1301.2085v1 [math-ph] 10 Jan 2013

arXiv

Stability of Ordinary Differential Equations with
Colored Noise Forcing

Timothy Blass? L.A. Romero ?
August 15, 2018

Abstract

We present a perturbation method for determining the moment sta-
bility of linear ordinary differential equations with parametric forcing by
colored noise. In particular, the forcing arises from passing white noise
through an nth order filter. We carry out a perturbation analysis based
on a small parameter ¢ that gives the amplitude of the forcing. Our per-
turbation analysis is based on a ladder operator approach to the vector
Ornstein-Uhlenbeck process. We can carry out our perturbation expan-
sion to any order in ¢, for a large class linear filters, and for quite arbitrary
linear systems. As an example we apply our results to the stochastically
forced Mathieu equation.

Subject Class: Primary: 93E15; Secondary: 60H10, 34D10.

1 Introduction

1.1 A Class of Stochastically Forced Linear Equations

The original goal of this work was to develop a framework for analyzing the
stability of the stochastically forced Mathieu equation:

& +7d + (Wi +ef(t)r =0, (1)

where f is a stochastic process, and the stability is determined by the bound-
edness of the second moment (z%(t))) [5, M3]. Here, ((-)) denotes the sample-
average. We wanted to avoid heuristic methods, and consider cases where f(t)
is a stochastic process with a realistic power spectral density. In particular,

IDepartment of Mathematical Sciences, Carnegie Mellon University, Pittsburgh, PA 15213,
USA tblass@andrew.cmu.edu

2Computational Mathematics and Algorithms Department, Sandia National Laboratories,
MS 1320, P.O. Box 5800, Albuquerque, NM 87123-1320, 1lromero@sandia.gov

3Sandia National Laboratories is a multi-program laboratory managed and operated by
Sandia Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S.
Department of Energy’s National Nuclear Security Administration under contract DE-AC04-
94A1.85000.


http://arxiv.org/abs/1301.2085v1

we do not want to assume that f is white noise. Hence we want to analyze
the case where f(t) is colored noise. However, in order to rigorously derive
a Fokker-Planck equation for a stochastic differential equation, the governing
equation must include only white noise [5]. We can achieve both goals of rigor
and realistic power spectral density by letting f be the output of a linear filter
that is forced by a vector white noise £&. That is,

s = Hs + £(t), (2)
ft) = {a,s(t)), (3)

where H is an nxn real, diagonalizable matrix, whose eigenvalues have negative
real parts, a € R", and (-,-) is the standard inner product on C". We will
take deterministic initial condition s(0) = 0. We assume the noise vector & is
weighted white noise, meaning

(er=0,  (&@t+nE (1) =Bs(r), (4)

where B is symmetric and positive semi-definite. Thus, when s(¢) solves (@) it
is a standard vector-valued Ornstein-Uhlenbeck process. We refer to the scalar
process, f(t) = (a,s(t)), as colored noise or as an nth-order filter provided
s(t) solves ([@). We will make only mild requirements on the matrices H and
B, thereby allowing for wide variability in the power spectral density of the
resulting process (a, s(t)). Thus, in allowing for a wide range of choices of H, B,
and a, our approach accommodates a broad class of colored noise forcing terms.

In this paper we will be concerned with the more general problem of linear
equations that are being parametrically forced by the function f(¢) in equation
[@). That is equations of the form

% = Aox +e(a, s) A x, (5)

where s is the solution to the stochastic equation (), x(¢) € RY for some N > 1,
and Ay, A; are N x N constant matrices.

The purpose of this paper is to present a perturbation method (assuming
is small) for determining the stability of the solution x(¢) of (&), by which we
mean the boundedness of the second moments of x(t). However, our method
applies to the pth moment, so we will not limit our analysis to second moments
only. Van Kampen has presented a heuristic approach to the case of colored
noise forcing, [24]. Though derived by completely different means, his result for
the Mathieu equation (I) is the same as ours when considering only the first-
moments, and without damping. He arrives at his result by truncating some
series at order €2, and is only expected to be valid to this order. Our method is
rigorous, can be applied to find solutions to any order in ¢, and applies to any
moment. We discuss this further in §5.2]

We were originally interested in equation (IJ) as a model for the response of
capillary gravity waves to a time-varying gravitational field arising from ran-
dom vertical motions of a container with a free surface (as in [19]). Here f(t)
represents the random fluctuations in acceleration. Since the Fourier transform



of an acceleration should vanish at zero, along with its derivative, the power
spectral density of a realistic process f should satisfy S(0) = S’(0) = 0. For
example, we can construct a two-dimensional filter using the system () that
has the power spectral density

o B2w?

(w? + pi3) (W + p3)”

S(w) = (6)

by choosing

-0 o 0 B )
H= , B= , = , s o, 0 > 0.
<ﬁ —M2> (0 0) a <—M2 H fiz, 0

The formula for S(w) in equation (@) follows from Corollary [7in Appendix C.

The stochastically forced Mathieu equation has been analyzed before, for
instance in [2] [3, 4 O] [16] 22] but not for the case (), or the general setting (&).
In [T6] 22] they consider additive forcing, and in [2] B, [4] they consider a different
type of parametric forcing. In [9] they consider a different class of colored noises
and study stability by truncating an infinite hierarchy of moment equations.
Other studies concern Lyapunov stability, or rely on numerical methods. Our
analysis applies to a broad class of equations (B) with a wide variety of forcing
terms (2)), is semi-analytical (relying only on numerics for the computation of
eigenvalues of small matrices), and can be applied to any moment.

1.2 Ladder Operators and the Vector Ornstein-Uhlenbeck
Process

Our perturbation analysis of the moment stability of equation (&) relies heav-
ily on a simple characterization of the eigenvalues and eigenfunctions of the
Fokker-Planck equation associated with equation (). In particular, in §2] and
g3l we characterize the spectrum using ladder operators by generalizing Dirac’s
creation and annihilation operator approach to the quantum harmonic oscillator
[11]. An understanding of the spectrum and eigenfunctions in terms of its ladder
operators is crucial to developing the perturbation theory in §4l Though other
authors have used ladder operators for Ornstein-Uhlenbeck processes, they have
only considered the scalar case n = 1 [20] 211 23] 25]. We believe the extension
to the vector case is by no means trivial, and is interesting in its own right.

The probability density function P(sy,..., $,,t) associated with the process
s(t) defined by equations ([2) and () satisfies the Fokker-Planck equation

o,P =DP, with DP= %div (BVP) — div (HsP). (7)

D is called the Fokker-Planck operator associated to ([2). See [12] for a deriva-
tion of this equation. We note that the Fokker-Planck equation () is the same
in both the It6 and Stratonovich interpretations because the matrix B is inde-
pendent of s (see [12]). The operator D will play a crucial role in our stability
analysis.



In §2 we begin by analyzing the operator D in terms of its associated ladder
operators. That is, operators £ satisfying the commutator equation

(D, L] = pL (8)

As in Dirac’s theory of the harmonic oscillator, the significance of the ladder
operators stems from the fact that if ¢ is an eigenfunction of D with eigenvalue
A, then the function L£¢ will either vanish, or be an eigenfunction of D with
eigenvalue \ + p.

In §2] we show that we can construct the ladder operators by solving a matrix

eigenvalue problem
Ty =y, T =DA, 9)

where A is an antisymmetric matrix and D is a symmetric matrix, expressed
in terms of H, B. We show there are n raising operators, L, which generate
new eigenfunctions of D with an increase in the real part of the eigenvalue,
and n lowering operators £_j that correspondingly decrease the real part of
the eigenvalue. We also show that D can be expressed in terms of its ladder
operators. In particular,

D = Zukﬁ_kﬁk. (10)
k=1

where gy, is the increment of the ladder operator £;. That is, [D, Li] = Lk
This representation is useful for determining the spectrum of D.
In §3] we characterize the solutions of

D¢ = x¢ (11)

in terms of the ladder operators, £, and increments, y, solving (). In particular,
we show that any eigenvalue x of D can be written as

Xe=—> ki (12)
=1

where p1; are the increments of the ladder operators with positive real parts,
and the k; are non-negative integers. We will see that the increments p; are
the negative of the eigenvalues of the matrix H defining the filter in equation
@). We also show that any eigenfunction of D can be obtained by applying the
ladder operator to the eigenfunction ®q(s) associated with the eigenvalue x = 0
of D, which is the eigenvalue with the largest real part.

The results summarized in the last paragraph rely on the fact that real parts
of the eigenvalues of D are bounded above (see Lemma [B) , which is proved in
[I'7, 8, 22], but we give a different and simple proof of this in Appendix B.
Here, the domain of D is the set of functions that have bounded moments of
any order. The spectrum and eigenfunctions of D have been studied before (see
[17, 18 22]) but not in the context of ladder operators.



