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ON THE ENUMERATION OF MINIMAL DOMINATING SETS
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ABSTRACT. A dominating set D in a graph is a subset of its vertex set such
that each vertex is either in D or has a neighbour in D. In this paper, we are
interested in the enumeration of (inclusion-wise) minimal dominating sets in
graphs, called the DoM-ENUM problem. It is well known that this problem
can be polynomially reduced to the TrRaNs-ENUM problem in hypergraphs, i.e.,
the problem of enumerating all minimal transversals in a hypergraph. Firstly
we show that the TRaNs-ENUM problem can be polynomially reduced to the
Dowm-ENuM problem. As a consequence there exists an output-polynomial
time algorithm for the TrANs-ENUM problem if and only if there exists one
for the DoMm-ENUM problem. Secondly, we study the Dom-ENUM problem
in some graph classes. We give an output-polynomial time algorithm for the
Dowm-ENuM problem in split graphs, and introduce the completion of a graph
to obtain an output-polynomial time algorithm for the DomMm-ENUM problem in
Ps-free chordal graphs, a proper superclass of split graphs. Finally, we investi-
gate the complexity of the enumeration of (inclusion-wise) minimal connected
dominating sets and minimal total dominating sets of graphs. We show that
there exists an output-polynomial time algorithm for the Dom-ENUM problem
(or equivalently TrRans-ENuM problem) if and only if there exists one for the
following enumeration problems: minimal total dominating sets, minimal to-
tal dominating sets in split graphs, minimal connected dominating sets in split
graphs, minimal dominating sets in co-bipartite graphs.

1. INTRODUCTION

The MINIMUM DOMINATING SET problem is a classic and well-studied graph
optimisation problem. A dominating set in a graph G is a subset D of its set of
vertices such that each vertex is either in D or has a neighbour in D. Computing a
minimum dominating set has numerous applications in many areas, e.g., networks,
graph theory (see for instance the book [I7]). In this paper we are interested in the
enumeration of minimal (connected, total) dominating sets in graphs.

Enumeration problems have received much interest over the past decades due
to their applications in computer science [1], 9} [I5] [16] 25]. For these problems the
size of the output may be exponential in the size of the input, which in general is
different from optimisation or counting problems where the size of the output is
polynomially related to the size of the input. A natural parameter for measuring the
time complexity of an enumeration algorithm is the sum of the sizes of the input and
output. An algorithm whose running time is bounded by a polynomial depending
on the sum of the sizes of the input and output is called an output-polynomial time
algorithm (also called total-polynomial time or output-sensitive algorithm).
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The enumeration of minimal dominating sets of graphs (DOM-ENUM problem for
short) is closely related to the well-known TRANS-ENUM problem in hypergraphs,
which consists in enumerating the set of minimal transversals (or hitting sets) of
a hypergraph. A transversal of a hypergraph is a subset of its ground set which
has a non empty intersection with every hyperedge. One can notice that the set of
minimal dominating sets of a graph is in bijection with the set of minimal transver-
sals of its closed neighbourhood hypergraph [7]. The TRANS-ENUM problem has
been intensively studied due to its connections to several problems in such fields as
data-mining and learning [111, 12} [T6], 20} 24]. It is still open whether there exists
an output-polynomial time algorithm for the TRANS-ENUM problem, but several
classes where an output-polynomial time algorithm exists have been identified (see
for instance the survey [I3]). So, classes of graphs whose closed neighbourhood
hypergraphs are in one of these identified classes of hypergraphs admit also output-
polynomial time algorithms for the DoM-ENUM problem. Examples of such graph
classes are planar graphs and bounded degree graphs (see [I8) [19] for more infor-
mation). Recently, the DOM-ENUM problem has been studied by several groups
of authors [8] [I4]. Their research on exact exponential-time algorithms triggered a
new approach to the design of enumeration algorithms which uses classical worst-
case running time analysis, i.e., the running time depends on the length of the
input.

In this paper, we first prove that the TRANS-ENUM problem can be polynomially
reduced to the DOM-ENUM problem. Since the other direction also holds, the two
problems are equivalent, i.e., there exists an output-polynomial time algorithm
for the DoM-ENUM problem if and only if there exists one for the TRANS-ENUM
problem. One could possibly expect to benefit from graph theory tools to solve the
two problems and at the same time many other enumeration problems equivalent to
the TRANS-ENUM problem (see [11] for examples of problems equivalent to TRANS-
ENuM). In addition, we show that there exists an output-polynomial time algorithm
for the DoM-ENUM problem (or equivalently TRANS-ENUM problem) if and only
if there exists one for the following enumeration problems: TDoM-ENUM problem,
CDoM-ENUM in split graphs, TDoOM-ENUM in split graphs, DoOM-ENUM in co-
bipartite graphs, where the TDOM-ENUM problem corresponds to the enumeration
of minimal total dominating sets.

We then characterise graphs where the addition of edges changes the set of
minimal dominating sets. The maximal extension (addition of edges) that keeps
invariant the set of minimal dominating sets can be computed in polynomial time,
and appears to be a useful tool for getting output-polynomial time algorithms for
the DOM-ENUM problem in new graph classes such as Ps-free chordal graphs. As a
consequence, DOM-ENUM in split graphs and DoM-ENUM in Ps-free chordal graphs
are linear delay and polynomial space.

