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ON THE IMPULSE CONTROL OF JUMP DIFFUSIONS

ERHAN BAYRAKTAR *, THOMAS EMMERLING T, AND JOSE-LUIS MENALDI ?

Abstract. Regularity of the impulse control problem for a non-degenerate n-dimensional jump
diffusion with infinite activity and finite variation jumps was recently examined in [4]. Here we
extend the analysis to include infinite activity and infinite variation jumps. More specifically, we
show that the value function u of the impulse control problem satisfies u € Wli’cp (R™).

1. Introduction. In this paper we analyze the regularity of the value function in
an impulse control problem for an n-dimensional jump diffusion process. We assume
that the uncontrolled stochastic process X is governed by the stochastic differential
equation:

dX, = b(X,_)dt + o(X;_)dW; +/ J(X,_,2)N(dt,dz), Xo = z. (1.1)
R

Here W is a d-dimensional standard Brownian Motion and N is a Poisson random

measure on Ry xR, with W and N independent. The Lévy measure v(-) := E[N(1,)]

may be unbounded and N(d¢,dz) is its compensated Poisson random measure with

N(dt,dz) = N(dt,dz) — v(dz)dt. Below, we specify the assumptions placed upon

b,0,j in order to ensure that the SDE is well-defined. If an admissible control policy
V = (m1,&1;72,&2;. . .) is chosen, then X evolves as

dX, = b(X,_)dt + o(X;_)dW; + /

8 §(Xe—, 2)N(dt,dz) + Z 6(t—7)&, (1.2

where ¢ denotes the Dirac delta function. Given a control V' := (11,&1;72,&2;. . .), the
objective function is

J[V] = E, (/000 e "HF(Xy)dt + Ze””B(&)) . (1.3)

i=1
The goal is to minimize the objective function over all admissible control policies:

u(z) = ir‘}f J[V]. (1.4)

Intuitively, we expect from the Dynamic Programming Principle that the value func-
tion u(x) satisfies the following quasi-variational inequality

max{—Lu +ru — f,u — Mu} =0, z € R", (QVI)
where M(x) is the minimal operator such that

Mep(x) := inf (p(z +¢) + B(E)), (1.5)
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and the partial integro-differential operator £ is defined as
Lo(x) == Lpp(z) + Lo(x), (1.6)

with
Lpp(z) = Z aik ()03, p(x) + Zgi(x)azis&(x),

1

Tp(x) = /{Rl (p(z +j(z,2)) = p(z) = j(2, 2)Ve(z)) v(d2),

where (aij)nxn = 30(z)o(z)T.

Analysis of the impulse control problem finds its roots in the classical works of
[2] and [3]. With regard to impulse control, these authors characterized the value
function, analyzed optimal policies and discussed regularity of the value function
in the non-degenerate diffusion case with bounded data. Subsequent contributions
such as [12], [13], [14] focused upon obtaining various characterizations of the value
function for impulse control in more general settings than [2] and [3] such as the
degenerate /non-degenerate pure/jump diffusion with bounded/unbounded data envi-
ronments. The focus of this paper is on identifying the regularity of the value function
for impulse control under a general jump diffusion setting on the whole space and with
unbounded controls. Regularity in various relevent contexts has been examined by
many in the literature, see e.g. [, [2], [3], [, [7], [8], [9], [11], [I6]. Recently, [9]
(resp. [4]) identified W2P(R™) regularity of the value function of impulse control for
a pure diffusion (resp. jump diffusion) with unbounded controls. In both of these
papers, the authors utilized classical PDE arguments along with recent viscosity re-
sults for impulse control [I7] to establish regularity. For the jump diffusion case [4],
the authors establish Wli’cp(lR") regularity for the value function for a jump process
with finite variation jumps, i.e., integro-differential operators of order [0, 1]. With the
regularity question resolved in this case, we examine whether this result can be lever-
aged to improve regularity to include jump processes which exhibit infinite variation
jumps, i.e., integro-differential operators of order (1,2].

We find, in Section[] that the regularity presented in [4] is particularly helpful in
establishing regularity in the continuation region C := {x € R" : u(z) < Mu(z)} for
general jumps through approximation. More specifically, we approximate the value
function for the general jumps case using a value function for impulse control of a
jump diffusion with finite variation jumps, i.e., integrable jumps j¢(x, z) € L*(R',v).
This value function converges uniformly on R™ (see Lemma [£3]) to the value func-
tion for infinite variation jumps and is in Wli’cp((,’) via a weak limit argument (see
Lemma [£4)). This argument utilizes a variation of the local estimates for the integro-
differential operator found in [I], [6], and [16] (see Proposition B3] which only is valid
in the continuation region C. Similar to [4], a bootstrap method allows us to improve
regularity so that u € %% (C) (see Proposition E5).

For finite variation jumps, the authors in [4] show how establishing regularity of
u in the continuation region C can be particularly helpful in improving the result to
the whole space, i.e., proving u € V[/lif (R™). This is primarily due to the fact that
minimizers of Mu(z) translate = into the continuation region. With this in mind, upon
obtaining regularity in the continuation region for general jumps, we next examine in
Section Bl whether the same techniques carried out in [4] can be applied to smoothly
carry W2P-regularity over into the action region A := {z € R" : u(z) = Mu(z)}.
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More specifically, this involves an examination of a Dirichlet problem on a bounded
open set with a non-local integro-differential operator. Resources for the regularity of
second order elliptic integro-differential problems include [5], [6], [8], [11], [I6] among
others. However, Dirichlet problems on bounded sets in the infinite variation case
generate a singularity at the boundary. As the monograph [6] shows in detail, unless
one is willing to restrict the state space of the jump process or impose the condition
that only finite variation jumps can take the process outside the boundary, regularity
cannot be guaranteed. In order to avoid both of these unappealing restrictions, we
develop a new approach to obtain Wli’cp—regularity in the whole space. Rather than
analyzing u as a solution to a variational inequality (VI) in an arbitrary bounded open
set O in R™ as demonstrated in [4], we obtain in Section a characterization of u
as a distributional solution to a quasi-variational inequality (QVI) in R™. Upon doing
so, we then proceed to show that the distribution (—Lp — I + r)u is in fact a locally
bounded function on R™. Using this knowledge, an application of local estimates
(Proposition B3) allows us to conclude W;2?(R") at the end of Section

The paper is organized as follows. Section [2] provides the assumptions for the
problem. Section [3]discusses some useful properties relating to the value function and
integro-differential operator. Section [4] presents regularity of the value function in the
continuation region. Section [l presents the main regularity result, Theorem 5.1l An
Appendix includes proofs of some technical results from Section [3] El

2. Assumptions. We adopt the notation used in [4] for function spaces if not
explicitly defined and present the following assumptions:

Lipschitz coefficients/running cost: We assume that the drift, volatility and the jump
amplitude (in the first variable) in ([LI]) are Lipschitz continuous and have Lipschitz
continuous first derivatives (denoted b ,0’, ), i.e., there exists a positive constants
C;,Cyr > 0 and a positive function C;(z) € LY(R!,v) for ¢ = 1,2, 4 such that for any
z,y €R", 2z € R,

[b(a) = b(y)| < Cylz —yl, |o(x) —o(y)| < Co |z —yl,
l7(z,2) — j(y, 2)| < Cj(2) |z — y|, and there exists C' > 0 such that

(H1)

