussmann [I1] based on the shadow value of installed capital, v :=
a%V, with V as in (Z7) (see Appendix[A]for a generalization of [I1] in the case of deterministic,
time-dependent coefficients).

We make the following

Assumption 5.1. uc(t), oc(t), fo(t) and pp(t) are deterministic functions of t € [0,T].

Recall that (cf. also proof of Lemma [£]]), if

Té(t) == essinfE{ / e Jo mr(n)drcO(yy) Rc( - lC'O(u)> du

t<r<T ‘ &

+e ™ Jo e oo(r)

fcl(T)]l{T<T} ‘ft}7 (51)

for £ <0 and ¢ € [0, 7], then [4], Lemma 4.12 and Lemma 4.13, guarantee that

e the stopping time

74(t) := inf {5 E[t,T) : TE(s) = e Jo rr(arco(4) fcl(s) } AT (5.2)

is optimal for (B.J);
e the optional, upper right-continuous process

1

£*(t) :=sup {§ <0:T5(t) =€ Jo Mp(r)drco(t)f_(t)
C

}, te0,7), (5.3)

uniquely solves the representation problem (4.]).
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We now make an absolutely continuous change of probability measure. In fact, define the
probability measure P by P(A) := E{M(T)14}, for A € Fr, with My(T) as in (24]). Then
the Radon-Nikodym derivative is

dP
dP

= My(t), t € 0,7, (5.4)
Fi
and the process W (t) := W (t) — fot oc(u)du, t € [0,T), is a standard Brownian motion under P.
We denote by E {-} the expectation w.r.t. P.

Hence, under @, by the continuous time Bayes’ rule (see e.g. [20]) the process eJo wr(r)dr gz—((tt))
may be written as

~ ~ o U — 1 T 47 1
3 - : — [2 ar)dr A0 — [ ar)dr
o (t) - ?iilganE{ /t e Rc< §C (u)) du +e fC(T)]l{T<T}‘ Fi }, (5.5)

with 7i(t) := uc(t) + pr(t), and thus the optional process £*(¢) of (B3] is

1
fe(t)

£*(t) = sup {{ <0:T¢(t) = }, te[0,7). (5.6)

For an appropriate value of £, we are now able to link ¢ (t) to v(t,y), the shadow value of

installed capital defined in Appendix [A] (cf. (A=IT)).

Proposition 5.2. With T¢(t) as in (5.3), Y (u) = zg%((?)) = 2Ct(u), u > t, as in (A=3),

~ o U — T — 1
t,2) = inf E / —JeEmdr R (Y9 () )du 4 e PO _—__q } 5.7
v(t, z) in { t e < (u)) u+e e (r<T} (5.7)

t<r<T

as in (A=15), we have

T v (1) = o(t, yCO(1)). (5.8)

Proof. The proof borrows arguments from [10], proof of Theorem 4.1. For t € [0,T) and 7 €
[t, T], notice that

1
fe(r)
1

—F " = [ a(r)dr 0\t — [ m(r)dr
E{/t e Je MU R, <yC (t)C (u)> du +e e B fc(r)]l{“T}‘ft}'

fﬁi{ /t e S (rdr R. (yCO(u)) du + e~ S atr)dr ]1{T<T}‘ .Ft} (5.9)

In order to take care of the conditioning, it is convenient to work on the canonical prob-
ability space (€,P), where P is the Wiener measure on Q := Cy([0,T]), the space of all

continuous functions on [0,7] which are zero at t = 0. We denote by W(t,w) = w(t) the

coordinate mapping on Cy ([0,7]), with @ = (w;,w2) where w; = {W(v),O <wv< t} and

