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GENERATION OF INTERNAL GRAVITY WAVES BY AN
OSCILLATING HORIZONTAL ELLIPTICAL PLATE"

P. A. MARTINt AND STEFAN G. LLEWELLYN SMITH?

Abstract. Time-harmonic oscillations of a horizontal plate generate internal gravity waves in
an unbounded stratified fluid. A plane-wave (Fourier) decomposition is used in which waves with
outgoing group velocity are selected. The pressure and the velocity in the far field are estimated in
terms of the Fourier transform of the pressure jump across the plate. Explicit solutions are obtained
for arbitrary prescribed motions of an elliptical plate. Energy is confined to certain wave beams,
bounded by conical characteristic surfaces of the underlying hyperbolic partial differential equation;
the solution itself is not axisymmetric. The details of the beam structure are complicated (because
each characteristic surface has a vertical axis of symmetry, whereas the elliptical plate does not),
but they emerge naturally from the asymptotic method, a method that has wider applicability.
Results for analogous piston problems are also obtained; these problems arise when a piece of a rigid
horizontal plane is forced to oscillate, thus generating waves above the plane.
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1. Introduction. Internal gravity waves occur in the atmosphere and in the
oceans. They arise in fluids where the density varies continuously as a function of
depth, and they are known to be important in the context of oceanic mixing [13], for
example.

Internal waves can be generated by scattering, where an ambient oscillatory flow
interacts with topography or an immersed object. They can also be generated directly
by oscillating an object; we shall consider such radiation problems below.

The mathematical framework for small-amplitude internal gravity waves is well
established; see, for example, Lighthill [19, Chapter 4], Brekhovskikh and Goncharov
[5, sect. 10.4] or Vallis [27, sect. 2.4]. The simplest situation is when the fluid is
incompressible, inviscid, and uniformly stratified, and there is no rotation. (These
assumptions may be relaxed.) Then, with the Boussinesq approximation and time-
harmonic motions, it is found that the pressure p(z,y, z) satisfies a linear hyperbolic
partial differential equation (PDE); see (2.1) below. This equation is to be solved
subject to boundary and far-field conditions.

We shall suppose that internal waves are generated by oscillating a bounded
object in an unbounded three-dimensional fluid; the effects of other boundaries (such
as a horizontal plane) are also of interest, but we ignore those here. The prototype
problem is when the object is a sphere [1, 10, 16, 18, 30, 31, 32]: for example, the
sphere could be pulsating or it could be oscillating as a rigid body. There are also
some publications on spheroids with a vertical axis of symmetry and on horizontal
circular discs [18, 11, 8, 21].
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726 P. A. MARTIN AND S. G. LLEWELLYN SMITH

A characteristic feature of internal-wave generation is the formation of energy
beams. These beams are bounded by characteristic surfaces of the governing hyper-
bolic PDE. These surfaces are circular cones with vertical axes of symmetry; see (2.2)
below. The group velocity is directed along the beams, away from the oscillating
body. The phase velocity is perpendicular to the group velocity. These known facts
[19, sect. 4.10] indicate how to formulate a far-field condition.

We choose to study the generation of internal waves by an oscillating horizontal
elliptical plate: we are not aware of any previous results on internal-wave generation
by objects without a vertical axis of symmetry. This lack of axisymmetry is inter-
esting because the beam structure is complicated: the beam thickness varies with
azimuthal angle. To solve the problem, we use Fourier transforms in the horizontal
directions, giving a plane-wave representation for p. We choose those plane waves
that give outgoing group velocity. Application of the boundary condition gives dual
integral equations or, alternatively, a hypersingular boundary integral equation. Ex-
act solutions are obtained. We then give an asymptotic method for calculating the
pressure and velocity in the far field; the thickness of the beam comes out of the
calculations naturally. In fact, the asymptotic method is more general: it can be
used for plates of any shape. It can also be used for “piston problems,” where fluid
occupies the region z > 0 above a rigid floor in which is mounted an oscillating vi-
brator or piston. Such problems have been studied extensively by Chashechkin and
his colleagues [2, 6, 7, 28, 29]. They are easier to solve, formally, because the normal
velocity is prescribed everywhere over the plane z = 0, whereas the plate problem
leads to a mixed boundary-value problem. Our asymptotic method enables the far
field of the piston to be calculated.