5 (@) -5 )| +1o') - ) + / 7', 2) = 39, 2)[ v(d2) < Cla =y,
(12)

where b: R" — R™, o : R* — R"*?_j : R" x R' — R". Assume the running cost f > 0
is Lipschitz continuous, i.e., there exists a constant C'y > 0 such that

[f(x) = f(y)| < Csle —yl, Yo,y € R™. (H3)

Semiconcavity: Suppose for every open ball B,.(0) of radius r > 0 centered at 0 (or
simply denoted B,.), there exists a constant C,. > 0 such that the function

x— f(z) — Cy|z|® is concave. (H4)

Jump conditions: For the jump amplitude j and the Lévy measure v, we assume there
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exists some positive measurable function jo(z) such that

(e, )] < do(2) /{ o o) < G <,
Jo(z)=> (H5)

/ [70(2)]Pv(dz) < Cy < o0, for any p > ~,v € [1, 2].
{jo(2)<1}

Assume that j(z, z) is continuously differentiable in x for any fixed z and for any z, 2’
and 0 < 0 < 1, there exists a constant ¢y > 0 such that

ol — '] < (@ — ') + 003z, %) — §(', 2))| < 5o — ). (H6)
In particular, the Jacobian of x — j(z, z) satisfies
eyt < det[Iy + Vi(z, 2)] < Cy, (2.1)

for any x,z and some constants ¢,y > 1, where Iy is the identity matrix in R",
Vj(z,z) is the matrix of the first partial derivatives in x, and det[-] denotes the
matrix determinant. There exists a constant M, > 0 such that

Vi(x, 2)] < My [jo(2)] ™,

|Vj($,2)—V](CC+](.’L‘,Z),Z)| SMv[jO(Z)]’Yv (H7)

where V - j(z, z) denotes the divergence of the function z — j(x, z) for any fixed z.

Uniform FEllipticity. The diffusion component of X satisfies the uniform ellipticity
condition, i.e., there exists A > 0 such that

D Gag(@)g > AP A> 0, 2 €R™ (H8)

ij=1
Transaction Cost: The transaction cost function B : R™ — R is lower semi-continuous
and satisfies:

infeern B(§) = K >0,

B e C(R™\{0}),

|B(&)| — o0, as [¢] — oo,

B(&) + B(&2) > B(§1 + &) + K, ¥V &1,& € RY,

(H9)

Discount Rate: Assume the discount rate r is sufficiently large.

The nonlocal integro-differential operator can be written as

Ip(z) := /w (el +i(@,2) — p(@) = j(x,2) - Vo(@)Lijoe)<ry) v(dz),  (2.2)

and the local differential operator has the form
Lpe(x) =Y aw(@)07,,,0@) + > i), o(x), (2.3)

ik=1 i=1

where b:=b — [0, j(2, 2)1ge\ o (2)<137(d2).
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3. Some Technical Estimates. In this section, we discuss preliminary regu-
larity results of u and Mu, prove some useful properties of the non-local operator I
and give a local LP estimate.

LEMMA 3.1. The function u(-) is Lipschitz continuous with constant C,. Addi-
tionally, Mu(-) is Lipschitz continuous.

Proof. In the Appendix, we provide a proof that « is Lipschitz continuous within
our setup. Lemma 3.3 of [4] provides a proof for our setup that Mu is Lipschitz
continuous. O

DEFINITION 3.2. Let B,(x) denote the open ball of radius r centered at x. The
outer n-neighborhood of ) is defined as Q" := {x € R" : x € B, (y) for some y € Q}.

LEMMA 3.1. (e-LP-estimates) Let O be an open subset of R"™ and suppose (H3),
and (HB) hold. Then, for any given € > 0, there exists C(e) > 0 depending on £, such
that for smooth ¢, Lipschitz on R™ with constant C,, we have for 1 < p < oo,

||I<PHLP(0) <e¢ HSDHWZP(OE) +C(e)C,. (3.1)

Proof. See the Appendix. O

A direct application of Lemma [3.1]is the following local estimate for the integro-
differential operator (see e.g. Proposition 2.4 in [I6], Theorem 3.1.20 in [6], Proposi-
tion 3.5 in [I]). The estimate represents a direct extension of the classical L? interior
estimates of Theorem 9.11 in [7].

PROPOSITION 3.3. (Local LP-estimates) Suppose (HI), (H3), (HG), and (HS).
Let O' C O be bounded open subsets of R™ with dist(00’,00) > § > 0. Suppose that
v E W2’p((’)), v is Lipschitz on R™ with constant C,, 1 < p < co. Letting

loc
(—Lp—I+r)v=fin0O, (3.2)

define the function f in O, there exists a constant C' depending on n,p,?d, diam(O)
and the bounds imposed by (HI) and (HE) such that

[0llwzrory < CUSllLro) + Co + 110l Lo 0))- (3.3)

Proof. This proof is similar to the proof of Proposition 3.5 in [I]. For the sake of
completeness we provided a proof in the Appendix. O

LEMMA 3.4. Assume (H3) holds. Suppose @ is Lipschitz on R™ with constant
Cy,. Let Q be a bounded open set of R™. If p € CH*(QL) for some o € [y/2,1], then

2a—5 —

Ipe C% 72 (Q) and

16l o 2252 ) < C (Co + Il cragamy) (3.4)
for a positive constant C' dependent upon €, a, 7.

Proof. This proof is similar to the proof of Lemma 3.2 in [I]. For details see the
Appendix. O

4. Regularity in the Continuation Region. In this section, we establish
the regularity of the value function w in the continuation region C := {x € R™ :
u(z) < Mu(z)} through approximation. As we show below, each approximate value
function will satisfy the integrability assumption required in the regularity analysis
undertaken in [4] and thus has W2P -regularity in R™. Upon knowing this regularity

loc
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for each approximation, we then show that a weak limit of the approximations exists
by demonstrating that the sequence of solutions is bounded in Wli’f. This argument
utilizes the local LP-estimates of Proposition and only holds in the continuation
region C. To complete the argument, we then demonstrate that our sequence of
approximations converges uniformly in R" to w. Finally, we implement a “bootstrap”
argument carried out in [4] to upgrade the regularity of u in C to a Holder space with
two continuous derivatives. We begin now with the approximation.
For € > 0, set

jé(xvz) = j(xvz)ﬂ-{jo(z)>e}- (41)
With this definition, for each fixed € > 0, it holds that j¢ € L'(R!,v). Indeed,

/ |7€(x, 2)| v(dz) < / Jo(z)v(dz) + l? / [jo(2)]?v(dz) < oo. (4.2)
R! {jo>1} € J{jo<1}
Letting u. denote the value function corresponding to a jump function j¢, we have
that u, is Lipschitz continuous for each € > 0.

LEMMA 4.1. For each € > 0, the value function u. is Lipschitz continuous in R™
with constant Cy,, the Lipschitz constant for u.

Proof. The proof proceeds directly as in Lemma BT since |j¢(z, z) — j(y, 2)| <
i(@,2) — 3y, %) 0

At this point, the regularity analysis presented in [4] allows us to conclude u, €
Wli’f([R") for each fixed € > 0. The next goal is to show uniform convergence of u, to
u. In doing so, we utilize a general estimate obtained for solutions of jump diffusions
(see e.g. Chapter 5 in [15]). For this estimate, we define the norm

1/p
1= W], = sglf{ (/R Wt 2, 2) — W (2, 2)" u(dz)) } (4.3)

for p > 2. Additionally, set
Nop(h—h'):=|h— h’||072p +||h— h’||0)2 . (4.4)

LEMMA 4.2. Assume (HI), and suppose r is sufficiently large. Fiz e > 0. Letting
X: be a solution to (L) using jump function j with Xo = x¢ and X{ be a solution
using jump function j¢ and X§ = xo, we have for a > f3,

[E[ sup. X, X¢[* ] < MAZ.G — 5, (15)
0<s<t
for every t > 0 and for some constants C, M which depend only upon o > (3, the
bounds on I~), 0,7 and the dimensions n,d.