Wy = {W(v) - W(t),t <wv< T} = {W’(v),O <v<T- t}. Now, independence of Brown-
ian increments induces a product-measure on Cp ([0,T]) = Cp ([0,¢]) x Co ([0,T —t]) and 7, with
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7 >t a.s., may be written in the form 7 (@, @Ws) = t + 7, (@2) with 75 (-) a {fX‘”}(K )
<v<T—-t

stopping time for every w; GNQ (for a classical reference for this see [13], Theorem 103, p. 151,

among others). Then, since C*(+) is independent of F;, if we denote by Eg,{-} the expectation

over Wy or W', we can write the last conditional expectation in ([5.3) as ®,, (t,yC%(t)), where
@y

1
S S ,
folt+rL) <t }

for any w; € Q fixed. Now (5.8) follows from (5.5) and (51), since essinfi<, <7 @+ (t,yCO(t)) =
p— - wl
essinfycyy v <p @ (8, yCOt)) = v(t,yCO(t)), for every w; € Q. O
- w1 — w1

= t+T£ U — ~ t+T’U _
o (t,2) = Em{ / e JiEMdr g, (th(u)) du e Jo T EE)r
t

w1

Recall (56]). The following Proposition provides another representation of the base capacity
* o
(1) = - (cf. @3)).

Proposition 5.3. The base capacity 1*(t), unique optional, upper right-continuous, positive
solution of ([{.3), admits the representation

1
I*(t) = sup {yC’O(t) >0 o(t,yCt)) = fc—(t)}’ tel0,T), (5.10)
with v as in [(5.7).
Proof. For t € [0,T) and y > 0 we have
P O 0 0
T T eny = - ~_1
& () sup 5<0:F5(t):f%(t)} sup{—§<0:1‘ y(t):f%(t)}
_ cO(t) B CO(t)
= ~ 1 = ~ 1
—sup{—%<0:1’ V(t):f%(t)} 1nf{§>0 r ”(t):%t)}
) s { S 0T (t) = } { COt) > 0: T 5 (t) = — }
= upqy >0: = =supq y =
fe(t) fe(t)
1
= CO(t) > 0: v(t,yC°¢ :—},
sup { 42 (0) > 05000, 9C°(0) = £
where the last equality follows from Proposition O

Notice that v(t,y) < fc;(t) for all t € [0,7) and y > 0 (cf. (B1)). As in [II], eq. (3.19),

introduce the Continuation Region (or ‘no-action region’) of problem (5.7))

1
D := {(t,y) €1[0,7) x (0,00) : v(t,y) < } (5.11)
fe(t)
Roughly speaking D is the region where it is not profitable to invest, since the shadow value of
installed capital is strictly less than the capital’s replacement cost. Similarly its complement is
the Stopping Region (or ‘action region’), i.e.

D¢ = {(t,y) €10,T) x (0,00) : v(t,y) = f%(t)} (5.12)
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That is the region where it is profitable to invest immediately. The boundary between these two
regions is the free boundary ¢(t) of the optimal stopping problem (5.7).

Theorem 5.4. The base capacity process I*(t), unique optional, upper right-continuous, positive
solution of [{-3), is deterministic and coincides with the free boundary §(t) associated to the
optimal stopping problem ([5.7). Hence

1
fe(t)

I*(t) = sup { z2>0:0(tz2) = } fort e 0,T). (5.13)

Proof. Recall (510). Fix ¢ € [0,7T") and set
Hw,) = 4w, ).
It follows that

1
fe(t)

{yCO(w,t) >0 vt yCOw, 1)) = } = {Z(w,y) >0 0t 2w, ) = — }

fe(t)
c {z>0:v(t’z) - fcl(t)} C

for a.e. w € Q2 and y > 0, hence the inclusion holds a.s. for all y > 0.

The reverse inclusion follows from the particular dependence of the geometric Brownian
motion on its initial value. In fact, if z > 0, then for each w € Q and t € [0,T'), z may be written
as

z=Z(w,y(w,2)),

with y(w, 2) := zo55- Therefore

(w,t)

-UZ:L: w. 0w . w. (0w _ b
{50000 = b = {000 > 05wty 100w = 2

1

0 y 0(y — .

