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Abstract

This article deals with the numerical calculation of eigenvalues of per-
turbed periodic Schrodinger operators located in spectral gaps. Such op-
erators are encountered in the modeling of the electronic structure of crys-
tals with local defects, and of photonic crystals. The usual finite element
Galerkin approximation is known to give rise to spectral pollution. In this
article, we give a precise description of the corresponding spurious states.
We then prove that the supercell model does not produce spectral pollu-
tion. Lastly, we extend results by Lewin and Séré on some no-pollution
criteria. In particular, we prove that using approximate spectral projec-
tors enables one to eliminate spectral pollution in a given spectral gap of
the reference periodic Schrédinger operator.

1 Introduction

Periodic Schrodinger operators are encountered in the modeling of the electronic
structure of crystals, as well as the study of photonic crystals. They are self-
adjoint operators on L?(RY) with domain H?(R?) of the form

HY = —A+ Vper,

per

where A is the Laplace operator and Ve, a R-periodic function of LP (RY) (R
being a periodic lattice of R?), with p=2if d <3, p > 2 ford =4 and p = d/2
for d > 5.

Such operators describe perfect crystals, by contrast with real crystals, in

which the underlying periodic structure is perturbed by the presence of local
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or extended defects. In solid state physics, local defects are due to impurities,
vacancies, or interstitial atoms, while extended defects correspond to disloca-
tions or grain boundaries. The properties of the crystal can be dramatically
affected by the presence of defects. In this article, we consider the case of a
d-dimensional crystal with a single local defect, whose properties are encoded
in the perturbed periodic Schrédinger operator

H=H, +W=-A+Vpu + W, WeL®RY,  W() — 0. (1)

per || =00

Note that we do not assume here that W is compactly supported. This allows
us in particular to handle the mean-field model considered in [6]. In the latter
model, d = 3 and the self-consistent potential W generated by the defect is of
the form W = p«x |- |~} with p € L?(R3) NC, C denoting the Coulomb space.
Such potentials are continuous and vanish at infinity, but are not compactly
supported in general.

Computing the spectrum of the operator H is a key step to understand the
properties of the system. It is well known that the self-adjoint operator ngr

is bounded from below on L?(R%), and that the spectrum o(HJ,,) of HJ,, is
purely absolutely continuous, and composed of a finite or countable number of
closed intervals of R [I6]. The open interval laying between two such closed in-
tervals is called a spectral gap. The multiplication operator W being a compact
perturbation of chr, it follows from Weyl’s theorem [16] that H is self-adjoint
on L?(R?) with domain H?(R%), and that H and HJ,, have the same essential
spectrum:

Oess(H) = UeSS(chr) = U(HO )-

per

Contrarily to ngr, which has no discrete spectrum, H may possess discrete
eigenvalues. While the discrete eigenvalues located below the minimum of
0ess(H) are easily obtained by standard variational approximations (in virtue of
the Rayleigh-Ritz theorem [10]), it is more difficult to compute numerically the

discrete eigenvalues located in spectral gaps, for spectral pollution may occur [5].

In Section 2] we recall that the usual finite element Galerkin approximation
may give rise to spectral pollution [5], and give a precise description of the
corresponding spurious states. In Section [3] we show that the supercell model
does not produce spectral pollution. Lastly, we extend in Section [ results by
Lewin and Séré [14] on some no-pollution criteria, which guarantee in particular
that the numerical method introduced in [6], involving approximate spectral
projectors, and is spectral pollution free.



2 Galerkin approximation

The discrete eigenvalues of H and the associated eigenvectors can be obtained
by solving the variational problem

{ find (¢, \) € H'(R?) x R such that
V¢ € Hl (Rd)v (L(’(/J, ¢) = )\<w7 ¢>L27

where (-, )2 is the scalar product of L?(R?) and a the bilinear form associated
with H:

ath.0) = [ [ V6-Fo+ [ (Voer + Wi

A sequence (X, )nen of finite dimensional subspaces of H!(R?) being given, we
consider for all n € N, the self-adjoint operator H|x, : X, — X,, defined by

V(n, ¢n) € Xn x X, (H|x,Vn, On)12 = a(n, dn).

The so-called Galerkin method consists in approximating the spectrum of the
operator H by the eigenvalues of the discretized operators H|x, for n large
enough, the latter being obtained by solving the variational problem

Yo, € X, a(‘/’m ¢n) = )\n<¢m ¢n>L2- (2)

According to the Rayleigh-Ritz theorem [16], under the natural assumption that
the sequence (X, )nen satisfies

1/md . _ .
Vo€ H'RY, inf [0 dullm — 0. 3)