Proof. See the Appendix. O

LEMMA 4.3. Assume (H1), (H3), and suppose r is sufficiently large. The value
function ue corresponding to a jump function j¢ converges uniformly on R™ to u, i.e.,
Ue ﬂ; u on R™.

Proof. Fix € > 0 and let X; denote a solution to (II]) with initial value Xy = x
and let Xf denote a solution to (ILI)) with jump function j¢ and initial value X§ = =.
From Lemma, and Jensen’s inequality, we know for a > (3,

0<s<t

[El sup | X, — X§|1 < e2MY2No5(5 — 56). (4.6)
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Fix a control V' and let J5[V] denote the objective function (L3) under X€. Using

(H3) and @8], we find
/0 T e f (X)) — F(X9)] ds]

< LV + Cf/ e "E[| X, — X¢[]ds (4.7)
0

J[VI < JE[V]I+E

< TV 4 CrMY2 Mg 5(j —je)/ e (r=a/2sqg.
0

The final integral in the last inequality converges since r is sufficiently large. Let C(¢)
denote the last term in the last inequality above. Taking infimum over all controls
yields

u(z) < ug(z) + Ce), (4.8)

where C'(€) | 0 as € | 0. Exchanging the roles of X; and X§ yields u.(z) < u(x)+C(e).
Since C'(€) is independent of z, the convergence is uniform. O

LEMMA 4.4. Assume (HI), (H8), (H3), and suppose v is sufficiently large. In
the continuation region C, we have u € VV12 ©).

Proof. Let B C C be closed and bounded. Let § = 1nf{./\/lu( ) —u(z)} > 0. By

Lemmal43] u,. converges uniformly to v on R™ which, in turn implies Mu, converges
uniformly to Mu on R™. Using this information, there exists a ¢/(6) > 0 such that
for all € € (0,€(9)), it holds that B C {x € R™ : u.(x) < Muc(x)}. For an open set
O C B and any € € (0,€(9)), the local estimate Proposition B3 along with Lemmas
A1 and yield that [|uc|[y2. oy < C for some constant C' independent of €. Thus,
a weak limit exists and must coincide with the value function v due to Lemma
Since B was arbitrary, the proof is complete. O

As in [4], we can now use a “bootstrap” argument to obtain further regularity of
w in C.

PROPOSITION 4.5. Assume (HIl), (H3), (H8), (H3), and suppose r is sufficiently
large. For any compact subset D C C of the continuation region, the value function u
7 (D) for any o € [y/2,1] and satisfies (—Lp — I +7)u— f =0 inC.

Proof. First, consider any compact set D such that DI C C. From Lemma £4]
u € W2P(D') for p € (1,00) from which Sobolev imbedding implies u € C1*(D1)
for any « € (0,1). Using this result and applying Lemma B.4] we know that ITu €
C**7(D) for a € [y/2,1]. We now have enough regularity to use the Schauder
estimates to improve our results. Indeed, for any open ball B ¢ D c D! C C, the
solution v of the following classical Dirichlet problem

{(—,cp +7r)u(z) = f(z) + Tu(z) ae x€ B, (4.9)

v(z) = u(x) z € 0B,

is in 7 (B) by the Schauder estimates since f+ Iu(z) € (D). Now, from
classical uniqueness results of viscosity solutions as used in Lemma 5.4 in [4] (see also

final paragraph in Theorem 5.5 in [4]), we conclude = C%7 7 *(B) for any open
ball B € D. The choice of a compact set D such that DI C C was necessary in
order to apply Lemma 3.4 However, the outer 1-neighborhood Q! appears there as
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a result of our choice of magnitude 1 to separate large and small jumps. If, instead,
we take any € € (0,1) to separate jump behavior, we would reach an analogous

conclusion u € C2**” (B) for any open ball B C D where D¢ C C. Hence, we find

20—~

u € C* 2 (C) for any compact set C' C C and satisfies (—Lp — I +7r)u — f =0 in
c.o

5. Regularity in R™. In this section, we investigate the regularity of the value
function u on the whole space. The authors in [4] examine the regularity of u under
two specific assumptions concerning the Lévy measure: v is finite and j(z,-) € L*(v).
These two assumptions describe qualities of the Lévy kernel M (x, dn) where

M(z,A) :=v{z:j(z,z) € A}, A -Borel measurable subset in R",

which, in turn, determine the order of integro-differential operator I (see Definition
2.1.2 in [6]). The assumptions taken in [4] concern integro-differential operators of
order < 1. Such operators map smooth functions to smooth functions. For example,
Lemma 5.1 in [4] shows that I maps Lipschitz functions to Lipschitz functions when T
has order 0. Additionally, when j(z,-) € L'(v), Lemma 3.2 in [4] shows that I maps
a Lipschitz function to a continuous function when C;(-) is v-integrable. Since the
value function for impulse control w is Lipschitz continuous, it is known that Iu is at
least a continuous function under either assumption on M (x,dn). As the authors in
[4] demonstrate, the continuity of ITu allows for a regularity analysis as in the pure
diffusion case after defining a new running cost function f := f + Iu. Under our
assumptions on M (z,dn), it is not known a priori that Iw is continuous for Lipschitz
continuous v (for a similar discussion see [I]). As such, we cannot define f as in [4]
and must directly deal with the integro-differential operator.

5.1. Bounded Domain Approach. With an integro-differential operator I of
order < 1, the authors in [4] show u € Wli’f(lR") by studying the regularity of an
associated optimal stopping time problem for a pure diffusion on bounded open sets
of R™ (see Section 6 in [4]). With a general jump case considered here, it is natural
to consider the possibility of a similar proof argument involving an optimal stopping
time problem for jump diffusions on bounded open sets of R™.

Through penalization, regularity of an associated optimal stopping problem in
a bounded open set O arises from the regularity of a Dirichlet problem. As such,
we may first consider the existence, uniqueness and regularity of a solution of the
following Dirichlet problem:

(—Lp — I +7r)v(z) = f(x), v €O,
{“(I) =u(z), = € R"\ O. (5.1)

Notice that the non-local character of I requires that the solution v be defined on the
support of the Lévy kernel M(x, -), namely, R"™. Integro-differential problems as above
have been extensively discussed in the literature (see e.g. [6], [8], [I1]). Recalling this
analysis, when studying (B.I) with a integro-differential operator I of order (1,2],
W?2P(0) solutions exist if an extra condition is placed upon jumps outside of O (see
(5-4)). In the absence of this modification, only variational solutions in W17 (Q)
exist. The lack of dependence upon the fixed bounded open set O for I of order
< 1 renders this approach useful for establishing the regularity of u. In fact, such
an argument would essentially be the same as the analysis undertaken in both [4]
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and [I3]. The existence of this extra condition upon jumps outside O for integro-
differential operators of order > 1 does not disqualify this method from helping to
achieve regularity for an optimal stopping problem associated to impulse control.
Indeed, the extra jump condition (B.4]) might automatically be satisfied depending on
the value of v taken in (HAH). To see this, consider the following two-step problem
associated to (BI)).

