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Abstract

In this paper we study the N-player nonzero-sum Dynkin game (N > 3) in continuous
time, which is a non-cooperative game where the strategies are stopping times. We show

that the game has a Nash equilibrium point for general payoff processes.
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1 Introduction

A Dynkin game is a game where the controllers make use of stopping times as control
actions. Actually assume one has N players denoted by 71,...,7y and each of which is
allowed, according to its advantages, to stop the evolution of a system. The system can be
for example an option contract which binds several agents (players) in a financial market.
So for i = 1,..., N, assume that the player m; makes the decision to stop the system at 7;,

then its corresponding yield is given by:

S,y T) = E[X’f'il{'f'i<Ri} + Qf"@'l{Ti:Ri} + Y}i%il{Ti>Ri}] (1.1)

where R; := min{7;,j # i} and X% Q"Y' are stochastic processes described precisely

below. This yield depends actually on whether m; is the first to stop the evolution of the
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system or not. So the main problem we are interested in is to find a Nash equilibrium point
(hereafter NEP for short) for the game, i.e., an N-uplet of stopping times (77, ..., 74 ) such
that for any ¢ = 1, ..., N, for any 7;,

* * * * * *
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A NEP is a collective strategy of stopping for the players which has the feature that if

one of them decides unilaterally to change a strategy of stopping then it is penalized.

In the case when N = 2 and J; + Jo = 0, the game is called of zero-sum type and
the corresponding NEP is called a saddle-point for the game. Otherwise it is called of

nonzero-sum type.

The first works related to Dynkin games, which concern mainly the zero-sum setting,
go back to several decades before (see e.g. [2, 3, 8, 11, 16, 17, 20, 25, 21, 27], etc. and the
references given there). This latter setting was revisited several years later by many authors
especially in connection with reflected backward equations [6], the pricing of American game
contingent claims introduced by Y. Kifer (see e.g. [15, 12, 14, 18], etc.), convertible bonds
(see e.g. [5, 24]) or other reasons ([19, 26]), etc.

In comparison, nonzero-sum Dynkin games in continuous time, introduced by Bensous-
san and Friedman in [1] have attracted few research activities (see e.g. [1, 4, 10, 13, 23],
etc.). Moreover, on the one hand, those papers deal with the case of two players (even in
[1]) and, on the other hand, the assumptions on the data of the problem are rather tough
since, except a recent paper by S.Hamadéne and J.Zhang [13], authors assume that e.g. the
processes Y of (1.1) are supermartingales. Even in the discrete time setting, this latter
assumption is supposed (e.g. in [22]).

So the main objective of this paper is to study the continuous time nonzero-sum Dynkin
game in the case when there are more than two players and general stochastic processes X*,
Y?and Q°, i =1,...,N. The processes Y are no longer supposed being supermartingales.
We actually show this game has a Nash equilibrium point under minimal assumptions. We
should point out that according to our best knowledge this problem has been not considered
yet and the generalization from the two-player setting to the multi-player one, even with
respect to the work by Hamadeéne-Zhang [13], is not formal and raises questions which are
far from to be obvious, especially the construction of the approximating scheme and the

study of its properties.

This paper is organized as follows. In Section 2, we set accurately the problem, recall

the Snell envelope notion and provide a result (Prop. 2.1) which is in a way the streamline



in the construction of the of the NEP of the nonzero-sum Dynkin game. The approximating
scheme and its main properties are introduced in Section 3. Finally in Section 4, we show

that the limit of the approximating scheme is a NEP for the game. |

2 Setting of the problem and hypotheses

Throughout this paper T is a positive real constant which stands for the horizon of the
problem and (€, F,P) is a fixed probability space on which is defined a filtration F :=
(Ft)e<T which satisfies the usual conditions, i.e., it is complete and right continuous.

Next for any stopping time 8 < T, let us denote by:

(i) To the set of F-stopping times 7 such that P-a.s. 7 € [0,T7;
(ii) Ey[.] the conditional expectation w.r.t. Fy, i.e., Eg[X] := E[X|Fy], for any integrable
random variable X ;

(i) 7 := {1, .., N.