{ find (¢, An) € X, X R such that

the Galerkin method allows to compute the eigenmodes of H associated with
the discrete eigenvalues located below the bottom of the essential spectrum. It
is also known (see e.g. [§] for details) that, as H is bounded below, ([B]) implies
o(H) Climinfo (H|x,), (4)
n—00

where the right-hand side is the limit inferior of the sets o (H|x, ), that is the
set of the complex numbers A such that there exists a sequence (Ap)nen, with
An € 0(H|x,) for each n € N, converging toward A. In particular, any discrete
eigenvalue X of the operator H is well-approximated by a sequence of eigenvalues
of the discretized operators H|x,. On the other hand, (8] is not strong enough
an assumption to prevent spectral pollution. Some sequences of eigenvalues of
o(H|x, ) may indeed converge to a real number which does not belong to the

spectrum of H:
limsupo (H|x,) € o(H) in general, (5)

n—r oo

where the limit superior of the sets o (H|x,, ) is the set of the complex numbers A
such that there exists a subsequence (o(H|x,, ))ken of (0(H|x,,))nen for which

VkeN, 3\, €o(H|x, ) and lim A, = \.
k k—o0



Spectral pollution has been observed in many situations in physics and me-
chanics, and this phenomenon is now well-documented (see e.g. [9] and ref-
erences therein). In [5], Boulton and Levitin report numerical simulations on
perturbed periodic Schrédinger operators showing that “the natural approach of
truncating R? to a large compact domain and applying the projection method to
the corresponding Dirichlet problem is prone to spectral pollution”. Truncating
R? indeed seems reasonable since it is known that the bound states of H decay
exponentially fast at infinity [I5]. The following result provides details on the
behavior of the spurious modes when the approximation space is constructed
using the finite element method.

Proposition 2.1. Let (7,%°),en be a sequence of uniformly regular meshes of
R?, invariant with respect to the translations of the lattice R, and such that
hy i= maxgeree diam(K) =, 100 0. Let (Qn)nen be an increasing sequence of
closed convez sets of R converging to RY, Ty, .= {K € T° | K C Q,} and X,
the finite-dimensional approzimation space of H}(Qy,) — H'(R?) obtained with
Tn and Py, finite elements (m € N*). Let A € limsup,, ,.. 0 (H|x,) \ o(H)
and (Yn,, Any) € Xy X R be such that Hlx,, Yn, = Any¥ny, [[¥n, |l =1 and
limg 00 An, = A. Then, the sequence (1, )ken, considered as a sequence of
functions of H*(R?), converges to 0 weakly in H*(R?) and strongly in L] _(R?),
withgq=o00 ifd=1,qg< o0 ifd=2 and q < 2d/(d — 2) if d > 3, in the sense
that

VK CRY, K compact, / [, |9 — 0,
K k—o0
and it holds

Ve>0, 3JR>0 s t. liminf [Pn 2 > 1 —e. (6)
k=0 /o, +B(0,R)

The latter result shows that the mass of the spurious states concentrates on
the boundary of the simulation domain €2y, .

This phenomenon is clearly observed on the two dimensional numerical sim-
ulations reported below, which have been performed with the finite element
software FreeFem++ [I1], with Vper(z,y) = cos(z) + 3sin(2(x + y) + 1) and
W(x,y) = —(x+2)*(2y —1)* exp(—(2? +y?)). We have checked numerically, us-
ing the Bloch decomposition method, that there is a gap («, 8), with o ~ —0.341
and S ~ 0.016, between the first and second bands of chr = —A+ Vper. We
have also checked numerically, using the pollution free supercell method (see
Theorem Bl below), that H = ngr + W has exactly one eigenvalue in the gap
(c, B) approximatively equal to —0.105. Our simulations have been performed

with a sequence of IP;-finite element approximation spaces (X, )a0<n<100, Where
for each 40 < n < 100,

e O, = [—4w%,4w% , with m,, = [n (n—40 +5)};
n n

20



e 7% is a uniform 27Z2-periodic mesh of R? consisting of 2n? isometrical
isoceles rectangular triangles per unit cell.

The spectra of H|x, in the gap («, 8) for 40 < n < 100 are displayed on Fig. 1.
We clearly see that all these operators have an eigenvalue close to —0.1, which
is an approximation of a true eigenvalue of H. The corresponding eigenfunction
for n = 88 (blue circle on Fig. 1) is displayed on Fig. [ (top); as expected,
it is localized in the vicinity of the defect. On the other hand, most of these
discretized operators have several eigenvalues in the range («, 8), which cannot
be associated with an eigenvalue of H, and can be interpreted as spurious modes.
The eigenfunction of H|x, close to —0.290, obtained for n = 88 (blue square on
Fig. 1), is displayed on Fig. 2] (bottom); in agreement with the analysis carried
out in Proposition 211 it is localized in the vicinity of the boundary of the
computational domain.
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Figure 1: Spectrum of H|x, in the gap («, 3) for 40 < n < 100

Remark 2.1. Using the results in [19], it is possible to characterize the spurious
states generated by finite element discretizations of one-dimensional perturbed
Schrédinger operators: for R = bZ and 2, = [—(n + )b, (n + t)b], the spuri-
ous eigenvalues are the discrete eigenvalues in [min(o(HY,,)),+00) \ o(H) of

the operators H(t) and H~(t) on L*(Ry) with domains H*(Ry) N HY(Ry),
2

respectively defined by H*(t) = + Vper(z £ tb). Besides, the spurious

da?
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Figure 2: A true eigenfunction, localized close to the defect (top), and a “spu-
rious” eigenfunction, localized close to the boundary (bottom).

eigenvectors of H|x, converge (in some sense, and up to translation) to the
discrete eigenvectors of HE(t). As

U o(#=(®) | N [min(o(Hy.,)), +00) = [min(o(Hpe,)), +00),
t€[0,b)

any A € [min(o(HY,,)),+00) \ o(H) is a spurious eigenvalue, in the sense that
there exists an increasing sequence (Qp)nen of closed intervals of R converging
to R such that
A €liminfo(H|x, ).
n—oo

We refer to [10] for a proof and a numerical illustration of this result. The proof
of similar results for d > 2 is work in progress.