(—Lp +7)z(x) =0, 2 € O,
{z(x) =u(z), € R"\ O, (5.2)
and
(—Lp — I +7r)w(x) = f(z) + [z(x), x € O,
{w(x) =0, zeR"\O. (5:3)

If solutions exist to each problem, then v = z+w will solve (5J). Sufficient conditions
to solve (52) are well-known and can be found in [7]. For (&3], there is a unique
solution w € W?2P(0O) (see Theorem II1.3 in [8] and Theorem 3.1.22 in [6]) if

suB/]l[Rn\5(x +j(z, 2)) |7 (x, z)|1+a v(dz) < oo, (5.4)
z€0

where 0 < ao < 1/n and if f + Iz € LP(O) for n < p < 1/a. The condition (&4) is
satisfied if v € [1,2] in (HH) is taken to satisfy 0 < v — 1 < 1/n. Thus, we might
be able to pursue this technique for showing regularity under a restricted set of
values in [1, 2] which depend upon the dimension n. Even if we are content with this
restriction, we cannot conclude the existence of a unique solution w € W2?(0O) until
Iz € LP(O) for n < p < 1/« is justified. Recalling the classical results of Corollary
9.18 in [7], we know that z € W,>?(O)NC°(O) from which Sobolev embedding implies
that z € C%1(K) for any compact K C O. Since z = u on R" \ O, we can conclude
that z is Lipschitz continuous on R™. However, z Lipschitz continuous on R™ does not
guarantee that Iz € LP(O). Essentially, unless we know more regularity about the
solution z with Lipschitz boundary function u, we are unable to obtain a W2?(0)
solution to (B3). Due to this complication and the additional restriction to v beyond
(HH), we instead pursue an analysis of an integro-differential problem on the whole
space rather than on a bounded open set O.

5.2. The Whole Space Approach. In this section, we establish the following
main theorem.

THEOREM 5.1. Let the assumptions of Section [2 hold. The value function of
impulse control u has a weak derivative up to order 2 in LP(O) for 1 < p < oo and
any bounded open set O, i.e, u € VVlif([R")

The subsections to follow pursue a proof of the above result. In the first, we
present a characterization of the value function w. In the second, we discuss the
semi-concavity of u and Mu which assists in establishing regularity in the third.

The following function spaces will be useful in order to examine the regularity
of the value function u on R”. Let B,(R™) denote the space of Borel measurable
functions h from R™ into R™ such that

Il = sup{|h()] (1 + |«*) 7P/ : 2 € R"} < oo. (5.5)
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Let Cp(R™) denote the subspace of B,(R"™) composed of p-uniformly continuous func-
tions, i.e., all functions h which satisfy: for every € > 0 there exists a § = d(e, p) such
that for any z,z’ € R, we have

|h(x) — h(z')| < e(1+ |z|"), |z —2'| <6. (5.6)

Let Cf (R™) denote the class of all positive functions in Cp(R™).

5.2.1. QVI Let A:=—Lp — I+ asin (L1). Following [18], for any functions
u,v € By(R"™), we say

Au =wv, in R (resp. <) if the process

t (5.7)
Y, = / v(Xs)e "ds +u(Xy)e "t >0,
0

is a martingale (resp. submartingale), for every initial x € R™. The following propo-
sition from [14] characterizes the value function for our impulse control problem u.

PROPOSITION 5.2. Assume (HIl), (H3), (HY), and suppose r is sufficiently large.
Then the quasi-variational inequality

i€ CHRM)
A4 < f in R, 4 < Ma in R, (5.8)
A= f in [0 < M,

with [ < M) denoting the set of points x such that 4(x) < Md(z) has one and only
one solution, which is given explicitly as the optimal cost for impulse control u.

We can also give Au a meaning as a distribution. In fact using the Lipschitz
continuity of u, (HE), and (H7) we can see that this distribution satisfies, for any
open set O in R™ and every test function ¢ € D(O) (compactly supported infinitely
differentiable functions),

(Au, @) = Z /Oaij(:b)ﬁmu(:t)achp(x)dx

3,J=1

-3 /O ()0, () oo () + / ru(e)p(e)dz

(@]

— [atdyx [ o002 o) + Teln) 5 A 0 )
@) {jo<1}

- [ty [ ey = 502 - el ()
@] {jo>1}

|
2
—~
NS
S~—
(o}
N
X
R
—
g.
A
i
N
<!
—~
<
ISy
S—
|
<.
*
—~
=
IS
3
—~
=
=
x
S~—
~
<
S
—~
NS
S—

X (/{j0>1}[m*(y,z) —1Jv(dz) + /{j0<1}[m*(y,z) YV iy, 2) — 1]V(dz)> 7
(5.9)
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with p; = b; — Z?:l 8Ij [aij]a J*(y,2) = j(2(y, 2), 2), m*(y, z) = det(dz(y, z)/Oy) and
the change of variable y = = + j(x, 2) (c.f. Section 2.4 in [0]).

The following proposition shows that the value function w is a distributional
solution once it is a martingale solution as above.

PROPOSITION 5.3. Let u be the value function of impulse control under the
assumptions of Section [4 and suppose U is an open set in R™. The property that
Y, = fotf(Xs)ef’”Sds + u(Xy)e " is a submartingale (resp. martingale) for every
ingtial x € U implies that Au < f (resp. Au=f) in D'(U), i.e. the inequality (resp.
equality) is satisfied in the distributional sense.

Proof. This proof follows the approach taken in Proposition 2.5 in [I0]. Without
loss of generality we can assume U is bounded. Indeed, suppose U is an unbounded
open set. We wish to show that for ¢ € D(U), ¢ > 0 that (f — Au, ) > 0. Since
© € CX(U) there exists some bounded Upgqq C U such that spt(¢) C Upqq. If it
holds that (f — Au,¢) > 0 for all ¢ € D(Upaqg), ¢ > 0, then it is, indeed, true that
(f — Au, ) > 0. Thus, we will assume below that U is a bounded open set.

Let X denote a solution of (LI)) with X = 0. Define the stopping time 7{; :=
inf{t >0: XY +x ¢ U}. Fix 29 € U and define a stopping time as 7y := inf{t > 0 :
Jy € By, (a) such that X? +y ¢ U}. Choose a > 0 such that B,,(2a) C U. For every
(z,y) € (Ba,(a/2), Bo(a/2)), we have 7y < 75 Y. By the submartingale property,

tATU
E [U(X?MU +a—y)e AT 4 / FXJ o - y)e‘”] >u(z—y).  (5.10)
0
Letting (7,)52, denote the standard regularizing sequence, we have

Bt 4= e @iy = [ e - gy

n

_ /n ([E[/OWU F(x° +x—y)e”dyDnn(y)dy-

Via Fubini’s theorem, we find

(5.11)

tATU
Elu# 0 (Xirr, +2)e "] > wso, (z) — / E [/ JX 42— y)e”dS] 1 (y)dy.
n 0

(5.12)

Then, for every t > 0,

1 1 [thTu

- (Elw 70 (X +2)e ™) = () = /n E l; /0 FXJ+ o - y)e”dS] 1 (y)dy,
(5.13)

which implies

1

tATU 1
E —/ Alux1,) (X2 + 2)ds
0

< /n E l;/@ " fX0+2— y)e_”dS] N (y)dy.
(5.14)

t
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Since U is bounded, the bounded convergence theorem yields