Section 2 begins by recalling the governing equations. The oscillating-plate prob-
lem is formulated and then reduced to integral equations. Section 3 gives the basic
far-field estimates. A variant of the two-dimensional method of stationary phase is
used, in which there is a line of stationary-phase points within the integration domain
[34]. Subsequently, the plate is assumed to be elliptical. Exact solutions are obtained,
adapting a method used previously for pressurized flat elliptical cracks in an elastic
solid [20]. The method makes use of expansions in terms of Gegenbauer polynomials.
The far field of the oscillating elliptical plate is calculated in section 6. Two special
cases are investigated further in section 7. They are a “heaving plate,” where a rigid
horizontal plate oscillates vertically, and a “rolling plate,” where a rigid horizontal
plate makes small oscillations about its minor axis. In the last section (section 8),
the problem of an elliptical piston is solved. It is shown that the energy input by the
piston is balanced by the energy found in the far field. This provides a good check on
the far-field analysis.

2. An oscillating horizontal plate. Consider a variable-density inviscid fluid
without rotation. Under the Boussinesq approximation, the (rescaled) pressure has
the form Re {p(z,y, z)e~!}, where p satisfies

2 2 2 2
i e i T S
ox?  Oy? 022 N2 — w2
As noted in section 1, the theory behind (2.1) is given in textbooks; see [19, Chapter 4],
[5, sect. 10.4] or [27, sect. 2.4]. See also [21, sect. 2] or [22, sect. 2].

We use Cartesian coordinates Oxyz, with z pointing upwards; w is the oscillation
frequency, and N is the (constant) Brunt—Viisild frequency. For internal waves, we
suppose that 0 < w < N, and we write w = Ncosf. with 0 < 0. < 7/2. Then

(2.1)
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GENERATION OF INTERNAL GRAVITY WAVES 727

~v = cot §. and the differential equation (2.1) is hyperbolic; it is to be solved subject
to boundary and far-field conditions (which we shall specify later).
The characteristic surfaces for (2.1) are given by (see, for example, [12, sect. 6.1])

(2:2) (2 = 20)* = {(z — 20)” + (y — 90)*} cot? b,

where xg, yo, and 2o are constants. The surfaces defined by (2.2) are circular cones
with vertical axes and generators inclined at angle 6. to the vertical. We are interested
in the generation of internal waves by objects that do not have a vertical axis of
symmetry: later, we shall choose a thin horizontal elliptical plate.

The actual excess pressure in the fluid is pgp, where py is the constant back-
ground density. Thus, p has dimensions of velocity squared. The velocity field,
v = (Ug, Uy, ), is given in terms of p by
1 Op 1 Op iv? Op

2. .= 1o,
(2:3) “ Yy iw dy Y8,

iw Oz’
Consider a thin flat plate, 2, in the zy-plane. Denote the rest of the xy-plane by
Y. The plate oscillates with prescribed normal velocity on , wy,. Thus

(2.4) w= a7 o _ wp(x,y), (z,y) € Q.

As this holds on both sides of €, it follows that p must be an odd function of z.
Hence, we can reduce the problem to one in the half-space z > 0. This splitting of
the problem into two half-space problems means that we must also impose continuity
of p across (V.

To solve the problem, we introduce two-dimensional (horizontal) Fourier trans-
forms, defined by

(25) Fe) = Flf@rd = [ [ s oo (-ig-a)a
where @ = (z,y) and € = (£, 7). The corresponding inverse is
20 @ =F F©al = g [ [ F© ewlig-ae

Henceforth, we write [[ when the integration limits are as in (2.5) or (2.6).
Taking the Fourier transform of (2.1) with respect to x gives P" = —(k/7)?P,
where P = Fp, P" = 0?P/92%, and k = |€|. Hence,

(2.7) P(&,2) = C(&) /M= L D(&) e /> for z > 0.

