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Abstract. In this paper, we propose a smoothing quadratic regularization (SQR) algorithm
for solving a class of nonsmooth nonconvex, perhaps even non-Lipschitzian minimization problems,
which has wide applications in statistics and sparse reconstruction. The proposed SQR. algorithm
is a first order method. At each iteration, the SQR algorithm solves a strongly convex quadratic
minimization problem with a diagonal Hessian matrix, which has a simple closed-form solution
that is inexpensive to calculate. We show that the worst-case complexity of reaching an e scaled
stationary point is O(e~2). Moreover, if the objective function is locally Lipschitz continuous, the
SQR algorithm with a slightly modified updating scheme for the smoothing parameter and iterate
can obtain an e Clarke stationary point in at most O(e~3) iterations.
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1. Introduction. Convexity and Lipschitz continuity are two important condi-
tions in optimization. However, some real-world applications are often modeled by
nonconvex or even non-Lipschitzian optimization problems. In this paper, we concen-
trate on the unconstrained nonsmooth nonconvex optimization problem

n

(1.1) min  f(z) = H(z) +)_ o(|z:l"),

reR™ .
=1

where H : R™ — [0, 4+00) is continuously differentiable and its gradient VH is glob-
ally Lipschitz continuous with a Lipschitz constant Lygy > 0, 0 < p < 1, and
¢ : [0, +00) — [0,400) is a given penalty function satisfying the following assumption.

(Ay) ¢ is continuously differentiable, nondecreasing, ¢’ is locally Lipschitz
continuous, and there is a positive constant a such that Vt € (0, c0),

0<¢(t)<a, [fl<a and  [ft<a Ve I(L(1)),

where 0 means the Clarke generalized gradient [15].

When p = 1, the objective function f in (1.1) is locally Lipschitz continuous,
and it is globally Lipschitz continuous if H is globally Lipschitz continuous. Lipschitz
continuity is important to ensure the existence of the Clarke generalized gradient at
every point [15]. However, f may be non-Lipschitz continuous for 0 < p < 1.
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To illustrate that the application of (1.1) is not restricted by assumption (A,),
six widely used penalty functions ¢ in statistics and sparse reconstruction are given
in Appendix A.

Numerical algorithms for solving nonsmooth optimization have been studied for
decades, but most algorithms assume the Lipschitzian continuity of the objective
function in convergence and worst-case complexity analysis. When one element in
the generalized gradient of the objective function can be found at every point, the
worst-case complexity of the subgradient methods is proved to be of the order O(e~?2)
for the globally Lipschitz continuous and convex optimization [21]. Based on a special
smoothing technique for the maximal function, Nesterov [26] improves the traditional
worst-case complexity of the gradient algorithms to O(e~!) for nonsmooth convex
constrained optimization. A gradient sampling algorithm is proposed by Burke, Lewis,
and Overton in [3] for finding a Clarke e stationary point of a locally Lipschitz function
with probability 1. Most recently, by means of the first order methods, Cartis, Gould,
and Toint [6] estimate the function evaluation worst-case complexity of minimizing
the function

(1.2) Op(x) := H(z) + h(c(z)),

where h : R™ — R is convex and globally Lipschitz continuous but may be nonsmooth,
H :R" - R and ¢ : R* — R™ are continuously differentiable, but ®; may be
nonsmooth nonconvex. They prove that it takes at most O(e~2) iterations to reduce a
first order criticality measure below € in a first order trust region method or a quadratic
regularization method, where the worst-case complexity result is the same in order as
the function evaluation complexity of steepest descent methods applied to the case
that @y, is differentiable. In [19], Garmanjani and Vicente propose a smoothing direct
search (DS) algorithm based on smoothing techniques and derivative-free methods
to solve a general unconstrained nonsmooth nonconvex, Lipschitzian minimization
problem. The smoothing DS algorithm can be seen as a zero order method, where
the gradient is not calculated in the algorithm. The smoothing DS algorithm can
find an z such that~||Vf(x,u)||oo < eand p < € in at most O(e 3 loge™!) function
evaluations, where f is a smoothing function of f and p > 0 is a parameter. In [20],
Ge, Jiang, and Ye develop an interior-point potential reduction algorithm for solving
the non-Lipschitzian constrained optimization

min 307, af

st. Ax=b, x>0,

and show that the interior-point algorithm returns a scaled e-KKT point in no more
than O(etloge™1) iterations.

