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Abstract. This paper is concerned with the use of the least squares (LS) algorithm to design
a feedback control law to stabilize a basic class of discrete-time nonlinear uncertain systems. The
result shows that if a certain polynomial criterion is satisfied, the system can be stabilized by feedback
based on the LS algorithm for Gaussian distributed noise and unknown parameters. This result thus
provides an answer to the question of what are the fundamental limitations of the discrete-time
adaptive nonlinear control. This issue of feedback capability has been an open problem for more
than ten years since it was put forward.
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1. Introduction. As is well known, the theory of adaptive control for both
continuous- and discrete-time linear systems is thoroughly studied (see, e.g., [1], [2],
[6], [7]). There is also a vast literature on nonlinear systems with nonlinearity having
linear growth rate (see, e.g., [19] and [21]). However, when one attempts to control
systems with output nonlinearity growing faster than linearity, an interesting phe-
nomenon happens. For such nonlinear systems, the similarities of adaptive control
between continuous- and discrete-time cases do not remain anymore. A large class
of continuous-time nonlinear systems can be globally stabilized by nonlinear damp-
ing or a backstepping approach in adaptive control regardless of how fast the growth
rate is (see, e.g., [8] and [10]). Unfortunately, these powerful methods in control-
ling continuous-time systems are no longer effective in the discrete-time case (see
[9]). In fact, as pointed out by [4], fundamental difficulties arise for adaptive con-
trol of discrete-time parametric nonlinear systems. These difficulties also emerge in
the control of discrete-time nonparametric nonlinear systems ([22], [12], [25]), linear
stochastic systems with the unknown time-varying parameter process [23], and in the
sampled-data control of continuous-time nonlinear systems with a prescribed sampling
rate [24], even if the nonlinearity is bounded by a linear growth rate.

Given these difficulties mentioned above, one may be curious to know whether or
not such difficulties are caused by the inherent limitations of the feedback principle.
If the instability of nonlinear systems stems from the excessive uncertainties, which
are beyond the maximal capability of feedback mechanism, then it is impossible to
design any feedback control law to stabilize the systems, despite how hard one may
try. From this view of point, a natural and important question from both the theoret-
ical perspective and practical applications is, “Does the feedback principle have any
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limitations in dealing with uncertainties?” To investigate this fundamental problem,
we have to place ourselves into a framework that is somewhat beyond those of the
traditional robust control and adaptive control, because one needs to study the fun-
damental limitations of the full feedback mechanism which includes all (nonlinear and
time-varying) feedback laws, not just restricted to a specific class of feedback laws.

The first effort to answer this question was made by [4], where the following basic
model is considered:

(1) Yer1 = OyF + up + wep,

where 6; is an unknown parameter, {w;} is a Gaussian white noise sequence, and
exponent b > 0 is the growth rate. It was proved that the system is almost surely
globally stabilizable if and only if b < 4 (see [4]). This result can also be derived if
the Gaussian noise is replaced by bounded noises (see [14]).

Later on, a negative result of [4] was extended by [20] to systems with multiple
unknown parameters :

b
(2) Yoot = 01yt + 02y + o Oy + up + Wi,

where the noises are Gaussian distributed. It proved that system (2) is not almost
surely stabilizable by feedback if there is an = € [1,b1] such that P(x) < 0, where

3) P(z) = 2P — bya? 4 (by — ba)a? " + - 4 by

Although this paper provided a polynomial necessity rule to describe the “impossi-
bility theorem,” it has not given a complete characterization on feedback capability,
since no evidence showed that the polynomial rule is also sufficient for the stabiliz-
ability of system (2) in this paper. That is, it has not found any feedback control
law to stabilize system (2). This question in fact has not been answered for the more
than ten years since [20] was published. Afterwards, the limitations of the feedback
mechanism was further studied by [11] for the high order case of multiple parame-
terized stochastic systems based on [20]. What is the barrier that keeps people from
presenting a complete characterization of the feedback capability?

It is the essential difficulties encountered in the analysis of adaptive law that intro-
duces multiplicative nonlinearity and complexity for the multiple parametric systems.
Specifically, the feedback controller based on a recursive least squares (LS) algorithm,
which stabilized the uncertain systems in [4], turns out to be quite involved theoreti-
cally when systems own more than one unknown parameter. As a matter of fact, it is
rather challenging to estimate the maximum and minimum eigenvalues of information
matrices generated by the LS algorithm for the case of multiple parameters. Mean-
while for work [4] with the scalar parameter, the information matrices degenerated to
a series of real numbers and there was no obstacle to dealing with these eigenvalues.
The existing techniques could even cause exponentially large error in the eigenvalue
estimation for system (2) due to the high nonlinearity and complexity. Without de-
veloping any new ideas, many attempts during the last decade trying to prove the
sufficient part of this problem inevitably failed.

Not long ago, Li, Xie, and Guo [18] proved that the polynomial rule (3) does serve
as a necessary and sufficient condition for global feedback stabilization of system (2),
but with bounded multiple unknown parameters and bounded noises. This result
was derived by using a somewhat complicated purely deterministic method. Shortly
thereafter, by introducing a simple stochastic embedding approach, a new critical the-
orem on the feedback capability was established for the uncertain systems where an
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additional uncertain parameter is inserted on the input channel [15]. This stochastic
embedding approach was further developed in [16], and was used to study the capa-
bility and limitations of feedback mechanisms in globally stabilizing a basic class of
discrete-time nonlinearly parameterized dynamical systems with bounded unknown
parameters and bounded noises [17].