Next an F-progressively measurable IR-valued stochastic process ((¢)¢<7 is called of class
[D] if the set of random variables {(;, 7 € Tp} is uniformly integrable. Now for i =1,..., N,
let us introduce F-progressively measurable and IR-valued stochastic processes of class [D],
Xt = (XD)<r, Q' == (QY)i<r and Y := (Y}!)i<r, which moreover satisfy the following
hypotheses:

Assumption 2.1 : Foranyi=1,...,N,

(A1): X' is right continuous with left limits (RCLL for short) and does not have negative
predictable jumps ;

(A2): The process Y is right continuous, i.e., P-a.s., for any t < T, Y} = lims\ ;Y and
of class [D]. As a consequence if (yn)n>0 is a decreasing sequence of F-stopping times then

E[Yi,,,] = lim, BY] | ;

(A3): The processes X*, Y* and Q' verify:
P—as Vt<T, X} <Q! <Y/}

(A4): For all T € Ty, P-a.s.

N
(QL<YiT<T)C(X]<Y]).
7j=1



Note that assumptions (A1)-(A8) are minimal in order to solve the problem, as for [A4],
it is satisfied for e.g. for anyi € J and T € Ty, P-a.s. on (1 <T): X: <Y? or Q° =Y.
|

Next for T1,T5, -+, Ty elements of 7y and for ¢ € J, let us define J;(T1,Ts, -, Tn),
the payoff associated with the player i, as follows:

Ji(T1,Ta,- -, Ty) := E{X’fdl{TxR@-} + Q7 =Ry + Yféil{TpRi}}. (2.1)
where R; := min{T},j # i} = Nj=1,N;j£i 1}

The meaning of those payoffs in this nonzero-sum Dynkin game framework is the following;:
Assume that for any ¢ = 1, ..., N, the player m; makes the decision to use the stopping time
T; as a strategy of stopping. Let ig € J, then:

- i, will receive an amount equal to X%O if it decides unilaterally to stop controlling

first. As for the other players m;, j # 4o, each one will receive an amount which equals to
J .
Ti() ’ .
- i, will receive an amount equal to Q72 if there is a commitment with one or more
iQ
other players to stop first the game. Each one of the players j which do not get involved in

the commitment will receive Y:ﬂi .
0

We next precise the notion of equilibrium that we are looking for.

Definition 2.2 We say that (17,T5,---,Tx) € ToN is a Nash equilibrium point of the
Nonzero-sum Dynkin game associated with (J;);e 7 if for alli=1,--- N and all Ty, -, Ty €

To we have:
Ji(va"'vz?—lvn’ iﬂil—l""’TX/) SJi(Tf""’Titl’Ti*v iilv"'vT]t/)' (2'2)

The definition means that when the equilibrium is reached, is penalized each one of the

players which makes the decision to change unilaterally its strategy of stopping. O

Next to begin with we give a result which in way is a streamline in order to construct

a NEP for the nonzero-sum Dynkin game. Actually we have:

*

Proposition 2.1 Assume there exist N stopping times (7;)i=1,n and N F-progressively

measurable RCLL processes (W');=1.n, such that for any i = 1,..,N, if we set R; =
TIAN AT AT G AN AT and R=T{A... ATy = 77 A R; then:

(i) (Wi\g)i<r is an F-martingale and (W}, g )<t is an F-supermatingale,
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(ii) ¥t < T, Willyery > Xillyer) and Whliecpy = Xo g,y

Then the N -uplet of stopping times (7;°)i=1,N ts a Nash equilibrium point for the nonzero-

sum Dynkin game associated with (J;);e7. Moreover for any i € J,

Ji((7])i=1,n) = E[W].

Proof: Actually for any i € J, since (W}, p)i<7 is a martingale then

E(W§] =E[Wg]

= E[W%*H{Tl*<RZ} + W}‘Z%ill{Ti*zRi} + W}Z%ill{Ti*>Ri}]‘

But taking into account the equalities of (iii) we get:

Wil =riy + Wiz ri)
= (Y, Ur,<ry + Qplp,=ry) U iri—pryy + (Vi L, <1y + Qrlir,=1}) Lirss Ry
= Qi W pi=r <1y + QP (R, —rr—1y + Y2, LR, <)
= QrLiri=r) + YiLni<rr)
Making now the substitution in (2.3) we deduce that:

EW)] =EXL LG cry + Qe liopry + Yi Lirsryl
= Ji(tf, ..., ).