This inclusion holds for a.e. w € €2, thus a.s. Hence, it holds P-a.s. that

sup{yC’O(w,t) S0 ot yCOw, 1)) = — } _ Sup{z >0 ot 2) = L} (5.14)

~ fe(t) fe(t)
and [*(t) is deterministic (cf. (&I0)). Now the right-hand side of (BI4]) (cf. [11, eq. (3.13))
identifies [*(¢) with the free boundary (t) of problem (G.7). O

Since y(t) coincides with [*(¢), equation (3] provides an integral equation for the free
boundary ¢(t) which does not require a priori continuity of § and the smooth fit property (as
instead that in [I1]) to be derived.

Theorem 5.5. The free boundary y(t) of problem ([5.7) is the unique upper right-continuous,
positive solution of the integral equation

T—t 0
~ o fttJrv 7(7")d7’ su R u, C (t + ’U) >> ’U} _ 1
E{ /O G Rc<ogu£v <y(t G ) )P = o e G
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Proof. Fixt € [0,T). Set 7 = t and recall that [*(t) = §(¢). Then write (3) under P and apply
the continuous time Bayes’ Rule to obtain

~ T—t t+v — CO (t + v) 1
E e It “(")dch< su <At+u/ 7>>dv f}:—.
U oo, W+ Gy Sz
Now (B.I5) follows since g(? ((f:;),)), v >u >0, is independent of F;. O

As in [I1], Section 4, we now make the following
Assumption 5.6.
1. R(C) = éC’O‘ with a € (0,1) (i.e. Cobb-Douglas production function);

2. pc(t) = pe, oc(t)=oc, pr(t)=pr, folt) = fe.

Remark 5.7. Notice that under the second part of Assumption[5.0, the process g(? ((tt::/)) has the

same law as Spl. Hence, the integral equation (5.13) takes the form

o)
{0 R e (516)

Under Assumption 5.6 the properties of the free boundary obtained in [II] hold; in particular,
9(t) is nonincreasing and left-continuous on [0,T") (cf. [II], Proposition 4.3 [i]pqy). At this point
one could be tempted to conclude that it is also right-continuous since it coincides with the base
capacity process [*(t). However that is not the case as [*(t) (according to definition (£2)) and
footnote 1) is not equal to what is usually called limit superior but it only coincides with its
upper envelope, hence [*(t) is only greater or equal its limit superior (as commonly defined).

The identification of the free boundary ¢ of problem (E.7]) with the base capacity process I*
enables us to obtain an upper bound for ¢ (see Proposition (.§]), and its explicit form in the
infinite horizon case when it reduces to a point (see Proposition below).

Proposition 5.8. Under Assumption [5.0 the boundary §(t) of the continuation region D satis-
fies

1

1 — e~ (nrtauctza(l-a)og)(T—t)\ 1 1=a
c
4 < pr + apc + 3ol — a)of, ﬂ

g(t) < =y (1), (5.17)

for every t € [0,T).

Proof. Fix t € [0,T). The representation formula (@3] for 7 = ¢ and in the Cobb-Douglas case

becomes
e [ o ((Coas) el ) e
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Set pic = peo + %020, then the right-hand side of (5.18]) gives

e [l Gl (o (Corm) #ln)

:E{ /tT equgZ((‘z)) jnt <Co(s)go((zg)>alds‘ft} (5.19)