The C term corresponds to waves propagating upwards: their phase velocity has
a positive z-component. Similarly, the D term corresponds to waves propagating
downwards.

If we invert, p = F 1P with (2.7), we obtain a plane-wave decomposition of p.
Explicitly, (2.1) has solutions of the form

p(x,y,2) = exp {i(krz + koy + ks2)} if w® = N*(k{ + k3)/ K2,
where K? = k? + k3 + k%. The corresponding group velocity, ¢, is defined by
¢y = (0w/0k1, Ow/0ks, Ow/0ks).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



728 P. A. MARTIN AND S. G. LLEWELLYN SMITH
It is given by
weg = (N/K)?(ky sin? 0., ko sin® 0., —k3 cos? 0,.).
Then, in the half-space z > 0, we insist that the group velocity be upwards, away
from the plate, implying that we should take k3 < 0, that is, we should take C' = 0

in (2.7). This is our radiation condition. It has been used previously [3, 24], and it
has been shown to be consistent with causality in the time-domain [21]. As a result,

(2.8) p(x, z) = FHD(€) e 5/7)%, ],

This representation ensures that (2.1) and the radiation condition are satisfied. The
boundary conditions are (2.4) and p = 0 on Q'; they give

(2.9) FUsD(&); ) = (w/v)wp(z), x e,
(2.10) FD(€);x] =0, zec.

This is a pair of dual integral equations for D(&). To interpret this quantity, define
the discontinuity in p across z = 0 by

(2.11) 26(x) = p(z,y,04) — p(2,y,0—-) = 2p(z,y,0+).

As §(x) =0 for ¢ € &,

@12 FP)e = [ o) e (-i€ @) de = Flple.0+)€ = D).

Hence, substituting for D in (2.9) gives

(2.13) FUIEIF{5: € 2] = (w/7)wp(x), x €,

which is a hypersingular boundary integral equation for the pressure discontinuity, 6.

Equations of this type arise in many branches of mechanics where there are thin
objects, such as cracks or screens; see [4] for a review.

3. The far-field pressure. Once D = F§ has been found, either by solving the
dual integral equations (2.9) and (2.10) or the integral equation (2.13), the pressure
is given by (2.8). Using cylindrical polar coordinates for x and &, defined by

r=rcosp, y=rsing, £=xcosf, and n=ksinpg,

(2.8) becomes

(3.1) p(:c,z)=4—71r2/000 /O%D(K:,ﬁ) exp{m<rcos[ﬁ—¢)]—%)}stﬁdﬁ.

In the far field, R = v/72 + 22 is large. As we are expecting wave beams bounded
by characteristic cones, (2.2), it is useful to introduce conical polar coordinates, o and
¢, defined by (see, e.g., [31, p. 250])

(3.2) oc=rcosf. —zsinf, and (=rsinf.+ zcosb,;

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



GENERATION OF INTERNAL GRAVITY WAVES 729

equivalently, r = o cosf. + (sinf, and z = —osinf. + ( cosf.. The quantity o is a
lateral coordinate, across the beam. In the far field, ( — oo, but o is finite; note that
¢ ~ R in this limit. Then (3.1) becomes

1 e} 2 )
(33) e =g [ etmp e dsan,

where

g(/ﬁﬁ) — H.D(/i,ﬁ) eiﬁo’{tan O sin Oc+cos (8—¢) cos HC}7
f(k,B) = {cos (B — ¢) — 1}xsind,.

To estimate (3.3), we use the two-dimensional method of stationary phase. We have

0 0
a—i ={cos(B8 —¢) —1}sinfh. and % = —ksin (8 — ¢) sinb..
These both vanish when 8 = ¢, giving a line of stationary points. On this line,
f=0, fux =0, fag = —ksinb., and g(k,¢) = kD(k,p) e 5% Then, from [34,
Theorem 1, p. 454], we obtain the estimate

1 2 X o0 X
—1/2 : _ —im /4 iko sec 0.
(34) p~bCY? with by = 7\ / Snd. € / /0 D(k,¢)e Ve dk.