As mentioned above, although the research on feedback capability for nonlinear
uncertain systems first began under a stochastic framework, it has almost stood still
since earlier attempts [20] and [21] due to the analysis difficulties. On the other hand,
much progress has been made in the deterministic framework, and the methods to
investigate the fundamental limitations of feedback are well developed. However, these
methods are not applicable to the stochastic case. Thus, to achieve a parallel theory
in the stochastic framework, some new ideas and approaches have to be developed.

In this paper, we will see that the polynomial rule (3) does indeed provide a
necessary and sufficient condition of stabilizability for system (2) in the stochastic
framework. We will prove that system (2) can be stabilized by a feedback control law
based on the recursive LS algorithm. While various excitation conditions (including
the persistent excitation condition) are widely used in the majority of existing works
when the LS algorithm is performed, we successfully get rid of them by introduc-
ing a constructive method which is effective in overcoming the essential difficulties
referred to in the foregoing paragraphs, that is, to estimate the maximal and min-
imum eigenvalues of the information matrices. In particular, this result completes
the characterization of feedback limitations for a stochastic system (2) with multiple
parameters, which has remained open in this field since work [20] was published.

The rest of the paper is organized as follows. In the next section, we will present
the main theorem of the paper, with the proof given in section 3. In section 4,
we provide some numerical experiments to illustrate our main result. Finally, the
concluding remarks will be given in section 5.

2. Main results. Consider the following system
(4) Yer1 = 01y + Oay + -+ Ony)” + up + wep,

where y¢, us, and w; are the system output, input, and noise sequences, respectively,
0 =(0,...,0,) € R" is a random or deterministic unknown parameter, and b; > 1,
by > by >--->b, >0 are n real numbers.

To facilitate the analysis of the above closed-loop control system, we need the
following conditions.

(A1) {w:} is an independently and identically distributed (i.i.d.) sequence with
standard normal distribution N (0, 1).

(A2) The unknown parameter vector  is independent of {w;} and has a Gaussian
distribution N (6, I,,).

To explore the feedback capability of the uncertain system in (4), a standard
definition of globally stabilizable (see [20]) is presented below.

DEFINITION 2.1. Let o{y;,0 < i <t} be the o field generated by the observations
{yi,0 < i < t}. System (4) is said to be almost surely globally stabilizable, if there
exists a feedback control uy € F} = of{y;,0 < i<t} t=0,1,... such that for any
initial condition yo € R,

¢
1

) lim sup — 2 < oo a.s.

(5) msup 5 gy

The main theorem of this paper is presented as follows.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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THEOREM 2.1. Under assumptions (Al) and (A2), system (4) with by > 1,
by > by > -+ > b, > 0 is globally stabilizable if and only if for any x € (1,b1),
P(z) > 0, where P(x) is defined by

(6) P(z) = 2™ —bya™ 4 (by — ba)z" t + -+ 4 by,

3. The proof of Theorem 2.1. As introduced in the preceding sections, the
necessity of Theorem 2.1 was almost proved by [20]. Thus, this part mainly focuses
on the proof of sufficiency in section 3.1. Since the arguments are relatively involved,
we outline the overall idea.

To achieve the stabilization of system (4) by feedback based on the LS algorithm
under polynomial criterion (6), we first define the recursive LS algorithm below. Sup-
pose the probability space is (2, F, P). The standard LS estimate 6, for 0 is recursively
defined by

(7) Or41 = 0 + Pry1oe(yerr — ur — ¢764),
Pioidi By

8 P2 p - %% p

) T T4 9 P ’

(9) ¢té(yfl7yi)27"'7yfn)7—ﬂ t207

where 6y, Py = I are the deterministic initial conditions of the algorithm, and ¢g is
possibly a random initial vector of the system.
The certainty equivalence adaptive tracking control is defined by

(10) ur = —0; ¢x, t>0;
substituting this into (4), we have the following closed-loop equation:
(11) Y1 =07 ¢ +wepr, >0,

where §; £ 6 — 6,. In fact, we only need to prove that the outputs of (11) satisfy (5)
for sufficiently large |yo|.

Insight into the problem is as follows: with the help of [3], we could write the
average sum of squares of the inputs in (11) by

1< 1 P11
b1
(12) n nyﬂ =0 (; log | P41 B T7 Zwi2+l> :
=0 i=0

Note that assumption (A1) implies the almost sure boundedness of the noise term in
the right-hand side (RHS) of (12); therefore, it is the first term in the RHS of (12)
that dominates the stabilization. Simple calculation shows that

t
log |Piy1| =0 (Z Z/1'2+1> +O(1);

=0

thus, the most important and also difficult task in our proof is to verify that

| Pig1]
13 su
(13) 1A

< 00 a.s.

in the presence of the polynomial criterion. This aim is achieved by two steps. It
may be somewhat surprising from the proof that the only role polynomial (6) plays

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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in stabilizing system (4) is to prevent part of the information matrices from growing
excessively large:

(14) P <2987t o,

which is the main target of the first step. The abbreviation “i.0.” represents “infinitely
often.” With property (14), the validity of (13) can be proved in the next step with
the essential difficulty of the LS algorithm solved.

Now, we are ready to prove Theorem 2.1 in detail.

3.1. Sufficiency part of Theorem 2.1. In the first part of the proof, we
proceed to show that (14) holds almost surely. For this, define a random matrix

sequence {Q; '} by

Q' =1,
(15) Q1 = Q" + dogp,
Q' = + b df ., k=12,

where the monotone random subscript t; with ¢ty = 0 satisfies, for & > 1,

(16) (bszk(btk > (bzk,le—lthk,la
O Qrdr < o7, Qr—1¢1,_, for any tp1 <1t <tg.

From (16) and the fact ([3])

Q1
Qx|

it is easy to see by (15) and (16) that

-1 -1
Q1] > Q|

(17) — 1+ 6], Quhiy,

(18) Al s kL >y k=1,2,...
Q' T Q]

and

(19) QM > 1Q>1, k=1,2,....