E

tl0 t

tATU
lim —~ A ) (X0 d
im /0 (u*n,) (X + )ds im 2

1 tATU
g/ E 1irn—/ FX2+ 2 —y)e "ds |0, (y)dy,
n 0

1t 0
[Elltlff)lg/o Tiry>syA(u*n,) (X + x)ds

1 t

S/ [Elhm—/ Lry sy f(XTD +$—y)6”d51 N (y)dy,
n tl0 t 0 -

(5.15)

The mean value theorem now implies that A(u * n,)(z) < (f * n,)(x) for all z €
By, (a/2). Notice that for the value function u, we know w 1, — w in LP(By,(a/2))
and (Oy,u) * 9y, — Op,u in LP(By,(a/2)) and for any 1 < p < oo. Using (59,
it is straightforward to show that (A(u * n,), @) converges to (Au,p) as n — oo in
D'(By,(a/2)). Combining this fact with A(uxn,)(z) < (f*n,)(z) for all z € By, (a/2)
allows us to conclude that Au(x) < f(x) in D'(By,(a/2)). Since xy € U was arbitrary,
a partition of unity argument now shows Au(x) < f(z) in D'(U).
a

Upon knowing that Au < f in D'(R™) from Proposition £33 our next goal is to
show that the distribution Au is actually a function with Au € Ba(R™). This property
not only describes the behavior of Au at infinity but also would mean Au € L*°(O) for
any bounded open set O. In turn, an application of Proposition would complete

the regularity argument by allowing us to conclude u € Wi’f([R"). Below, we show

A(Mu) > —C(1 + |z|*) which combined with Au < f in D'(R"), u < Mu in R" and
Au = f in D' ({u < Mu}) implies that Au € By(R").

5.2.2. Semi-concavity of v and Mu. The property A(Mu) > —C(1 + |z|*)
in D'(R™) follows from the semi-concavity property of u and Mu.

DEFINITION 5.4. A continuous function h from R™ to R™ is called semi-concave
on R™ if for every ball B,(0), v > 0 there exists a constant C, > 0 such that © +—
h(z) — Cp |z|* is concave on B,(0), i.e., for every x| <r, |y| < r, we have

Oh(x) + (1 — O)h(y) — h(0z + (1 - 0)y) < C0(1 — O) |2 — y*, (5.16)
for any 6 € [0,1]. If h is continuous, this is equivalent to the condition
h(z + z) — 2h(z) + h(z — 2) < C\|2]?, (5.17)

for all z sufficiently small. FEquivalently, for any unit vector x € R™ and constant
C > 0, we have
9%h  in
As observed in Section 4.2 in [I4] and Section 6 in [4], in order to show the

semi-concavity of Mwu on R™, it suffices to show the semi-concavity of u. Indeed, for
fixed z € R™,

Mu(z + z) = 2Mu(z) + Mu(z — z) <uly + z) — 2u(y) + uly — 2), (5.19)

where y := z + £ and £ € R” is the limit of a convergent subsequence of a minimizing
sequence ()52 such that u(z+ &)+ B(§r) — Mu(x). The following lemma which,
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for instance, appears as Proposition 5.9 in Section 5.1.2 [I5] assists in showing wu is
semi-concave.

LEMMA 5.5. Let X3, X|, Z; be three solutions of (L)) for t > 0 with initial values
z, 2’ z. If @ > K, as defined in (5.27), then for vg(z,2’,2) := 6%(1 — 0)? |z — M+
0z + (1 — 0)a’ — z|* and under the assumptions (H), and (H3), we have

la—’f / Vo(Xs, X2, Zs)e _a5d5+1/)0(Xt,thvzt)€_at] (5.20)

< o(w,a',2), fort > 0.
Moreover, there exists a constant C > 0, depending on the bounds of o, j through

(H1), and (H2), such that

2 [ sup /‘pO(Xsa Xéu Zs)eias
0<s<t

<C (1 + L) Yoz, 2, 2), fort>0. (5.21)
a—k

Proof. The proof follows analogously to the proof of Lemma Indeed, we
consider ¥ o(z,2', 2) := A+ ¢g(z,2’, z) and apply Ité’s formula to find

d
dipno(Xp, X[, Zy) = apdt + Y bFAWS + / c(t, z)N(dt,dz), (5.22)
k=1 R

with a; < ko 0(Xy, X{, Z;). As in Lemma L2 we also have

\bt\ +/| t,2)]* v(dz) < C yao(Xe, X[, Z0)|7, (5.23)

for some constant C' > 0. Proceeding as in Lemma completes the proof.
a

We will apply this estimate as follows in Proposition [5.6] below. Let Y;(z) denote
the solution of (LI with initial condition Yy () = z. From Lemma (&.5]), we have

- La — k) /0 0Y,(2) + (1 - 0)Y(2) - Ys(0z + (1 — 0)2)|* e~**ds

+0Yi(x) + (1= 0)Yi(a') — Yy(bx + (1 — 0)a')|” 6“1 <1 -0)? x|,
(5.24)
and

[Elsup 0Y,(z) + (1 — 0)Y, () — Yo(0z + (1 — 0)2)|*e QS]
0ssst (5.25)

§C<1+L> 0%(1—0)% |z — 2|
o — K

The following proposition asserts the semi-concavity property of u.
PROPOSITION 5.6. Assume (H1), (H2), (H3), (H). and suppose r is sufficiently

large. Then u is semi-concave on R™.
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Proof. Fix an admissible control V. The value function u(z) will be semi-concave
if J;[V] is semi-concave since the infimum of semi-concave functions is semi-concave.

Appealing to Definition [5.4] we show

0. [V]+ (1= 0)Ju [V] = Jpur 1oy [V] < CO(1L — 0) |2 — 2/ (5.26)
Define
K= m,il/l,s,e{Zﬂg + Ko + K;}, with (5.27)

o Z 20%(1 — 0)2 |z — 2| (2; — @) [bi(z) — bi(2")]

C“I

+Z€xz (1= 0)z; — y:)[6bi(2) + (1 + O)bi(a") = bily)],

Ko =021 = 0)% | >~ 2] — 2/ |* + 4w, — 1) (onk(2) — oni(2))?
h,k

+ D A — 7)) (g — 7)) (o (@) — oi(a’))(on(x) = oj(a’))
i,k
+Z9Uzk + (1= O)ou(a’) — ou(y),

iii= [ [l =o' +ies) i@ o) ~ o -
=Y = o] (@ - ) % G, ) — Gl )] ()

+ [ [0+ (=002 =y 0 2) + (1= 0", 2) = i)

— |6z + (1= 0)2' —y
= D220+ (1= 0) =) X (B 2) + (1= 03’2 —Gily.2)(a2),

where z,2/,z € R", § € [0,1] and 8 < k < oo due to (HI), (H2) (see Section 5.2.1 in
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[15] for a similar discussion). We have for o > k > 3,
HJm[V] + (1 - H)Jm/ [V] - J9m+(1,9)m/[V]

=LE

/ooo[ef (Yi(@)) + (1= 0)f (Yila")) — F(¥i(6 + (1 — H)w'))]e_Ttdt]
=L l‘/ooo[af(xf(x)) + (1 - e)f(Y}(xl)) — f(ﬁ}/;(x) + (1 - 9)}/}(,@/))

+ FOYi(@) + (1 — O)Vi(@') — F(Ye(B + (1 — )a'))]e "'t

<CoH(1-0) /Ooo 67Tt[E[|Yt($) _ Y;(I/)f]dt (5.28)

+C /Ooo e E0Y;(x) + (1 — 0)Yi(2') — Yi(0z + (1 — 0)2')||d

<CH1-0)|xz— ;v'|2/ e~ (ratqy
0

1/2 00
CpC1/? (1 + ! > 6(1—0)|z— ;CI|2/ ety
0

a— K

<CO(1-0)|z—2).