Within the wave beams, we can also estimate the velocity. Thus [21, sect. 7b],

(3.5) v~vl with v=(iNsin.)"dp/do,

where € is a unit vector in the ¢ direction, pointing away from the plate.

At this stage, our far-field estimates for p and v are quite general: they involve
D, the Fourier transform of the pressure jump across the plate Q (see (2.12)), but the
shape of 2 has not been used.

In order to obtain more explicit results, we now specialize to elliptical plates.

4. Elliptical plate. For an elliptical plate, let
(4.1) Q={(z,y,2) : 0<p<1,0<x<2m z=0},
where
r=apcosy, y=bpsiny, 0<b<a.

Thus, (z/a)? + (y/b)? < 1. Note that the coordinates p and x are not orthogonal.
For the Fourier transform variable &, write

&= (N a)cosyy and n=(\/b)siny

so that € - @ = Apcos (x — ¥).

Suppose, for simplicity, that f(x) is an even function of y. Then it has a Fourier
expansion, f(z) =Y ~_, fm(p) cosmx. It follows that when computing F f, we can
integrate over x, giving

(4.2) Flf(x); €] = 2mab Y (i)™ cosma) Ho[ fm (p): A,
m=0
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730 P. A. MARTIN AND S. G. LLEWELLYN SMITH

where
/ f(p)Ju(Ap)pdp

is a Hankel transform and .J, is a Bessel function.
Now, considering (2.13), suppose that the unknown pressure jump is written as

(4.3) d(x) = awld Z dm(p) cosmy,
where U is a velocity scale and the functions d,, (p) are dimensionless. From (4.2),
(4.4) D(&) = F[6(x); &] = 2nwlda®b Z (=)™ cosma) Ho [dim (p); A].

m=0

Then, as |€] = (\/b)(1 — k? cos?1))/?, where

k> =1-(b/a)?
(2.13) reduces to
(4.5) wp(x) = U’yz enwp(p)cosny, 0<p<1l, 0<yx<2nm,
where
a oo
4. =— n[AHm{dm(p); A}; o,
(16) 5 3 T (o o (9 2

1 2
Lnn (k) = 5(—1’)’” i”/o (1 — k2 cos® )12 cos map cos na dap,

eco=1and e, =2 forn > 1.
The integrals I,,,, can be expressed in terms of the elliptic integrals,

/2
E,.(k)= / (1 — k2 sin® 2)'/2 cos 2ma da.
0

Thus IZm,Zn - Em—n + Em+n7 12m+1,2n+1 - Em—n — Lm4n+1 and IQm,2n+l =0. In
particular,

(4.7) Ioo =2E(k) and Iy = 2k7*{(2k* = 1)E(k) + (1 — k*)K(k)},
where K (k) and E(k) are the complete elliptic integrals of the first and second kind,
respectively.

5. Elliptical plate: Polynomial solutions. Our task is to solve (4.6) for d,,,
given w,. We expand J(z) as (4.3) with

oo

B0 oS A gy
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GENERATION OF INTERNAL GRAVITY WAVES 731

where H(t) is the Heaviside unit function,
(5.2) B (p) = p"Cot (V1= p?),

and C¥ is a Gegenbauer polynomial. (The gamma functions in (5.1) were inserted so

that a later formula, (5.4), takes a simple form.) As ) (p) is of the form /1 — p?
multiplied by a polynomial in p, the square-root zero at the plate edge is incorpo-
rated automatically. The Heaviside function ensures that d(x) = 0 for @ € €. The
coefficients D’" are to be found.