If {tx} is a finite subsequence on some set G C 2 with positive probability, then
there is a random ko > 0 such that for all ¢ > t;, on G,

¢ZQk0+1¢t < ¢Ik0 Qk0¢tk07

which immediately leads to the boundness of ||¢:|| on this set. Then, system (4)-
(9) is globally stable on set G and the remaining task is to prove the stabilization
on set G¢. Without loss of generality, we assume {¢;} is an infinite random sequence
everywhere. This is because the whole space mentioned in the following can be viewed
as the probability space restricted on G°.

-1 -1
LEMMA 3.1. For any tp—1 <t < tx, where ty is defined by (16) 1P < 19 |

TP TR

Proof. Tft —1 > ty_q, then t — 2 > t_;. From P} = Z:(Q) ¢ip7, from (15)
we have P} > Q; ', and hence P;_; < Qj, by the Milliken—Akdeniz theorem [13].
Consequently,

I
|PY |

(20) =14+¢ P11 <14+ ¢)_1Qrr—1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Note that tx_1 <t —1 < tg; by (16) we have

¢f_1QrPt—1 < ¢, Qr—10t,_, 5
which together with (17) yields the lemma for the case t — 1 > t5_1.
Fort —1=ty_1, we have P,_1 = P, |, < Qk—1. Since ¢;_1 = ¢, _,, we have
Qx|
[

[P

|PY|

<1+¢;,_ Qr-10t,_, =

The proof is thus completed. d
LEMMA 3.2. Let P(x) be the polynomial defined by (6) and P(x) > 0 whenever
x € (1,b1). Then,

1
Pliaph < (2o B T o,

Proof Define t_; £ —1, y_; £ 1, and for any given k > n — 1 define

Hk £ {(hl,hg,...,hn) : hz S {t_l,t(),...,tk},
1§Z§7’L,hz7éhj lfl%] excepthj Zt_l}

and S £ 7(1,2,...,n), where 7(-) denotes the class of all permutations of some
countable sequence. By (15), we have

k
(21) Qitr = o107 +1;

i=0
then, for k > n — 1, |@;_};| is the summation of the following general form (see [20])

bitbs; batba, brtba,,
h1 yh2 e yhn s

where (hi,ho, ..., h,) € Hi and (s1,82,...,8,) € S. It is easy to see that there are
(k + 2)"n! such terms; hence for any k > n — 1,

(22) Q| < [k +2) ] [T v,
i=1
where m;,i = 1,...,n are the subscripts of the largest n numbers of {|y;,|,j =

—1,...,k} with the order

Now, let oy 2 (14 ¢7 Pby) ™ (07 ¢¢)%; we have by (11) that
1P
[P

(23) y? < 204 + 2wl t>1.

If we define a_y = a_5 = %max{l,yg}, w_1 = wg = 0, and P:ll = szl £ ], then

(23) holds for all t > —1. Therefore, B

Pfl
24 2 <2, M
( ) Ym; = i 1|Pn;1_1|

—|—2w,2ni, 1=1,2,...,n.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Since for any i € [1,n], m; = ty, for some k; € [—1, k], by Lemma 3.1, we have
Pl

,11 < 1 )

|1l 1@,
where Q~1 = Q3 2 I. Thus, by (18), for 1 <t < m,

_ —1
P 1o

PN T Q|

Consequently, we have by (19) that

(25)

(26)

"R P IP 1| -

_ Imz‘
C (1T e P 1|| .
QL PP

(27) < Qi ™.

i

From [3, Corollary 2.1(i)], (27), and the definitions of a_;, j = —1, —2, we have
(28) am,—1 = O(log| P M) + O(1) = O(jmi[ log |Q;. ') + O(1)  as.

Observe that by (A1), w? = O(t) a.s. for ¢t > 1; then given 1 < i < n, by (19), (24),
(25), and (28) we have for sufficiently large k& that

—1
Yr, = O <(ami—1+|mz‘|) P, | )

| mi—l|

-1
=0 | (Imi|log |Qy | + [ma] + 1) ——+
|ril|

-1
(29) =0 ((tk log|Qk1|)|Qkif_l|> a.s.,

where the last inequality follows from the assumption |Q,;1| — 00 as k — oc.
Note that by definition m; # m; for i # j, then k; # k;. By (18), (22), and (29),
for any k sufficiently large, we have

b;
— E] 1bj+n = |Q_11 |
(30) |Qki1|:O tk (log |Q; ') bJH( |CS 1+|1 a.s.
k—i

=1

Therefore, note that |Q,;1| — 00 as k — oo, for any € > 0, by taking the logarithm
on both sides of (30), it yields

n

(31) (1-e)log|Q;t,| < Z (log |Qi ki1 | — log QL)

> b+ n | logty +O(1).

j=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Suppose there is a positive random variable k&’ and a set D C Q with P{D} > 0 such
that for all k& > k' large enough,

1
(32) L e L9 2)