The first inequality follows using semi-concavity and Lipschitz continuity of f. The
second inequality follows using a standard estimate for the difference of solutions for

(@I (c.f. Theorem 5.6 in [15]) and (5250). O

5.2.3. u € Wli’cp(lR"). Using the semi-concavity property of Mwu on R™, the fol-
lowing mollification argument shows that A(Mu) > —C(1 + |z|°) in D'(R™) for some
constant C' > 0. With A := (—Lp — I +r) as in (7)), Since Mu is semi-concave on
R™, we know

Mu(zx + px) + Mu(z — px) — 2Mu(z) < Kp?, = € R™, (5.29)

for any p > 0 and unit vector xy € R™ and non-negative constant K. Below, C' denotes
a generic constant independent of . Let ¢ = Mu and denote g° its mollification on
R™. We first show that A(g°(z)) > —C(1 + |x|*) for C independent of e. We proceed
by estimating each term in A(g®). For z € R", p > 0 and unit vector y € R",

% (9°(z + px) + 9°(x = px) — 26°(x))

=5 [, 0 bale 2 g0~ 2= a0)
<K n°(2)dz.

B:(0)
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Sending p — 0, yields xTV2¢¢(x)x < K. Using this, we have

n

Tro(2)o(x)" V2 (2)] = Y of (2)V?¢* (2)oi(2)

=1
n
2
<K Y oij(x)]
ij=1

< C(+ |z).

(5.31)

Using Lipschitz continuity of b, g, we know
) Vo' ()| < )] 1997 (@)] < €+ el = C)( + J2)),
<CmE+laf) 632
<O+ =),

where Cy,, is the Lipschitz constant for Mu, and C(n) is a constant depending on
the dimension n. Next,

< CMU/ |z|n®(2)dz (5.33)
B.(0)
< 6CMu
Then, for all € € (O, C;Mu), we have
l9°(@)] < lg(@)| +1 < C(1+[a]) < C(1+ |2 (5.34)

With regard to the integro term, we have

n

/n l9°(x + j(2,2)) = g (2) = Y jil, )00, 9 (2)](dz)

=1

< /[R (/0 (1=0)|j(z,2)" - V¢ (@ +6j(z,2)) - j(z,2)] d6‘) v(dz) (5.35)

Gathering these estimates, we have for all € € (0, C;/\/lu),
1 7 €
A(g* (@) = =5 Trlo(@)o ()" V2g*(2)] = b(z) - Vo= (2) + 79 (x)

- [ @ )~ @) = Y on g @lu(dz) (530

> _C(l + |£L'|2),
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where C' depends upon the dimension n but is independent of . Now, this pointwise
estimate implies that A(g°) > —C(1 + |z|*) in D'(R™). Since ¢° — g in L} (R") and
95, = 9o, in Li (R™) (recall, g is Lipschitz continuous), we know from (5.9) that
(Age, @) — (Ag, ¢) for every ¢ € D(R™). Thus, A(Mu) > —C(1 + |z|*) in D'(R").

At this point, we know

(5.37)

—C(1+z]?) < Au < f, in D' ({u = Mu}),
Au = f, in D'({u < Mu}).

From the above inequality, one can easily conclude that Au exists as a function on
{u = Mu}. One way to see this is to note that

/ [f + C(1+ |o%)]p da = / o d(u1 + p2), o € D(O), (5.38)
(@] (@]

for any bounded open set O C {u = Mu} and where 1, 12 are measures correspond-
ing to the positive distributions f — Au and Au+C(1+ |£C|2) respectively. Since p1 + 1o
is a positive measure corresponding to a function, it is absolutely continuous with re-
spect to the Lebesgue measure, i.e. p; + pz < £ (Lebesgue measure) on O which
then implies p1, u2 < € on O. Now, by definition of p; and ps, we observe that Au
is a function. Hence, Au exists as a function and satisfies [Au(z)| < C(1 + |z]?), i.e.,
Au(z) € Ba(R™). Knowing Au(z) € By(R™) allows us to apply Proposition B3] with
f = Au over any bounded open set @. Thus, we have u € WP(R") for p € (1,00) as
desired.

Acknowledgments. E. Bayraktar is supported in part by the National Sci-
ence Foundation under an applied mathematics research grant and a Career grant,
DMS-0906257 and DMS-0955463, respectively, and in part by the Susan M. Smith
Professorship. We also would like to thank Christopher Link for his REU work related
to this subject.

Appendix A. Proofs of some technical results.

Proof of Lemma [B.Il Given an admissible control V' and two initial states
x1, T2, denote by X} the solution of (LI)). Set Y; = X} — X? and apply Ito’s formula
with o(y,t) = |y|> e~ to obtain

d
do(Yy, t) = ardt + be dw} —i—/ c(t, z)N(dt,dz), where (A1)
k=1 Rt
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ar = 0p(Ye, 1) + ) [0:(X)) = bi(X7))0ip(Yi, 1)
=1

n d
+5 Z(Zm — (X))o (X)) — (X )])a oY1)

i,j=1 k=1

+ / (Y + (X2, 2) — §(X2,2),1) — (Vi )
|Rl

- Z[ji(tha z) — ji( X, 2)]0s0(Ye, t)v(d2),

bf = Z(Uik(th) ok (X7))0ip(Ye, 1),
i=1

C(tvz) = SD(Y;E —i—](th,Z) _jE(vaz)vt) - SD(Y;ht)u

and,
Dy t) = —ap(y. 1), dip(y,t) = 2uilyl > @y, 1) = 2yie ", OZp(y,t) = 2055 [y~ @ (y, 1),
(A.2)

where §;; = 1 if i = j and O otherwise. Define

§i= sw {265+ s+ 5}, with

z; — ) [bi(z) — bz
ﬂé:z( |)I[(2| ( )],
By = Z low (@) = U““( bl (A.3)

5 :=/ [lw—w’ﬂ’(az)—j(wxaf—|x—x’|2
R
- X2 - it ) - Jil@ )] le = 2’| v(dz),
where 8 < co due to (HI). Using (A3) and taking a > 3, we find

E[p(Yint)] — (a1 — 22) < (~a + ) / E[p(Ya, 5)]ds,

which implies E[|X} — X?|] < e#/2 |21 — 25| by Gronwall’s and Jensen’s inequality.
Using (H3) and since r is sufficiently large, we have J,, [V] — J.,[V] < Cy |71 — 22|
with C, = Cy/(r — 3/2). Subsequently,

u(z1) < Jo, [V] < o, [V + Cu |21 — 22| -

Taking the infimum over all admissible controls with initial state x5 yields the desired
inequality. Now, exchanging the roles of x1, s completes the proof.