Substitution in (4.4) leads to Tranter’s integral,

! 2 (m+n+3/2)j (&)
) (b(n) ; _ n+2m+1
(53) | o @ ez e = St e O,
where Jn(x) = \/7/(22)J;11/2(7) is a spherical Bessel function; see [25, eq. (5)], [26,
q. (8.6)] and [17, eq. (72)]. Hence
2 o0
(54) Hm[ 7 = X Z 2J+m+1 )
§=0

Substitution of (5.1) in (4.6) requires
(5.5) Ho[NHon {dim (p); A} p) =2 DJ'LE (),

where
LY .(p) :/ AT (Ap)Jzj+m+1(A) dA.
0

n (5.5), we can assume that m and n are both even or both odd (because Iom, 2n+1 =
0), so we can define integers p and g by m +n = 2p and m — n = 2¢. The integral
L7, (p) can be evaluated for 0 < p < 1; its value is zero when j + ¢ < 0, whereas

Pl +1/2)0(G +9+3/2) .
(]+p)'m j+q(p)a ]+L]ZO,

so that L is a polynomial when j + ¢ > 0. Using this result in (5.5), (4.6) gives

LY (p) =

r2n+1/2)T'(m —n+j+3/2) (2n)
IZm 277,D2m D m,n(p)
JZOmX:O (m+n+j)/1—p? 7+

oo . n+j
2 I'(2 1/2)r 2) n
_—a (n+ /) (]+3/ (2) ZIZmZTL n+] mo

an

™ 20+ )1 p?

where 0 < p < 1, and we have used the fact that, in the first line, the summation is
over only those j and m satisfying j +m > n. There is a similar equation for way,41.
Therefore, if we write

= T(n+1/2)T( +3/2)

= (n4+j)/1—p?

(5.6) Wi ®;% (p),
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732 P. A. MARTIN AND S. G. LLEWELLYN SMITH

we obtain
2a o
(57) 2n Z I2m 2n n+j—m
for n > 0 and j > 0. Similarly,
n+j

2a

(5.8) Wit = Z Domy12n41 DY

These are linear systems for D]" in terms of W, and these coefficients are known in
terms of wy, (p). It turns out that the linear systems (5.7) and (5.8) can be truncated
properly [20, sect. 6].

Once the coefficients D}* have been found, we can compute the pressure and
velocity anywhere in the fluid.

6. Elliptical plate: Far-field pressure. For the far-field pressure, we use the
results in section 3. Specifically, we use the estimate (3.4), giving p in terms of D(k, ¢).
Equations (4.4) and (5.4) give

D(k,pB) = —wZ/{azb Z Z D " joj+m+1(A) cosmap,

m=0 j=0

where k and /3 are related to A and 1 by kcos 8 = (A/a) cosy and ksinf = (A/b) sin .
Let 1) = g correspond to 5 = ¢. Thus, tanty = (b/a) tan ¢ with 1)y and ¢ being in
the same quadrant. Then, (3.4) gives

2wZ/{a2b oo . ‘ \/E
N oo “T/4 m m To ikosecf. V™V
P~ rend. Z Z Dy cosmiy /0 daremi1(A) € ™

This estimate can be written as

6.1) /g AW?mm;‘”“}jE: D Ry (X)) cos mao,

m=0 j=0

m=0 j=0

where A(¢) = (1 — k?sin® ¢)'/2,

o0 iax A o sec b,
hn(X) = /; Jn+3/2()\) e A 77 and X(Ua d)) = aA((b) :
This integral can be evaluated. From [33, egs. (2) and (3), p. 405], we have
i e A p~exp (£ip arcsin ¢) 0<c<1
6.2 Ju(A)eFre = = i’ ’
(6.2) / u(A)e Iy { p e + 02—1]_“ei“”‘/2, c>1.

The first of these gives
ho(X) = (n+3/2) Yexp {i(n+3/2)arcsin X}, |X(0,0)| <1,

which shows the phase variation across the wave beam. The inequality | X| < 1 gives
the thickness of the beam at azimuth ¢, namely,

(6.3) lo| < alA() cos O, = cos b, {a® cos® ¢ + b” sin® ¢}1/2 = B(9¢),
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GENERATION OF INTERNAL GRAVITY WAVES 733

say. The far-field velocity then follows from (3.5), using

0 i . 3 :
%hn(X) = T P {Z(TL-I- 5) arcsz}, lo| < B(¢).

Outside the beam, we can use the second part of (6.2): there is no phase variation,
which implies that there is no energy transport outside the wave beams. Within this
region, the pressure decays as R™! as R — oc.