Then, logt; = o(log |Q,;il|) and hence by (31), on the set D for any k > &/,

(33) (1—2¢)1og|Qp 1] <D bi (log @yt i1 ] —log @) aus.
=1

Now, let a;, = log|Q, | and rewrite (33) by

(34) (1= 26)arp1 <D bilar—is1 —ax—i) as.,

=1

. A
where ap " 0o a.s. as we assumed earlier. Define z; = aZkl and denote random

2z £ limg o0 2. Obviously, z > 1 according to (18). Rewrite (34) by dividing by
ap+1; we then have

n—1
1 1 1
(35) (1 — 26) + (bz — bi+1) 7 + bn o S b1 a.S.
; R | e

Taking limit inferior on both sides of the above inequality, we obtain that on set D,
for any € > 0,

n—1
1 1 1
(1_26)+Z(bi_bi+l)ﬁ+b n+1 Sbl— a.S.
i=1

Letting € — 0, we immediately deduce that the limit z # oo and P(z) < 0 a.s. on
D. Observe that P(z) > 0 for any = € (1,b;) implies P(x) > 0 for any « > 1, which
leads to a contradiction since z > 1. Thus, (32) cannot be true and hence the lemma
is proved. 0
LEMMA 3.3. Under the conditions of Lemma 3.2, (14) holds with probability 1.
Proof. Similar to (22), we have for ¢ > n that

n
(36) 1P < [+ 0"l [T o2
i=1
where m},i = 1,...,n are the subscripts of the largest n numbers of {|y;|,j =
—1,...,t —1}. As the arguments for (24), we can obtain that
1P

m;

ym < 201 +2w?,, i=1,2,...,n.

1Pl

Hence, by a; = O(log |P;'|) + O(1) a.s. and (36), for sufficiently large t,

g P
P =0 (T | o i 5 ]

i=1 |Pn_1(i—1|

b.
n n n |P1;’1| '
(37) = O | t"tXi=bi(log |P7Y) mﬂ'[( : a.s.,

—1
i=1 |Pm§71|

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where the last inequality follows from
1 + [mj] = O (log IP7H+1+(t—1)) =0 (tlog|P|) as.,

since t = O(Y1Z éyl) O(|P!|) — oo by [4, Remark 2.7].
Note that for any ¢ > 1, there is a ¢ such that ¢, < t—1 < t541. Since m} <t¢—1,
by (26), we have

-1
Pl _ 1@l _
v T |* Q' ~

Then, from (37) we obtain that

|Qk+1| 1<i<n.

(P71 = O (1= log [P )ZE QL 151 as,
and hence for large enough t,
|P7YE <Rt 2T as
which immediately gives by Lemma 3.2 and 5 < t that

|Pt71| S tQ(TL-ﬁ-Z?:l bi) Q;H]:1|2(E? bi) < 210g2t i.O

e

e., (14) holds with probability 1. a

In the second part, the arguments are devoted to provmg SUP;>0 | P“‘

T < 00 a.s.

The key idea is to estimate the minimal eigenvalue of P, ~, whose growth rate turns
out to be faster than ¢. This is the most difficult part in our proof and solved by
introducing a stochastic complex function. Since the analysis is quite involved, we
put the estimation of Ay, (t), that is, the minimal eigenvalue of Pt’1 in Appendix A.
By the fact that ¢t = O(Amin(t)) as ¢ — oo from Appendix A, we have the following
conclusion.

-1
LEMMA 3.4. There is a random time t1 such that for any t > ty, “?ffll <2 a.s.

-1
\

)

Proof. To prove the result, we first estimate the outputs y; in terms of
t > 1. From the inequality

4l

(38) 1 - d(y) < §¢<y> Wy > 0,

where ®(y) and ¢(y) are the standard normal distribution function and density, re-
spectively, defined before, we have by (56) and (38) that

1 o‘2t 1
P{ LL zlogt} < L

Ot—1 V2 logt
1
Consequently,

y2 Yt Yt
P{ > Zlog2t}:P{ zlogt}+P{ S—logt}
O _q Ot—1 Ot—1
1
:ZP{ Yt 210gt}z0(—>,
Ot—1 t2

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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which immediately yields

> 2
P{ :gt >10g2t}<oo.
t=1 Tt-1

Thus, by the Borel-Cantelli lemma,

[P
(40) y2 = 0(c2 | log’t) = O <1og2 t P a.s.
t—1

Now, we assert

P—l
(41) P{l o1l <2 1.0} =1.

P

Otherwise, 2t = O (|Pt_1|) with positive probability, which contradicts Lemma 3.3.
Hence there is a sufficiently large random ¢; > tg such that

P—l
(42) | “_*f' <2  as.
|Pt1 |
-1
Now, suppose ‘g‘ff'l < 2 a.s. for some random k > t; > tg. Then, from (40), for
k

sufficiently large random ¢,
p-1
i =0 (togt(e + st
1Py
(43) =0 (log*(k+1)) as.
Note that Apin(k + 1) > Ck; by Lemma A.8 and
Pt

-1
| Pt

=1+ ¢p1Pet19k+1,

we have that for sufficiently large random ¢,

-1 n 2b;
|Pk+12 <1+ [r1]? <1+ 2ic1 Vit
[P Amin(k + 1) Ck
log®"* (k + 1
=140 <M>
k
<2 a.s.,
which implies the lemma is true by induction. O

Proof of the sufficiency of Theorem 2.1. Since by Lemma 3.1, limg_, o, |Q,;1| < 00
trivially gives

[P
su < o0
SR

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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from Lemma 3.4, we know that the above inequality always holds almost surely.
Therefore, by (11), we have

t t 71

Z(y”l —wig1)? Z H'll = O(log¢) a.s.
=0 =0 |P |

By (61) of [4], we obtain 3¢_,y? = O(t). O

3.2. Necessity part of Theorem 2.1. The sufficiency of Theorem 2.1 is proved
in the above section. So, the remaining issue is to verify the necessity. In fact, the
necessity of the theorem is almost proved by [20]. This paper shows that system (4) is
not globally stabilizable whenever P(x) < 0 for some = € (1,b1). Now, we will prove
that system (4) is also not globally stabilizable if there is some x € (1,b1) such that
P(z) = 0. This assertion can be checked directly by the following simple lemma.

LEMMA 3.5. Let {a:} be a nonnegative sequence satisfying

(" ",

ary1 > —(————af,

t+1 = \/—(t + 1)5/4 t

where x € (1,b1) is a constant such that P(x) = 0. Then, a; diverges for sufficiently
large ag.