In this paper, we present a smoothing quadratic regularization (SQR) algorithm
for solving (1.1) with the worst-case complexity estimation. The SQR algorithm uses
the smoothing functions [2, 10, 19, 26, 30] and regularization methods [6, 7, 8, 28]. At
each iteration, the SQR algorithm solves a strongly convex quadratic minimization
problem with a diagonal Hessian matrix, which has a simple closed-form solution
that is inexpensive to calculate. We show that the worst-case complexity of finding
an e scaled stationary point is O(e~2). Moreover, if the objective function is locally
Lipschitz continuous, the SQR algorithm with a slightly modified updating scheme
for the smoothing parameter and iterate z* can obtain an e Clarke stationary point
in at most O(e~3) iterations. To the best of our knowledge, the SQR algorithm is
the first algorithm with the worst-case complexity for non-Lipschitzian unconstrained
optimization. As expectation, when applying the gradient of f, the modified SQR
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algorithm for locally Lipschitz continuous minimization has a better complexity result
than the smoothing DS algorithm proposed in [19], in which the gradient information
is not used. Note that many penalty functions cannot be written as h(c(z)) in (1.2),
for example, the logistic penalty function, ¢(|z;|) = log(1l + «|z;|). Hence the first
order methods proposed in [6] cannot be applied to solve (1.1).

Nonsmooth nonconvex penalty functions play an important role in sparse
reconstruction and statistical modeling, particularly in variable selection. Penalty
functions satisfying (A,) in (1.1) provide efficient models to extract the essential fea-
tures of solutions which are sparse in the sense that they have many zero entries
[2, 5,9, 10, 12, 14, 16, 18, 23, 24, 29, 33]. Finding a solution with few nonzero entries
for an underdetermined linear or nonlinear system can be modeled as a minimization
problem with the lp-norm penalty function ||z||p defined as the number of nonzero
entries in z. Such problem is difficult to solve due to the discontinuity of ||z||o.
Nonsmooth penalty functions for finding desired sparse solutions have been studied
extensively in the last decades. Three principles (unbiasedness, sparsity, and conti-
nuity) for a good penalty function are introduced in [1, 18]. A widely used penalty
function is the [;-norm, especially the lo-l; minimization problem which is often called
LASSO [25, 31] and whose solutions are in the solution set of the corresponding ls-lg
problem under the restricted isometry property [4]. Fan and Li [18] show that the
smoothly clipped absolute deviation (SCAD) penalty function proposed in [17] has
better properties than the /1-norm penalty function in parametric and nonparametric
models. More recently, Zhang proposed a minimax concave penalty (MCP) function
[33]. In [14, 29], it is shown that logistic and fraction penalty functions yield better
edge preservation than convex penalty functions. All penalty functions mentioned in
this paragraph are Lipschitz continuous and satisfy assumption (A,).

When 0 < p < 1, the penalty function in (1.1) is non-Lipschitzian, which includes
the [,-norm penalty [|z|[b as a special case. Fan and Li [18] point out that the oracle
property does not hold for the l;-norm penalty, while it continues to hold for the
l,-norm penalty with 0 < p < 1 by suitable choice of the parameters in it, where the
oracle property means that when the true parameters have some zero components,
they are estimated as 0 with probability tending to 1, and the nonzero components
are estimated as well as when the correct submodel is known. In [9], Chartrand
and Staneva show that by replacing the {;-norm in the l5-/; minimization with the [,-
norm, exact reconstruction is possible with substantially fewer measurements. In [23],
Huang, Horowitz, and Ma provide some conditions under which the I, penalized least
square problem with 0 < p < 1 can correctly distinguish nonzero and zero coefficients
in sparse high-dimensional settings. Moreover, the [, penalized least square model
with 0 < p < 1 can also be used for variable selection at the group and individual
variable levels simultaneously, while the /1 penalized least square model can work only
for individual variable selection [24]. Numerical methods for solving ls-I, minimiza-
tion problems have been proposed and analyzed, including reweighted minimization
algorithms [4] and smoothing methods [2, 12, 13].

This paper is organized as follows. In section 2, smoothing approximations for the
nonsmooth function f in (1.1) are studied. In section 3, the SQR, algorithm for solving
(1.1) and theoretical analysis including the convergence and worst-case complexity
results are given, where the worst-case complexity of reaching an e scaled stationary
point is O(e~2). In section 4, we slightly modify the SQR algorithm for solving (1.1)
with p = 1 and the worst-case complexity of reaching an e Clarke stationary point is
O(e3). In section 5, numerical examples are given to show the worst-case efficiency
of the SQR algorithm.
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Let I ={1,2,...,n} and N={0,1,...}. For a column vector € R", x; denotes
the ith component of = and [z;]]; := z. For a constant a, [a] indicates the smallest
positive integer such that [a] > a.

2. Smoothing approximation. Smoothing approximations for nonsmooth op-
timization have been studied for decades [2, 10, 26, 30]. In this section, based on the
special structure of the nonsmooth function f in problem (1.1), we use a smoothing
function for the absolute value function |- | to construct a smoothing function fof f.