On the other hand since (W}, Ri)tST is an F-supermatingale then for any stopping time

~v € To we have,

E
(2.4)

E

Wi Lty<ry + Wi Lir=ry + W, Lip>ry)
But once more

Wi =k + We (o r)

= Vg, Lig,<ry + Qrlir=r))Liy=ry + Vi, Lir,<ry + Qrlir=1))L(y5 R0

= (Y, Wro<ry + Qplin—m)liy=r + Vi, Lo k)

2 @ ly=ry + Vi, 1 (y>R0)
since Y? > Q. Plugging now this last term in (2.4) and since Wf;ﬂhdﬁ} > ijﬂ{v<Ri} we
obtain:

Ji(T sy ) = E[W{]
= E[X’ZYH{’KRi} + Qi’%iﬂh:Ri} + YIZ%Z-H{'DRZ-}] = Ji(Tfa ) 7'2‘*_17 7> Ti*.|.17 ey TX{)



*

Thus the N-uplet of stopping times (7;");=1,n is a Nash equilibrium for the nonzero-sum

Dynkin game. |

To tackle the game problem, we mainly use the notion of Snell envelope of processes
which we introduce briefly now. For more details on this subject one can refer e.g. to
El-Karoui [9] or Dellacherie and Meyer [7].

Theorem 1 ([7], pp. 431 or [9], pp. 140) : Let U = (Up)o<i<T be an F-adapted IR-valued
RCLL process that belongs to class [D]. Then there exists Z = (Z;)o<i<r an F-adapted
R-valued RCLL process of class [D], such that Z is the smallest super-martingale which
dominates U, i.e, if (Z)o<i<r is another RCLL supermartingale of class [D] such that
Z > U then Z > Z, P-a.s.. The process Z is called the Snell envelope of U. It satisfies the
following properties:

(i) For any F-stopping time 6 we have:

Zy = esssup E[U;|Fy| (and then Zp = Urp). (2.5)
TE Ty

(ii) If the predictable jumps of U are only positive, then the stopping time
" =inf{s >0, Z;=U}

s optimal, i.e.,

E[Zy] = E[Z+| = E[U+] = SL;ISE[UT]. (2.6)

Remark 2.3 As a by-product of (2.6) we have Zy+ = Ur~ and the process (Zipr=)i<T is @

martingale. |

3 The approximating scheme and its properties

We are now going to introduce sequences of stopping times which, as we will show it later,
converge to a NEP of the game. So let us consider the sequence of F-stopping times (75, )n>1

defined, by induction, as follows:

i)m=-mnv="T.
(ii) For n > N +1, let (i,q) = (in,qn) € IN? be such that n = Ng+i with 1 <43 < N. Then



let us set:
- 0, = Hlin{Tn_l,Tn—27"' 77—n—N+1};
= UM =Xilgeo,y + Y5, Yezo,y Wit YY) = Qplyry + Yilyery, Vi< T
— YVt <T, W}" = esssup,7, E[U}|F];
— pp=inf{s>0,WIr=U!};
— Tnp = (,U'n A Tn—N)l{Nn/\Tn—N<9n} + Tn_Nl{Nn/\Tanzgn}'
Remark 3.1 As a direct consequence of the above definitions and the properties of the Snell

envelope, the following relations or properties hold true: for any n > N + 1,
(i) W™ is RCLL and for any t > 0,,

Wi = Ul =Y,

(i)
Hn < ena Tn < Th—N and en < 9n—N§
(iii) since the predictable jumps of U™ are only positive and taking into account Assumption

(A3), we deduce from Theorem 1-(ii) that p, is optimal, i.e.,

EWg] = EW, ] =E[U,]= sglgE[UI’].

(iv) Let n = Nq + i where the pair (i,q) is as above, therefore even if this is not explicitly
mentioned in the definition, the stopping time 0,, = On44; depends on i. The same happens
for U™, 1, b and W™, O

Additionally we have:
Proposition 3.1 For anyn > 1, ppen < 7, P-a.s..

Proof: Actually suppose there exists m > 1 such that P[7,, < fimin] > 0 and let us set
n = min{m > 1s.t. P[Ty, < fm+n] > 0}. Then we obviously have n > N + 1. Next on the

set {7, < pn+n} we have:
Tn < OniN = TnaN-1 A TpaN_—2 A+ Thi1 (3.1)

since pip+nN < Open (Rem.3.1-(ii)). But the definition of n implies that p,4+n—1 < 7,—1 and
then

TndN—1 = Pt N-11{p, vy <nino1} T Tn-1 v 1 =0, 1)



and from (3.1) and the definition of 6,y y_1 we deduce that 6, n_1 = 7,. It follows that:

Tn+N-1 = Hn+N-11 (e n o1 <r} T Tn-11p, v o1=70)
Therefore
Tn < TntN—1 = Tn—1- (32)