Proof. Since P(z) = 0, we immediately obtain that

ay

(44) apy1 2 W

Let
(45) et (3(t+1)3)“—1”.

Note that for sufficiently large ¢,

5
cpr (t2\TED
46 = 3;
(46) cr (t+1> <3

then, by (44)—(46),

i1 1 < a? >
Ctr1  Cer1 \V3(t+1)5/4
()
Ct+1 Ct
=(2)
Ct
Take ag large enough such that ‘c’—g > 1. Since z > 1, we immediately have
Z_f — 00 as t — oo. Note that by (45) ¢; > 1, the divergence of a; then follows at
once. O

Proof of Theorem 2.1. We first prove that system (4) is not globally stabilizable
if there is some z € (1,b1) with P(z) = 0. Now, let x be a constant in (1, b1) such
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that P(xz) = 0. By [20, p. 1780], we know that there is a set Dy C Q with P(Dg) >0
such that
(Iyo| " P

V3(t+1)5/4

when |yg| is large enough. By Lemma 3.5, we have |y;| tends to infinity. According to
[20, Theorem 1], the necessity is then proved. Since the sufficiency is already verified
in section 2, we complete the proof of Theorem 2.1. d

[Yer1] > yel”

4. Simulation. In this section, we demonstrate the stabilization of system (4)
with feedback controller based on the recursive LS algorithm (7)—(9) via simulation.
First, we characterize the necessary and sufficient condition of Theorem 2.1 graphically
by a stabilizability region of vector (b1, ba, ..., b,) in the Euclidean space. As we know,
when dimension n = 1, the polynomial criterion degenerates to b; < 4, which gives
a very clear description on the necessary and sufficient condition of stabilizability for
system (4). In fact, for the cases n = 2 and n = 3, the polynomial criterion can also
be visualized with the help of the stabilizability region of vector (b1, ba,...,b,), n =2
or 3, in the corresponding Euclidean space; see Figures 4.1 and 4.2. System (4) with
growth rate description vector (b1, b, ..., b,) falling in the stabilizability region, that
is, the part within the shaded area in Figure 4.1 (for n = 2) or 4.2 (for n = 3), can
be determined directly to be stabilizable by Theorem 2.1.

Now, for a point (b1, ba, ..., b,) falling in the stabilizability region, we present two
examples for dimensions n = 2 and n = 3, respectively, to illustrate our result.

Ezample 4.1. Let n = 2. Consider system (4) with b; = 3 and b2 = 1. Let noise
sequence {w;} and unknown parameter vector 0 satisfy assumptions (A1) and (A2),
where the mean value of 0 is given by (2,3). It is easy to check that the two local
extrema of curve

P(x) =2® - 322 + 22+ 1
occur in (0,1) and (1, 00), respectively. This means for any x € (0, 1),

P(z) > min{P(0), P(1)} > 0.

o5l P b P PR L]

N ABp . S

05|

Fi1a. 4.1. Stabilizability region of (b1,b2) for n = 2.
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Fi1a. 4.2. Stabilizability region of (b1, b2,bs) for n = 3.

Trajectory of the closed-loop system

output A

the mean of output z,

Output Yo 2,

Bl T R SURPTN

Fic. 4.3. Trajectory of closed-loop system for n = 2. Process yt is the output with initial value
yo =0, and z¢ = Ey; is the mean of the output. Noise {w:} takes its value from an i.i.d sequence
with standard normal distribution N(0,1).

Thus, by Theorem 2.1, system (4) is stabilizable. As a matter of fact, system (4)
indeed can be stabilized by a feedback controller based on the recursive LS algorithm
(7)-(9). A trajectory of the closed-loop system (4) and (7)—(9) for this case is shown
in Figure 4.3.

Ezample 4.2. Let n = 3. Consider system (4) with b; = %,bg =2, and b3 = 1.
Let noise sequence {w;} and unknown parameter vector ¢ satisfy assumptions (A1)
and (A2), where the mean value of 6 is given by (0,0, 0). Polynomial P(x) defined by
(6) is thus

1
P($)=$4—g$3+§$2+$+1.

By some simple calculations, it also can be verified that P(x) > 0 for any « € (0, 1).
Again, Theorem 2.1 implies the stabilizability of system (4). Figure 4.4 shows a
trajectory of the closed-loop system (4) and (7)—(9) in the current case.
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output Y,

the mean of output z,

Output Yy 2,

Time t

Fic. 4.4. Trajectory of closed-loop system for n = 3. Process yt is the output with initial value
yo = 3, and z¢ = Ey; is the mean of the output. Noise {w:} takes its value from an i.i.d sequence
with standard normal distribution N(0,1).

5. Concluding remarks. In this paper, we have studied a basic class of stochas-
tic nonlinear discrete-time systems with multiple unknown parameters. We proved
that the systems can be stabilized by a feedback controller based on a recursive LS
algorithm. This result together with [20] gives a full characterization of feedback
limitations for this basic class of uncertain systems.

Appendix A. We prove the key fact that the minimal eigenvalue of P;"! has the

same growth rate as t. Now, for any « = (x1,...,2,) € C" with ||z|| = 1, define
(47) fa:,b(y) £ inybia
i=1

where b = (b1,...,b,) € R"™ with by > by > --- > b, > 0 defined as before. Note that
ifb; = %, p,q € ZT or b; is irrational for some %, system (4) has no meaning for initial
value yo < 0. So, we only consider the case where all b; = % for some odd p; > 0 and
integer ¢; > 0.