1.3 Perturbation Expansion for Moment Stability Analy-
sis

In § we use the classical perturbation theory of eigenvalues to carry out an
analysis of the stability of equation (). Our analysis begins by considering
the ODEs for s(t) and x(¢) together as a single ODE system. The probability
density function P(s1,...,Sn,21,...,ZN,t) for the combined system (2]) and (&)
solves the Fokker-Planck equation

OP = %divs (BV,P) — divs (HsP) — divx (Ao +c(a,s)A1)xP)  (13)

The notation divs and Vg refer to divergence and gradient with respect to only
the s; variables, and similarly divy is divergence in x variables. Equation (I3])
is the same in both the It6 and Stratonovich interpretations because the matrix
B is independent of s and x (see [12]).

We can derive an equation for the pth marginal moments by multiplying (I3])
by monomials x®* and integrating with respect to dx, where « is a multi-index
of order p. The result is an equation for m(s,t), a vector of the pth marginal
moments, which is of the form

Oym = Dm + T'ym + e(a,s)I'ym. (14)

Note that D is a differential operator in the s variables only,
1
Dy = §divS (BVsp) — divs (Hsp) . (15)

In equation (I4) each component of m(s, t) is of the form [y x*P(x,s, t)dx for
some multi-index « with || = p. Dm indicates D applied to each component
of m. For much of our analysis we can assume that the matrices I'y and I'; are
given to us, but we illustrate how to obtain these matrices from the matrices
Ay and A; for the particular case of the Mathieu equation in §5 The matrices
Ty, I'; in (Id) are constant and depend on which moments one is considering

(see example in equation (B3)). There are J = N+§ -1 ) distinct pth

order monomials in NV variables, therefore I'y and I'; are J x J matrices.

As in a standard stability analysis, in order to determine the stability of
(@), we look for solutions of the form m(s,t) = e*m(s). Our equation for
m(s) becomes

Am = Dm + T'ym + ¢(a, s)I'ym. (16)

That is, the equation for the pth marginal moments of x(¢) can be written as
an eigenvalue problem, and stability is decided by the sign of the real part of
the largest eigenvalue.

We do a perturbation analysis assuming that the magnitude ¢ of the forcing
is small. Our analysis relies on the fact that that when ¢ = 0 the eigenfunc-
tions of equation (@) are the direct product of the eigenfunctions of D and the
eigenvectors of the matrix I'y.



A key observation (see Lemma []) for the perturbation analysis is that for
any vector a we can determine constants «j and S such that (a,s) can be

written as
n

(a,8) = > (ale + Bl ), (17)

k=1

where Ly are the ladder operators satisfying (§). The proof of Lemma [ is
given in Appendix D.

In § we show that when ¢ = 0, the eigenvalue of equation (IG) with the
largest real part is the same as the largest eigenvalue of the matrix I'g. If Ao is
this unperturbed eigenvalue, then \(g) = Ao + A2c? + ... with

J
A2 =) ($1.T10;) (9 T1¢py)Gv1 = v5) (18)
j=1
where v = Ao, v; are the eigenvalues of I'y, and ¢, 1, are the eigenvectors and
normalized adjoint eigenvectors of T'g. Equation (I8) uses the extended power
spectral density G(z), which is defined for a general stationary random process
in (@), and is given explicitly in (&I for the filter (a,s(t)).

The form of Ay in ([I8]) is derived for forcing terms that have the form (@),
however, the fact that this is simply a weighted sum of values of G, whose
coefficients depend only on T'g, T’y (which do not depend on the filter), suggests
such a formula could hold for any process with a well-defined extended power
spectral density. We have carried the perturbation analysis to higher orders,
but the higher-order coefficients do not appear to have such a simple form as in
equation ([IJ]).

The method in §]involves constructing matrices I'g and I'y, which, as men-
tioned earlier, depend on Ay, A;, and the representation of the pth marginal
moments as a vector. We use the stochastic Mathieu equation as a specific ex-
ample in §8l In 5.3 we discuss a numerical method for determining the stability
of (@) without assuming that e is small. We compare these numerical results
to our perturbation results up to both second and fourth order for the Mathieu
equation, and show they are in excellent agreement. In §5.4] we give a second
representation (whose derivation is given in [§]) for A2 that does not involve the
matrices I'g and I'y, but deals directly with the matrices Ag and A;. We have
found that this representation simplifies numerical computations.

2 Existence and Properties of Ladder Operators

In this section we define the notion of a ladder operator, show how to construct
these operators, and prove some basic lemmas about them. Lemma [ shows
how ladder operators can be used to generate new eigenfunctions that have their
eigenvalue changed by the increment of the ladder operator. Lemma [2] shows
how to find the ladder operators £ and their increments px by solving a matrix
eigenvalue problem. Lemma [3]shows that the increments of the ladder operators



are zero and +puy ,where —uy are the eigenvalues of the matrix H defining our
filter (see equation (2])). Lemmal gives the commutator relations for the ladder
operators, and Lemma [ shows that the operator D can be expressed as a
weighted sum of £_; Ly, where L are the ladder operators. Throughout this
section (and the rest of the paper) the operator D is that defined in (I3l

The basic lemmas in this section are crucial to the rest of this paper, and
hence we have tried to write this section so that the lemmas stand out clearly.
Though the lemmas are all easily stated, the proofs of some of the lemmas are
quite technical, especially when attention is given to ensuring that they apply
for complex eigenvalues of the matrix T. For this reason, we have relegated
many of the proofs to Appendix A.

Before discussing ladder operators it should be noted that we define the
domain of D as the set of functions that have bounded moments of any order.
Thus, our definition of the domain of D differs from that given in [I7]. In
that paper they defined the domain based on the exponential decay of the
eigenfunction @y that we define in equation ([B2) and discuss in §8 The two
definitions of the domain give the identical eigenfunctions, but we believe ours
is more natural since it does not require knowing the solution ahead of time. In
[17] they discuss a continuous spectrum that arises if the domain is defined so
that the eigenfunctions of D are only required to be square integrable (or some
similarly less restrictive condition). An examination of these eigenfunctions
shows that they have a power law decay as s goes to infinity, and hence do not
have moments of all orders. Hence our definition of the domain also excludes
this continuous spectrum.

We now give a definition of a ladder operator of D.

Definition 1. An operator £ is a ladder operator for D with increment g if
[D,L] = pL for some p € C, where [-,-] denotes the commutator [D, L] =
DL - LD.

The following lemma shows that ladder operators can be used to generate
new eigenfunctions from ones that we already know.

Lemma 1. Suppose L is a ladder operator such that [D,L] = pL. Let ¢ be
an eigenfunction of D with eigenvalue x. Then either Lo = 0, or Lo is an
eigenfunction of D with eigenvalue x + .

Proof. We have DLy — LD¢p = L. Since ¢ is an eigenfunction of D, this gives
us DLO = (x + p)Lo. O

We defined the domain of D to be the set of functions that have moments of
all orders. It should be noted that Lemma [Tl would not apply if the domain had
been (for example) the set of all square integrable functions. In that case a third
possibility would exist. It could be that the function ¢ is square integrable, but
the function L¢ is not. Thus L¢ would not generate a new eigenfunction.

We will show that D has 2n + 1 ladder operators Lix, k = 0,...,n. We
begin by decomposing D into simple differential and multiplicative operators.



Definition 2. We define the operators L;,j =1,...,2n 4 1 as follows.

Li¢p=0,,¢ forj=1,...,n
Liynd=s;0 forj=1,...,n (19)
Lopi10=Z¢ forj=2n+1

Here 7 is the identity operator. Note that [L;, Ly] = 0 unless |j — k| = n,
and [Lj, Lj4,] = Z. In particular, we have

[LjaLk+n]: jkI jvkzla"'an (20)
We note that D can be expressed in the operators L; as

2n+1

D= kzl 5kl L (21)
J=

We let D denote the symmetric matrix with components d;j, in ([2I)). The choice
of djx in (2I)) is not unique, but we make an explicit choice that makes this ma-
trix symmetric. If we let A denote the antisymmetric matrix with components
aji given by

[Lj, Li] = a; T, (22)
then we have explicit expressions for A and D
0, I, O B -H 0
A= _1, o, : |» D=| —_H" o, - (23
o -+ 0 0 .. —tr(H)

For details regarding the construction of D see Lemma [I4]in Appendix A.
Just as D has a representation in terms of the operators L;, its ladder oper-
ators will also be expressed in terms of the L;. Consider an operator

2n+1

L= yL;. (24)
=1

We write y for the vector of coefficients of £. From the representations (21)
and (24)), we see that the commutator [D, £] involves sums of terms of the form
L;L;jLy—LL;L;, which do not at first sight appear to be linear in the operators
Ly, m=1,...,2n 4+ 1. However, by twice applying the commutator relations
in equation (20) we can show that L;L;Ly — Ly L;L; is in fact a sum of the L,,.
Determining the coefficient vector y and increment p thus becomes a matrix
eigenvalue problem. The details of how we arrive at this form are given in
Appendix A. Here we will merely state the result of these manipulations.

Lemma 2. Ify is the vector of coefficients for L, as defined as in equation (Z4),
then the equation [D, L] = pLl can be written as a matriz eigenvalue problem
Ty = py, where T = DA, and D and A are defined in ([23)).