The strict inequality stems from (3.1) as for the equality it holds true since p,yn—1 <
On+N—1=Tp and T, < Tp+N—1-
Next
OniN—2 = Tng N-3 A Tny N—d A Tug 1 AT A Tp1 = Tp
since from (3.1) for any k = 1,..., N — 1 we have 7,, < 7,4 and from (3.2) 7,, < 7,—1. But

once more the definitions of n and 7,4+ y_o imply that:

Tn+N-2 = Hn+N-21{u, n_o<ra} T Tn—2l{p, v _o=70}

As we know that 7,1 ny_o > 7, then 7,y ny_2 = T_9 > Th.
Repeating now this procedure as many times as necessary we deduce that for any j =
1,...,N -1,
Tn < TneN—j = Tn—j

and then on the set {7, < pn,+n} we have
Tn < 6n+N = 971
and thanks to the definitions of n and 7, we also have on I' := {7, < pnyn}

Tn = 'u’n]‘{/in<6n} + Tn_N]‘{Mn:en} = ,U/n
since py, < T,_n. Therefore on the set I' € F,, we have U" = U"*¥ since 6,y = 0, and

IIFWLL:FN =1rWrN = 1p esssup, e, E[UMN|F,. | = esssup, e, E[1rU N F, ]
esssup et E[1rU}|F7, ]
LeWs = LW
U,

_ n+N
= ILFUM ,

ie., ILFWZ:FN = IlpU;‘:N and then p,.n < p, on I' since p,yn is the first time that
W +N reaches UMV, As on T’ we have i, = 7, < pingn then this is contradictory with
the previous inequality. It follows that P[I'] = 0 and for any m > 1 we have pin < Tim,

P-a.s.. The proof is complete. |

As a by-product we obtain:



Corollary 3.2 For anyn > N +1,

(i) T = /‘nl{,un<9n} + T”—Nl{unzen} ;

(i) pin, = Tn ANOp = Tp ATp—1 A+  Tn—N+1-

Proof: Indeed, (i) is a direct consequence of the previous proposition and the definition of

Tn. As for (ii), we have

Tn N\ en = Tnﬂ{'rn<9n} + G”H{Tnzen}‘

But 7,17, 9,3 = tnll{y,<e,} and on [1, > 6,] we have 0, = . Therefore 0,1, >4 ) =
pnllir, >0,y Gathering now those relations yields pi, = 7, A 6. Finally the second equality
is just the definition of @,,. |

4 Existence of a Nash equilibrium point
For any i € {1,---, N}, let us define:
T = nli_n)loo TNn+i and R} = nli_n)loo ONn+i = min{T; ;j # i}.

Those limits exist since for any n > N + 1, we know that 7,, < 7,,_n therefore the sequences

(TNn+i)n>0 are non-increasing for fixed i.

We have also, for all i € {1,---, N}

* * . * — : J— :

We are going now to show that the N-uplet of stopping times (7;*);=1.. n is a Nash
equilibrium point for the N-players nonzero-sum Dynkin game associated with (J;)iec7.

The proof will be obtained after several intermediary results given below.

Lemma 4.1 Foranyn>1,i€{l,---,N} and any 0 € Ty we have:

Ji(TNnAN+1, TNn+N+25 s TNnt-N+i—1 0y TNn+i+1, " * s TNn+N)
< Ji( TN+ N415 TNntN+2, *  * s TNn+N+i—1> TNn+N+i> TNnti+1> " TNn+N)
17 7
+E[( TNn+N+i TNn+N+i) Il{7'Nn+N+i=19Nn+N+i<T}]‘



Proof: For any n>1,i€ {1,---,N} and 6 € Ty,

Ji( TN+ N1 TNot N+25 ** s TNok Nti—1 0, TNnti+15** TNt N)
= E{Xgﬂ{€<€Nn+N+i} + Qéﬂ{g:gNn+N+i} + Ygz\rn+z\r+iﬂ{9>91vn+1v+i}}'
But
Xéﬂ{9<0Nn+N+i} < Wejvn+N+iﬂ{9<9Nn+N+i}

and since Q° < Y we have

7 7
Q@ H{GZGN"HVH } + YV@Nn+N+i ﬂ{9>9Nn+N+i}

< (Q%FH{GNmNH:T} + }[GZNn+N+i1{T>9N7L+N+i})]1{9291\77L+N+i}

Therefore

Ji(TNn+N+1, TNn+N+25 " s TNnt-N+i—15 0, TNn+it1,** s TNn+N)