Given rational vector b = (I,.... In)  let d; = q;)'ih and h = [[_, p;, then fy ,(y)
can be rewritten by

(48) Fosly) = Y wy® = @izt 2 fo4(2),
=1 =1

where z = y% and d = (dy,...,d,). Let i be the smallest subscript of x; such that
z; # 0. Define Z; = x; and d; = d;. By the fundamental theorem of algebra, the
polynomial function f, 4(z) = 0 has d; zeros (counting multiplicity) in C, and let
Vals-- Vg, be the di roots. Denote Re (v, ;) and Im (v, ;) as the real part and

imaginary part of v j,j = 1,2,...,dy, respectively. Let i, ; = [Re (vz;)],

<_°O’ <MT_1” J ((LQH>OO> . Re(my) 20,
<_OO’_ (%)h U <_ <N”T_1)h°°> , Re(vs;) <0,

(49) Usy 2
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and
dx
(50) U, £ Usz,;
j=1
LEMMA A.1. For anyy € Uy, |fzb(y)| > W'
Proof. Since f; 4(z) is a polynomial with roots v, ;,7 =1,2,...,d;, we have
(51) frd —xll_[z_yrj

Note that h is an odd number; by (49), it can be checked that for any y € U, ; C R,

|z — va 5] = \/(y% — Re (vg,; ) +Im2(uw7j)

|Re ( z/z, |+1
\/( J —I—ImQ(l/z,j)

s VIve P +1
- 2
As a result, by (51), we have for any y € U, that

&

(52) |fz,a(2) max{|vy 5|, 1}.

Now, we estimate Z; in terms of Vg, 1 < j < dy. Observe that there at least
exists an z; with ¢ > 7 and |z;| > —=. If i > 4, from the relationships between roots

and coefficients (Viete’s formula), we have

—d;
2 T v

1<k <-<heg, _q,)<d1 j=1

S
=

Consequently, by the fact C’glrd’i < 2% and |x;| >

1
V'

1
|1 | > 3 - d :
\/n24 MAX] <foy <--<hg, —a;) |H Vi k;
Then, by (52),
d
| foa(2)] > [TjL, max{|vs, |, 1}
z,d

d d
\/—22d1 MAX1<ky <--<h(g, —a;) |H Ly Vaky
1
> —
T /n22d
On the other hand, if ¢ = 1, that is, |Z1] > \/Lr? it is straightforward by (52) to

deduce (53). Note that d; < dy, therefore, |f5(y)| > by (48) and (53) if y €
Uy O

(53)

1
\/ﬁ22d1
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Next, we will show that there is a constant 0 < M < 1 such that the number of
outputs y;, 1 <i <t with

1
| fzb(yi)| > W7

is larger than 24! for any = € C" with ||z| = 1, if ¢ is large enough. For this, define
the random process g, by

(54) 9:(i) = Ity,ev,y — Plyi € Ua| FLy), i 2 1.

LEMMA A.2. For any € > 0, there is a class G. such that
(i) each element of Ge, denoted by g, is a random series {gc(i)} with the form

(55) 9¢(1) = Iyysev., 1y — P (i € Uil FLy) —€, 021,

where Uc ;-1 C R is some random set;
(ii) G contains a lower process g. to each g, in the sense that

ge(i) < go (i) Vi>1,

(iil) for each w € Q and t > 1, the number of distinct sequence {g.(i),1 < i <t}
is finite.

Proof. (i) First, we construct G.. Observe that both 6 and {w;} are Gaussian
distributed, and 6; = E(6|F/), then given F |, the conditional distribution of y; is
Gaussian with conditional mean and variance, respectively, given by

1P

Let ®(y) and ¢(y) denote the distribution function and density of the standard
normal random variable, respectively, that is,

1 2
2

Y 2
D(y) = \/%/_ e~ Tdr and o(y) = \/ﬂe

Now, given € > 0, there is a constant A, > 0 such that

(57) o (-A) <

Define random scalar B, ; £ A, maxo<k<i 0,% for any ¢ > 0. Then, by (56), (57), and
the symmetry of the standard normal distribution, we have for each 7 > 1,

f?_l)

a.s.

0i—1

P(ly;| > Bei—1|F_1) < 2P <L < —A,

(58) =2P(—A,) <

N

Further, observe that there is a constant A, > 0 such that
dlAe

v
21 J_a, A,

€

L2
(59) e 7dr < X
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we equally divide the real line R into a series of left-open and right-closed intervals
TIr = {I,} such that I, NI, = 0 for s # k, |, I, = R, and each I, has length A.. Let
Ue be a union of these intervals (finite or infinitely many) and let

(60) Uei £Uc N (=Bey, Beil, i>0.
Then, for any fixed U, we can define a random process g. by
9e(i) & Ityiev. . 3 — P (yi € Uei1|FYy) — € foralli>1.

This in fact means that each g, is determined by a U.. Denote G, as the class of all
ge; then, property (i) is satisfied.

(ii) By the definition of U, in (50), it is easy to see that U, is a union of at most
dy + 1 intervals (bounded or semiunbounded). Then, for any g,, there is a U, such
that U. C U, and U, — U, falls into a union set of at most 2d; intervals {I,} C Zg.
Denote this union set by AU, . for the given g,. Consequently, for all ¢ > 1, we have
by (60) that

(61) Ucic1 CUz N (—Bei—1, Bei—1]
and
(62) (Uz N (_Be,i—la Be,i—l]) - Ue,i—l = (Ur - Ue) N (_Be,i—la Be,i—l] C AUz,e-

Now, for any S = J;(a;, b;] and o > 0, let 5L U, (%, %”] and |S| £ > b —ajl.