We finally study the complexity of the enumeration of minimal connected domi-
nating sets (called the CDOM-ENUM problem). The MINIMUM CONNECTED DOM-
INATING SET problem is a well-known and well-studied variant of the MINIMUM
DOMINATING SET problem due to its applications in networks [I7], 28]. We have
proved in [I8] that CDoM-ENUM in split graphs is equivalent to the TRANS-ENUM
problem. We will extend this result to other graph classes. Indeed, we prove that
the minimal connected dominating sets of a graph are the minimal transversals of
its minimal separators. As a consequence, in any class of graphs with a polyno-
mially bounded number of minimal separators, the CDOM-ENUM problem can be
polynomially reduced to the TRANS-ENUM problem; examples of such classes are
chordal graphs, circle graphs and circular-arc graphs [5], 21} 23]. Finally, we show
that the CDOM-ENUM problem is harder than the DoM-ENUM problem.
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Paper Organisation. Some needed definitions are defined in Section The
equivalence between the TRANS-ENUM problem, the DOM-ENUM problem and the
TDoM-ENUM problem is given in Section [3] We recall in Section [ the output-
polynomial time algorithm for the DOM-ENUM problem in split graphs published
in [I8]. Maximal extensions (additions of edges) of graphs are defined in Section
and a use of these maximal extensions to obtain an output-polynomial time al-
gorithm for the DOM-ENUM problem in Ps-free chordal graphs is also given. The
CDoM-ENUM problem is investigated in Section [6}

2. PRELIMINARIES

If A and B are two sets, A\B denotes the set {x € A | z ¢ B}. The power-set of
a set V is denoted by 2. We denote by N the set containing zero and the positive
integers. The size of a set A is denoted by |A|.

We refer to [10] for graph terminology not defined below; all graphs considered
in this paper are undirected, finite and simple. A graph G is a pair (V(G), E(G)),
where V(G) is the set of vertices and E(G) € V(G) x V(G), the set of edges, is
symmetric. An edge between x and y is denoted by xy (equivalently yz). The
subgraph of G induced by X € V(G), denoted by G[X], is the graph (X, E(G) n
(X x X)); G\X is the graph G[V(G)\X]. A graph is said to be chordal if it has
no induced cycle of length greater than or equal to 4; it is a split graph if its vertex
set can be partitioned into an independent set S and a clique C. Notice that split
graphs form a proper subclass of chordal graphs. For two graphs G and H, we say
that G is H-free if G does not contain H as an induced subgraph. For k& > 1, we let
Py, be the path on k vertices. For a graph G, we let Ng(z), the set of neighbours
of z, be the set {y € V(G) | zy € E(G)}, and we let Ng[z] be Ng(z) u {x}. For

X € V(G), we write Ng[X] and Ng(X) for respectively | J Ng[z] and Ng[X\X.
zeX
A dominating set in a graph G is a set of vertices D such that every vertex of

G is either in D or is adjacent to some vertex of D. It is said to be minimal if
it does not contain any other dominating set as a subset. The set of all minimal
dominating sets of G will be denoted by D(G). Let D be a dominating set of G
and x € D. We say that « has a private neighbour y in G if y € Ng[z]\Ng[D\{z}].
Note that a private neighbour of a vertex x € D in G is either x itself, or a vertex
in V(G)\D, but never a vertex y € D\{x}. The set of private neighbours of x € D
in G is denoted by Pp(z). The following is straightforward.

Lemma 1. Let D be a dominating set of a graph G. Then D is a minimal domi-
nating set if and only if Pp(x) # & for every x € D.

A hypergraph M is a pair (V(H),E(H)) where V(H) is a finite set and E(H) <
2VOO\{Z}. Tt is worth noticing that graphs are special cases of hypergraphs. We
will call the elements of V(#) vertices and elements of £(H) hyperedges, and when
the context is clear a hypergraph will be denoted by its set of hyperedges only. If
H is a hypergraph, we let I(H), the bipartite incidence graph of H, be the graph
with vertex set V(H) u {y. | e € E(H)} and edge set {zy. | z € V(H), e € E(H) and
x € e}. Note that the neighbourhood of the vertex y. in I(H) is exactly the set e.
A hypergraph H is said to be simple if

(i) for all e,e’ € E(H), e € ¢/ = e =¢/, and
(i) V(H) = U e
eeE(H)

For a hypergraph H we denote by Min(H) the hypergraph on the same vertex
set and keeping only minimal hyperedges, i.e., E(Min(H)) := {e € E(H) | Ve’ €
E(H)\{e}, € & e}. A transversal (or hitting set) of H is a subset of V(H) that has
a non-empty intersection with every hyperedge of £(H); it is minimal if it does not
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contain any other transversal as a subset. The set of all minimal transversals of
H is denoted by tr(#). The size of a hypergraph H, denoted by ||H|, is [V (H)| +

> le|. The set of all hypergraphs (respectively all graphs) is denoted by 57
eeE(H)
(respectively ¥).

Proposition 2 ([3]). For each simple hypergraph H, we have tr(tr(H)) = H.
From Proposition 2] we obtain the following.

Corollary 3. For each simple hypergraph H and each x € V(H), there exists
T e tr(H) such that z € T.