Nn+N+i Nn+N+i
< EBWonina o] < BV

since WNnTN+i ig 5 supermartingale.
Next

Ji(TNn—i-N—i-la TNn+N+25" "y TNn+N+i—15 TNn+N+is TNn+i+1," " * 7TNn+N)
_ Nn+N+i i _ i
- E[ TNn+N+i/\9N7L+N+i] + E[(QGNnJrNJri YGNnJrNJri) H(TNn+N+i=9Nn+N+i<T)]

UNn+N+i] + E[(

HNn+i+1

= B (4.4)
— E[wNn-i—N—i—i
— g

i v

QeNn+N+i Y9Nn+N+i) H{TNn+N+i=9Nn+N+i<T}]
i v

HNn4it1 ] + E[(QeNn+N+i YGNnJrNJri) H{TNn+N+i:9Nn+N+i<T}]

WéVn-i—N-H] + E[(

i i
QeNnJrNﬂ Y9Nn+1v+i) ]l{TNn+N+i:0Nn+N+i<T}]

- _ . Nn+N+i
since Tnn+N+i A ONntN+i = pnntiv1 (Cor. 4.1-(1)), (Wi T

mark 2.3) and finally by (i) of Remark 3.1. Comparing now (4.3) and (4.4) to obtain the

desired result. [ |

)i<T is a martingale (Re-

We now focus on the limits of the terms that appear in the inequality of the previous

lemma.

Lemma 4.2 : The following asymptotic inequalities hold true:
(i) For all 0 € Ty and i € J, we have:

limy, 00 Ji (TNn+N+1, TN+ N+25*** » TNnt-N+i—1, 0, TNntit1, " TNn4N) =
Ji (T, T, T .0, T, - . T5) —E[(Q) — X)) 1 )
Z( 1425 s Li—12Yy Li41o ’ N) [(Q6 6) ﬂ{eZR;k <9Nn+z}]

n>0

10



(i)

lim,, <Ji(TNn+N+17 TNn+N—+2s " * s TNn+N+i—1, TNn+N—+is TNnti+1s***  TNntN)+
i i
E[(YTNn+N+i - TNn+N+i) ]l{TNn+N+i:0Nn+N+i<T}]> -

Ji(Tl*vTékv e 7ﬂtlvﬂ*7 z’?—l? e 7T]#\</) + E[(YIZ‘:‘ - Qﬁfj) H{T;‘:R;‘<T}]+

lim,, ;o E[(XT{k - YT;‘) ]l{TNn+N+i<9Nn+N+iv TZ—*=RI<T}]‘

Proof: (i) Actually

Ji(TNnAN+1, TNn+N+25 s TNnt N+i—15 0y TNn+i+1, - * s TNn+N)

= E[Xé]]“{gggN'rrrN«H} + YlgiNn+N+i]l{9>0Nn+N+i} + (Qé - Xé)]l{ezeNn+N+i}]'
(4.5)

As the process Y is RCLL and of class [D] and the sequence (0 p+n+i)n is decreasing then,

when n — oo,
E[Xg]l{egeNn+N+i} + YéiNn+N+i]1{6>6Nn+N+i}] — E[Xéﬂ{GSRr} + Y]Z%z‘ll{9>R:}] (46)

On the other hand, when n — oo,

E[(Q(ZQ - Xé)ﬂ{G:GNn+N+i}] — E[(QZG - Xg)ﬂ{GZR;‘}] - E[(Q?g - Xg) 1 ﬂ (9 — R* < 9Nn+i)]‘

n>0
(4.7)

Actually (4.7) is obtained in paying attention whether the sequence (Onp+n+i)n is of sta-
tionary type or not. Going back now to (4.5), take the limit and make use of (4.6) and (4.7)
to obtain the desired result . O

11



Next let us focus on (ii). Let i € J be fixed, then:

li_mn_mo (Ji(TNn—i-N—i-la TNn+N+25" "y TNn+N+i—15 TNn+N+is TNn+i+1," " * 7TNn+N)+

) 7
E[( TNn4+N+i TNn+N+i) ]l{TNn+N+i:9Nn+N+i<T}]>

= lim E[X!

7
) TNn+N+i H{TN7L+N+z‘<9Nn+N+z‘} + Yan+N+i ]l{TNn+N+i>9Nn+N+i}+

) 7
YGN,HNH H{TNn+N+i:9Nn+N+i<T} + QT ﬂ{TNn+N+i:6Nn+N+i:T}]

= lim E[X!