7. Two examples. The method described above can be used for arbitrary pre-
scribed normal velocity of the plate, wy,. In this section, we investigate two simple
but realistic forcings, namely heaving and rolling motions.

7.1. The heaving plate. This is the simpler problem. We suppose that w, =
Up, a given constant, so that we are concerned only with n = 0 in (4.5). Put U~y = Up.
As O (z) = 2ua, @((30) (p) = /1 — p? and so (5.6) gives W = 2/m, all other W being
zero. Then, (5.7) gives

b/a
- 2B(k)’

using Ino = 2E(k), where E(k) is a complete elliptic integral and k = (1 — b?/a?)'/?;
see (4.7). The pressure discontinuity across the plate is 2pyd, where

§ = awlldy(p) = 2awldD\/1 —p2, 0<p< 1.
The force on the plate is in the vertical direction with magnitude

47

2
SER) wlypoab” tan ..

1
/ 2p00 d = 47Tp0ab/ dpdp =
Q 0

For a circular plate, a = b, k = 0, E(0) = 7/2, and we recover a known result [18,
eq. (47)].
The far-field pressure within the wave beams is given by (6.1) as

a b2 NUy+/sin 0. —in . .
(7.1) p~ \/% B0l 1 s?nz DR e/ exp {(3i/2) arcsin X (o, ¢) }

for | X (o,¢)| < 1. Thus, although the prescribed motion is very simple, the depen-
dence of p on the azimuthal angle ¢ is complicated.

Let us interpret the formula (7.1) for the far-field pressure within the beam. (Sim-
ilar discussions can be given for related formulas.) First, there is the slow algebraic
decay with distance from the plate, R~*/2. Then, we note that the amplitude con-
tains the factor (1 — k?sin? ¢)~3/4, which increases from 1 in the zz-plane (¢ = 0;
see Figure 7.1) to (a/b)?/? in the yz-plane (¢ = %71’) (By symmetry, it is enough to
consider 0 < ¢ < %71’, z > 0.) The beam has width 2B(¢), with B decreasing from
acosf. at ¢ =0 to bcosf. at ¢ = %w; see (6.3). The beam itself is bounded by the
characteristic circular cones (2.2), with apexes located at all points around the edge
of the plate. Thus, in a plane ¢ = constant, we would have a sketch similar to Figure
7.1 but with a narrower beam.

In the zz-plane, we can define a quantity ¥ by ¢ = a cos . sin?, so that |J] < %71’

within the beam; see Figure 7.1. Then, the last exponential in (7.1) simplifies to
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734 P. A. MARTIN AND S. G. LLEWELLYN SMITH

o = —acosb,

energy

o =acosb,

—a plate a

Fic. 7.1. The group velocity is away from the plate, along the wave beams. The phase velocity
is perpendicular to the group velocity; waves propagate downwards, across the beam.

exp{2i0}. In terms of ¥, the beam has width m, and the wavelength is 3m. The
wave propagates downwards, with crests parallel to the beam boundaries. Similar
interpretations can be given in other planes, ¢ = constant. Note that the numbers
appearing in this description, g and %, are a consequence of the simple forcing of the
plate; more generally, see section 6.

7.2. The rolling plate. Consider a horizontal elliptical plate making small os-
cillations about the y-axis. For such rolling motions, we have w, = Voz/a = Vyp cos x,
where 1y is a given constant. Thus, we consider only n = 1 in (4.5). Put Uy = V.
Then, as @él)(p) = 3py/1—p?, (5.6) gives Wg = 2/(3), all other W being zero.
From (5.8),

b/a

Dy = ——
0 3[117

where I11 (k) is given by (4.7). The pressure discontinuity is

§ = awlddy (p) cos x = 2awldDip\/1 — p2cosy, 0<p<1.