Proof of Proposition 21l We first notice that, since H = —2A+1 (=A + 2Ver)+
W, with W bounded in L>(R?) and —A + 2V},e, bounded below, there exists a
constant C' € R, such that

1
Vi € HYRY), a(y,v) > <[|VY|F. — C|[¥]|-. (7)

As
Vk €N, |[¥n,llzz=1 and a(n,,¥n,) = An, vd A,

we infer from (7)) that the sequence (1, )ren is bounded in H!(R?). It therefore
converges, up to extraction, to some function ¢ € H'(R?), weakly in H'(R?),
and strongly in L (R%) with ¢ = coifd =1, ¢ < coif d = 2 and ¢ < 2d/(d—2) if
d > 3. It is easy to deduce from (@) and the continuity of @ on H'(R%) x H*(R%)
that ¢ satisfies H¢ = A¢ and therefore that ¢ = 0 since A ¢ o(H) by assumption.
Consequently, the whole sequence (¢,,, Jren converges to zero weakly in H*(R?)
and strongly in L{ (R9).

loc

Let us now prove (@) by contradiction. Assume that there exists € > 0 such
that

VR >0, liminf [, > < 1 —e.
k—oo JoQ,, +B(0,R)

As ||¢n, |2 = 1 for all k, the above inequality also reads

VR > 0, limsup/ [P, |2 > e,
Q

k—o0 R
"

where Qf = {z € Q,,, | d(z,0Qn,) > R}. We could then extract from (¢, )ken
a subsequence, still denoted by (¢, )ken, such that there exists an increasing
sequence (R, )ken of real numbers going to infinity such that

Vk € N, /R |’(/)nk|226.
Q, "k

n

Let us denote by
CUTX) = {ve CORY) |VK € T°, vl € P}
the set of continuous functions built from 7,>° and PP,,-finite elements, and by
X3 = CO(T®) N H(RY).

The space X2° is an (infinite dimensional) closed subspace of H'(R?). Obviously
X, = X2°. We then introduce a sequence (xn, )ken of functions of C2°(R%)
such that for all k¥ € N,

SUPP(Xny) © Ly xe = 1 on 6%, and Vi < (m+1), 0%y, = < CRJ,



for a constant C' € Ry independent of k. Let Jnk = P, (Xny¥n, ), where Py,

is the interpolation projector on X, . For all k € N, ||t |12 > €'/? and for all

ng’

(a - )‘nk)('@znku¢$zi) = (a - )‘nk)(xnkwnka nk)
_(a Ay ) (X Urie — P (X Y ) ?zok)

= (a— nk)(¢nkaxnk¢nk)
—(a = M) (Xni Yy — Py (Xni ¥ny, ) )

/R (Ao s 622+ 2625 Vs - Vi)

= ( )(wnank(b - nk(xnk¢ ))
_(a )‘ )(Xnkwnk_ nk(xnkwnk) nk)

/R (A oy 6+ 26°° Vi - Vb ),

where we have used that (@ — A, ) (¥n,, Pry (Xni @5 ) = 0 since Py, (xn, ¢5) €
X, . Denoting by

O, ) = /R Vi) - v¢+/Rd Voorthéh,
we end up with

(G’O - )‘nk)(/lznk ) ¢$z<,i) = (a - nk)(wnk » X (bnk - nk (Xnk ¢nk ))
_(a )‘ )(Xnk¢nk - nk (Xnkwnk) nk)

/ (A oy 6+ 26%° Ve - Vi)
/ Wi, 655 (8)

Besides, for h,, <1,

Vo € Xov,  Ixnctmg = Pa Ot n) i < Cho Byl 1, (9)

for some constant C' independent of k and ¢7 . To prove the above inequality,
we notice that for all K € Tp,, (xn, 03)|x € C®(K), and 8°¢3° | = 0 if



|8l = m + 1, so that

IXni B = Par Ocnn )z = D 10 55| 5e = (P (i S ) i 1 (26
KeTn,
< Ch Z ol mm 41 0% (s D) i 172 16
KeT,, “=™
< OB N max S0 e 10763 ke
KeT,, 7" p<a
< ChMR;? lg‘lgﬁlla%iﬁlxlliam
KeTn, '~
< CREPRRE Y (LX) 1052 kel )
K€Tn,

where we have used inverse inequalities and the assumption that the sequence
of meshes (7,°°)pen is uniformly regular, to obtain the last but one inequality.