An enumeration algorithm (algorithm for short) for a set % is an algorithm that
lists the elements of ¢ without repetitions. Let ¢(X) be a hypergraph property
where X is a subset of vertices (for instance ¢(X) could be “X is a transversal”).
For a hypergraph H, we let €, (#) be the set {Z < V(H) | ¢(Z) is true in H}. An
enumeration problem for the hypergraph property ¢(X) takes as input a hypergraph
H, and the task is to enumerate, without repetitions, the set €,(#). An algorithm
for €,(H) is an output-polynomial time algorithm if there exists a polynomial p :
N — N such that €, (#) is listed in time p(||H|| + ||, (H)||). Notice that since an
algorithm A for an enumeration problem takes a hypergraph as input and outputs
a hypergraph with same vertex set, we can consider it as a function A : 7 — 7.
Let f : N — N. We say that an algorithm enumerates 6,,(#) with delay f(||#||) if,
after a polynomial time pre-processing, it outputs the elements of €, () without
repetitions, the delay between two outputs being bounded by f(||H]||). If f is a
polynomial (or a linear function), we call it a polynomial (or linear) delay algorithm.

Definition 4. Let P and P’ be enumeration problems for hypergraph properties
o(X) and @' (X) respectively. We say that P’ is at least as hard as P, denoted
by P <o, P, if an output-polynomial time algorithm for P’ implies an output-
polynomaal time algorithm for P.

Two enumeration problems P and P’ are equivalent if P <,, P’ and P’ <,, P.
We denote by TRANS-ENUM the enumeration problem of minimal transversals in
hypergraphs. Similarly, we denote by DOM-ENUM the enumeration problem of
minimal dominating sets in graphs. For a problem P and a subclass C of instances
of P, we denote by P(C) the problem P restricted to the instances in C. For
instance, DoM-ENUM(split graphs) denotes the problem of enumerating the set of
minimal dominating sets in split graphs.

3. Dom-ENUM 1S EQUIVALENT TO TRANS-ENUM

The fact that DoM-ENUM <, TRANS-ENUM can be considered folklore. Let us
remind it for completeness. For a graph G, we let N'(G), the closed neighbourhood

hypergraph, be (V(G), {Ng[z] | = € V(G)}).
Lemma 5 (Folklore [7]). Let G be a graph and D < V(G). Then D is a dominating

set of G if and only if D is a transversal of N(G) if and only if D is a transversal
of Min(N(G)).

Corollary 6. DoM-ENUM <., TRANS-ENUM.

Proof. From Lemma [5] we have that tr(N(G)) = D(G). Hence, if we have an
output-polynomial time algorithm for TRANS-ENUM then we can use it to enumer-
ate all minimal dominating sets of a graph in output-polynomial time. O

Corollary 7. Let G be a graph and x € V(G). Then there exists D € D(G) such
that x € D.
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Proof. Corollary of Lemma, [5] and Corollary O

We now prove that TRANS-ENUM <,, DOM-ENUM. One may wonder whether
with every hypergraph H one can associate a graph G such that D(G) = tr(H).
However, the following result shows that such a reduction does not exist.

Proposition 8. For every function f : & — 9, there exists H € I such that
tr(H) # D(f(H)).

Proof. Let ‘H be a simple hypergraph with |V (H)| = |E(H)| = n and such that H is
not the closed neighbourhood hypergraph of any graph. Such a hypergraph exists
(see for instance [6]). Now assume that there exists a graph G such that D(G) =
tr(H). Note that since each vertex of a simple hypergraph belongs to at least one
minimal transversal (Corollary , and since each vertex of a graph appears in at
least one minimal dominating set (Corollary|[7), we have V(G) = V(#). By Lemma
tr(H) = tr(N(G)) = tr(Min(N(G))) and so H = Min(N(G)) (Proposition [2)).
Furthermore, Min(N(G)) € N(G) and |[Min(N(G))| = |E(H)| = n = IN(G)| and
so Min(N(G)) = N(G). We conclude that H = N(G) and then H is the closed
neighbourhood hypergraph of G, which contradicts the assumption. O

Despite the above result, we can polynomially reduce TRANS-ENUM to DoOM-
ENUM. In order to prove this statement we introduce the co-bipartite incidence
graph associated with every hypergraph #.

Definition 9. Let H be a hypergraph. We associate with H a co-bipartite incidence
graph B(H), defined as follows:
e V(B(H)):=V({I(H)) v {v} withv¢ V(I(H)),
e E(B(H)) :=E(IH)) v{ve |z e V(H)} v{zy | 2,y € V(H)} U {yeye |
e, e € E(H)}.

In other words, B(H) is obtained from I(#) by adding a new vertex that is made
adjacent to all vertices in V(H), and replacing the subgraph induced by V (H) (resp.
{ye | e € E(H)}) by a clique on the same set; see Figure [I| for an illustration. The
following is straightforward to prove.

FIGURE 1. An example of the co-bipartite incidence graph B(H) of
the hypergraph H = ({xla 2,3, 1'4}, {617 €2, €3, €4, €5, 66}) where
e1 = {x1, 22}, e2 = {x1,22, 23}, e3 = {w1, 23,24}, es = {22, 24},
es = {x3, 24}, g = {x2,24}. The set {x1, 22} is a minimal transver-
sal of H and a minimal dominating set of B(H).
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Lemma 10. Let H be a hypergraph and T a transversal of H. Then T is a domi-
nating set of B(H).

The following lemma claims that there is only a quadratic number of minimal
dominating sets of B(#) that are not minimal transversals of H.

Lemma 11. Let H be a hypergraph and let D be a minimal dominating set of
B(H). Then D is either equal to {x,y.} withxz € V(H)u {v} and e € E(H) or D is
a minimal transversal of H.