Thus, there is no net force on the plate, but there is a moment about the y-axis with
magnitude

1
/ 2xppd dx = 47rp0an3bD(1J / p>\/1—p2dp = ﬂa%%)o]\f sin 6.
Q 0 45111 (k)

8. Piston problems. Suppose that the plane z = 0 is rigid apart from a piston,
Q, on which w = wy, a given function. On the rigid part of the plane, @', w = 0. The
piston generates waves in the fluid above the plane, z > 0. The pressure is given by
(2.8) in terms of D(&). From (2.3) and (2.8), F{w} = k(y/w)D on z = 0, and this
determines D.

Suppose now that €2 is an ellipse (4.1). Suppose for simplicity that w, = Uy, a
constant. Then,

D) = ZF{w) =22 [ exp(-ig o) da

1
= 27mbw—uo / Jo(Ap)pdp = 27rabw—u0J1 (N,
Ky Jo KAy

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



GENERATION OF INTERNAL GRAVITY WAVES 735

using (4.2). As [, exp (i€ - ) de = 2mabA~'J1()), the net force on the piston is
po [ [*T 160

(8.1) / popda = 22 / / D(E)JL () dr d = 2520 b2 040 K () tan 6,
O 2 0 0 37T

using £ = (A/b)\/1 — k% cos®> ¢ and [;° A"2JZ(A) dA = 4/(37) [15, eq. 6.575 (2)].

The time-averaged energy input to the fluid by the piston oscillations is

(8.2) En = @/ Re{pw,}dx = %abszOPK(k) tan 6.,
2 Q 3T

using (8.1), where the overline denotes complex conjugation. The quantity &y, will be

shown to match the energy transport in the far field, thus providing a check on the

calculations.
In the far field, p ~ bo¢~1/? with by given by (3.4):

— X 1RO sec U¢ d .
Y/ 27 sin 0, ¢ 0o KA c Vi di

In this formula, A = {(a&)? + (bn)?}/? = w{a?cos? B + b?sin® B}/? evaluated at
B = ¢. Thus, A = kBsecf., where B(¢), defined by (6.3), gives the (expected) beam
thickness at azimuth ¢. Then, the substitution s = x sec . shows that

bo

(8.3) by = U e £(B, o),
TB(¢)
where
(8.4) L(B,o) = e_i”/4\/§ / 573/2J1(sB) " ds.
0

Here, B > 0, but o can take any value. However, when evaluating £, we can assume
that o > 0 because of the relation

(8.5) L(B,o) = —i L(B, —0).

The integral £(B, o) can be written in terms of Weber—Schaftheitlin integrals; its
value depends on whether 0 < o < B (within the wave beam) or 0 < B < o (outside
the beam). The relevant formulas are [15, egs. 6.699 (1) and (2)].

For 0 < B < o, we obtain

Br _ (13 _ (B\’
E(Bva)_ﬁF<sz727 <;) )7

where F' is the hypergeometric function. Putting p = —1 and v = % in [9, eq. 14.3.7]
gives

s 13
- F-, =2, X772
23/2(/X /X2 — 1 <4’4’ ' >

for X > 1, where Q¥ is an associated Legendre function of the second kind. Hence

Qrp(X) =

L(B,o) = —-B~"?\/o? = B2Q;},(¢/B) for o >B>0.
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736 P. A. MARTIN AND S. G. LLEWELLYN SMITH

As expected, there is no phase variation with o, implying no energy transport.

For 0 < o < B, [15, egs. 6.699 (1) and (2)] gives
I( 7 1 31 (o 2
r@ \@ 12\B) )
&

/BT
ST
ﬁsz/ooos3/2J1(sB)sin(sa)ds J_F()E)F(%’_i;g;(%Y)

The hypergeometric functions appearing here also appear in expressions for certain
Ferrers functions. Thus, putting p = 1 and v = % in [9, egs. 14.3.13 and 14.3.14]
(noting [9, eq. 14.3.3]) gives

)

o0 1
L. = / s73/2J1(sB) cos (so) ds = 4;
0 1)

5
o (51%) = vt (r
7
w(g1.%) - V;(flé) e (h
So, with 0 < X =0/B < 1,
ngMwl(%,l,X)
ngmwz(%,l,)()