Using the boundedness of (¥n, )ren in H'(R?), the properties of x,, and W,
and the fact that (v, )ren strongly converges to 0 in L2 (R?), we deduce from

loc
@) and (@) that
Vom, € Xovs (0 = X)) (W 05) | < 1, 1035 1

where the sequence of positive real numbers (1, )ken goes to zero when k goes
to infinity.

We can now use Bloch theory (see e.g. [16]) and expand the functions of X° as

0% @) = £ (@)oo,

where I'* is the first Brillouin zone of the perfect crystal, and where for all
qgel™,
(62)a(@) = D o35 (x + R)e™ T,
RER

For each ¢ € I'*, the function (¢3° ), belongs to the complex Hilbert space

ng

Lg(l") = {v(2)e"”, v e LY (RY), v R-periodic},

loc

where I" denotes the Wigner-Seitz cell of the lattice R (notice that the functions
(¢ )q are complex-valued). Recall that if R = bZ (cubic lattice of parameter
b > 0), then I' = (=b/2,b/2]* and T'* = (—x/b,w/b]". The mesh 7,°° being
invariant with respect to the translations of the lattice R, it holds in fact

(én2)q € CO(T) N LY(T).



We thus have for all ¢7° € X7¥

ng?

(@ = ) 620) = (@ = M) (B ) (635)0) o,

where

001y, bg) = /F VUL Vg + /F Voert. (10)

Let (en,l,(b en,l,Q)lSlSNnv €n,1,q < €n,2,q < < €n, N q» be an Lg(r)—orthonormal
basis of eigenmodes of aJ in CO(7,>°) N L2(T"). Expanding (¢, )q in the basis
(enk,l,q)lgzgzvnk, we get

w"k E Cni,j,q6nk,4,q-

Choosing ¢7° such that

Ny,
( z?c)q = Z anvjaq(]‘fnk,j,qunk >0 — 1E"kaj,q7>‘nk <0)enk1j7‘I’
j=1
we obtain [|¢° [|z2 = [|t)n, ||L> and

Nnk

(a° — )‘nk)(wnku e ) ][ Z |€n.jig — Anyl |Cmc7j,q|2-

It is easy to check that 11m1nfmax|enk,]7q Ay | = € = dist(\, o(H,)) > 0.

k—o0 e
Hence, ~
1ikn$i£f(a0 = M) Wy O ) > e
Besides,

o5 llze = 1n Nz and  a®(¢75,60%) = (W, ),

which implies that the sequence (455 )ren is bounded in H L(R?). Consequently,
0<Ce< hmlnf(a - /\nk)(i/}nk,(b )< hmlnfnnkH(bnk |z =0.
We reach a contradiction. O

A careful look on the above proof shows that the assumptions in Propo-
sition [2.I] can be weakened: in particular, the mesh 7, can be refined in the
regions where |W| is large, and coarsened in the vicinity of the boundary of Q,
(see [10] for a more precise statement).

10



3 Supercell method

In solid state physics and materials science, the current state-of-the-art tech-
nique to compute the discrete eigenvalues of a perturbed periodic Schrédinger
operator in spectral gaps is the supercell method. Let R be the periodic lattice
of the host crystal and I" its Wigner-Seitz cell. In the case of a cubic lattice of
paramater b > 0, we have R = bZ? and I = (—b/2,b/2]?%. The supercell method
consists in solving the spectral problem

{ find (Y n,Ap,n) € X v X R such that

Vor,n € Xin, aL(Yr,N, ¢L,N) = AN (VLN dL.N) L2, (7)) (11)

where I';, = LT (with L € N*) is the supercell,

L2..(Tr) = {uy, € L} (RY) | u, LR-periodic},

per loc

aL(UL,vL):/ VUL'VUL+/ (VoertW)urvr, (ur,vr)rz, (r.) :/ uLvL,
FL FL

L

and X, n is a finite dimensional subspace of
d
Hpoo(Tr) = {ur € L2 (Tr) | Vur € (L2e(Tn))" }

We denote by Hy, v = HL|XL,N, where Hp, is the unique self-adjoint operator
on L2, (T'1) associated with the quadratic form az,. It then holds that D(H) =

per

H2 (FL)u

per

Vo € H.,(TL), Hpor = —A¢r + (Voer + Wi)oL,

and

Vorn € Xpon, Hrpnorn = —A¢p N +1Ix, v (Voer + Wi)oLN),

where Wy, € L33 (I') denotes the LR-periodic extension of W|r, and Ily,  is

the orthogonal projector of L2,.(I'z) on X, x for the L2  (T'z) inner product.
Again for the sake of clarity, we restrict ourselves to cubic lattices (R = bZ<)

and to the most popular discretization method for supercell model, namely the

Fourier (also called planewave) method. We therefore consider approximation

spaces of the form
*
XN = g CkerL k ‘ Vk,cxr=cp ¢,
ke2r(bL)~1Z4 | [k|<2m(bL)~1N

where ey, () = |Tp|~1/2e e,
From the classical Jackson inequality for Fourier truncation, we deduce by
scaling the following property of the discretization spaces X, n: for all real