T
SE{ / ¢S oo (st +oc(W(s) =W (1) [ (4] gla=1)(~ic(s—t)+oc (W ()W (1) ds‘ ;t}
t

T—t
— e Hrt [l*(t)]afl E{/ e HFY efﬁchrac(W(ert)fW(t))
0

w ela=D)(=povtoc(W(v+t)—W(t))) dv‘ Fi }

Since the Brownian increments in the integral above are independent of F;, we obtain

e [ oGl (o (Coms)) ol

T—t
< e hFt [l*(t)]a_l E{ / e~ HFY e—ﬁcv—i—ac(W(v—i—t)—W(t))
0

s« o) (Fvtoc(W (w4t W(0) } o (5.20)
T—t ~
A [l*(t)]a_l / e HFVR { ea(_ﬂcv"‘”C(W(v"’t)_W(t»)} dv
0
— gt (7% a—1 e —ppv —aficv 20202 v
_ e HF [l (t)] e HFV o~ QUCU o5 ¢?du.
0

Notice that

~ 1y, 1 2
HF + Qo — 5000 = b + apc + 504(1 —a)oi >0,
hence (BI8) and (5:20) imply that
¢ 1 t L[ La(1—a)o?
e Mr o < e HER[IF()] Y / e~ (prtauctza(i-a)og)o g, (5.21)
C 0

1 — ¢~ (prtanc+ia(l-a)e ) (T—1) )

i+ agic + La(l — a)o?,

S

Now (B2])) gives

1_ e—(up—l—auc—f—%a(l—a)aé)(T—t)

i ) ), (5.22)

i+ anc T Jall )07

O < fo (

and (0.I7)) follows from the identification of [*(-) with g(-) (cf. Theorem [5.4]). O
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Remark 5.9. Notice that the curve y*(t) is exactly what in [10] was incorrectly identified as the
free boundary between the ‘action’ and the ‘no-action’ regions. In [11)] the authors characterized
the free boundary y(t) as the unique solution of a nonlinear integral equation (see [11|], Theorem
4.8). Then, by using a discrete approximation of such integral equation, they showed that §(t) <
y*(t), for t <T. That is exactly what we proved here in Proposition [1.8.

Remark 5.10. The arguments in the proof of Proposition[2.8 apply even under the more general
conditions of Assumption[5 1l That is, under deterministic, time-dependent coefficients we have

11—«

T—t vt 1 2
gt) < [fc(t) / e I rrranc()tz00 )b () dgy| T ¢ e [0,7).
0

In this Section we have linked the Bank-El Karoui’s probabilistic approach to the variational
approach followed by Chiarolla and Haussmann in [I0] and [II] for an irreversible investment
problem similar to (7). Under Assumption [5.J] we have proved that the base capacity process
I*(t) is a deterministic process and it coincides with the free boundary of the optimal stopping
problem (B.7). We have characterized the free boundary as the unique solution of an integral
equation based on the stochastic Representation Theorem of [4]. Even under Assumption [5.0]
the integral equation for the free boundary (B.I5]) cannot be analitically solved when the time
horizon is finite. However it is possible to find a curve bounding the free boundary from above.
In Section [l we shall see that, instead, when 7' = +oo (as in H. Pham [24]) the free boundary
is a constant whose value we find explicitly by applying Proposition

6 Explicit Results when 7' = +o00

In this Section, with T" = 400 and under Assumption 5.6 we set fo = 1 in order to compare
our finding with the results in H. Pham [24]. As one would expect, when the time horizon is
infinite, the free boundary is a point. That is what we show below.

Proposition 6.1. The unique solution of the representation problem ([f-3) is given by

. ) L
I4(t) = ZuF—a%B_—oca%(1+ﬁ+)] —:a (6.1)

where Bi are, respectively, the positive and negative roots of %Jéxz + pex — pp = 0 with
fic = pc + 30¢-
Hence (cf. Definition[{.3 and Theorem[{.3) the optimal capacity is given by

Cv(t) = C@(t) = O0O(¢) <y vV sup (COL(U)» (6.2)