Proof. As v must be dominated by D, D n (V(H) v {v}) # . Let x € D n
(V(H) u {v}). Assume that D n {y. | e € E(H)} # . Since D is a minimal
dominating set,  dominates V(#) u {v}, and since {y. | e € E(H)} is a clique,
ID n{y. | e € E(H)}| = 1. This implies that D is of the form {z,y.}. So assume
that D < V(H) u {v}. It is easy to see that D < V(H), because if v is in D, since
Negl[v] n{ye | e€ E(H)} = & and H contains at least one non-empty hyperedge, D
must contain another vertex x from V(). But, since Ng[v] € N¢[z], Pp(v) = &
which contradicts the minimality of D (cf. Lemma [I). We now show that such a
D is a transversal of H. Indeed since D is included in V(#), every vertex y, with
e € £(H) must be incident with a vertex in D n V() and then D is a transversal
of #. Lemma [I0 ensures that D is a minimal transversal. t

Theorem 12. TRANS-ENUM <,, DOM-ENUM (co-bipartite graphs).

Proof. Assume there exists an output-polynomial time algorithm A for the Dom-
ENUM problem which, given a co-bipartite graph G, outputs D(G) in time p(||G||+
|D(G)]) where p is a polynomial. Given a hypergraph H, we construct the co-
bipartite graph B(H) and call A on B(H). By Lemma A on B(H) outputs
all minimal transversals of 7. We now discuss the time complexity. We clearly
have ||B(H)|| = O(||H]|) and B(H) can be constructed in time O(||H||). Moreover
by Lemma [11] ||D(B(H))|| < |[tr(®)|| + |V(H)| x |E(H)|. Therefore, A on B(H)
runs in time O(p(||H|| + ||tr(H)|]) + |V(H)| x |E(H)]), which is polynomial on
17+ [[er (F)II- O

Corollary [6] and Theorem [12] together imply the following result.

Corollary 13. DoM-ENUM (co-bipartite graphs), DoM-ENUM and TRANs-ENUM
are all equivalent.

From Corollary [I3] we can deduce some equivalences between DoM-ENUM and
some other enumeration problems. For instance, a total dominating set is a dom-
inating set D such that the subgraph induced by D contains no isolated vertex.
We call TDOM-ENUM the enumeration problem of (inclusion-wise) minimal total
dominating sets. To prove the next lemma we associate with every hypergraph a
split-incidence graph.

Definition 14. The split-incidence graph I'(H) associated with a hypergraph H is
the graph obtained from I(H) by turning the independent set corresponding to V (H)
into a clique (see Figure @) The resulting graph is a split graph.

Lemma 15. TDoM-ENUM (split graphs), TRANS-ENUM and TDoM-ENUM are all
equivalent.

Proof. It is enough to prove that TDoM-ENUM <,, TRANS-ENUM and TRANS-
ENUM <,, TDoM-ENUM(split graphs) since TDoM-ENUM(split graphs) <,, TDOM-
ENUM. We first show that TDOM-ENUM <,,, TRANS-ENUM (the reduction was first
noted by [27]). For a graph G, we let N,(GQ) := (V(G),{Ng(z) | z € V(G)}), the
open neighbourhood hypergraph. We claim that TD(G) = tr(N,(G)) where TD(G)
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FIGURE 2. An example of the bipartite incidence graph I(H) and
the split-incidence graph I’'(#) of the hypergraph in Figure

denotes the set of minimal total dominating sets of G. Let G be a graph. It is easy
to see that D < V(QG) is a total dominating set in G if and only if it is a transversal
of No(G). Indeed, if D is a total dominating set of G, then for each z € V(G),
Ng(x) n D # . Therefore, D is a transversal of N,(G). Conversely, if T is a
transversal of N,(G), then for each z € V(G), T n Ng(x) # &, i.e., T is a total
dominating set of G.

We now show that TRANS-ENUM <,, TDoM-ENUM(split graphs). Let H be a
hypergraph. Assume furthermore that H has no dominating vertex, i.e., a vertex
belonging to all edges. Note that this case is not restrictive since if z € V/(#) is a
dominating vertex, then tr(H) = {z} utr(H\{z}) and we can consider this reduced
hypergraph. We now show that TD(I'(H)) = tr(H).

(i) Let D be a minimal total dominating set of I'(#H), and let e € £(H). Then
there exists € V(H) n D such that zy. € E(I'(H)), i.e., x € e. We now claim that
ye ¢ D for all e € E(H). Otherwise, there exists x € e n D and since I'(H)[V (H)] is
a clique, D\{y.} is also a total dominating set, contradicting the minimality of D.
Thus D is a transversal of H.

(ii) Let T be a transversal of H. Then for all e € E(H), T ne # &, i.e., for all
z € V(I'(H))\V(H), there exists € T such that zz € E(I’(H)). Since there is no
dominating vertex, |T'| = 2, and because I'(H)[V (H)] is a clique, for all z € V(H),
there exists y € T such that zy € E(I'(#)). Hence, T is a total dominating set of
I'(H).

From (i) and (ii) we can conclude that 7TD(I'(H)) = tr(H). O

As a corollary of Lemma [15] and Corollary [13] we get the following.
Corollary 16. DoM-ENUM and TDOM-ENUM are equivalent.

These results may enable new approaches to consider the TRANS-ENUM prob-
lem as a graph problem. We will give some evidence in the following sections. We
conclude this section by stating the following decision problem DOM-GRAPH that
arises from Corollary [13| and seems to be interesting on its own.

Input. A hypergraph H and a positive integer k.
Output. Does there exist a graph G and a set F' < 2V(%) with |F| < k
and such that D(G) = tr(H) u F?