We make the assumption that the eigenvalues of H have negative real parts,
and the eigenvectors form a complete set. For simplicity of the arguments, we
will also assume that the eigenvalues of H are simple. By explicitly writing out
the eigenvalue problem Ty = py we can determine the eigenvalues py in terms
of the eigenvalues of the matrix H. We will give the details of the proof in
Appendix A.

Lemma 3. The eigenvalues of T = DA are {0, +ux}, k=1,...,n, where —py,
are the eigenvalues of the matriz H.

Note that Ly is the identity operator with increment 0. Thus, our analysis
only involves the 2n ladder operators Ly for k=1,...,n.

In doing the perturbation expansion it will be necessary to have the com-
mutator relations of the operators £;. Finding the commutator relations for
[£;, L] can be turned into a linear algebra problem involving the eigenvectors
of the matrix T. In particular, using equations (24) and [22]) we get

(L5, L] = (v] Ayx) T. (25)
From equation ([23)) it is easily seen that
AD = —(DA)? = —T7T (26)

If DAy = py, then multiplying both sides of this by A and using equation
([26) we see that Ay is an eigenvector of TT with eigenvalue —y. With this in
mind, the right hand side of equation (23] can be written as the inner product
between the vector y; and the adjoint eigenvector of T associated with —py.
Using the fact that the eigenvectors and adjoint eigenvectors of a matrix form
a bi-orthogonal set, we can arrive at a simple expression for the commutators.

When dealing with complex quantities, the notation in this argument gets
to be a bit tedious, and we will leave the details to Appendix A. The final
commutator result is given by the following lemma.

Lemma 4. For j, k> 1 we have [L;, L] =0 and [L_;, Li] = djiT.

In Dirac’s theory of the harmonic oscillator, he shows that the Hamiltonian
operator can be written as the product of the raising and lowering operators.
We now generalize this result to the vector case. In this case the operator D
can be written as a weighted sum of the products of the raising and lowering
operators. The next lemma shows that the weights are in fact the eigenvalues
1y of the matrix T. We leave the proof of this lemma to Appendix A, but note
that its proof is probably the most subtle one in this paper.

Lemma 5. The differential operator D = Zf?i} %diijiLj can be written as
D=> Ll L. (27)
k=1

An important feature of the decomposition (7)) is that only terms of the
form £_;Ly, k > 0, appear (there are no terms of the form LiL_} for k > 0).



3 Eigenvalues and Eigenfunctions of D

In this section we will use the ladder operator formalism to completely charac-
terize the eigenvalues and eigenfunctions of the operator D. We note that the
spectrum of D has already been studied and characterized [I7] 18] 22], but not
in terms of ladder operators. We include another proof of those results because
the characterization in terms of ladder operators is used in the perturbation
analysis in §41

As with Dirac’s theory of the quantum harmonic oscillator, the analysis of
the spectrum using ladder operators requires that the real part of the spectrum
is bounded above. We will now state this as a lemma, but leave the proof to
Appendix B.

Lemma 6. The real part of spectrum of the operator D, as defined in (&), is
bounded above.

The following theorem will allow us to characterize the eigenfunction asso-
ciated with the eigenvalue with the largest real part.

Theorem 1. Let ®(s) be an eigenfunction of D (as in equation [I7))) associated
with the eigenvalue having the largest real part. We must have L;® = 0 for
k=1,...,n.

Proof. Suppose ®(s) is an eigenfunction of D with eigenvalue x. If ¥ = L, ® #
0, then ¥(s) will be an eigenfunction of D with eigenvalue x + pg. This will
give us an eigenvalue with a larger real part than x. Hence if y is the eigenvalue
with the largest real part, then £;® = 0 for all k. O

Remark 1. The system L;® = 0 for each k = 1,...,n is an over-determined
system of first order differential equations. The fact that a solution exists is
non-trivial. However, the fact that [Lx,£;] = 0 implies that the Frobenius
Theorem applies (see [1l [6]), which guarantees the system is solvable.

Remark 2. As in the comment following Lemma [II we should note that the
domain of D is defined as the set of functions that have moments of all orders.
If the domain of D were defined using the less stringent requirement that the
eigenfunctions were square integrable, it would not be necessary that £, ® =0
for all k. This is because in this case L£;® does not have to generate a new
eigenfunction. It could instead produce a function that is not square integrable.

By Theorem [I] the “top” eigenfunction ®¢(s) (i.e. the eigenfunction associ-
ated to the largest eigenvalue of D) must satisfy the equations £, ®o = 0. If y*
is the eigenvector of T associated with the eigenvalue uy, and if pg # 0, then
the last component of y* vanishes (see the proof of Lemma [Blin Appendix A).
That is, we can write

Pk
=1 a |- (28)
0

10



Using equation (24]), and the definition of the operators Lj, in (I9), the equations
L. P9 = 0 can thus be written as

Pt - VP + (qr-8)Po=0 k=1,...,n (29)

If we make the ansatz that ®o(s) = exp(—4s” Es), then equations ([23) will
be satisfied if and only if
P’S = Q7 (30)

where
P:[plap27"'apn]7 Q:[Q17QQ7-"7Qn]- (31)

If P is invertible, this gives us ¥ = (PT)7!QT. It is not clear that P is
invertible, or that ¥ is symmetric. However, under certain weak assumptions
on H and B (see Definition Bland Lemma[7] below) this will be the case. If these
assumptions hold, it is convenient to write X' = PQ~'. We now define the
notion of a controllable pair.

Definition 3. The matrices H and B will be said to form a controllable pair
if there is no nontrivial vector z such that z’H*B = 0 for k = 0,...,n — 1.

This is equivalent to requiring rankC = n, where C is the n x n? matrix
C= [B, HB, ..., H”le}.

In Appendix B we prove the following lemma.

Lemma 7. Assuming all of the eigenvalues of H have real parts less than zero,
the eigenvectors of H are complete, and that B is positive semidefinite, then
>~ =PQ! is symmetric and positive semi-definite. If H and B also form a
controllable pair, then the matriz X1 is positive definite, and hence the matrices
> = QP! and P are non-singular.

Requiring (H,B) to be a controllable pair eliminates some “degenerate”
types of filters. For instance, if H = diag(—pu1,—p2) and B = diag(1,0)
then (H,B) is not a controllable pair. In this case, s1(t) is a scalar Ornstein-
Uhlenbeck process, but sa(t) is deterministic, so s(t) is not a genuine two-
dimensional Ornstein-Uhlenbeck process, but rather it is a one-dimensional pro-
cess with an appended deterministic component.

Definition 4. We will say that the n x n real matrices H and B satisfy the
basic conditions if

(i) B is symmetric and positive semi-definite
(ii) H has simple eigenvalues {—p}}_, with Re[ux] >0for k=1,...,n
(iii) (H,B) form a controllable pair (Def. 3.

The requirement of simple eigenvalues for H is for convenience and could be
replaced with the requirement of a complete set of eigenvectors.

11



Lemma 8. Assuming H and B satisfy the basic conditions (Def. [§]), the eigen-
value xo with the largest real part of D is simple, and the eigenfunction Pg(s)
associated with it is given by

o(s) = exp (—3(6.35) ) (32)

where X = QP 1. Moreover, xo = 0.

Proof. Without loss of generality we look for solutions of the form ®g(s) =
e¥0() | In order to satisfy equations [29) we must have

Pr - Vo +(qr-s) =0 (33)

A direct calculations shows that 1o = —1(s, Es) satisfies this equation. If we
have another solution to this equation, say 7, then the difference vy — ¥
between these solutions will satisfy px - V(g — 1) =0, for k =1,...,n. The
vectors py, are complete (they are the eigenvectors of H?), which implies that
1o — 11 is a constant. This in turn implies that the eigenfunctions associated
with each of the solutions ty(s) are multiples of each other, hence xq is simple.

From Lemma [6 the real part of the the spectrum of D is bounded above.
From Lemma 5 we can write D = >_}'_, upL_Ly. Hence, when we apply D
to the eigenfunction ®g(s) associated with xo, we will get DPy = 0 because
Lr®o=0,k=1,...,n, by Theorem [l Hence xo = 0. O

Theorem 2. Let H and B satisfy the basic conditions (Def. [J). x is an
eigenvalue of D if and only if it can be written as in equation (IB), where k;
are non-negative integers, and —u; are the eigenvalues of H. The eigenfunction
associated with i is given by P (s) = LM LM LF Bo(s). where do(s) is
defined as in equation (32).

Proof. From Lemmas[Gand[® the real part of the the spectrum of D is bounded
above by 0, and x = 0 is an eigenvalue of D that has the form ([I2]). If x is any
other eigenvalue, and @ is its eigenfunction, then there must be at least one value
of k such that £;® # 0. If this new eigenvalue has the form given in equation
(), then the previous one will too. We can keep carrying out this process
obtaining eigenvalues with larger real parts. This process must eventually end
since the real part of the spectrum is bounded above. The only way it can end
is when we arrive at the largest eigenvalue, which we have already seen, is zero.
This implies equation (I2)).