For s € R, u > 0 and = € R™, define

5 |p—2 . [s] if |s| > p,

= if |s| > 2y,
(2.1) k(s,u) = 8ap ‘2 , O(s, ) = 2 n W if [s| < i
P~ if |s| < 2p, on 2 NI

x,u) = H(z) + 0" (i, p));
22) [z, p) = H(z) ;sﬂ( (@i, 1))

g(x7 /’L) = [gl(x,ﬂ), tee ’gn(x’u)]T = vwf(x7 /’l/)'

DEFINITION 2.1. Let h : R™ — R be a continuous function. We call h: R™ x
[0,00) — R a smoothing function of h if h satisfies the following conditions:
(i) For any fixed u > 0, iL(, w) is continuously differentiable in R™.
(ii) For any fived x € R™, im, sy 0 h(2, ) = h(z).
It is easy to verify that 6(s,u) in (2.1) is a smoothing function of | - |, which
satisfies the following properties.
LEMMA 2.2.
(i) [VsO(s, )| <1VseR, ue(0,00).
(i) & < 0(s,11) < o V]3| < .
(iii) 0 < 0P (s, 1) — [s]P < OP(0,p) = (5)P Vs € R, p € [0,00), p € (0,1].
Due to the continuous differentiability of functions ¢ and 6, @(6P(s,p)) is a
smoothing function of ¢(|s|P) and f(x,u) is a smoothing function of f(x). More-
over, from condition (A,) and Lemma 2.2(iii), we have

(2.3) 0< fla,p) — f(z) < na(g)p Ve € R", p € [0, +00).

Note that ¢(6P(s,-)) is nondecreasing in [0, 00) for any fixed s € R.

The following proposition presents an estimation on elements in the generalized
Hessian [15] of ¢(07 (-, u)) for any fixed p > 0.

PROPOSITION 2.3. For any fized p > 0 and & € 0s(Vsp(0P(s, 1)), it follows
that €| < k(s, p), which means that k(s, p) is an upper bound for all elements in the
generalized Hessian 02p(0P(s,u)) for any fived p € (0, 00).

Proof. See Appendix B. O

3. Smoothing quadratic regularization algorithm. Quadratic regulariza-
tion methods are popular iterative methods for solving smooth optimization problems
[6, 22, 32], which solve a quadratic programming problem at each iteration. Inspired
by smoothing approximations and quadratic regularization methods, we propose an
SQR algorithm for (1.1). At each iteration of the SQR algorithm, a convex quadratic
approximation with a diagonal and positive definite Hessian matrix is constructed by
using the smoothing function f . The quadratic subproblem has a simple closed-form
solution that is inexpensive to calculate. The smoothing parameter is updated by
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a simple criterion. We show that any accumulation point of the iterates is a scaled
stationary point of (1.1) with the worst-case complexity O(e~2).

In our convergence and worst-case complexity analysis, we assume that f is level
bounded, i.e., for any I" > 0, the level set {x € R™: f(z) <T'} is bounded. Without
loss of generality, we assume that f(xz) > 0Va € R™.

For any fixed y € R”, p# > 0, and 8 > 0, we define the quadratic approximation
of f(-, ) around y as

G Qypf) = Fp) + @) =)+ 5 Dl )i — )

where the functions f and § are given in (2.2),

(3.2) %(y,u,ﬁ)=ma><{ﬁ+f<:(yi,u), ||ii\(y’ui|_p g} iel,
max {5, pH 2 pz

and the function & is given in (2.1).
Note that for any x,y € R™, the assumptions on H imply

Lvu
2

(3.3) H(x) < H(y) +(VH(y),x —y) + lz — ylI3-
What follows is an inequality derived by Taylor’s formula.

PROPOSITION 3.1. For any i > 0 and s,§ € R such that |s — §| < max{%,,u},
the following inequality holds:

(34) @075, 1)) < p(0°(5, ) + (Vapl0 (5, ), — 8) + 2B (g2

Proof. See Appendix B. O

By (3.3) and (3.4), the following lemma gives an important relation between the
quadratic function @ and the smoothing function f defined in (2.2).

LEMMA 3.2. For xz,y € R"™ such that |z; — y;| < max{“g‘,u} Vi € I, if the
inequality

(35) H(r) < Hiy) + (V). 7 —9) + 38lla — yl

holds with B > 0, then

(3.6) flz,m) < Qz,y, 1, B),

where @ is defined in (3.1).