It is an NP-complete problem because the problem of realisability of a hypergraph
is a special case with k = 0 [6]. For k = |V (H)| - |E£(H)|, the DOM-GRAPH problem
can be solved in polynomial time by Corollary We leave open its complexity
for 1 <k < |V(H)|-|E(H)].
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4. DoM-ENUM IN SPLIT GRAPHS

We recall that a graph G is a split graph if its vertex set can be partitioned into
an independent set S and a clique C. Here we consider S to be maximal. We will
denote a split graph G by the pair (C(G) u S(G), E(G)). We prove in this section
that DoM-ENUM(split graphs) admits a linear delay algorithm that uses polynomial
space. A minimal dominating set D of a split graph G can be partitioned into a
clique and an independent set, denoted respectively by D¢ := D n C(G) and
Dg := D n S(G). Lemma [17 shows that a minimal dominating set D of a split
graph is characterised by D¢. Note that Dg cannot characterise D, since several
minimal dominating sets can have the same set Dg.

Lemma 17. Let G be a split graph and D a minimal dominating set of G. Then
Ds = S(G)\N¢(Dc).

Lemma 18. Let A € C(G). If every element in A has a private neighbour then
AU (S(G)\Ng(A)) is a minimal dominating set of G.

Proof. Tt is clear that A U (S(G)\Ng(A)) is a dominating set. To see why it is
minimal, it suffices to observe that every vertex s € S(G)\N¢(A) has at least one
private neighbour, namely vertex s itself. Note that every vertex in A has a private
neighbour by assumption. Hence, A U (S(G)\Ng(A)) is a minimal dominating set
due to Lemma[Il O

Lemma 19. Let D be a minimal dominating set of a split graph G. Then for all
A < D¢, the set AU (S(G)\Ng(A)) is a minimal dominating set of G.

Proof. Let D be a minimal dominating set of G and let A € D¢. Clearly each

x € A has a private neighbour since D is a minimal dominating set. According to
Lemma AU (S(G)\Ng(A)) is a minimal dominating set of G. O

A consequence of Lemmas [I7] and [I§]is the following.

Corollary 20. Let G be a split graph. Then there is a bijection between D(G) and
the set {A < C(G) | Vx € A,z has a private neighbour}.

We now describe an algorithm, which we call DominantSplit, that takes as input
a split graph G with a linear ordering o : V(G) — {1,...,|V(G)|} of its vertex set
and a minimal dominating set D of GG, and outputs all minimal dominating sets @
of G such that Do € Q¢. Then, whenever D = S(G), the algorithm enumerates all
minimal dominating sets of G. The algorithm starts by computing the largest vertex
y (with respect to the linear ordering o) in D¢. Then, the algorithm checks whether
the set D¢ can be extended, i.e. whether there exists a vertex x € C(G)\D¢ which
is greater than y and such that every vertex in Do U {z} has a private neighbour.
For each such z, the algorithm builds the minimal dominating set D’ such that
D¢, = D¢ v {z} (which is unique by Lemma [17)) and recursively calls the algorithm
on D’. The pseudo-code is given in Algorith

Theorem 21. Let G be a split graph with n vertices and m edges and let o be
any linear ordering of V(G). Then DominantSplit(G,o,S(G)) enumerates the set
D(G) with O(n +m) delay and uses space bounded by O(n?).

Proof. We first prove the correctness of the algorithm. We first prove that each
minimal dominating set is listed once.

We prove the completeness using induction on the number of elements in the
clique C'(G). First the only minimal dominating set D of G such that |D¢| = 0 is
S(G) which corresponds to the first call of the algorithm. Indeed, if D n C = &
then each vertex of S(G) must belong to D to dominate itself. Moreover, by Lemma
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Algorithm 1: DominantSplit(G, o, D)
Input: A split graph G = (C(G)uS(G), E(Q@)), alinear ordering o : V(G) —
{1,...,|V(G)|} and a minimal dominating set D of G.

begin
output (D)
Cov =

Let y € D¢ be such that o(y) = max{c(x) | x € D¢}
foreach = € C(G)\D¢ and o(x) > o(y) do

3 if each vertex in Do u {x} has a private neighbour then
a | Cov = Covu {z}
5 foreach z € Cov do

6 | DominantSplit(G,o, Do u {z} U (S(G)\Ng(Dc v {z})))

end

it is a minimal dominating set. Assume now that every D’ € D(G) such that
|D¢| < k, is returned by the algorithm and let D be a minimal dominating set such
that |Do| = k + 1. Let x be the greatest vertex of Do (with respect to o). By
Lemma D’ := Dc\{z} u (S(G)\Ng(Dc\{z})) is a minimal dominating set of
G. Furthermore, |D¢.| = |Dc\{z}| = k, and then D’ is returned by the algorithm
(by the inductive hypothesis). Note also that since D € D(G), every vertex in
D¢, u {z} = D¢ has a private neighbour, and since x is greater than all vertices
of Di, (wr.t. o), = is added to Cov by the algorithm. Then in the next step
DominantSplit(G, o, Di, v {z} U (S(G)\Na (D¢ v {z})))) will be called and then
D u{z}u (S(G)\Ng(Dg v{z})) = Do u (S(G)\Ng(Dc)) will be returned, which
is equal to D by Lemma [I7]

Now let us show that if a set A is returned, then A is a minimal dominating set
of G. We have two cases: either A = S(G) (which corresponds to the first call) or
A= D¢ u {z} U (S(G)\Ng(Dc U {z})). Clearly if A = S(G) then A is a minimal
dominating set. Now if A = D¢ U {z} U (S(G)\Ng(Dc u {z})) then every element
in Do v {z} has a private neighbour (cf. Line 3 of algorithm . Using Lemma
we conclude that A is a minimal dominating set.