The argument in the last paragraph shows that any eigenvalue of D must
be of the form ([I2). To show that any number yx of this form must be an
cigenvalue of D we show that ®y(s) = L £*2,...LF" dy(s) is the eigenfunction
associated with yx. This follows from Lemma [I9 in Appendix B. O

4 Perturbation Method

The marginal-moment equation (4] is derived by multiplying ([I3]) by a mono-
mial x* for some multi-index «, then integrating with respect to x. If this is

12



done for each multi-index of order p, we derive a set of equations for the pth
marginal moments. If we collect the pth marginal moments into a vector m,
we arrive at (I4]). The matrices 'y, T’y depend not only on Ay, Ay, but also on
our mapping of the pth marginal moments into m. For this reason, we do not
write the explicit form of T'yp, I'; in this section, but we do write them out for
the example of second marginal moments for the Mathieu equation in §5l

We let ¢, denote the eigenvectors of I'g with eigenvalues v;. We let 1); be

the normalized adjoint eigenvectors, so that Ezqﬁj = (Y, ¢;) = okj. We may
assume without loss of generality that the v; are ordered so that Re [v1] > Re [v;]
for all j.

We expand the unknowns as series in ¢,

A=Xo+eh +e2h+..., m(s) = m(s) +emy(s) +e’my(s) +..., (34)

and solve for the terms of these series. If we substitute these expansions into
([I6), and collect the zeroth-order terms, we get

/\omo = Dmo + Fomo. (35)

The eigenfunctions of D are scalar-valued, and the eigenvectors of I'y are con-
stant vectors. Assuming that both the eigenfunctions of D and the eigenvectors
of Ty are complete, then the most general solution mg to (B3] will be a product
of an eigenfunction of D with an eigenvector of I'g, and Ao will be the sum of
the eigenvalues of D and I'y. We are interested in the largest eigenvalue, so we
take

my(s) = $o(s)ey, (36)

and A\g = 11 because 0 is the largest eigenvalue of D and D®y = 0 (Lemma [),
and v1 was selected to have the largest possible real part (note that the choice
of v1 need not be unique).

The form of the forcing in (&) allows us to represent (a, s) in terms of the lad-
der operators. In particular, the parametric forcing by the linear filter (a,s(t))
results in the presence of the first-order polynomial (a,s) in the Fokker-Planck
equation, and thus to the term e(a,s)IT';m in the moment equation ([I6]). Since
the ladder operators, L1, are linear combinations of first-order operators 0,
and monomials s;, it is reasonable to try to write (a,s) as a linear combination
of L1j. The completeness of the eigenvectors of H allows us to do this, greatly
simplifying our perturbation analysis.

Lemma 9. If the eigenvectors of H are complete, and oy, Py are defined as in
equation ([B8) (Appendiz D), then

(a,s) = Z (o Ly + Brl—k) . (37)

k=1

The proof of Lemma [ is in Appendix D. Formula (B7) ensures that the
coeflicients oy, and Sy will appear in the coefficients of the perturbation expan-
sions ([34)). We show in Appendix C that the extended power spectral density,
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G(z), of (a,s(t)) can also be expressed in terms of «, and 3, (Theorem[6). This
allows us to derive a simple formula for the order ¢? coefficient of \(¢) in terms
of G(z) (Theorem []).

Recall that there are J = distinct pth order monomials in

N+p—1 >
p

N variables, and that I'g and I'; are J x J matrices. We will assume that T’y

has a complete set of eigenvectors, which is the case for the Mathieu equation,

and occurs whenever the eigenvectors of Ay are complete. The following lemma

gives solvability conditions that will be used repeatedly in our analysis.

Lemma 10. Let H and B satisfy the basic conditions (Def. [J]). Suppose that
Ty has a complete set of eigenvectors {qu}j:l, with eigenvalues v;, normal-
ized adjoint eigenvectors {1; }'j]:l, and that ®(s) is an eigenfunction of D with
eigenvalue —p. If p # 0, then then the equation

(A —D —Ty)m = d(s)b
has a solution given by

J
m(s) = () ) PV

j=1

®, (38)

On the other hand, if p =0 (and hence ®(s) = Po(s)) and vy # v; for j > 1,
then the equation
()\0 —D — Fo)m = (I)Q(S)b

has a solution if and only if (1, b) = 0. In this case, the solution is

J
m(s) = w0 (s)p, + Bo(s) 3 L)

=2

b, (39)

vy —Vj

where k is an arbitrary constant.

The constant x can be used to choose a normalization for m. We do not
need to choose a specific normalization for m, so we set k = 0 because it is
convenient. One can check that if Ay has a complete set of eigenvectors then
Ty will too.

Proof. 1f ji # 0, then when we write b in the ¢; basis, and make the ansatz
m(s) = ®(s)c, where c is a constant vector, we arrive at the expression for
m in equation B8). If © = 0, and hence ®(s) = Py(s), then we cannot solve
this equation if b has any component in the direction of ¢,. This gives the
compatibility condition (¢, b) = 0. Assuming this holds, the solution is given

by equation (39)). O

We will now describe the outline of the perturbation analysis. In order to
help us describe the perturbation analysis we will use the following definition.
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Definition 5. We say a function f(s) is in Vj if it can be written as the sum
of eigenfunctions of D times constant vectors, where each of the eigenfunctions
is the product of k or fewer ladder operators £_;,j = 1,...,n applied to the
eigenfunction ®¢(s).

The following lemma will be used in our perturbation analysis.
Lemma 11. If h(s) € Vi, then g(s) = (a,s)h(s) is in Viy1.

Proof. This is almost a direct consequence of Lemmas [ and @l From Lemma
we know that g(s) can be written as a sum of terms involving £_;h(s) and
L;h(s) where j > 0. By definition, each of the terms £_;h(s) are in Vi41. On
the other hand, the commutator relations [£;, L_j] = —0;zZ from Lemma []
and the fact that £;®¢(s) = 0 for j > 0, can be used to show that £;h(s) is in
Vi1 That is, £; has either canceled out a previous term £_; applied to ®g, or
it commutes with all of the previous operators applied to @, yielding the zero
function because L;®g = 0 for j > 0. O

The perturbation analysis proceeds as follows. We have a zeroth-order so-
lution my = ¢, Pp, which is clearly in Vy. We will see by induction, that the
function my(s) will be in V.

The equation at each higher order will be of the form

()\0 —D — Fo)mk = —\pymg + rk_l(s) (40)

where r;_1(s) is function that can be computed using the m; and A; for j < k.
In particular, we have

k—1
rp—1(s) = — Z Ajmg_j + (a,s)T'imy_
j=1

Assuming that for j < k the functions m;(s) are in V;, then Lemma [IT] ensures
that the term ri_1(s) will be in V. We can write

rp—1(s) = Po(s)br—1 + Fx-1(s)

where the term fj_1(s) can be written as a sum of eigenfunctions of D times
constant vectors, where none of the eigenfunctions is ®y(s). With this in mind
we use Lemma [0l to see that we will be able to solve equation ({0) if and only

if A\g(¢q, 1) = (1, br_1), and hence
Ak = (1, br1).

Once we have chosen \j in this way, we can solve for my, and it will clearly
be in Vi, thus allowing us to continue the process to the next value of k& by
induction.

Terms in ry_1(s) proportional to & can only arise at even steps in the pro-
cess (i.e. equations for Agj, my;) because L Py, = —Pg (see equation@2)). These
terms proportional to @ must satisfy the compatibility condition (¥,,b) = 0
as in Lemma
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4.1 First Order
To simplify notation, we make the following definition.

Definition 6. The functions ®(s) are defined as
(I)k(s) :‘ka(l)o(s)v k= 17"'5”7 (41)

where ®@g(s) is the eigenfunction of D associated with the eigenvalue with the
largest real part. Note that, from Lemma [ and Theorem [ we have

ﬁkq)k(s) = _(I)O(S)v k= 17"'5”7 (42)
because Ekq)k = Ekﬁ_k(bo = (ﬁ_kﬁk — 1)@0 = —(1)0.

Substituting (B4)) into ({I6) and collecting terms of order €, we get the equa-
tion for m;y
()\0 —D — I‘O)m1 = —-\img + <a, S>F1m0. (43)
It is not hard to show that the eigenvalue A(g) = Ao +eX1 +. .. must be an even
function of €. This is also intuitive because the sign of ¢ plays no role in (&).
Thus, it is no surprise that A\; = 0.