0<u<t

Proof. We make the ansatz that [*(t) = a for all t > 0 and we plug it into the left-hand side of
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@3) to obtain
el [T G Li%&’s (3355)0] ‘“‘f }

u
00 -1
=~ ! E{ / e*“FS < > ds‘}}}
r 7’ T<u<s

_o-lg { / " s o (W ()= W (r)~fic(s—7) (6.3)

o<u'<s—r

(a—1
« i [eac(W(S)W(uUrT))ﬁc(SU’T)} s | 7, }

:aalewE{ /OoeuFUQOCW(U)ﬁCU inf <e(a1)(oc(W(v)W(U’))ﬁc(UU’))) dv}
0

0<u’<v

since the Brownian increments are independent of F.
If we now define Y (v) := ficv—ocW (v), Y (v) := infocw<, YV (/) and Y (v) := supg<,r<, ¥ (),
then we have

aaleWE{ /Ooeupveocw(v)ﬁcv inf <6(a1)(oc(W(v)W(U’))ﬁc(UU’))) dv}
0

0<u’<v

_ aa—le—uFT E{ /OO e—upve—ozY(U)e(a—l)Y(v)dv}
0

— iaa—le—upr E{ / LLF e_MFUB*a(Y(U)*?(v))6_?(7)) dv} (64)
HF 0

B {e—a(w(w))—?(r(w)))67 V(T(w))} ,
Ur

where 7(pp) denotes an independent exponentially distributed random time.
Using the Excursion Theory for Levy processes (cf. [§]), Y —Y is independent of Y, and by
the Duality Theorem, Y — Y has the same distribution as Y. Hence from (6.4]) we obtain

A ot urr g {e_a(yu(w))—?(r(wn)B—V(T(MF»}
KFE

_ Mipaalem E {e—az(r(w))} E {677<T<w>>} _ (6.5)

It is well known that for a Brownian motion with drift

E{ez?(T(MF))} _ /8/874‘ and E{ Y(r (MF))} _ 5,3_
L=z L

if 54 and (_ are, respectively, the positive and negative roots of %U%xz + pcx — pp =0, ie.

~ 2
2
Bo =Py (u_§> | 2
Uc oc o¢
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Hence (cf. ([@3]))

ool [ Sl e o (E] )

= IuiFaO‘_le_“FTE {e_aX(T(“F))} E {e _?(T(“F))} (6.6)

1 By B-
S 1 ks
wrt O WA Bt )

Then, we solve for a and we obtain

s (e

which may also be written as

1

2 T-a
‘- (m — 2B —aok(1+ m))

being 18- = —24F.

9¢c

Hence (cf. Theorem [.3)) the optimal capacity is

v (t) = C@(t) = CO(t) <y vV sup (CL» (6.7)

o<u<t \C%(u)

From Remark 4] we have

a—yC%u
7Y(t) = Osglzl};t <C’%T)()> V0, (6.8)

and the corresponding control ©(t) (cf. (Z2])) makes the diffusion reflect at the boundary a, it
is the local time of C¥”(t) at a.

Notice that the boundary a in (6.J]) coincides with the free boundary k; obtained via a
viscosity solution approach by H. Pham in [24] for a unit cost of investment p. In fact from [24],
Example 1.5.1

gl _ 1-—m
b Cla—m)’
with 1
C= 3 and m= —[4,
C

HF + O‘ﬁC - 79
and it is easy to see that
et _pr( BB 1-m

_ pa—1
- B, 8- “Cla—m (69)

hence a = k.
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Remark 6.2. For a general production function R(-) satisfying Assumption[21, to find the free
boundary a one should solve the analogue of (G.1), i.e.