Moreover each minimal dominating set is listed exactly once. Indeed, a min-
imal dominating set D’ is obtained by a call DominantSplit(G,o, Do v {z} U
(S(G)\Ng(D¢c v {z}))) where D is the minimal dominating set such that Do =
Dy \{z} with x the greatest vertex in D, (with respect to o), which is unique by
Lemma

We now discuss the delay and space. The delay between the output of D and the
next output is dominated by the time needed to check if any element in Do U {z}
has a private neighbour.

To do so, we use an array marks[l..n| initialised to 0, and for each element in
D¢ v {zx} we increase the marks of its neighbours by 1. To check that every element
y in Do v {z} has a private neighbour, it suffices to check that y has at least a
neighbour with mark 1. Note that we check only neighbourhood in the stable S(G).
This can be done in time O(n+m). Since the depth of the recursive tree is at most n
and at each node we store the set Cov, the space memory is bounded by O(n?). O
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5. COMPLETION

In this section we introduce the notion of the maximal extension of a graph
by keeping the set of minimal dominating sets invariant. The idea behind this
operation is to maintain invariant the minimal hyperedges, with respect to inclusion,
in V(G).

For a graph G we denote by I R(G) the set of vertices (called irredundant vertices)
that are minimal with respect to the neighbourhood inclusion. In case of equality
between minimal vertices, exactly one is considered as irredundant. All the other
vertices are called redundant and the set of redundant vertices is denoted by RN (G).
The completion graph of a graph G is the graph G, with vertex set V(G) and edge
set E(G) u{zy | z,y € RN(G), x £ y}, i.e., G is obtained from G by adding
precisely those edges to G that make RN (G) into a clique. Note that the completion
graph of a split graph G is G itself, since all vertices in S(G) are irredundant.
However, the completion operation does not preserve the chordality of a graph.
For instance, trees are chordal graphs but their completion graphs are not always
chordal. Figure [3| gives some examples of completion graphs.

Remark 22. Note that if a vertex x is redundant, then there exists an irredundant
vertex y such that Ngly] € Nglz]. Indeed since x is redundant, the set F :=
{z € V | Ng[z] € Nglx]} is not empty. Hence, any minimal (with respect to
neighbourhood inclusion) vertex y from F is an irredundant vertez.

e A LR
G G,, G Ge,

© o0 000 o eseee oo

G G

co

FIGURE 3. (a) a non-chordal graph whose completion is a split
graph (b) a chordal graph with an induced Ps whose completion
is a split graph (¢) a path P, whose completion is not chordal.
Redundant vertices are represented in grey.

Proposition 23. For any graph G, we have D(G) = D(G,,).

Proof. Let D be a dominating set of a graph G. Since E(G) € E(G,,), D is also a
dominating set of G,. Now suppose that D is a dominating set of G, and let x €
V(G). If x € IR(G), then Ng[z] = Ng, [z], hence D n Ng[z] # &. If x € RN(G),
then, due to Remark [22] there exists y € IR(G) such that Ng[y] € Ng[z]. Hence
D n N¢ly] € D n Nglz] # . Therefore, D is a dominating set of G. Since G and
G, have the same dominating sets, we deduce that D(G) = D(G.,). O

The following proposition claims the optimality of the completion in the sense
that no other edges can be added to the graph without changing the set of minimal
dominating sets.

Proposition 24. Let G be a graph and let G’ be (V(G),E(G) v {e}) with e a
non-edge of G. Then D(G) # D(G") if and only if e n IR(G) # &,
)=

Proof. Consider N'(G) := {Ng[v] | v € IR(G)} and N'(G {Ng[v] | v €
IR(G")}. By the definition of irredundant vertices, for every u,v € IR(G), we have
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Ng|u] € Ng[v] implies that v = v and therefore Ng[u] = Ng[v]. Hence N’(G) and
N'(G") are simple and correspond respectively to Min(N(G)) and Min(N(G")).
Let e := xy such that en IR(G) # ¢, and assume without loss of generality that
x € IR(G). Assume that z is still irredundant in G’, i.e., x € IR(G’). Then since
y € Ngr[z] and y ¢ Ng[z], N'(G') # N'(G). Moreover, thanks to Lemma [5| we
have D(G) = tr(N'(GQ)) and D(G’) = tr(N'(G")), and since N’(G) and N (G’) are
simple, we have D(G’) # D(G) (see Proposition [2). Assume now that z € RN(G").
Hence, Ng[z] ¢ N'(G’) and since Ng[z]| € N'(G), we have N'(G) # N'(G").
Assume now that e n IR(G) = &, i.e. ¢ € RN(G). Then IR(G) = IR(G)
and for all v € IR(G), Ng[v] = Ng/[v]. Thus we have Min(N(G)) = N'(G) =
N'(G') = Min(N(G")) and then D(G) = tr(N(G)) = tr(N(G")) = D(G). O

We now show how to use completion to get an output-polynomial time algorithm
for the DoOM-ENUM problem restricted to Pgs-free chordal graphs. Let us notice that
this class properly contains the class of split graphs. The results that follow were
already published in [I8] without proofs. A vertex is simplicial if the graph induced
by its neighbourhood is a clique.