7
UMy, sy TNn+N-ti 1{7'Nn+N+i <ONn4nN+i; TF<R!} + Y:QNnJFNH ﬂ{TNn+N+i>9Nn+N+i§ T*>R!}

7 )
+YV€N7L+N+Z- H{TNn+N+i:€N7L+N+i§ T;‘:R: <T} + QT 1{TZ* :R;‘:T}]

= E[X/}wz* ﬂ{Ti*<R:f} + QZT:‘ H{TZ_*ZR:_F} + Y}Zf;‘ 1{Ti*>R:}] - E[QZT:‘ ﬂ{T;‘=Rr<T}]+

lim, . B[ ’fl‘l* ﬂ{TNn+N+i<6Nn+N+i§ T =R}} + Yli%f H{TNn+N+i >ONnt+N+i; T =R <T}]
= Ji(T1*7T2*7 e 7Tz‘*—17Tz‘*7 iﬁ-l? e 7T]>:f) + E[(YIZ'“Z.* - Q%“l*) 1{Ti*:R2‘<T}]+
h—mn—>oo E[(X%:‘ - YQZ—‘:‘) H{TNn+N+i<0Nn+N+i7 Ti*ZRz <T}]
which is the desired result. Note that in the fourth inequality we have taken into account

the fact that the processes X’ and Y are of RCLL and of class [D]. [ |

An obvious consequence of Lemmata 4.1 and 4.2 is:

Corollary 4.1 For all0 € Ty and alli € J

JZ(T1*7T2*7 o 7,1?_1797,1?:1-17 o 7T]>’\<]) - E[(Qé - Xé) 1 m {9 = R* < 9Nn+i}]
)
n>0
< Ji(Tl*7T2*7 e 71}1171}*71}117 e 7T]>:f) + E[(YJZ“Z.* - Qﬁfj) 1{T{‘:R2‘<T}]

+lim,, o E[(er,«: o Y%l*) H{TN7L+N+i<9Nn+N+i, T{‘=RZ‘<T}]' u
(4.8)

Lemma 4.3 (i) We have:

JLH;OE[(X%; - Y’}:) ]l{TNn+N+i<9Nn+N+i7 Ti*ZRz<T}] = 0
and then for all € > 0

lim P[Yjs — Xhw > &, TNniN+i < ONnanti, TF = Rf <T]=0.
n o K3 k3

12



(ii) For all 0 € Ty and alli € T,

JZ(Tl*v T2*7 tee 7Ti*—17 97 T;il—l’ te 7TJ>(7) + E[(Y}ZB;‘ - QZRz‘) ﬂ{@:R;‘<T}]
< Jz(va T2*7 T 7Ti*—17 Ti*v Tl{:—lv T 7T]>:7) + E[(Y}Z{: - QZR;‘) Il{TZ.":R;-‘<T}]‘
Proof: (i) Actually let 6 be the following F-stopping time:
0 =17 Nyrrcp:y + T Lirr>Rey
Then using inequality (4.8) yields:
Ji(Ty, T, T, 0, T, T5) —E[(Q) — X)) 1 "
2( 1,42 i—1 i+1 N) [(QG 0) ﬂ {9 — Ri < 9Nn+i}]
n>0
= JZ(T1*7 T2*7 T 7Ti*_17 T;'*) Tj{:-l) e 7T]>I\<[) + E[(Y’_ZZ“Z* - QZTZ*) II‘{TZ.*ZRZ<T}]
< Ji(Tl*v T2*7 e 7Ti*—17 Tz’*7 Tz:—l? e 7T]>:f) + E[(YIZ‘;‘ - Qﬁf@*) H{T{‘zR;‘<T}]
+h—mn—>oo E[(X%l* - Y]i*) ]l{TNn+N+i<€N7L+N+i7 T;F:R:f <T}]’
Hence
n{)—HOlOE[(X%: - Y’Iyi‘:) H{TNn+N+i<9Nn+N+i7Ti*:RZ<T}] 2 0

which completes the proof since X%4. — Y. <0 thanks to Assumption (A3).