11



numbers r and s such that 0 < r < s, there exists a constant C > 0 such that
for all L € N* and all ¢r, € H;,(I'L),

L S—T
60~ Thx, wonlng e <€ () Tola o (12)

Our analysis of the supercell method requires some assumption on the potential
Vper- We define the functional space Mpe,(I') as

va”ﬂer(r )
Mper(T') = {U € Lyer(T) | [0l Mper(ry == sup sup e

LeN* weH]_ (Tr)\{0} Hw”chr(FL)

It is quite standard to prove that My, (I') is a normed space and that the space
of the R-periodic functions of class C*° is dense in Mpe,(I'). We denote the
R-periodic Lorentz spaces [4] by Lb4(T).

Proposition 3.1. The following embeddings are continuous:

ford=1, L2,(T) = Mpe(T),

per
for d = 2, LQ’OO(F) — Mpcr(r)a
()

per
ford=3, L3I3T) < Mpe

Proof. We only prove the result for d = 3; the other two embeddings are ob-
tained by similar arguments. Let us first recall that the Lorentz space L3>°(T")
is a L2-multiplier of L52(T") (this can be seen by combining results on convolu-
tion multiplier spaces [2] and continuity properties of the Fourier transform on
Lorentz spaces []), in the sense that

3C1 € Ry | Vf € L), Vg € LY*(T), | fgllzery < Cillfllzsmllgll Loz
Besides, the embedding of H!(T) into L%2(T") is continuous (see [I] for instance)

3Cy € Ry | Vg € HY(T), |g]

ro2(ry < Callgllar)- (13)
Let v € L32°(T). Denoting by Z;, := R N (—Lb/2,Lb/2]3, we have, for all

per

12



w € H} (FL),

per
vaniier(h) = / |vw|2 Z / |2 dx
ReTZy
= Z /|v w(z + R)|? dr = Z [lvw(. —|—R)||L2(F
RET, RET,
< 7 Z [0l 25,00 (myllw (- + R)[|Z6.2(r)
ReTr
< CFllvllZs.ee(ry Z [w (. + R)||Ze.2(ry
ReTr,
< CFC3|vl 7y Z [w (. + R)[1 3 r
ReZr
< GGl X [ (ule+ RE+ Vot + RP) do
ReTr

< GGl [ (0@F +[Vo@)) de

I'p

< 012022||U||2L3,w(r)||w||§{;er(m)-

Therefore, v € Mpe:(I') and |[v]| s, (1) < C1C2]|v]| L3.00 (7). O

Remark 3.1. In dimension 3, the R-periodic Coulomb kernel G1 defined by
~AG; = — ||t i =
1 =4m (Z or — |T| ) , ;Iel]lRI%Gl(,T) 0,
RER

is in L3o°(T), hence in Mpe(T). The functional setting we have introduced

therefore allows us to deal with the electronic structure of crystals containing
point-like nuclei.

Theorem 3.1. Assume that Vper € Mper(I'). Then
lim O'(HL)N):U(H).
N,L—oo0| N/L—oo
Proof. Let us first establish that

o(H) C lim inf o(HL.N)-
N,L—o0o| N/L—oco

N
Let A € o(H) and (NL)ren- be a sequence of integers such that TL Pl
—00

Let € > 0 and ¢ € C>(R?) be such that [[¢||pz = 1 and ||(H — \)||p2 < e.

13



We denote by ¢ the LR-periodic extension of ¢|r,. Since ¢ is compactly
supported, there exists Ly € N* such that for all L > Lo, Supp(¢) C T'y.
Consequently, for all L > Ly,

[Ycllrz, oy =1 and [[(Ho — A)rlrz, @, <€

per

Let ¢r N, = Ux, n, 1. We are going to prove that

I(H = Nr = (He,nvy =N ez @,y =20 (14)
First, we infer from (I2)) and the density of H}(2) in L?(Q2) for any bounded
domain Q of R¢, that

2md
Vo € LeRY),  [[(1 = 1x, x, )0r ]2z, 00 /=20,
where L2(R?) denotes the space of the square integrable functions on R¢ with
compact supports, and where ¢y, is the LR-periodic extension of ¢|r,. As v,
A, Voertp and W) are square integrable, with compact supports, we therefore
have for all L > Ly,

YL =YL nellez, o) = H (1 B HXL’NL) 1/11:‘

per

— 0,
L3 (Tp) L—=oo

| = AYr + AYr N2 (v = H (1 - HXL,NL) (—AZ/J)L’

per

— 0,
L2, (Tp) L—oo

— 0,

Lgcr (I'y) L—oo

IWeyr —1x, v, Wer)lzz, ) = H (1 - HXL,NL) (W¢)L‘

per

— 0.

||Vper¢L - HXL,NL (Vper'@[]L)”L}z)er(FL) = H (1 - HXL,NL> (Vper'@[])L L]%cr(FL) [