Proof of Lemma 3.1l Let n € (0,1] be determined later. Based on (HA), we
know

! / jo(2)w(dz) < / o(=)'w(d2) < Co,  (A4)
{n<jo(z)<1} {jo(z)<1}
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[ @) < ) (A5)
{do(2)<n}

where the module of integrability is given by
= [ ). (A6)
{Jo(z)<n}

Now, we write I = I}]go + I%go + I;;’go with

Be=[ el i) - i)
{jo(2)>1}
I = /{ oy PG =) = Tl 5 ), (A7)

I3 = / (1 - 0)do §(2) V2l + 0§, 2)) - 5 2)r(de).
0 {jo(z)<n}

Using Lipschitz continuity, we have |I$<p| < C, f{jo(z)>1} Jo(2)v(dz) < C,Cy and
[IZp| < 2C, f{n§j0(2)<1} Jo(z)v(dz) < 2C,Con'~7. For the last term, we have

1
3 i0( 2 2 20(- (-, 2))| v(dz). .
\In<p|g/0 d@/{jg(m} ()P | V26(- + 05 (- 2))| v(dz) (A8)

Using this, we can estimate the L? norm as follows
1 P
. 2 .
155l 0, < / d:v/ df </ o () [Vl + 93(%%))!) v(dz)
o 0 {jo(z)<n}

< /O dz / a0 ( /{ e |J'0(Z)|2V(dz)>§

x (/ o(2)* [Vl + 0j (2, 2))[" V(d2)>
{jo(2)<n}
< ) [Vl om

Above, we use Fubini’s theorem, Jensen’s inequality, and the Hélder inequality with
1/p+1/q¢ = 1. Thus, ||Ig<p||”(o) < 772”7r(77)HV2g0HW2,p(0n). From the above
estimates, we find

||ISD||LP(O) < 772_77(77) HVQSDHLp(on) + Co(1+ 2771_”0«/7' (A.9)

Note that the module of integrability satisfies r(n) — 0 as 7 — 0. Now choose 1 small
enough so that n?~7r(n) < e and n < .

Proof of Proposition B.3l Let C' denote a generic constant throughout this
proof. Let R € (0,dist(O’, 90)). Consider Br(zo) (or simply Bg) for zo € O'. For
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a constant 0 < § < 1 to be determined later, consider a smooth cut-off function ¢?
satisfying

{c‘ =1lon By, (" =0o0nR"\ Basp, (A.10)

0<¢ <1

Moreover, ¢ can be chosen to satisfy ‘81(‘5‘ < %,
function w := (v satisfies

(—Lp +r)w = Tv(x) + ¢ f(x) + h(z) @ € Basp,
w(z) =0 r € OBas g,

92,¢°| < & for a constant C. The

(A.11)

where h(z) := — 37" ai;(0%¢° v +20;¢° - 950) = 3.1, bi - 8;¢° -v. For this classical

ij=1
Dirichlet problem, there exists a constant C' independent of w such that

Hw”W%P(B%R) <C (HC(;I”HL;?(B@R) + ||<6fHLp(B3_5R) + ”hHLP(B@R)> ’ (A'12)
4 4 4

We now estimate the terms on the right-hand side of (A.12)) individually. For the first
term,

) )
9
||< IUHLp(B%R) < ||IUHLP(B3T5R) < 1 ||’U||W2’P(B¢§R) +C (Z) Co, (A.13)

where the first inequality follows from the choice of (%; the second inequality follows

. 6 F é
from Lemma Bl with ¢ = &. Next, it is clear that [/ fHLP(B%R) < ||f||Lp(B%R).

Now, we will estimate |||, , ;- It follows from our choice of ¢? that
TR

5 s 2 +6
Z aijaijc ) <C- ||v||L°°(B3T5R) ’ H[)UC HLZD(B@R\BQR)
i,j=1 LP(B%R) 4 2
n—2p
< C ol (g, 075 and,
1
226141]81(68]” SO-CU-(s";T'?
1,7=1
J LP(B%R)
6 n—p
> bi-0i° v SO ollepys ) 07 -
=1 LP(BER) ’

a4

Using the above estimates, we obtain

0
s ) S O ol s
4
(A.14)

n—p n—2
+c<mmmwﬂﬁ+wz>u+5pp+5pg+cwwmwﬁﬁ.
1 B E

”U”WZP(B%R) < ||w||W2,p(B

Multiplying 62 on both sides of the previous inequality produces

5 2
2
5 HMthﬂB%R)g<j5<§> 1]l (5, ) + K (6, (A.15)
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L 2 ntp n
where K(§) := C - (HUHL"O(B?XFR) + Cv> (%40 +67)+ ||f||Lp(B%sR). Denote
F(7) := 72 |vllyew (B - T he previous inequality yields the following recursive
SR+ (5—m)

inequality F/(§) < C§ F () + K(8). Choosing 0 < § < 1 such that § < 5, we obtain
F(§) < iF (%) + K(9). Now iterating the recursive inequality and noting that K ()

is an increasing function, we obtain

F(8) < Z; ;K (;) < Z; %K(d) = 2K (6). (A.16)

Hence,
1+p 1
olhyans, <2 (€ (Wollpmmy, ,+Co) 6% 465 +65) 4 1flomy )
(Bs i) (Bzs ) (Bzs )
27" 4 a4
<€ (Ifllnpyg + Co Dol )
4 4
(A.17)

If we cover O’ with a finite number of balls of radius %R, then the estimate of the
proposition follows.

Proof of Lemma [3.4l Let C denote a generic constant unless specified other-
wise. First, we estimate supg |/¢|. For any = € ,

[Tp(x)] < / lo(x +j(7,2)) — p(x) — Vo(z) - j(, 2)| v(dz)
Uo(=)<1}
z+j(z,2)) —p(x)| v(dz
+/{jo<z>>1}'“’( (. 2)) — pl)] v(d2)

: /{jo<z><1} /0 V(e +0i(x.2)) - j(a,2) = Vele) - j(z, )| d6 v(dz)

+C, Jo(2)v(dz)
{jo(2)>1}

<Nellorom [ L@l ewdz) + €, Jol=)w(dz)
{jo(2)<1} {jo(2)>1}

<Gy (q@ + ||<p|\cl,a(m)) :
(A.18)

Next, we show Iy is Holder continuous. Let z1, 72 € Q and set § = |2y — ;v2|% Al
Consider [To(z1) — Ip(z2)] < I1 + Is + I3 in which

Bim [ (oo + gl 2) = elan) o, 2) - Viela)
{Jo(2)<8}

+ lp(zz + (22, 2)) — p(x2) — (22, 2) - Vip(a2)]) v(dz),

Iy = / (lp(z1 + j(x1,2)) — p(xa + j(22, 2))]
{0<io(2)<1}

+lp(@1) = p(za)| +1d(21, 2) - V(1) = (@2, 2) - Vip(a2)|) v(d2),
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I3 := / (le(@1 + j (21, 2)) — (@2 + j(22, 2))| + |@(31) — P(22)]) ¥(d2).
{o(2)>1}

Estimating I, we have

I :/_ l7(z1,2) - Vo(wr ) — (w1, 2) - Veo(z1)]
{jo(2)<6}
+ |j(x2,2) - Vgp(wzyz) — j(x9, 2) - Vo(a2)| v(dz)

<[ () IVe(wn) — Velo)| +0a(a) [Vp(wa.) - Vielaa)| v(d2)
{jo(2)<6}

<llellcraar / Jo(2) lwi. — 1|* v(dz) + / Jo(2) lwa,z — 22| v(dz)
{jo(2)<6} {jo(2)<d}

<206l /{ L lEevtas)
Jo(z)>

<29l o1 @, 52°”/{_ ( )<1}[jo(z)]”“*%(dz)
Jo(z
2a—xy

<20y ||<P||cl,a(ﬁ) |fE1 - 332| 2,

(A.19)

for some wy ,, ws , satisfying |wq , — 21| < |j(21,2)| and |we , — x2| < |j(z2,2)|. Es-
timating Is, we have

<[ Cyls + (w2, 2) — (01 + j(a1, 2))] + C 21 — 2]
{0<jo(2z)<1}
+ |j(z1, 2) - Vo(z1) — j(x2, 2) - Vo(z2)|v(dz)

<|z1 — 2] (2C, + CpCj(2))v(dz)
{6<jo(2)<1}

+/ lj(@1,2) - (V1) = V(2)) +5(21, 2) - Vip(T2) — j(22, 2) - Vip(22)| (d2)
(s<io(5)<1}
<2CCy |z — m2| 677 + Clp/ Ci(z)v(dz) |x1 — x2|

[Rl
S 01— 22l v(d2) + Clor — 2] [ Colaae)

{8<do(2)<1} R!