Lemma 12. If H and B satisfy the basic conditions (Def. [)), we have Ay =0
and

m; = Z Dy (s)cx (44)
k=1
where @y, is defined in {1, and

o :iﬁk@pj,r@ﬁ

- 45
et (45)

J
Jj=1

Proof. Using (7)) and that L, @9 = 0, L_;Pg = Dy, we have

(a,8)['1mg = iﬁkrld)l@k(s) (46)

k=1

Thus, the right side of [#3)) is a finite sum of terms proportional to @, ®1, ..., D,
and each term can be treated separately. We now apply Lemma[I0l to equation
@3] using equation [G). The only term proportional to ®g is —A1mg. But ac-
cording Lemma [I0] this means {(1);, A\1¢;) = 0. Hence, A\; = 0. The expression
in (B8)) applied to the @y, terms for k > 0 gives the expression in (@) . O

4.2 Second Order

Substituting ([B4) into ([[G) and collecting terms of order €2, we get the equation
for mo

()\0 —D - I‘O)m2 = —)\2m0 + <a, s>1"1m1. (47)
The situation here is similar to that for m;, except that the terms proportional
to ®o(s) come from mg as well as terms of the form L Px(s) = —Py(s).
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Lemma 13. If H and B satisfy the basic conditions (Def. [{]), the compatibility
condition for [{7}) implies

n

Ao = _Z<¢170‘/€I‘1C/€>7 (48)

k=1
where ¢y, is defined as in [f3]).

Proof. Lemma [[2 shows that m; = Y ;_, ®j(s)cg. This fact, and an applica-
tion of the result in Lemma [0 implies that

(a,s)1my = (Z oLy + Bzﬁ—z> I Z Py (s)er = —Po(s <Z akF1Ck>
k=1

=1

where the term on the right is the only term proportional to ®y. We used ([@2))
to write L Pr(s) = L L_Po(s) = —Po(s).

Using the form of mgy in (B6]), the compatibility condition from Lemma
implies —A2(t, @) = (Y, > p_q arl'1cy). Hence

— (%1, Zakrlck — > (@, axTicy).
k=1

k=1
O

Computing the expression for ms is a simple exercise, but we do not write it
here. Continuing this process for higher order terms is straightforward, though
grows more tedious with each successive order.

Lemma [I3] allows us to compute Az, but a nice feature of the second order
term Ao, is that it can be expressed by a simple formula involving the extended
power spectral density G of the process (a,s(t)) (see Appendix C). We prove
the following theorem in Appendix D.

Theorem 3. If Re[vy —vj+px] > 0 for each j=1,...,J andk=1,...,n
and if H and B satisfy the basic conditions (Def. [{)), then

J

Ao =) (31, Tigp;) (3, T1p)Glva — v). (49)

j=1
Here G(z) is the extended power spectral density of the forcing term (a,s).

Remark 3. Note that the coefficients (1, T'1¢;)(1;, T'1¢;) and the differences
v1 —v; depend only on the differential equation for x (i.e. only on the matrices
Ap and A;), and the function G depends only on the filter (a,s(t)) (i.e. on
H, B, a). It would be interesting to investigate whether the same form as in ([@9])
would hold for any asymptotically stationary filter. That is, if the expression for
A2 would be a linear combination of values of G, where the coefficients depend
only on the physical system, and the places where G is evaluated are given by
the eigenvalues of that system.

17



5 Applications

5.1 Second Moments for the Mathieu Equation

We can write the Mathieu equation () as in (B]) using a two-dimensional vector
xT' = (z1,72). In this case the matrices Ag, A; in equation () are

(5 ) (1)

We will consider the stability for the second moments. We define
mjx(s,t) = / zjrrP(z1, 22,8, t)dr1dTs, (51)
R2

In this case The Fokker Planck equation (I3) can be written as

0 0
0P =DP — . (2 P) — pr. ((—wiz1 — ya2 + (a,s)z1) P) (52)

If we multiply equation (52 by 2%, and integrate over all values of x; and
T2, after integrating by parts we get the equation

Oymi1 = Dmay + 2ma2

Similarly multiplying equation (G2)) by #1272 and 23, integrating over all 7 and
x2, and applying integration by parts, we get the equations

2
Oymiz = Dmis — wimar — ymaz + maz2 + (a,s)m

and
Dymaz = Dmag — 2wimyz — 2ymas + 2(a, s)ms.

If we let m = (m11,m12,ma22)” this can be written in the form of equation
() where the matrices Ty, T’y in (Id) are given by

0 2 0 00 0
o= w2 -y 1 |, hy=[(100 (53)
0 —2w2 —2v 020

M we arrive at the eigenvalue

After assuming temporal behavior of the form e
problem

Am = Dm + T'ym + ¢(a, s)I'ym. (54)

for m(s) and A, which is the same as ([I6). We will now apply the results of
Theorem [3 to this set of equations.

In the case of second moments, the eigenvalues v; of I'y are given by sums
of two eigenvalues of Ay. le., v; = 0¢ + 0., where o, are eigenvalues of Ay.
In the case of the Mathieu equation, the eigenvalues of Ay are o1, o2, where

5 —vti/Aeg—?
2

01 =09 = . Hence, there are three choices of v, given by v; = —7v,
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or vy = —y % i\/4w? — 72, since they all have the same real part. In the case
v1 = —v, we have (¢;,T'1¢;) = 0, so the G(0) term does not appear. We also

have (Y1, T1¢5) (9, T1601) = (1, T1¢3) (3, T1¢y) = 4w§+72- Hence

2 2
Ag = I (Gl —1r2) + G —13)) = ms (\/4008 - 72> , (55)

where S(w) is the power spectral density of (a,s(¢)). This follows because
(without loss of generality, taking 1o = —y—i\/4w3 — 72 = U3) we have v; —vy =

ivAwg — 7% = —(v1 — v3), and G(iw) + G(—iw) = S(w) (see Appendix C).
If we take either vy = —y £ \/4ws — 72, then the expressions for Ay are

) s o) )
(=) A= ﬁ <G <—Z\/4w§7—72> - 2G(0)) .

Both cases have the same real part of A,
ReDha] = — (8 (/22 —12) —25(0)
€A2] = m Wo — 7| — )
which is less than the expression in (B8). Hence, we have proved

Theorem 4. If H and B satisfy the basic conditions (Def. [f]), then the second
moments of the Mathieu equation (1) become unstable when () > 0 where

— 2 my 2 2
)\(E)——’Y"FWS( 4&)0—’)/)8 + ... (56)

5.2 Comparing Moments for the Mathieu Equation

If we perform the same analysis as in §5.11 but for the first and third marginal
moment equations instead of the second marginal moment equation, we obtain
results similar to Theorem @ If we denote the largest eigenvalue of the pth
moment operator D 4+ Ty + (a,s)T'; as A?), then up to second order, we have

— +iy/Awd — 2 G(in/Awg —7?) G(0)
AD(g) = i 0 0 . 2,
() 2 + dwd — 2 4wt — 2 e

- 2
A®)(e) = =37+ 24w0 — 72 N
3G (—i\/4w§ — 72) 4G (i\/4w§ — 72) G(0) ,
dwf —7° TR T amg- )t T
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(T'y and Ty depend on p, but we do not make that explicit in our notation.) It
is only the real parts of the eigenvalues that factor into the stability. We have

gl =2y L 22 2
Re _/\ (a) 5 T 2Z =7 <S ( dwd — vy ) S(O)> ef+... (57
r 1 2
Re _)\(2)(5)_ = -+ ms (\/44;.)8 - 72) 24 ... (58)
r 1 3 1
(3) __° - 2 _ A2 2
Re _/\ (a) 27—1— 24 =77 (7S< dwg — > S(O)) e +... (59)

In [24], there is a heuristic treatment of the first moments of x(¢). There, Van
Kampen writes a series for x(t), which he truncates at the €2 term and then
averages to get an expression for (x(¢))) up to order £2. He then points out
that this new series is the solution to an ODE, up to order 2. The stability of
{(x(t))) is then analyzed in terms of this new ODE. His result for the Mathieu
equation matches ours up to order £2 (although, he considers the case v = 0).
Our result is a rigorous treatment, applies to higher moments, and we can find
the solution to any order in . We stop at 2 in this paper only for convenience.

If we assume that the Re [)\(p)] becomes positive while € is small (so we
neglect the * terms and higher), then we can use (57), (E8), and (E9) to solve
Re [)\(p)] =0 for p =1,2,3. Then we find that the second moments will become

unstable before the first moments. If S (\/4w§ - 72) > 5(0), then the third

moment will become unstable before the second moment. If S ( VAwE — 72) <
S(0), then the second moment becomes unstable before the third.

5.3 Numerical Results

In this subsection we discuss the computation of the eigenvalue that determines
the stability of the Mathieu equation (), with Ag, A; from (BQ) and Ty, T’y
from (B3). We do not restrict ourselves to small values of e. We carry out these
calculations by converting the eigenvalue problem to an infinite dimensional
system of linear equations, and truncating this system after a finite number of
terms. Our procedure converges rapidly as the number of terms in our expansion
is increased.

We limit ourselves to the case of a second-order filter given by ([2]), with H,
B, and a given by

a (7 5) 0 (32) ee(2) @

where 8,a1,a2 € R, B # 0, and puy1,pue > 0. The vector of second marginal
moments m(s), given by (&1l), satisfies

Am = Dm + T'ym + e(a,s)T'ym

1
— §6§1m + p10s, (s1m) — Os, (881 — p2s2)m) + Tom + e(a, s)I'ym. (61)
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If we multiply (61 by S% and integrate with respect to dss, then we get

1 .
Am; = iaflmj + 10, (s1m;) + jfsim;_1+
— j/LQmj + Fomj + salslI‘lmj + aagl"lij, (62)
where

mj(51):/RSém(Sl,SQ)d52.