1r {e—xmw)) R, (a e—xwp») } B {e—?wpn} 1

HF
or equivalently ) 5
- —Y(7(pr)) “Y(r(pp) L P+
MFE{e R, <ae )}1+ﬁ+ 1.
That is, a is the unique solution of
E {efz(r(up))Rc (a e*X(T(ﬂF))) } _ W (6_10)
+

Since now =Y (t(ur)) = (=Y)(7(ur)), and (=Y )(7(ur)) has exponential distribution of pa-
~ /772 2
rameter vy = Mﬂ > 1 (see, e.g., [§], Chapter VII), then (GI0) may be rewritten
C

as
/ ,Y+em(17'y+)Rc(a6:v)dx _ :U’F(l +5+)

0 B+

A The Variational Approach in the Case of Time-Dependent
Coefficients

In this Appendix we revisit the solution of problem (2.7]) obtained in Chiarolla and Haussmann
[T1] by a variational approach and we generalize some of their results to the case of deterministic,
time-dependent coefficients of the controlled diffusion (cf. Assumption B.1]).

Denote by C%¥%"(s) the capacity process starting at time ¢ € [0,T) from y, controlled by v,
with dynamics

dC*V" (s) = C4¥(s)[—pc(s)ds + oc(s)dW (s)] + fo(s)dv(s), s € [t,T), )
1
Ctwr(t) =y > 0.

Hence

t,y,v s) = CO(S) Co(t) viu
) = o {“/[t,s) Fotwyoom) ™ )}

with C? as defined in (Z3)).
To simplify notation write

~ 0 s s ~
Ct(s) — Ct,l,O(s) _ go((j; — e J7 (e (w)+5 02 (w)du+ [ ac(u)dW(u)’ Yt,y(s) — th(s)’ (A—2)

and note that these processes are fm = o{W(u) — W(t),t <u < s}-measurable.
To CH¥" we associate the expected total profit, net of investment costs, given by

T
Jiy(v) = E{/ e~ Ji rrWdu Rty (6))ds — /

oI5 MF(u)dudy(s)}7 (A-3)
t [th)
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and the corresponding optimal investment problem is

V(t,y) = sup Jyy(v), (A-4)
VES:

where
S;:={v: Q x [t,T] = R, nondecreasing, left-continuous, adapted s.t. v(t) = 0, P-a.s.}

is the convex set of irreversible investments.
We define the opportunity cost of not investing until time s as (compare with [I1], Section

3)
1

¢l (s) = / A8 G ) Re(yC (w))du + ¢~ Je e 04 Gl s) (A-5)
t fe(s)
and the optimal stopping problem (compare with [I1], eq. (3.1))
Ty . T +
A SssTlgljﬁE{Cty )|.7-"t75}. (A-6)

Denoting by Z5%7(-) the right-continuous with left-limits modification of Z4¥7(.), for s = t we
set v(t,y) := ZH%7T(t), so that up to a null set,

U(t,y) = inf E{ /T e ftu o (r)dr ét(u)Rc (yét(u)> du
t

t<r<T
s e 5 1
+em Ji ) Ct(T)—fC(T)]l{T<T} } (A-7)

Now, the results in [I], Proposition 2 and Theorem 3, guarantee that for ¢ € [0,7T") the stopping
time

7*(t,y) = inf {s €t,T): 2T (s) = Ct’y’T(s)} AT (A-8)

is optimal for (A-G), its left-continuous inverse (modulo a shift)
W(s—t)=[sup{z>y:7"(t,y) <s—t} —y|T, selt,T), (A-9)
is related to the optimal control o through o( f[t 5) ?C(#d_y(u —t) (cf. Remark [£.4)),

and the function v(t,y) is the shadow value of 1nstalled capital, i.e.

o(t,y) = %V(uy)-

Theorem A.1. Under Assumption[51], for every (t,y) in [0,T) x (0,00) the optimal stopping
time [A=8) may be written as

7*(t,y) = inf {s c[t,T):v(s,Y'(s)) = fcl(s) } AT, (A-10)

with v as in [A=71) and Y as in (A=3).
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Proof. Recall that Y%¥(s) = yC(s) and ([(B=H). Then, from (A=0) we may write