(ii) Let 6 be the following F-stopping time:

=0 Lio=rr<m)e + T Lig—pr<r}

where the superscript (¢) stands for the complement. Since P[f = R} < T] = 0 we obtain
from (4.8) and (i),

n>0
= Ji(TfaTéka"W]ji*—l?ey iﬂil—lf” 7TJ>§7) +E[(Y}% - Qﬁ%y) H{GZR;‘<T}]
< Ji(vaTékv"'7Ti*—17Ti*7Ti>:—17”'7TJ>§7) +E[(YI% o Qs{f) H{Ti*:Rr<T}]7

whence the desired result. |
We now give a key-result which allows us to conclude.

Proposition 4.1 Under Assumption (A4), for alli € J we have:
E[(Yﬂ* - Q%r;) Wrs—Rrr<1}) = 0. (4.9)
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Proof: First note that for any ¢« € J we have:

> Bl(Yr: — Qe )Ly =17 = =77 <R3} }
I={i1,...,ik}CJ, 1€l and k>2

where R} = min{7} ; j ¢ I} with min() = T'. Therefore it is enough to show that for any

i1, ., ik € J, which we assume w.l.o.g satisfying i; < is < --- < 4%, we have:

11 9 (3

E|(Yfs = Q) g g —..— s <rpy] =0
for any i € I = {iy,---, i}

Step 1: For any n > 0,

k

P[Ay = () {R} > TNn+i; = Onnti, }] = 0. (4.10)
j=1

Actually, first note that P[Ag] = P[A;1] = 0. Next let us show that A, C A,,_; for any
n > 2.

On A,:

By the definitions of 7, and R}, we have: Vj € {1,---,k}, Va ¢ I,

TNn+i; = TN(n—1)+i; and TNn+i; < R? < TNnta < TN (n—£€)+a0 £>0. (4.11)
Therefore in using those properties we deduce that:

ONn+i; = TNn+ij—1 A TNn+i;—2 N A TNntij— N+1

= TNn+ij_1 N TNn+ij_o N " NTNntiy N TNn+i—N N TNn+ip_ =N N A TNntij 1 —N
(4.12)

Let us give briefly the justification of the second equality. Indeed for some ¢ € {1,..., N —1}
either i; — ¢ > 0 or i; — ¢ < 0. Case (i): i; — ¢ > 0. Then if i; — ¢ € {iy,...,3;_1} then we
keep it in the expression of Oy 1i; and if i; — £ & {i1,...,4;_1} then we know from (4.11)
that, e.g., TNptij—¢ > TNn+i;_, and then Tny44; ¢ is deleted from the expression of Oy,
Case (ii): i; — ¢ < 0. Then TNpti;—¢ = TN(n—1)+i;—e+N With i — €+ N > i;+ 1. Once more
ifi;—0+N € {ijt1,...,95 } then we keep TNn+i;—¢ 1t in the expression of Onp1i;. Otherwise,
ie.,ifij — 0+ N ¢ {iji1,. i}, then Ty 0 = TN(n—1)4i;—0+N > TNnti;—0+N = TNnti;

and Tnp+4;—¢ 1S deleted from the expression of Ony,4i;. Thus we are done.

Now the first equality of (4.11) yields:
9Nn+ij - TNn—i—ij,l A TNn-i-’ij,z JARERIAN TNn+i1 A TNn-i-’ik A TNn-i—ik,l JARERIAN TNn-i—ijJrl' (413)
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Next by a backward induction argument we have that for any j € {1,---, k},

TNn+i; = TN(n—1)+i; = TN(n—2)+i; 30 ONnyi; = Ongn—1)4i;-
Actually for j = k, by (4.11) and (4.13) we have:
TNn+ixy = TN(n—1)+ix = ONnti, = TNn+ig_1 N TNntig_o AN+ A TNntig
= TN(n—1)+ix_1 N TN(n—-1)+ix_o N NTN(n—1)+iy
= ON(n—1)+iy-

The last equality holds true since by monotonicity we have On(,—1)4i, = Onn+i, and by

definition

ON(—1)4ix < TN(—D4ip_1 N TN(m=1)+ir_o N N TN(—1)4i1 = ONnti-

Therefore by definition of Txn(,—1)44, We have Tnptiy, = TN(n—1)4i, = TN(n—2)+i,- Lhus the
property is satisfied for 7 = k.