This is an infinite set of equations for the marginals {m;(s1)}. Let pr(s1) =
Hi (/i sl)e_’“s%, where Hy, is the kth Hermite polynomial. We expand m; in
the basis ¢y, as

m;(s1) = Y cFop(s).
k
The ¢y, are eigenfunctions of the differential operator in the s; variable in (G2);
explicitly
1
505,06+ mds, (s198) = —kpmpr k> 0.

The Hermite polynomials satisfy the recursion relation Hyi1(y) = 2yHy(y) —
2kHy—1(y), hence

s1pk(s1) = (rt1(s1) + 2kpr—1(s1)) Kk =>0.

1
2/
Thus, ([62)) simplifies and becomes an equation for cé?

i
2\/#1
Ty (¢ +2(k+ 1)cit) 4+ ealcfy (63)

Ack = (Do — (kpy + ju2)I) ek + (A2l +2(k + 1)cit])

7—1
+ ga
2\/#1

If we consider a finite number of moments m; for j < N,,, and truncate the
expansion in ¢y at k < Np, then we get an approximation to the doubly infinite
system (G3). This can be written as a matrix equation

Lz = )\z (64)

where L is an (N, NpJ) x (N, NpJ) matrix. This eigenvalue problem can be
solved quickly on a computer.

Table 1 shows the computed value of A(g) for second moments, which is
the largest eigenvalue of L in (64]). That is, A(e) is the largest eigenvalue for
the Mathieu equation with filter ([G0) (in this case the largest eigenvalue is
real). Es is the error from a second-order perturbation expansion. That is,
Es(g) = | Ao + Xae? — \(e)| with \g = — and )y is given in equation (). Fj is
the fourth-order error, Ey() = |[Ao + A2e? + \e* — A(¢)|, where A4 is computed
by performing the perturbation analysis to order four (the formula for A\, is not
presented here). The method converges rapidly; the values of A(¢) in the table
were computed for N,, =7 and Ny, = 5.
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)\(E) E2 E4
e=001] -989x 1073 | 574 x 1078 | 2.20 x 10~ !
e=005] -720x 1073 | 3.62x 10> | 3.44 x 10~ 7
e=010] 1.65x1073 | 596 x 10~* | 2.21 x 10~°

Table 1: Values of the error in computing A(¢) (for second moments) for three
values of . FEj is the error from the second order expansion, and Ey is the error
from the fourth-order expansion. Parameter values: p; = 1.8, us = 0.9,8 =
1,v=0.01,wp =0.5,a1 = 1,a2 = 0.9, N,,, =7, N, = 5.

5.4 Alternative Representation of )\,

We present a formula for Ay that involves only Ay and A4, avoiding construction
of T'y,I'1. We do not present all of the details because the bookkeeping can be
quite cumbersome (an interested reader can find the details in []]), but we
believe the formula for Ay will be useful for applications. For instance, if one
wants to compute the perturbation coefficients on a computer, it is easy to build
an algorithm based on equation (G3]) below, since one only needs to input the
filter (H, B, a) and the matrices Ay and A;.
The equation for the second marginal moments can be written as

oM =DM + AoM + MA{ +¢(a,s) (A;M + MAY)

where M is the N x N symmetric matrix with M;; = f]RN x;x;P(s,x,t)dx. In
this case one can solve an eigenvalue problem for the stability where we have
eigenvalues and eigenmatrices. Looking for solutions of the form M(s,t) =
eMM(s), yields the eigenvalue problem for M(s)

AM =DM + AgM + MA{ +¢(a,s) (A\M + MAT).

The marginal moment tensor M is symmetric (M;; = My;), so we will use a
basis of symmetric tensors to express M, and in turn reproduce the results of
g4l The basis that is simplest is given by the eigenmatrices E;; (and adjoints
by F, with inner product (E,F) = tr(ETF))

1
Ej. =5 (hjhi +heh}), Fi = o (g8 +2i8))

N =

where h; are eigenvectors of Ay with eigenvalues o;, and g are the normalized
adjoint eigenvectors of Ag, (g;,hy) = 0. The eigenvalues of the E;;, are sums
of the o;; AgEj;, + EjkAg = (Uj + Uk)Ejk.

The analogous result to Lemma [0 is straightforward to show, and following
the steps in § we arrive at the following result (note that the eigenvalues v; of
Ty from and 5.2 are sums oy + oy,).

Theorem 5. Let H and B satisfy the basic conditions (Def. [f]), and let {h;}}_,
form a complete set. For q,r fized, if Re[oq + or — 0j — 0k + pe] > 0 for each
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jk=1,....,N and £ =1,...,n, then the order-two coefficient in the expansion
A= Ao+ N2+ ..., with Ny = op + or, 15 given by

jkqr rijk
)\2_82 Jltik&:rj Glog+op — 05 — 0o%), (65)
where
1
Cikem = = (0jm 8k, A1he) + 0rm (85, Athy) + 00(8k, Arhy,) + re(gj, Arthy)),

4

and h; are eigenvectors of Ay with eigenvalues o;, and gy, are the normalized
adjoint eigenvectors of Ao, (g;,hi) = k.

6 Conclusions

We have carried out a perturbation analysis to characterize the moment stabil-
ity of parametrically forced linear equations, where the forcing is colored noise
coming out of an Ornstein-Uhlenbeck process. Our analysis applies to arbitrary
linear systems, and can in principle be carried out to any order. Our analy-
sis depends on characterizing the spectrum of the vector Ornstein-Uhlenbeck
process using ladder operators. Though this spectrum has been characterized
elsewhere [I7, [I8 22], we believe the ladder operator approach has been shown
to be useful in carrying out our perturbation analysis.
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7 Appendix A: Supplementary Material for §2

In this appendix we give several lemmas used in §2] as well as supplying the
proofs of several of the lemmas used in that section.

Lemma 14. The operator D defined in equation ([IZ) can be expressed as in
equation (21I)), where the dji are the components of the symmetric matriz D,
given in equation (23]).

Proof. With dji as the components of D given in equation ([23)), we have

2n+12n+1
3 Z > diyLiL; = ZZ (bijLiLj — hijLiLjn — hjiLiynL;) — itr (H)
i=1 j=1 i=1 j=1

(66)
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The part of the operator involving the coefficients b;; is clearly equal to the
operator 1div (BV:). To show that the left hand side of equation (@) is actu-
ally D, we need to shows that the terms involving h;; are in fact the same as
— >y 2y hijLiLjn = —div (Hs:). We compute

1« 1
9 Z Z (hijLiLj+n + hjiLi+nLj) + —tr(H)

; 2
i=1 j=1
1 n n
- 5 Z Z hZJL LJJrn =+ hZJLJ+nL ) + tT(H)
1=1 j=1
1 n n n "
= o S i Lalgin + iy (Ll — 617)) + 5tr(H) = 35" hisLal o
=ti=t i—1 j—1

In the second to last line above, we used the commutator relation from 20). O
Proof of Lemma

Proof. We compute an expression for [D, £] in terms of D and A.

D, L] = Z d”ym(LLL — Ly LiLj)

i,7,m

—Z A iy (LilLg, Lon] + (L, Lon) L)

4,5,m

1 1

i,j,m i,m i,m
For the equation [D, £] = pL, this implies that we have
1
> <—(D+DT)A> YmLi=pY L
i,m > i
In matrix notation, this is just DAy = uy, because D = D |

This proof holds even if we do not assume that D is symmetric. In that
case the analysis that follows would be done in terms of the symmetric matrix
S = (D + D7), instead of D. Thus, it is only for convenience that we use the
symmetric form of D in ([23)).

Proof of Lemma
Proof. We denote the eigenvalues of H as —pu; with Re[ux] > 0 for k =
1,2,...,n. Let u, be the eigenvectors of H and v, be the adjoint eigenvec-
tors
Huy = —ppu, H v, = 1, v (67)
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normalized so that

(Vi, 1) = G
Recall that H is a real matrix, so complex eigenvalues come in complex conjugate
pairs. If we write y = (p,q,7)? then Ty = uy becomes

H B 0 o) o)
0, —-HT 0 qa |=upl a |. (68)
0 0 0 r r

There is a solution with u = 0 and y° = (0,...,0,1)%. If  # 0 then r = 0, and
we have two cases. If q = 0 then (68) reduces to Hp = up. Hence, u = —puy

and p = uy, for some k. We will denote this solution as y=% = (uy,0,0)7. If
q # 0 then we must have H'q = —uq, so 1t = py and q = ¥, for some k. We
denote the solution in this case as y* = (—(H — uI) "BV, vy, 0)7. O

Remark 4. T has the eigenvalue 0, with corresponding ladder operator Ly = 1.
This implies that pg = 0. However, in this degenerate case, it is convenient for
notational purposes to define g = —tr (H). We will also write p_ in place of
— g to accommodate negative indices in the proof of Lemma

The Proof of Lemma [4]

We denote by w** the normalized adjoint eigenvectors of T. That is,
TTw*r = £, wtr (wHk y*F) = 5,4, and (wHF yT*) = 0. We begin with a
preliminary lemma.