ZT(s) = ess infE{/t e~ I nr(r)dr ét(u)Rc (Yt’y(u)) du

s<t<T

[ O G R (v (w)
1 ~
e [ pr(r)d T =[] pr(r d”ct 1, -7:3} A-11
(7 )fc(T) {<T}‘ " e

= T (s) + ess infE{ / e J e Mdr Gt R, (Y (u)) du

s<t<T
1

_fts F(r)dr f F( dT‘ t . ~t 1 ~
re T mrto (o [ iU Gl )ty C(s)—fc(s)]l{KT})‘ft,S}_

Notice now that
Cllu) = C'(5)C%(u), Yu>t, and e J ur@drgl(r) = ¢ [T ur@dr = [Jur®idr Ct(5) 03 (1),

Hence for s < T we have

Zt’y’T(S) _ Ct’y’T(S) (A—l?)
— [T pr(r)dr it 1 1 __ 1 F S}‘
+e (T) fC(T) {r<T} fC’(S)‘ t,

In order to take care of the conditioning in (A-12]) we proceed exactly as in the proof of Propo-
sition (.2 and recalling (A=), from (A=12)) we get

tyT (o) — (T (g) 1 o= Je bEMAr Gt ) ((0(s. VIV (s b . -
20 (5) = T (5) 4 KT ORE) (s V) - s ) (A1)

Finally, (A=8) and (A=I3) imply

T (t,y) = inf{s € [t,T) : 29T (s) = (T ()} AT

:inf{s Et,T): e Jomr(drgt(s ( 5, YHY(s f%(;;)) = o} AT
“infds e [6T) : v(s, Y(s)) = — (A-14)
{ fc(S)}

O

Notice that if E {-} is the expectation w.r.t. P (cf. (54) for its definition), then by Girsanov
Theorem ([A-7)) may also be written as

: m T — [ (r)dr , — [T a(r)dr 1
v(t,y) = inf E{/ e~ Ji A(r) R (Y% (u)) du + e Ji B fC—(T)]l{T<T}

t<r<T t
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with (t) = pp(t)+pc(t), for t € [0, T], and where the second equality is due to (A=2]). The value
function v(t,y) is expected to be the solution of a variational inequality similar to that obtained
in Chiarolla and Haussmann [I1] under Markovian restrictions (cf. [11], Assumption-[M]) and
with a Cobb-Douglas production function (cf. [II], eq. (4.5) and Theorem 4.4).

Acknowledgments. The authors thankfully acknowledge two anonymous referees for their
pertinent and useful comments.

References

1]

[2]

F.M. Baldursson, 1. Karatzas, Irreversible Investment and Industry Equilibrium, Finance
and Stochastics 1 (1997), pp. 69-89.

P. Bank, F. Riedel, Optimal Consumption Choice with Intertemporal Substitution, The
Annals of Applied Probability 11 (2001), pp. 750-788.

P. Bank, H. Follmer, American Options, Multi-Armed Bandits, and Optimal Consumption
Plans: a Unifying View, in ‘Paris-Princeton Lectures on Mathematical Finance’, Volume
1814 of Lecture Notes in Math. pp. 1-42, Springer-Verlag, Berlin 2002.

P. Bank, N. El Karoui, A Stochastic Representation Theorem with Applications to Opti-
mization and Obstacle Problems, The Annals of Probability 32 (2004), pp. 1030-1067.

P. Bank, Optimal Control under a Dynamic Fuel Constraint, STAM Journal on Control
and Optimization 44 (2005), pp. 1529-1541.

P. Bank, C. Kiichler, On Gittins’ Index Theorem in Continuous Time, Stochastic Processes
and their Applications 117 (2007), pp. 1357-1371.

P. Bank, C. Baumgarten, Parameter-dependent Optimal Stopping Problems for One-
dimensional Diffusions, Electronic Journal of Probability 15 (2010), pp. 1971-1993.