We infer from the last two convergence results that, on the one hand,

IWevr —Hx, v, (Wotr,ny )z, (rr)
< HWM/JL —x, n, (WU/JL)‘

. HHXL,NL (Wr(yr, — U)L,NL))‘

Lier(T'e Ler(T'r)
< |[Wevs — T, (Wewn)|

— 0,

L—oo

L2,,(Ir) + ||W||L°° ||¢L - ¢L7NL||Lgcr(I‘L)

and that, on the other hand,

[Voer¥r = x, v, Voer¥r,no )22, (rr)

< [Voer¥r —1Ix, &, (Vpeer)‘ ) + HHXL,NL (Vper(¥r — @/JL,NL))‘
L

Liex L3 (L)

e () + [Voerll Mper ) 1L = Yrne 3, (01

per

<[ (1T, ) Vorve |

— 0.

L—oo

14



Collecting the above results, we obtain (I4). Thus, for L large enough,
[(Hr,n, = NYrng ez, ) < 2.

As ||1/1L,NL||L§er(FL) = 1 for all L > Lo, we infer that for L large enough,
dist(A, 0(Hr n,)) < 2, so that A € liLminfU(HLyNL).
— 00

Let us now prove that

lim sup o(Hn,1) C o(H).
N,L—o0| N/L—oo

We argue by contradiction, assuming that there exists A € R\ o(H) and a
sequence (Lk;Nk)keN with Ly — oo, Ny — o0, Nk/Lk — 00, such that
k—o0 k—o0 k—o0

for each k, there exists (¢¥r, Ny, AL,,N,) € X1, N, X R satisfying
{ VoL, N € XLy Ny AL, (VL N OLiN) = ALk N (WL, N PLi NG L2,,(T,)
||¢Lk;Nk||L2(FLk) =1,

and klim AL,,N, = A. BEach function 91, n, is then solution to the PDE
— 00

1
- iAkaﬁNk + HXLk,Nk ((Vpcr + WLk)7/}Lk,Nk) = ALy, N YLy Ny - (15)

Reasoning as in the proof of Proposition2.1] it can be checked that the sequence
(1¥L,nll a2, (0p, ) )ken is bounded, and that

Yr,.N, — 0 in L2 (RY). (16)
k—oo

For all k, we consider a cut-off function x; € C>°(R%) such that 0 < x; < 1
on R? y;, =1 on I'z,, Supp(xx) C (Lx + L,1€/2)1"7 IVxkllLe < CL;1/2, and
|Axx||z < CL," for some constant C' € Ry independent of k. We then set

Uk = Xk, N, 1t holds ¢y, € H2(R?), 1 < ||¢p 2 < 2%/2 and

1 ~ ~ ~
- §A1/Jk + Voer¥e — M = X& (Vpcerk,Nk —1Ix,, (Vpcerk,Nk))
_XkHXLk,N,C Wrorene) = VX - Vo, N,
1 ~
_EAkaLme + ()\kaNk - )‘)d]k (17)

As (AL, N, )ken converges to A in R and bl 2 < 2%/2, we have
(AL..N, — )\){/)Vk k—> 0 strongly in LQ(Rd).
—00

Using the facts that Supp(xx) C 2Tz, [|[Vxkll~ < CL; "* and || Axk |~ <
C’L,;1 for a constant C' € Ry independent of k, and the boundedness of the

sequence ([|vL, N, llm1,, (rp,))ken, we get

1 .
—Vxi - VY, N — §AXk¢Lk,Nk kjoo strongly in L2(Rd).
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It also follows from (I6) that the sequence |Wr, ¥, Nl L2

2 (I, 80€s to zero,
leading to

Xellx,, w, (WL, YL, Ne) kjoo strongly in L*(R?).
Lastly,

ke (Voerbrens = Txg, v, (Voerthrny)) — 0 strongly in L(RY).  (18)

To show the above convergence result, we consider € > 0 and, using the density
of e.g. Wh(T) = {Wher € L% (T) | VIWper € Lo, (T)} in Mper(T), we can

choose some Vper € W12°(T') such that ||[Vper — Vpcr”Mper(F) < e. We then

per

deduce from ([I2) that, for all k € N,

HVPCYkaﬁNk - HXLk,Nk (VPCYkaﬁNk)

Lgcr(FLk)

< H(Vper - Vper)d]leNk Vpeerk7Nk - HXLk,Nk (‘7PEI¢L1¢,N1¢>

+|

L3 (Try) ’L?m(l“Lk)

~ Ly ~
< ||Vpcr - pcrHMper(F)H‘/)Lk,Nk||Hécr(FLk) + m”vpcr‘/)Lk,nk ||Hécr(FLk)

Ly ~ ~
< 5||¢Lk,Nk||H1§er(FLk) + N_kHka,nk”HI;K(FL,C)(vaer”LOO + ||VVper||L°°)'

Since the sequence (||¢Lk,Nk ||Hécr(rLk))k}EN* is bounded, this yields

vacerk,Nk —lx,, n, Voer¥r,,ny)

— 0,

L2, (Ty,) k—o0
which implies (I8]).