Lemma 15. Let uy, and v, be the eigenvectors of H as in equations (67). Let
vk k=1,...,n, be the eigenvectors of T associated with the eigenvalue %y,
and let wT* k = 1,...,n be the normalized adjoint eigenvectors. Then for
each k = 1,...,n, Ay*™* =Wtk Fork =0,1,...,n, DWw** = 1,77 (using
po = —tr(H) from Remark[j). Finally, > __ wfyf = ;5.

Proof. Note that y*=* are given explicitly in the proof of Lemma[3 and for k # 0
y = (u, 0,07,y = (—(H - umI) BV, v, 0)7 (69)
We define
wh = (0,-1,,0)",  wF=(vi, H-I) 'Bv,0)" (70)

and y* = w" = (0,...,0,1)”. It is straightforward to check that (w*/, y**) =
Sik, (W yTRy = 0, TTw® = 0, and for k # 0, TTw** = £, w*k, so
wt¥ are the normalized adjoint eigenvectors. Applying A to the y** in (G3)
gives Ay = WTF for k # 0, and hence applying D to Ay** = W% gives
Dw** =71, 77F for k # 0. With po = —tr (H) = Ti, (since H is real), we have
Dw’ = 7i,5". (Note that Ay® = 0, so without the convention in Remark H we
would not have Dw? = 7i,5°.)

We define the (2n 4+ 1) x (2n + 1) matrices Y = [y ",...,y"] and W =

[w™",...,w"], then W*Y = I,,1 because (W)Ty/ = §;; for —n < i,j <
n. But this means YW* = Iy, 11 as well, and the components of YW™* are
(YW*)ij = Y0, Wy} O
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We now give the proof of Lemma Fl

Proof of Lemmal[4) Recall A was defined as having coeflicients a,p = [Lm, Ly
Writing out [£4;, £x] in terms of the L,, we have

2n-+1 2n-+1
Lij Lk = Y Y yfLom, Lol = Y v yhamy
m,p=1 m,p=1

= (y™)TAy" = (757, Ay").

Using Ay™ = WTF we have (57, Ay*) = (5, % %) = (y=/,w—F). Hence,
[ﬁj,ﬁk] = <y+j,W7k> =0 and [E,j,ﬁk] = <y7j,W7k> = O0jk- O

The Proof of Lemma

Proof of Lemmald We first consider &L (L) = ZZ"H Bk ykL L,, for

pm=1 2 ym
each k = —n,...,n, using the conventions in Remark @l For each k Dw =

pry ", which follows from Lemma[I5l Hence, y,,* = Mlk ZZ"H mqwq, so if we

replace the term y;-* in the above expression for B L Ly, and sum over k, we
get

n n 2n+1

> %‘C*k‘ck: > > Hk y ma®qYp Lm Ly
k=—n k=—np,m,q=1
2n+1
= > quL L, Z whyk.
Pym,q= 1 k=—n

From Lemma 8 Y ) whyk = 6,,, so
n 2n41 2n+1

o> 1 1
> Lokl = > 5dmadapLmLy = > 5dmpLmLy =D.  (71)

k=—n p,m,q=1 p,m=1

For each k& > 0, we can write &:LyL ) = &t (L 1Ly — 1) by the result of
Lemma[l Combining this with (7I]) and using o = —tr (H) we can write D as

D:——tr +Z{ Bhp c+7(c_kck—1)}.

But the eigenvalues of H are —puy, hence tr (H) = — Y7,y and we have
D= ZZ:l Mkﬁ—kﬁk- O

8 Appendix B: Supplementary Material for §3|

Proof of Lemma

26



Proof. Suppose x is an eigenvalue of D with eigenfunction ¢, fRn |p|?ds = 1. If

we multiply () by &, use the definition of D in (I5]), integrate over all of space,
and integrate the term involving B by parts, we get

X/n |¢|2ds = / FD¢ds = /naédiv (BV¢) — ddiv (Hsg) ds

1 _
= —/ §<V¢, BV¢) + ¢div (Hsg) ds
The matrix B is positive semi-definite, so (Vé,BV¢) > 0, hence Re[x] <
Re [— [ ¢div (Hs¢) ds|. But, because H is real,

2Re { odiv (Hse) ds} = ¢div (Hsg) + ¢div (Hsg) ds.
]Rn

]Rn
If we integrate the first term on the right in this expression by parts, and expand
the second term we get

2Re [ odiv (Hso) ds} = —V¢ - (pHs) + ¢(otr (H) + (Hs) - Vo)ds

R™ R™

- / |6[2tr (H) ds = tr (H).

Hence, Re[x] < —=tr (H). O

1
2
Proof of Lemma [7]

The proof of Lemma [ follows almost immediately from a few preliminary
lemmas.

Lemma 16. Suppose the eigenvectors qi of H are complete and the adjoint
eigenvectors py are normalized so (pj,dx) = k. Let P = [p1,P2,...,Pnl;
Q=1[q1,92,.-.,4n]. We have

HEX '+ 'H' = -B (72)
where 271 =PQ 1.

Remark 5. Lemmas [ and [[ show that, with the appropriate assumptions on
H and B, the matrix P is invertible and thus there exists a nonsingular matrix
¥ = QP~!, so our use of the notation £~! is appropriate.

Proof. According to equation (G8) we have Hpy + Bqy = uxpr, and —H q =
prqr. Writing this out in matrix form we get HP+BQ = PM, —H”Q = QM.
Here M is the diagonal matrix with p; on the kth diagonal. Using the second of
these equations to write M in terms of Q and H, and assuming Q is invertible
(the eigenvectors of H are complete) we get M = —Q'H”Q. Substituting
this into the first equation we get HP + BQ = —PQ'H”Q. If we multiply
this by Q! on the right and rearrange, we get the result of the lemma. O
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We will use the following result for controllable pairs, which follows imme-
diately from Theorem 2 in [I0].

Lemma 17. If B is positive semi-definite, and the eigenvalues of H all have
real parts less than zero, then the solution to HR + RHT = —B is symmetric
and positive definite provided (H,B) form a controllable pair.

Lemma [7] follows almost immediately from the previous two lemmas.
Some lemmas used in the proof of Theorem
Lemma 18. For any integer m > 0, the operators Ly and L_y, satisfy
(L™ L] = (m+1)L™, (73)

Proof. For m = 0, this follows immediately from Lemmal[dl We can now proceed
by induction. In particular, if £™, Ly — L L7, = mL™, ! then if we multiply
both sides of this equation by £_j and use L7, L Lt = L (=] + L_;Lk) =
LMLy — £m, we find that L™ Ly — L, L™ = (m + 1)L£™,, which proves
the lemma. O

Lemma 19. Let H and B satisfy the basic conditions (Def. [f]), and let k =
(k1, ko, ..ky) be a vector of nonnegative integers. Let

Dy (s) = LM L7 LFn By (s), (74)

then @y (s) is nonzero, and has an eigenvalue of
Xe=—> ki (75)
j=1

Proof. We begin by showing that £™ ®¢(s) is nonzero for all m > 0. This
clearly holds for m = 0 by Lemma Bl By induction we can see that if it is
nonzero for m — 1, then it is non-zero for m. This follows from the fact that
[ETk, Ek] = mET,;l, and the fact that £ ®9 = 0. Combining these two facts
we get —Lp L™ ®o(s) = mL™, '®o(s). This shows that if £™, vanished,then
£ ! would also have to vanish. Since we are assuming this is not the case, it
follows that £™, ®4(s) does not vanish, and hence by induction does not vanish
for any m > 0.

To show that a general function ®y(s) does not vanish, we can proceed by a
different induction proof. In particular, since the operator £_; commutes with
both £_5 and Ly we see that for any operator Z of the form Z = L” | where
p is a non-negative integer, we have [ZLTQ, ﬁg] =mZL"y 1. We can now use
almost the identical argument as in the last paragraph to show that any function
of the form ZL™,®q will be non-zero. We can now carry out this process by
induction to see that any function of the form ®y(s) will be nonzero.