Then, from [9, eqs. 14.3.11 and 14.3.12],

w1<%,1,X>—w2(; ) —V2P} ,(X),
() () (e

where P% and Q¥ are Ferrers functions. Hence,

V3w (5:1.X) = ~Plo(x) - 20 ,00)

V3 (5.1.X) =P - 2l (x)

From [9, egs. 14.6.1 and 14.6.2],
~V1-X2P,(X) and QX —V1-X2Q,(X
whereas [9, egs. 14.5.20 and 14.5.22] gives
P1/2(X) = (2/m) {2B(X_) = K(X_)} and Qy2(X) = K(Xy) - 2B(X,),

Where E and K are complete elliptic integrals and X1 = /(1 £ X)/2. AsdXy/dX =
+3/Xx, 1/2(X) = (2/m)G(X-) and Q1/2( ) = G(X4), where

G(k) = —ik {K(k)—2E(k)} = (1 —2K*)E(k) + k*K(k)},

1
T §

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



GENERATION OF INTERNAL GRAVITY WAVES 737

k'? = 1 — k?, and we have used [15, egs. 8.123 (2) and (4)]. Thus, when k = X,
k' = Xz, 4k*k"™ =1 — X? and 1 — 2k’> = £X. Remove the factor of (1 — X?)~! by
writing

(8.6) 2G(X1)=(1-X?"1G, with Gy =K(X4)+ X{2B(X1) - K(X4)}.

Hence

ﬁwl(l 1,X> =

2 3

\/5’[1)2(%,1,)()

(1-X*)""2{G, +G-},

A= 3| -

(1-X*)712{G. -G}
From (8.4), we want
(8.7) L(B,o) = e_i”/4\/§(£c +i L)
= ge—”/“m@m{wl <% 1,X> +iws (% 1,X)}

_ ;ez‘m@ {(G++G)+i(Gy —G)}

= 2VB (@G, —ig).

This formula was derived assuming that 0 < ¢ < B. However, use of (8.5) shows that
(8.7) is valid across the beam, —B < ¢ < B.

Having found L, by is given by (8.3), and then the far-field pressure within the
beam is given by

D~ %abwb{o Vtan 8. [B(¢)] Y2 (Gy —iG_) ¢V

The far-field velocity, v, is given by (3.5) in terms of dp/do; as X = /B,
v 2abL{0 i
3mi¢t/2\/tan . [B(¢)]3/2 0X

Now, if we define J. = 2E(X41) — K(X4), (8.6) gives G4 = K(X+)+ X 74 and then
direct calculation gives 0G+/0X = £(3/2)Tx.

In the far field, the time-averaged energy transport vector is If, with I =
(po/2)Re{pv } [21, 31]. Substituting for p and v gives

I—Ew < ab >2|u0|2 (g_ag+_g_+£>
T3 \mB)) ¢ \39x 3 9x )

The quantity inside the last pair of parentheses reduces to

G+ —iG-).

SUE(X )T, + K(X,)7) = BX)K(X ) + B(X K (X,) - K(X)K(X )= 7,

using Legendre’s relation [15, eq. 8.122]. Hence,

I—%( CLb >2|u|2
~37¢ \B(g))
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738 P. A. MARTIN AND S. G. LLEWELLYN SMITH

which is positive: the energy transport vector I é points away from the piston.
The total energy transported away, Eous, is found by integrating over the beam
cross-section [21, 31]:

27 pB(¢) 92 ( )2 | |2 27 dd)
Eou =Csin90/ / Idodp = —(ab)“wpo|U sin@c/ —_—.
' 0 —B(¢) 3 o o B(o)

The remaining integral is (4/a)K (k) sec 6. using (6.3), whence Eouy, = Ein (see (8.2)),
as expected.
We conclude by noting that results for a circular piston are readily obtained by
setting @ = b (k = 0). In this case, the beam width does not depend on ¢, B = a cosf..
It is possible that some of the techniques developed in this paper (and also in
[22]) could be adapted to analyze the motions generated by other kinds of wavemakers
[14, 23], but this remains for future work.
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