Collecting the above convergence results, we obtain that the right-hand side
of (IT) goes to zero strongly in L2(R?). Therefore, (¢ /||¢k|lL2)ren is a Weyl
sequence for A, which contradicts the fact that A ¢ o(H),,). O

A similar result was proved in [I8] for compactly supported defects in 2D pho-
tonic crystals, with Vier € L°(R?) and N = co. In [7], we prove that the error
made on the eigenvalues and the associated eigenvectors decays exponentially
with respect to the size of the supercell. We did not consider here the error due
to numerical integration. The numerical analysis of the latter is ongoing work
and will be reported in [I0].

Note that, if instead of supercells of the form I', = LT', L € N*, we had
used computational domains of the form T'pyy = (L + ¢)I, ¢ € (0,1), we
would have observed spectral pollution. As in the case studied in the previ-
ous section, the spurious eigenvectors concentrate on the boundary 0I'y ;. In
the one-dimensional setting (R = bZ), and for a fixed value of ¢, the trans-
lated spurious modes ¢ (- — (L + t)b/2) strongly converge in Hl (R), when

16



L goes to infinity, to the normalized eigenmodes of the dislocation operator
d2

H(t) = -0 + locoVper(z + t0/2) + 1p50Vper (x — tb/2) studied in [12]. We
x

refer to [10] for further details.

4 A no-pollution criterion

Spectral pollution can be avoided by using e.g. the quadratic projection method,
introduced in an abstract setting in [I7], and applied to the case of perturbed
periodic Schrodinger operators in [5]. An alternative way to prevent spec-
tral pollution is to impose constraints on the approximation spaces (X )nen.
Consider a gap (a,3) C R\ o(Hy,,) in the spectrum of HJ. and denote by
P = X(Cooy](HD.:) where v = 0‘—‘2%

per
function of the interval (—oo,~].

and where X (_o0,) is the characteristic

Theorem 4.1. Let (P,)nen be a sequence of linear projectors on L*(R?) such
that for all n € N, Ran(P,) C HY(R?), and sup,cy || Pullzz2) < oo, and
(Xn)nen @ sequence of finite dimensional discretization spaces satisfying (3)
as well as the following two properties:

(A1) VneN, X, = X @ X with X, C Ran(P,) and X7 C Ran(1 — P,);
(A2) Sup H(P - Pn)(bn”Hl(Rd) —. 0
bn€Xn\{0} | Pnll a1 (me n—00

Then,

lim o(H|x,)N (o, 8) =o(H) N («, B).

n—00

The above result is an extension, for the specific case of perturbed periodic
Schrodinger operators, to the results in [I4) Theorem 2.6] in the sense that (i)
the exact spectral projector P is replaced by an approximate projector P,,, and
(ii) the discretization space X,, may consist of functions of H(R?) (the form
domain of H), while in [I4], the basis functions are assumed to belong to H2(R%)
(the domain of H).

Proof. From (@), we already know that o(H) N (e, 8) C liminf,, o o(H|x,) N
(o, B). Conversely, let A € (limsup,,_,., 0(H|x, )N (e, 8))\o(H), and (¥n, )ken
be a sequence of functions of H!(R?Y) such that for all k& € N, v, € X,,,
[, | L2ray = 1 and (H|x,, — A)tn, —* k00 0 strongly in L?(R?). Reasoning
as in the proof of Proposition [ZI], we obtain that the sequence (¥, )ren con-
verges to 0, weakly in H!(R?), and strongly in L2 _(R?). Let us then expand ¢,
as thy, = Yt b, with ot = (1= P, )¢, € X} and ¢, = Py, by, € X,
and notice that

(@ = N, 55,) + (0 = N 0) = (0= N ) = [ Wi,

17



Since ¥,f = (1 = Py)tn, € Xn,,
@ =N v )| = |(Hlx,, = Moo (1= Py ) o

(1 T sup ||Pnk||w>) (O A p—
keN k— oo

IN

Besides, as W vanishes at infinity, (¥, )ren converges to 0 in L2 _(R?) and
supgen 1 |ln2 < 14 supgey [Py |l 2(z2) < 00, we also have

/ Wi, 0t — 0.
Rd k—oo

Therefore,
(a0_>\)( :kv :k)+( )(wnka nk) — 0.

k—o0

Likewise,

o0

(@ =N, )+ =N ) = (=N )= [ Wb, = 0.
Substracting the second equation from the first one, we obtain

(0 = Nk ¥,) — (@ = Nt ¥) — 0.
Now, we notice that

(ao —A)(ib;ka%bﬁk) = ( )‘)( nkwnkv nk'@[]nk)

( = (P, — )U’nkv( i P)%k),
and
@ =Nt ) = @ =N = P )n. (1= P )tn,)
= ( )((1 )1/}nk7 (1 - P)U)nk)

Besides, there exists 7,,7_ > 0 such that for all 1 € H*(R9),

(a” = 2)((1 = P), (1 = P)v) 1l (1 = PYYlZa gy,
—@ = NPy, PY) = n-|PYl7aga-

Y

Thus,

(a® = N (W, vnr,) — (@ = N (W, ¥r,)