Proposition 25. If G is a Ps-free chordal graph, then for all x € IR(G), = is a
simplicial vertex in Geo. Furthermore, the set IR(G) is an independent set in G, .

Proof. We first show that for all € IR(G), x is a simplicial vertex in G,.
Assume that there exists x € IR(G) such that x is not a simplicial vertex in
Gco- Then there exist y,z € Ng_ [z] such that yz ¢ E(G.,). Since z is irre-
dundant in G, there exist y' € Ng[y]\Ng[z] and 2z’ € Ng[z]\Ng[z]. Observe
that 3y’ # 2/, otherwise {x,y,y, 2} forms an induced C4 in G. Moreover, since
yz ¢ E(Geo), either z ¢ RN(G) or y ¢ RN(G). Assume without loss of generality
that y ¢ RN(G). Then Ng[y'] € Nely] and so there exists y” € N[y |\Na[y].
But then P := 2/zzyy'y” forms an induced Pg, because all possible edges between
two non consecutive vertices of P would create an induced cycle of length greater
than four, contradicting the chordality of G.

We finally show that IR(G) is an independent set in G.,. Suppose that there
exists 2y € E(Geo) with 2,y € IR(G). Since for all z € TR(G), z is a simplicial
vertex in G, it follows that both Ng_ [z] and Ng,,[y] are cliques. But since xy €
E(Ge), we have Ng_ [z] = Ng,,[y], otherwise there must exist z € Ng_ [z]\y and
yz ¢ E(G.,) which is impossible since x is simplicial (by the first statement). Since
no edges are added incident with x or y when G, is obtained from G, we must have
N¢[z] = Ngly] contradicting the assumption that « and y are irredundant. O

A consequence of Proposition [25]is the following.
Proposition 26. Let G be a Ps-free chordal graph. Then G, is a split graph.

Proof. From Proposition[25] it follows that I R(G) forms an independent set in G,
and since RN (G) forms a clique in G.,, we are done. O

The next theorem characterises completion graphs that are split.

Proposition 27. Let G be a graph. Then G, is a chordal graph if and only if G,
is a split graph.

Proof. Since split graphs are chordal graphs, it is enough to prove that if G, is
chordal, then it is a split graph. Assume there exists a graph G such that G,
is chordal and not a split graph. Since RN(G) forms a clique in G.,, there must
exist 21, zo € IR(G) such that 2129 € F(G,,). We prove the following claim, which
contradicts the fact that G is finite and therefore suffices to prove Proposition
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Claim 28. There exists an infinite sequence (z;)ien of distinct vertices in IR(G)
such that, for all i, x; is connected to x;+1 and x;—1, and for j ¢ {i — 1,4 + 1},
CCZ‘I]‘ ¢ E(Gco)-

Proof of Claim[28 Since z; € IR(G), there exists 2, € Ng[z2]\Ng[z1]. In the
same way, there exists 2} € Ng[x1]\Ng|[z2]-

Case 1. z{ € RN(G) and 25 € RN(G). Then ziz} € E(Ge) and so C :=
129257 forms an induced Cy of G,, which contradicts the assumptions.

Case 2. 2} € RN(G) and 2}, € IR(G). Let a3 = x},. We prove by induction that
for all j > 3, there exists an induced path z; ...z, of elements of IR(G). For j = 3
the property holds since xx2x3 forms an induced path.

Assume that the property holds for all j < k, in other words, we have a se-
quence P := x1xs... ) of k distinct elements of IR(G) forming an induced path
in G.,. We show now that there exists x4 € IR(G) such that xg 12, € E(Geo)
and for all j < k, xpr12; ¢ E(Ge). Since z,_1 € IR(G), there exists a vertex
in Ng[zp]\Ng[zk—1]- We choose zi41 to be such a vertex. Note that zp1 ¢
{xk, xK—1} since zx1+1 € Ng[zr|\Ng[zr—1], by definition, and xg41 ¢ {x1,...,xx_1}
since x; ...z is an induced path and xx41 is adjacent to zi. In other words x4
is distinct from x; for all j < k. Also note that xj; cannot belong to RN (G), as
otherwise xy12)21 ... 2 would be a cycle of length greater than four, contradict-
ing the assumption that G, is chordal. Since zx1+1 € Ng_, [z1]\Ng,, [Tr—1], if there
exists j < k—1 with z;x,11 € E(Geo) then x; ... xx41 induces a cycle of length at
least four. This contradiction finished the proof of Case 2.

Case 3. 1z} € IR(G) and x4, € IR(G). Case 3 is identical to Case 2 up to
symmetry. O

O

We can now state the following theorem which generalises Theorem [21] to Pg-
free chordal graphs. Actually, Ps-free chordal graphs properly contain split graphs,
since split graphs are Ps-free chordal graphs.

Theorem 29. There exists an O(n+m) delay algorithm for the DOM-ENUM prob-
lem in Pgs-free chordal graphs with space complexity O(n?).

Proof. Let G be a Ps-free chordal graph. First, construct the graph G.,, which can
clearly be done in polynomial time. Then, enumerate all minimal dominating sets
of G, which can be done with linear delay in the size of G (since the added edges
in the completion are not considered by Algorithm [1)) and using O(n?) space due
to Theorem 211 The observation that this set coincides with the set of all minimal
dominating sets of G due to Proposition 23] finishes the proof of Theorem 29 O

6. CONNECTED DOMINATING SETS

We investigate in this section the complexity of the enumeration of minimal
connected dominating sets of a graph. A connected dominating set is a dominating
set D such that the subgraph induced by D is connected; it is minimal if for each
x € D, either D\{z} is not a dominating set or the subgraph induced by D\{z} is
not connected. We denote by CDOM-ENUM the enumeration problem of minimal
connected dominating sets, and by CD(G) the set of minimal connected dominating
sets of a graph G.