< 2CoC, |or — 22 57 + cg,/ Gy (2)(d2) a1 — 2] + Co |l r o1 — w2l 5

[Rl

+ [ Ciemtas) o o

2a—x

20—y
SCloy—m2| 7 +Clzn — 22| + Clellgrn@n Iz — 22l 7 + Cloy — o
S C|I1 — I2|2a;’Y .

(A.20)

We briefly remark about the last two inequalities above. Let diam(Q2) := max, yeq |z — y|.
20—
If s = |:1:1—:1:2|%, we have |r7 — 22077 = |z1 —3:2|17% < |z1 — 22 e along

2a
with |z1 — 22" 077 = |z1 — 22| 2 . Ifinstead § = 1 < |1 —x2|%, then we have
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~

|1 — 22677 < Cloy — :102|2a;w with C = (diam(Q))272§+ along with |77 — z2|* <
20—~ .
Clxy — 22| 27 with C = (diam(Q2))z. Estimating I3, we find

I < / Cy (22 — o1+ §(22,2) — (1, 2)] + a1 — 2a]) v(d2)
{jo(z)>1}

< oy — x| C, (2 + Cj(2)) v(dz) (A.21)
{jo(2)>1}

<Ol — 2| 7, with C = (diam(Q))

2—2a4~y
2
Combining these estimates for I, I, Is, we have

Ip(w1) — Ip(wa)| < Clay —aa| 7 (A.22)

for C' independent of x1, .

) Proof of Lemma 4.2l Set Y; = X; — X{ and apply It6’s formula with ¢(y,t) =
ly|” e~** to obtain

d
de(Y:, t) = axdt + Z bE AWl + / c(t, z)N(dt, dz), (A.23)
k=1 R!

where ay, b¥, and ¢(t, ) can be obtained from their counterparts in (A1) by replacing
X2 by X¢. Also recall (A2). From above, we know

Py + (20,8 = oly,t) = 3 iz 00y 1) = |5z, plFeer, (A.24)

with j(z,t) := j(Xt,2) — j°(X¢, 2). Using the fact that for each € > 0, there exists a
C: > 0 such that (a +b)? < (1 +¢€)a® + (1 + C.)b?, we find

[ i) =5 (X5 2) P e va:)

< (o) [ 13X 2) = (X 2)[" e w(de)
Rl

(A.25)
1+ [ 150X, 2) = 37X ) ()
< (L+9)8; X = X{P ™ 4 (14 Co)e™ 17 = 55,2
With this estimate, we find
a < | —at BBl p(¥it) + (14 Co)e™ 5 = i°[3 -
Using this inequality and taking expectations in (A23]) yields
' UO‘ —p—<b)] / X0 = X et + 15 - X e | < SRS -

(A.26)
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Recall, the following stochastic integral inequalities (see e.g. [I5]). For any p > 0,
there is a constant Cp, > 0 (in particular, Cy = 3, Co = 4) such that

Ls;;gt | 7 ( / 1765) ds> ] (A.27)

and for the stochastic Poisson integral, if 0 < p < 2, then

([ s [ e, oPvia)”

(A.28)

<C, Lk

p
<G, E

[Elsup / g(s,z)N(dz,ds)
o<r<t | JRIx (0,r)

Now, coming back to (A23) to take first the supremum and then the expectation, we

deduce after using (A27), (A28)) with p =1,

t ) 1/2 t 1/2
E[ sup |XS—X§|2e°‘t] <3 [EKZ/ 0¥ ds> + (/ ds |c(s,t)|2u(dz)> ]
0<s<t PRR4Y 0 R!

(A.29)

We now estimate the two terms on the right hand side of the above inequality. First,
for some C' depending on the Lipschitz constant C in (H1), we have that >, ’b§’2 <
C (Y, s)|” by the following inequalities

;wzf—z

2

S (a0 - ou(xp) 2RO iy )

k 7 |X _X6|2
“"%Z o (X1) — o (X)) (Xi(1) — X (1))?
PV (N0 01— o (e PR
s~ XS ;( i (X0) — o (X7)) —l—%;(Xz(t) X£(1)
(Vs 5)|” xe e
< 2n e (Co X0 = X0 +dIX (0 - X0

< 2n(C2 +d) |p(Ys, 5)|* .

Using the above, we now have

too 1/ 1/2
[EKZ/ % | d8> <Sup lp(Ys, 5) ) </ |g0Ys,s|ds) ]
—Jo 0<s<t

Thus, by means of the inequality 2ab < ea® + b?/c and the Holder inequality we

deduce that
t
[ tetvsias|
0

; 1/2
1
3L bE | ds < -E| su Ys,s
(S]] <3elm o
(A.30)

2
<C€EL

+ CLE
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The term corresponding to Poisson integral can be handled using the same technique.
Towards this end, note that

1
le(s,2)* < [5(Xs, 2) = §9(XE, 2) /O IV (Ys + 0(j(Xs, 2) — j(XE,2),5))]* df.
(A.31)

Estimating the gradient V¢ and using y := X — X to ease notation, we have

IVo(y + 67, 5)|" = dp(y + 67, 5)e = 472 |y + 65]” < 8e~2*(|y|* + |j|*)
(A.32)

Thus, we know |¢(s, z)|> < 8e=2¢ mz (|y|2 + |ﬂ2) . Now, assuming C;(z) € L4(RY),
we have for p = 2,4

[ 06 =5 (X2 () < 27 = 5+ 2 [ 1 2) = (X ) i)

<Y =, 2 X - X [ (G pae)
< Ollj =505, + C 1Xs = XEI”.

Using this estimate and the inequality ab < % + % for 1/p+1/q = 1, the following
holds

—2as |72 ~12
(o, 2)Pv(dz) < [ s 37 (ol + 1) wia)
R
<se2 P (O = 5 + C Iyl ) +8e72 (Clj = j*llg.4 + C lyl")

2 —2as . e . .e4
< Clp(Vas)* + Ce2 (1 = jllg 4+ 15 = 5l 2)
< Clp(Ys,8)* + Ce NG5 (j — j°).

R!

(A.33)

Returning back to (A29) and using (a + b)P? < a? + bP for 0 < p < 1, we find

[E[(/d 8 |c<s,t>|2u<dz>)l/2] <E (/otcw(y;,s)f+Ce‘2“A6‘12<j‘f)dS>l/2]

< [E[ </0t0|<p(1@,s>|2ds) -

The first term can be handled in the same manner as the Weiner term above to yield
an estimate as in (A30). Now, combining these two estimates, referring back to

(A29), and using (A226]), we conclude

+ CAJ 5(j — 5°).

(A.34)

[E[sup X, — Xe[Peo% | < OAZL(5 — j°). (A.35)

0<s<t
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