Y

min(77+, 777)”1/}7% ||%2(]Rd)
+2(CLO — /\)(%m (P - P"k)wnk)'

18



From assumption (A2) and the boundedness of (¢, Jren in H'(R?), we deduce
that
(aO - A)(U’nk, (P - Pnk)1/}nk) — 0,

k— o0
which imply that ||¢n, || L2 o 0. This contradicts the fact that ||, |2 = 1
—00
for all k € N. O

The assumptions made in Theorem [£1] allow in particular to consider ap-
proximation spaces built from approximate spectral projectors of ngr. As
a matter of illustration, let us consider the case when the approximate spec-
tral projectors are constructed by means of the finite element method. As
in Section 2] we consider a sequence (7,°°)nen of uniformly regular meshes of
R?, invariant with respect to the translations of the lattice R, and such that
hy i= maxgegee diam(K) —, 500 0, and denote by X° the infinite dimen-
sional closed vector subspace of H*(R%) built from (7,°)nen and Py,-finite el-
ements. Assume that we want to compute the eigenvalues of H = HJ,, + W

located inside the gap (a, ) between the J* and (J+1)** bands of H),. Using
Bloch theory [16], we obtain
P = X(—00,7] (ngr) = ]{W P, dgq,
where P, is the rank-J orthogonal projector on Li(l") defined by
J
Py = Z lej,a) {€5,al

j=1

where (€j,q,€j.q)jen+, €1, < €24 < -+, is an Lg(F)—orthonormal basis of eigen-

modes of the quadratic form ag defined by (I0). For n large enough, we introduce

J
P, = f S [enia) {ensial dd: (19)
j=1

where (€n,j,q) €n,j,g)1<j<No»> €n1,q < €n2,q < -+ < €n,N, g, 15 the L2(T')-orthonormal
basis of eigenmodes of aJ in C°(7,>°) N LZ(T') already introduced in the proof of
Proposition 2.1

We have seen in Section [2] that using approximation spaces of the form

Xn = {7/171 € Xﬁo | Supp(%) - Qn}a

where (Q,,)nen is an increasing sequence of closed convex sets of R? converging to
R?, leads, in general, to spectral pollution. We now consider the approximation
spaces

X, =X} ®X, where X, =P,X, and X} =(1-P)X,  (20)

Note that )?n =X, + P, X,, so that )?n can be seen as an augmentation of X,.
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Corollary 4.1. The sequence of approzimation spaces (X, )nen defined by (20)
satisfies (3) and it holds

lim o(H[g )N (a,B) =o(H)N(a,p). (21)

n—oo

Proof. As )N(n = X,,+ P, X, with (X,,)nen satisfying @), it is clear that ()N(n)neN
satisfies (B)). The sequence (P,)nen is a sequence of orthogonal projectors of
L*(R?) such that Ran(P,) C X5° C H'(RY). Besides, ||P,||z(r2) = 1 since the
projector P, is orthogonal. It follows from the minmax principle [16] and usual
a priori error estimates for linear elliptic eigenvalue problems [3] that

SuUp € g — O and

inf €n.j,q — B,
1<j<J, geT'* n—00 j>J+1,qel'* n—oo

and that there exists C € R such that

|[Pn—Pllzeary < C sup sup

= Vg =y — 0.
a€l™ 4, € Ran(P,) v €CO(T2)NLE(T) Ilvg qHHé(F) e
q q

llvgllrzry =1

We conclude using Theorem (11 O

Let us finally present some numerical simulations illustrating Corollary 1] in
a one-dimensional setting, with Vper(z) = cos(x) + 3sin(2z + 1) and W(x) =
—(x + 2)2¢7*". We focus on the spectral gap («, ) located between the first
and second bands of chr = —dd—; + Vper (corresponding to J = 1). Numerical
simulations done with the pollution-free supercell model show that o ~ —1.15
and 8 ~ —0.65, and that H has exactly two discrete eigenvalues A\ ~ —1.04
and A2 ~ —0.66 in the gap («, §).

The simulations below have been performed with a uniform mesh of R cen-
tered on 0, consisting of segments of length h = 7/50, and with Q = [-L, L],
for different values of L. The sums over R have been truncated using very
large cut-offs; likewise, the integrals on the Brillouin zone have been computed
numerically on a very fine uniform integration grid, in order to eliminate the
so-called k-point discretization errors. The numerical analysis of the approxima-
tions resulting from the truncation of the sums over R and from the numerical
integration on I'*, is work in progress.

The spectra of the operators H|x, (standard finite element discretization
spaces) and H]| %, (augmented finite element discretization spaces defined by
20)) are displayed in Figure @ The variational approximation of H in X, is
seen to generate spectral pollution, while, in agreement with Corollary 4.1} no
spectral pollution is observed with the discretization spaces X,,.
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Figure 3: The spectra of the variational approximations of H for various sizes
of the simulation domain, obtained with standard finite element discretization
spaces X,, (top) and with augmented finite element discretization spaces X,
defined by @0) (bottom).
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