Note that ¢;_1 > 1 and the number of intervals {I,} with length A, in AU, . is no
more than 2d;; it is easy to see that

AUw7e

0i—1

< 2d1A€7

which together with (59) yields

(63) <
Since the set (Uy N (—Be,i—1, Be,i—1]) — Ue,i—1 is a union of some left-open and
right-closed intervals, by (62),
(Uw N (_B@ifla B@ifl]) - U@ifl c AUJJ7E

0i—1 0i—1

then, from (63), we have

P (yi € (Uy N (=Bei—1, Be,i—1]) — Ucic1| Fy)
7 x N _Be i— 7Be i— — Ue,i—
:P<f ¢ WeN(=Bei1, Beia) U71V10

i—1 Oi—1

7 AUw €
(64) §P<y e——Lﬂq)<3
Oi—1 0i—1 2
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Further, according to (61),
(65) Up =Uci—1 U Uz N (—=Bei—1, Bei—1) = Ue,iz1) U (Ug N (—Be,i—1, Be,i—1]);
as a result, by (58) and (64), for any g, we have
gw(z) = I{yieUI} - P (yi S Uw|}—zy—1)
= I{yieUx} -P (yi € Ue7i71|fiy_1)
- P (y’L € (UsN(=Bei1,Bei-1]) — Ue,i—l)‘-ngl)
- P (y’L S Ur N (_Be,i—laBe,i—l]c‘fiyfl)
>ge(i)  Vizl
Therefore, property (ii) also holds.

(iii) Fix w € Q and ¢ > 1. Obviously, maxo<g<t—1 07 is finite and so is Bey—1 =

A maxo<p<t—1 0p. Since there are at most LZBR—”“J intervals Iy € Zgr belonging to

(=Be,t—1, Be,t—1], by the definitions of U, and U;t,l, the number of disinct U ;1
must be finite. Note that for any 1 < i <,

(—=Be,i—1,Be,i—1] C (=Bejt—1, Bet—1);
by (60), we immediately have
Ueic1 = Uep—1 N (—Bei—1, Be,i—1)-
Hence, by (55), for all 1 < i <t,
9¢()) = Iyeersn(-Beio1,Beial)y = P (4 € (Uet—1 N (=Bei-1, Bei1]) [FY1) — €,

which asserts that the numbers of distinct {g(¢),1 < ¢ < t} and U.,_1 are
equal. O

LEMMA A.3 ([5, Corollary 3]). Let {(Xyi, Fti), @ > 1} be a sequence of martingale
differences such that

sllp E(thi|]-'§{i71) <K as
)i

for some constant K. Let ¢ > 0,p,q € R be given numbers with p > |q|, and let {by;}
be an array of real numbers satisfying

(66) by| <ct P79, 1<i<t, by=0, i>t
and
¢
(67) bei =0(t™") for some a > 0.
i=1

If there is a random variable W such that E|W|ﬁ < oo and

sup P{|Xy| > 2} <OP{|W| =z}  Va >0,
t,i
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for some finite constant C, then,

i P { sup
t=1

1<k<t

k

> biiXe

i=1

>5}<oo Ve > 0.

LEMMA A.4. Given € > 0, let {V;Z.,O < i <t,t >0} be a class of random sets
and {get,t > 1} be a series of random processes with the form

(68) Ge(1) = Ip, cyr=r y = P (yi € VITLIFL) —e,  1<i<t

Then,

¢
1
lim n ;ge,t(i) +e=0 as

t—o0

Proof. Fix e > 0. By (68), it is easy to see that for any ¢ > 1,
E(Q@t(i) + 6|]:.z:y—1)
=k (I{yievtfll} —P(yi e ‘/eii_fll|fzyfl) |*7:iyfl)

€,i—

=0, 1<i<t,

which means {(ge:(i) + €, F/),1 < i <t} is a martingale difference sequence. Thus,
{(get(i) + €, F)),1 <i<t,t >1} forms a triangular array of martingale differences.
Note that |ge (i) + €| < 2; then

sup E((ge:(i) + €)*|F) ;) < 4.
t,i

Ifwelet c=1,p=1,and ¢ =0 in Lemma A.3, and define

1 .
bt’ L ;v 1 S t7
0, 1>,
the sequence {by;} satisfies (66) and (67) obviously. Let W = 3; hence E|W|* < oo
and for any x > 0,

sup P{|ge (i) + €| > a} < P{|W| > z}.
ti

Therefore, by Lemma A.3, we immediately obtain that % Zzzl(ge,t(i) + €) converges
completely to 0, and hence with probability 1,

t

1

7 de,t(i) +e—0.
i=1

The lemma is thus proved. d
LEMMA A.5. Let g, be defined by (54); then

t
| :
hglogf 1I;f n él gz(i) >0 a.s.
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Proof. Let G be the class of processes g. defined in Lemma A.2. By Lemma A.2
(i)—(ii), for each x € C™ with ||z|| = 1, there is a ¢* € G, with form (55) such that
9z(%) > ¢Z(i) for all ¢ > 1. Note that for each sample point w € Q and each ¢ > 1,
the number of distinct sequences {g.(i),1 < i < ¢} is finite by Lemma A.2 (iii); then,
there exists a random process g ; such that for any g. € G,

t t
1 1 ,
(69) - ;g@t(z) < ;gg(z) Vi > 1.

The random array {(ge.(7),1 <1i <t,t > 1} is picked by the form

Get(i) = I{y,ievff_ll} - P (yi € V:i_fl1|}—zyfl) -6

€,1

where V;;ll = Uci—1,1 < i <t on each w €  for some sequence {Uc;—1,1 <
1 < t}. However, the random series {Vet;ll} does not necessarily equal any sequence
of random sets {U.;—1}. This is because each {Ue;—1} is determined by a unique
U. according to (60), while {V'; !} corresponds to different U, as w and t vary.

€,i1—1

Consequently, by (69) and Lemma A .4,

t t
| P | ©(s
htn_1>1£f 12f n Z; 9z = htH_1>1£f 12f n Z; ge (i)

1= 1=

t
> limin © > geald
(1L .