Once we know that ®y(s) is nonzero, it is clear from the ladder operator
formalism that its eigenvalue must have the form in (73). O
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There is one subtle point we would like to discuss in our proof of Theorem
Our proof relies on the fact that if ¢ is an eigenfunction of D, then either
Lrp =0, or L¢ gives a new eigenfunction whose eigenvalue has a smaller real
part. This relies on the assumption that Li¢ remains in the domain of our
operator. The domain of our operator consists of functions that have moments
of all orders. Clearly, if this is true of ¢, this will be true of L;¢. However, we
must also make sure that the function £;¢ has sufficient numbers of derivatives
to satisfy our differential equation. This is clearly true of the eigenfunctions we
have found. That is, they clearly have infinitely many derivatives. However, we
should consider the possibility that there are other eigenfunctions that we have
not accounted for that are not infinitely differentiable. General theorems on
elliptic operators rule out such eigenfunctions if B is positive definite. However,
we have only required that B be positive semi-definite, and that H and B
form a controllable pair. A heuristic argument that we have found all of the
eigenfunctions in this less restrictive case is as follows. If we perturb the matrix
B to make it positive definite, then we know we have all of the eigenfunctions.
As our perturbation parameter goes to zero, there is nothing unusual happening
to our spectrum (such as eigenvalues going off to infinity, or clustering about a
point). Hence, if the eigenfunctions are complete for positive definite B they are
clearly complete in the less restrictive case where B and H form a controllable
pair.

9 Appendix C

In this appendix, we provide formulas for the asymptotic autocorrelation func-
tion of the process s(¢) and the extended power spectral density (defined in ([79)))
for s(t) as well as for the filter (a,s(t)). In particular, the results of Theorem [Gl
and Corollary [, are used to express Ag in Theorems [l @ and Bl and through-
out g5l Corollary [1 gives a practical formula for computing the power spectral
densities of s(t) and (a, s(t)).

9.1 The Asymptotic Autocorrelation Function

We begin by proving a lemma concerning the autocorrelation function of s(t)
as defined in equation (). s(¢) is not a stationary process, but as t — oo it
approaches a stationary process, which we refer to as asymptotically stationary.

Lemma 20. Suppose H and B satisfy the basic conditions (Def. [f]), and let
s(t) be the solution to equation ) with zero initial conditions. Ast — oo the
autocorrelation function R(T) = ((s(t)sT (t + 7)) is given by

R(r) = nleH T for >0, (76)

and X1 =PQ~! satisfies equation (73).

29



Proof. We define

t

K(t) = thBeHTt, Ky = lim K(t — o)do. (77)

t—o0 0

The solution to equation () (with zero initial conditions) is given by

We can write
t t+7 -
st)sT(t+7) = / / =9 ¢()eT (r)e T drds.
0 JO

If we take the expected value of both sides of this equation, and use the fact
that (&(s)¢7 (r)) = Bd(r — s), we arrive at the equation

t t
(s(®)sT(t+ 1)) = / Hl—o)BH" (t=0) H'7 g5 / K(t — o)doe™ 7. (78)
0 0

When deriving equation (78]) we have assumed that the variable r is equal to
the variable s at some point when doing the integration. This will only be
guaranteed if 7 > 0, and hence this is only valid for 7 > 0. The expression
for 7 < 0, is obtained by using the fact that the autocorrelation function must
satisfy R(—7) = RT(7).

Assuming that all of the eigenvalues of H have negative real part, the process
s(t) will become stationary as ¢ — oco. We take the limit of equation (T8) as
t — oo to get

R(7) = KoeH' ™,

where K is defined in equation (7). We now show Ko = 37! by showing K
satisfies equation (72), i.e. HKo + KoH? = —B.
We have from (1)

%K(s) =HK(s) + K(s)H".

It follows that

t
HK, + KoH" = — lim 4 (K(t — s)) ds.
t—o0 0 S
We can evaluate this integral using the fundamental theorem of calculus. When
we do this we find that the contribution at s = 0 vanishes in the limit as ¢t — oc.
Since K(0) = B, the contribution at s = ¢ is just —B, which completes the proof
of the lemma. O

30



9.2 The Extended Power Spectral Density

The expression for the eigenvalue (with largest real part) of the perturbed op-
erator D + I'y + (a, s)I"; will be written in terms of the Laplace transform of
the asymptotic autocorrelation function of the asymptotically stationary filter
(a,s(t)), which we denote by G. G can be viewed as an extension of the power
spectral density, and has the advantage that it can be evaluated at points in the
complex plane, outside of the domain of the power spectral density.

Definition 7. Let s(t) be an asymptotically stationary stochastic process (i.e.
stationary in the limit ¢ — oo) with asymptotic autocorrelation function R(7).
We define the extended power spectral density of s(t) as

G(z) = /0 T R(re— dr. (79)

With this definition, the scalar filter (a,s(t)) has extended power spectral den-
sity G(z) = (a, G(z)a). G is indeed an extension of the power spectral density
S(w) = [y R(1)e”™Tdr, because the domain of G contains the set {z € C :
Re[z] > 0}. In particular, Re [G(iw)] = 1S(w), which follows from R () =
R(—7).

Theorem 6. IfH and B satisfy the basic conditions (Def. [J]), then the extended
power spectral density G(z) for the asymptotically stationary process s(t), de-

fined in @), is given by
G(z)= -2 (H" —21) ", (80)

provided Relu + z] >0 forl=1,... n.
Furthermore, the extended power spectral density G(z) for the asymptotically
stationary filter (a,s(t)) can be written as

n

G(z) = (a,G(z)a) = = >

=1

a3
i+ 2

(81)

where oy, B are defined in (83).

Proof. In Lemmal20, we showed that the autocorrelation function of the asymp-
totically stationary process s(t), in the limit ¢ — oo, is given by R(7) =
S1eH' ™ where ,

>~ = lim Ht=9) B H' (1=9) g (82)
t—o0 0
From R(7) = £~ 1e"'7 we have
/ R(t)e ' dt = -2 (H' — 1),
0

assuming that Re[u; 4+ 2] > 0 for [ = 1,...,n so that the integral converges.
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Since a is real, we can use (86) to write a = >} ax Vi = > p_ Ok Vi.
1

Recall, we defined v; so that HTv; = —M; vy, so we have (HT—zI)_lvl = mjrzvl

and eH' (=95, = ¢~m(t=9)y,  Using these expressions along with (&), (&2,
and B = B”, we compute

t n
Gz) = - tlggo/o Z amo‘lvﬁeH(t_s) B eHT(t_S)(HT —2I)" v, ds
I,m=1
- A Q] t 3 )
- Z (Vim, BV) lim e~ FmF1)(t=5) g5
w2 t—oo J,

l,m=1

_ z": : Ty <Vl7va>:_zn: a3 (83)

T, + 1) (11 + 2) otz

l,m=1

O

Corollary 7. If H and B satisfy the basic conditions (Def. [4)), then the power
spectral density S(w) of the asymptotically stationary filter (a,s(t)) is given by
S(w) = (a,S(w)a), where S(w) is the power spectral density of the asymptotically
stationary process s(t), defined in @), and

S(w) = (H” +iwT) " B (H —iwT) . (84)
Proof. Using the expression for G in equation (B0) we get
S(w) = 2Re [G(iw)] = G(iw) + G(iw)*
— 2 (H —iwl) T — (H+ i) ' 5!
—(H+ i) ((H+iwD)S™ + 27 HT —iwl)) (HT —iwl)
— —H+iwl) ' (HS 4 HT) (B —i0l)
— (H+ i)' B (H” —iwl) .

1

The asymptotic autocorrelation function for (a,s(t)) = a’s(t) is given by
(aTs(t)sT(t + 7)a) = (a,R(7)a). Hence S(w) = (a, S(w)a). O
10 Appendix D: Supplementary Material for §4

Proof of Lemma

Proof. We begin by defining

n

ar=(Ula),, fr=-) ———(vi,Bvn 85
(U"a), 3 B )
where U = [uy,ug,...,u,]. Recall, {u;} are the eigenvectors of H and {v,}

are the normalized adjoint vectors.
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With y** = (p1x,qer,0)7, from Lemma B we know the ladder operators
can be written as

Ly=pr-V+ar-s, k=-n,...,—1,1,...,n,

with p1y and q4j given explicitly in the proof of Lemma[3 From these we see
that for (B1) to be satisfied we must have

Z aEVE = a, Z Bruy = Zaj(H — ;1) Bv;. (86)
k=1 k=1 j=1
Hence, Va = a, where V = [v1,va,...,v,]. But V¥*U =1, so the first expres-
sion in (B6) is equivalent to the definition of ay, in (BE). Also, since the {u;}
are complete, and ((H — u;1)~!)*vy = —(1,, +71;) vk we conclude

B = (Vk, Z%(H - D)7 BY;)

-3

where the last equality follows from a rearrangement of the sum over j, and the
fact that the eigenvectors v; and eigenvalues ;1; come in conjugate pairs. Thus,
with ay, B defined as in (8H), the equations in (8] are satisfied, and therefore
D) holds. O

Proof of Theorem [3]

n

a.
(vi, BV,) = —Z ! (vi, Bv;),
el

,Uk"',uj

Proof. From Lemma [[3] we have

_<¢15 Zakrlck> wla Z Z amﬂm ¢J7I‘1¢1>1—‘1¢j>

174 4
k=1 m=1 j=1 1 7+Mm

J

= =S (0 Tae) (. Tay) 3 — 2

Vvl —Vj+

j=1 m=1
J
Z (%1, T16;) (%, T101)G (1 — 1),

The last equality follows from (ETl). O
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