J. Bertoin, Levy Processes, Cambridge University Press 1996.

N. Bourbaki, Eleéments de Mathematique: Topologie générale, Chapitres 1 a 4, Springer
2006.

M.B. Chiarolla, U.G. Haussmann, Explicit Solution of a Stochastic, Irreversible Investment
Problem and its Moving Threshold, Mathematics of Operations Research 30(1) (2005), pp.
91-108.

M.B. Chiarolla, U.G. Haussmann, On a Stochastic Irreversible Investment Problem, SIAM
Journal on Control and Optimization 48 (2009), pp. 438-462.

M.B. Chiarolla, G. Ferrari, F. Riedel, Generalized Kuhn-Tucker Conditions for N-Firm
Stochastic Irreversible Investment under Limited Resources, SIAM Journal on Control
and Optimization 51(5) (2013), pp. 3863—-3885.



THE FREE BOUNDARY VIA THE REPRESENTATION THEOREM 23

[13]

[14]

C. Dellacherie, P. Meyer, Probabilities and Potential, Chapters [-IV, North-Holland Math-
ematics Studies 29, 1978.

C. Dellacherie, E. Lenglart, Sur de problémes de régularisation, de récollement et
d’interpolation en théorie des processus, in: J. Azema, M. Yor (eds.), Seminaire de Prob-
abilites XVI, in: Lecture Notes in Mathematics (920), Springer 1982, pp. 298-313.

N. El Karoui, I. Karatzas, Dynamic Allocation Problems in Continuous Time, The Annals
of Applied Probability 4 (1994), pp. 255-286.

G. Ferrari, On Stochastic Irreversible Investment Problems in Continuous Time: a New
Approach based on First Order Conditions, Ph.D. dissertation, University of Rome ‘La
Sapienza’, 2011.

J. Jacod, Calcul Stochastique et Problémes de Martingales, no. 714 in Lecture Notes in
Mathematics, Springer 1979.

I. Karatzas, The Monotone Follower Problem in Stochastic Decision Theory, Applied
Mathematics and Optimization 7 (1981), pp. 175-189.

I. Karatzas, S.E. Shreve, Connections between Optimal Stopping and Singular Stochastic
Control I. Monotone Follower Problems, STAM Journal on Control and Optimization 22
(1984), pp. 856-877.

I. Karatzas, S.E. Shreve, Brownian Motion and Stochastic Calculus, Springer-Verlag, New
York 1988.

T.0. Kobila, A Class of Solvable Stochastic Investment Problems Involving Singular Con-
trols, Stochatics and Stochastic Reports 43 (1993), pp. 29-63.

J.J. Moreau, Fonctionelles Convexes, Séeminaire Jean Leray n. 2 (1966-1967), pp. 1-108.

A. Oksendal, Irreversible Investment Problems, Finance and Stochastics 4 (2000), pp.
223-250.

H. Pham, Explicit Solution to an Irreversible Investment Model with a Stochastic Pro-
duction Capacity, in ‘From Stochastic Analysis to Mathematical Finance, Festschrift for
Albert Shiryaev’ (Y. Kabanov and R. Liptser eds.), Springer 2006.

F. Riedel, X. Su, On Irreversible Investment, Finance and Stochastics 15(4) (2011), pp.
607-633.

J.H. Steg, Irreversible Investment in Oligopoly, Finance and Stochastics 16(2) (2012), pp.
207-224.

H. Wang, Capacity Expansion with Exponential Jump Diffusion Processes, Stochastics
and Stochastic Reports 75 (2003), pp. 259-274.

J. Yeh, Real Analysis: Theory of Measure and Integration, 2nd edition, World Scientific
Publishing Co. Pte. Ltd. 2006.



	1 Introduction
	2 The Firm's Investment Problem
	3 First Order Conditions for Optimality
	4 Finding the Optimal Capacity Process
	5 Identifying the Base Capacity Process
	6 Explicit Results when T = + 
	A The Variational Approach in the Case of Time-Dependent  Coefficients