= —€ a.s.

By taking each real numbers ¢, the above inequality implies

¢
1
liminf inf — Zgz(z) >0 as.,
i=1

t—oo x t 4

which completes the proof. a
LEMMA A.6. There is a constant 0 < M < 1 such that for any x € C" with
HCE” =1,

~+ | =

t
Y Py € Ul FLy) > M.
i=1

Proof. From (49), for any 1 < j < d;, we have

Px,j — 1 g 3,“%,]‘ +1 h
2 ’ 2

o 3Mw73 +1 g _ Hz,j — 1 g
2 ’ 2

y Re (l/z,j) Z 0,

(70) Uz =

, Re(vs,;) <0.
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Note that if pz ; > 3,

h h
Sz +1 4
(71) (7“ ks ) :(3+ ) < 5",
Mg — 1 fz,j — 1

Uas belongs to the set

g4

h h
1 (pag =1\" 5" (pay—1 Re (vp.;) > 3
e o 2 oy 2 ’ wIE=

7 5% (e —IN" 1 [pay—1\"
o 2 ’ g; 2

Let 3 £ max{ 25’;{0515, 1}. It can be checked that when |y| > 3,

This illustrates that for any ¢ > 0 and p5 ; > 3,

, Re(vs;) <-3.

d 5y 2h, 2 2
_z2 _ 5%y _y®
d_/ e~ Tdr=5"""2 —¢ 2 <0,

Y Jy

h 7'2 . . . . .
which implies by symmetry that f; Y e~ dr is a nonincreasing function with respect
to y whenever |y| > . Define the random index sets for any ¢ > 0 by

1 1_1 h = _
Jié{j:—<L> 26,1§J§d1} and Jf2{1,2,...,d1} — J;.

g; 2
Note that given ¢ > 0, o; > 1, then, for any j € J;,
Haj > 2(01‘5)% +12=>3,

which yields that for any ¢ > 0,

ve. U,
(73) Dl Bl e
g; g;

where QLJ is only defined for pg ; > 3 by (72) .

g

On the other hand, for any ¢ > 0, if j € J¢,
h
1 e —1
s (5) <o
g; 2

fhaj < 2(0iB)F +1

which yields

and hence

h
(74) 1 (M) <L (B(mﬂ)% + 2)h < 5"

g; 2

i
Since it is easy to check that

Ue . ) h ) h
. <_L <3um+1> ’i<3um,g+1> s
0 o; 2 0 2
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by (74), for any i > 0,

C

U L C (-5"B,5").

3

jese
As a result,
Ugfj Ua?j h h ha eh
(75) U =Lc| U -=Ln(-5"8,5"8)" | U(-5"8,5"B).
; g . o;
1<5<d; JjeJi

h 7'2 . . .
Since the cardinality of J; is at most d;, by the fact f; Ve = dris nonincreasing

with respect to y when |y| > 5" > 3, we immediately conclude by (73) that for any
x € C" with |jz|| =1 and i > 0,

2
_"'_
2 dr

/(UJEJI U% ) U(—5"8, 5h5)c

7'2
S/ oe . ez dr
(Ujer, B2 ) U555
d1 5h(j+1)6 2 *5}”6 2
gz / e*TdT—i—/ e 2dr
= \Usmis —5hG+1)3
5hdi+1) g ) —5"g )
(76) < / e~ Tdr —|—/ e~ T dr.
5hﬁ _5}1(d1+1)5

Consequently, for any ¢ > 1 we have by (75) and (76) that

Yi Uz
Plyie | U;yj‘]-'fil =P|—¢ (J T
1<j<d: 1<j<ds

. Ue .
<P e U 22| n(-5"8,5"8)| 7!
.

+ P ( (—5%,5%)\?5’1)
Oi—1

5h<d1+1>5 e
\/%/5 2 dr
1 [ e
/ i i / Syt T
5h(d1+1) g e
(77) - = / ey
Let M 21— L [°10 0 =% dr; obviously, M > 0. Then, by (50) and (77),
for any 7 > 1,
(78) Py € U FYy)=1—|wie |J U |F, | =M,

1<5<dy
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and hence

| =

t
Y Py € U|FLy) > M.
i=1

The proof is completed. O
LEMMA A.7. For any x € C™ with ||z|| = 1, there is a random to, which is
independent of x, such that whenever t > tg, the number of

1<i<t,

1
|fz,b(yi)| > Wv

is at least Mt, where M is defined by Lemma A.6.
Proof. By Lemma A.5, there is a ty > 0 such that for all ¢ > ¢y,

t
! .
150
Hence, for any z € C™ with ||z|| =1,

1 1< M
ng{yieUz} > ;ZP(% € U |F ) - -

i=1 i=1
By Lemma A.6, we then have for all ¢t > ¢y that

t
1 M
72 Twevy = 5
i=1

which yields

Mt
ZI{ULeUm} > 5

t % Therefore, by Lemma A.1, we

This means the number of y; € U, is at leas
immediately deduce the result. O

Now, we can draw our main conclusion of Appendix A.

LEMMA A.8. Let Apin(t+1) denote the minimal eigenvalue of P, t+1 Then, there

is a random constant C' > 0 such that for all t > t,
/\min(t + 1) > Ct,

where to is defined by Lemma A.7T.
Proof. By the Rayleigh-Ritz theorem,

t
/\mln(t + 1 mln <Z (bzd)T) = 2| Hlnan(C" ; )

Note that ¢7z = fz5(yi); by Lemma A.7, we have for all ¢ > ty that

)\mln(t + 1 le Hlnwneﬁcn Z |fr b yz
Mt
>
= /n22di 1
which yields the claim if we take the positive constant C' = % O
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