Assume now that the property is satisfied for j = k,..., 0+ 1 (2 < ¢+ 1 < k) and let us
show it is also valid for j = ¢. From (4.11) and (4.13) we have

TNntis = TN(n—1)+i; = ONn+i,

and

9Nn+ig = TNn+ip_1 NTNntip_o N NTNntiy ANTNntipy N TNt N N TNn+ipyq-
On the other hand
ON(—1)+is = TN(n—1)4ir—1 N TN(m-1)+is—2 N AN TN(n—1)+i;— N+1

= TNn+ip_y N NTNntiy NTN(n—1)+ig—N " N TN(n—1)+ipp1—N-
This second equality is obtained in the same way as in (4.12) in using (4.11) and the
induction hypothesis. Therefore, once more by the induction hypothesis, we have:

ON(—1)+is = TNntig_1 N e A TNntis A TNntig A TNntig
= 9Nn+i('
It follows that
TNntips = TN(n—1)+ip = ONn+i, = 9N(n—1)+il

and then Tn(,—1)4i, = TN(n—2)+i,- Lhus the property is satisfied for £.

Therefore for any j € {1,...,k} we have
TNnti; = TN(n—1)+i; = ONn+i; = ON(n—1)+4;
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which implies that A, C A,_1, for any n > 1 and then P(A4,) = 0 for any n > 0 since
P(A()) =0.0

Step 2: To proceed let n > 0 and € > 0, then we have:

[(YT* - QT;) H{T.*l— o ==T7 <R*}] =

i i9
i _ ()
E[(YTl* QT@*) ]].mj:l {T;:T: = _T* <R11 Ry T TNn+i; >€N7l+ij}] +
k
ZE[(YT* QT*) ]1{T. =T} ==T;, <R Rj<tanyi }] +
=1
k
E[(Y} . +
Z:l (¥ — QT*) (Vi — ;*_E,YTJ* —X . >e; Tf =Tp = =T <Ry i, <Onnoi }]
j; v vj ij
Y .
—~ E[( (S QT*) (Vi — >5, YTJ* —XJ >e; Tj, =T =-=T} <R}; TNn+i; <ONni; }
; [ ij ]
Y 1
]Z_:l [( Tr — QT*) {YTZ?« —XJ, <e; Ty =T} ==T; <RI7TN7L+Z <ONn+ti; )
- vj J

Bl(Y7: = Q) Ly =1y = =1 <rp] <
k
> E[(Y{: —Qf») Lty <Rys Ry<rvnss o+
i=

k .
INT PV - XT* > e T = Ry, <T; TNnviy < Onni;)+

7

j=1
i k i )
[(YT* XT*) ﬂ{w >§}] + Zj:l E[(YT; - QT;) H{Y’lij.’.‘ —X;J; ga,Ti*<T}]'

Now taking first the limit as n — oo and using the second property of Lemma 4.3-(ii)
for the third term of the right-hand side, then taking the limit as € — 0 to obtain:

BI(¥; Qi) Wi oy omry ) S B0 = Qi) L o)
Zj p 1

But by Assumption (A4) we have E[(Y}. — Q%) 1 = 0 therefore

v —X;i* =0,T7 <T}]
E[(Y7: — Q) Wzs —17 —.—7: <pj)] = 0 and E[(Yfr — Q) Lzr=p:<ry] =0

which completes the proof of (4.9). [ |

We are now ready to give the main result of this paper which is a direct consequence of

Lemma 4.3-(ii), Proposition 4.1 and the fact that Y? > Q for any i € J.
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Theorem 4.2 Under assumptions (A1)-(A4), the N-uplet of stopping times (T})i=1,.. N

)

18 a Nash equilibrium point for the N-player nonzero-sum Dynkin game associated with
(Ji)ieg -

Remark 4.3 Note that (T} )icy and (J;(T7, 15, -+, T%))icg do not depend on the processes
(QV) i< for anyi € J. On the other hand the NEP of a Dynkin game is not unique. Actually
assume that for anyi € J and t < T, X} = % and Q¢ =Y, = 1. Therefore one can easily
show, directly or in using Proposition 2.1, that for any tg € [0,T], (to,-..,to) is a NEP for
this game and Ji(to,....,to) =1, Vi € J. [ |

Finally we have the following result related to Proposition 2.1 which is a direct conse-
quence of the fact that (7}");c 7 is a NEP for the nonzero-sum Dynkin game and, Proposition

1 and Remark 2.3 and Proposition 4.1.
Proposition 4.4 Fori € J, let us set:
W' i= (W)i<r = R(X{ gy + f/}%ﬂ{tz}zy})

where R is the Snell envelope operator. Then (T7)ic7 and (W1, ..., W) satisfy (i)-(iii) of

Proposition 2.1. |
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