Proposition 30 ([I8]). For every hypergraph H, tr(H) = CD(I'(H)). Hence,
CDoM-ENUM (split graphs) is equivalent to TRANS-ENUM.

Proof. (i) Let D € CD(I'(H)) (cf. Definition [14). Note that every minimal con-
nected dominating set in a split graph is a subset of the clique (cf. [2]) and thus
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D < V(H). Now, for each e € £(H), there exists x € D such that xy. € E(I'(H)),
hence D ne # ¢f. And so D is a transversal of H.

(ii) Let T be a transversal of H. Since I'(H)[V (H)] is a clique, T is connected,
and for each x € V(#H), there exists y € T such that xy € E(I'(H)). Furthermore,
for each e € E(H), T ne # &, i.e., for each y, € V(I'(H))\V(H), there is z € T
such that zy, € E(I'(H)). Hence, T is a connected dominating set of I'(H).

From (i) and (ii) we can conclude that CD(I'(H)) = tr(H).

It remains to reduce CDOM-ENUM to TRANS-ENUM. For a split graph G, we let
‘H be the hypergraph (C(G), {Ng(z) | z € S(G)}). It is easy to see that G = I'(H)
and so from above, CD(I'(H)) = tr(H). O

We will extend this result to other graph classes and we expect that it is a first
step for classifying the complexity of the CDOM-ENUM problem.

A subset S € V(G) of a connected graph G is called a separator of G if G\S is
not connected; S is minimal if it does not contain any other separator. Note that
this notion is different from the classical notion of minimal ab-separators. For two
vertices a and b, an ab-separator is a subset S < V(G)\{a, b} which disconnects a
from b; it is said to be minimal if no proper subset of S disconnects a from b. Every
minimal separator is an ab-separator for some pair of vertices a,b. The minimal
separators are exactly the minimal ab-separators which do not contain any other cd-
separator. For this reason they are often called the inclusion minimal separators.
Notice that a graph may have an exponential number of minimal separators, but one
can enumerate them in output-polynomial time [26]. Algorithms that enumerate
all the minimal ab-separators of a graph can be found in [4} 22} 26]. We define S(G)
as the hypergraph (V(G),{S < V(G) | S is a minimal separator of G}).

Proposition 31. For every graph G, CD(G) = tr(S(Q)).

Proof. We first prove that a connected dominating set of G is a transversal of S(G).
Let D be a connected dominating set and assume that there exists a separator S
for which S "D = . Let Gy,...,G, be the connected components of G[V\S].
Since D is connected, it must be included in V(G;) for some 1 < i < p. Assume
without loss of generality that D < V(G;) and let x € V(G3). Then we have
Nglz] € V(G2) u S and then Ng[x] n D = & which contradicts the fact that D
is a dominating set of G.

We now prove that a transversal of S(G) is a connected dominating set of G.
Let T be a transversal of S(G). We first show that T is a dominating set of G.
Suppose not and let N be the set of vertices not covered by T, i.e., N := {z €
V(G) | Ng[z] n T = &}. Then V(G) = T u Ng(T) v N and by definition of
N, there are no edges between N and T. So G\N¢(T) is not connected, in other
words, Ng(T') is a separator of G. Hence, Ng(T) contains a minimal separator
S which does not intersect 7. This contradicts the fact that 7" is a transversal of
S(G). Tt remains to prove that G[T] is connected. Assume, for contradiction, that
G[T1] is not connected. Then V(G)\T is a separator. But then V(G)\T contains a
minimal separator S such that S nT # (J. This contradicts again the fact that T
is a transversal of S(G).

Finally since a set S is a transversal of S(G) if and only if S is a connected
dominating set of G, we have that tr(S(G)) = CD(G). O

The following corollary shows that any simple hypergraph is the set of minimal
separators for some graph, whereas there exist simple hypergraphs which are not
neighbourhood hypergraphs (see [6]).

Corollary 32. For each simple hypergraph H, there exists a split graph G such
that H = S(G).
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Proof. By Proposition [31} we have CD(I'(H)) = tr(S(I'(H))). So, by Proposition
we have tr(H) = tr(S(I'(H))), and then by Proposition 2, H = S(I'(H)). O

Another consequence of Proposition [31]is the following.

Corollary 33. If a class of graphs C has a polynomially bounded number of minimal
separators, then CDOM-ENUM(C) <,, TRANS-ENUM. Moreover, if the class C
contains split graphs, then TRANS-ENUM is equivalent to CDoOM-ENUM(C ).

Proof. Assume that one can solve TRANS-ENUM in output-polynomial time. Let
G € C. Since the set of all minimal separators of a graph can be enumerated
in output-polynomial time and since there is a polynomial number of separators,
S(G) can be computed in time polynomial in ||G||. Furthermore, the fact that
CD(G) = tr(S(G)) by Proposition 3] achieves the proof of the first statement. The
second statement follows from the first statement and Proposition [30} O

Among examples of such graph classes we can cite, without being exhaustive,
chordal graphs, trapezoid graphs [5], chordal bipartite graphs [21], and circle and
circular arc graphs [23].
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