Proof. By (3.4) and (3.5), inequality (3.6) holds for ~;(y,u,8) = B + (i, 1)
Vi € I. Thus (3.6) holds with v; defined by (3.2) using the max operator. O

The quadratic program in the SQR algorithm is constructed based on Lemma 3.2.
For any fixed y € R", u > 0, and § > 0, the right-hand side of inequality (3.6) is a
strictly quadratic convex function. Hence we can use Q(z,y, u, ) as the quadratic
regularization to f(, w) around y.
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3.1. Proposed algorithm. Following the methods for updating the regulariza-
tion weight in [6, 7, 8], we update the regularization weight in the SQR algorithm when
the Lipschitz constant of VH is unknown. The scheme for updating the smoothing
parameter y is crucial for the smoothing methods, which can affect the convergence
and worst-case complexity of the SQR algorithm. A simple and intelligent scheme for

updating p is used in the SQR algorithm.

SQR Algorithm.

n>1. Set k=0.
Step 1: New point calculation: Solve

(3.7) y* = arg min Q(z, 2%y, Bi),

where function @ is given in (3.1).

If 4% # 2, define

H(z*) — H(y*)— < VH(2F),y* — 2% >
3Bk — yk||2 ’

else define 7, = 1. When 7y, < 1, let ¢t = ¢*; else let ¢+ = 2*.
Step 2: Updating the regularization weight: Set

T =

max{ 5o, o1} if rp, < oo (k very successful),
(3.8) Bri1 =< Bk if ry, € (02,1] (k successful),
Bk ifry >1 (k unsuccessful).
If rp, > 1, let
Hk+1 = Mk, 2P = 2

and return to Step 1; otherwise, go to Step 3.
Step 3: Updating the smoothing parameter: Let

if F(pkt1 _ Fok _ »
(3.9) (i1 = {“’f if fa* T ) — f(a*, ) < —dappy,

ok otherwise.

Step 4: Constructing convergence point: Let

(3.10) 2P =

* if py1 = opr,
z otherwise.

Increment k& by one and return to Step 1.

Step 0: Initialization: Choose 20 = 20 € R", g > 0, o > 1,0 < 0,01,05 < 1,

Noting that the Hessian matrix V2Q(x, 2", uy, B) is a diagonal and positive

definite matrix, (3.7) has a simple closed-form solution

fh‘(xkaﬂk) .
3.11 yP=ab - 227 Wi
(3.11) vi(zF, pe, Br)

The proposed SQR algorithm is a first order method. The sequences {z*}, {y*},
{8k}, {r&}, {pr}, and {z*} are well defined. Specially, when y* = 2%, from (3.11), we
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)72 1 o o’
—e———y, e —— —
k O NI Ny F1 -n= Ny -ermens N +1 N
T LR TR -
s x° KM %V

F1G. 3.1. Illustration of the relationship among x*, 25, and py,.

find that §(z*, us) = 0, which means that z* is a Clarke stationary point of f(x, k)
for the fixed py. However, ¥ may not be a stationary point of f(z). Since we want
to find a stationary point of f, we have to decrease the value of p at this iteration
and continue to run the SQR algorithm.

LEMMA 3.3. For all k € N, B, < B :=max{f,nLvr}-

Proof. Since VH is globally Lipschitz continuous with Lipschitz constant Ly g,
then when 8y > Lvg, k is successful in the sense of (3.8). We set Sx+1 = 18k only
when By < Lvpg. Thus, g < max{ﬁo, T]LVH} Vk € N. 0

In particular, if Ly is known, we can let 8y = Ly g, which follows that g = 8o
Vk € N and every iteration is successful.

For the sequences {uy} and {r}, we denote

N™={keN: ppi1 =opr} and Ny={keN: r, <1}
For any k € Ny, the kth iteration is successful. From Step 2 in the SQR algorithm,
we find that N~ C N, and the sequence {z*} can be written as
{zkﬂ =2F ifkeN—,

(3.12) .
K= NS +1<k< N,

where N~ is the rth smallest elements in N~. The relationships among z*, 2* and
pr with pg = 1 are illustrated in Figure 3.1.

3.2. Theoretical results. In this subsection, we give the theoretical analysis
on the SQR algorithm, including the convergence and worst-case complexity results.
First, we define some index sets. For any fixed z € R™ and p > 0, let
(3.13) K(zyp)={iel: |z;| <2u}, J(x,p)={i€l: |z;]>2u}.

K(x,p) and J(z, ) are mutually disjoint and I = K(z, ) J(z, p). For any fixed
B8 >0, we divide each of K (z, ) and J(z, u) into two mutually disjoint sets:

K (1, 8) = {i € K(z,p) : |gi(w, )| > (B + (s, 1))},

i 17% p
T ) = {i € T a2 [ 5] 5 u86 + st |

K_(x,,u,ﬁ) = K(x’:u) \ K+($v,uvﬁ) and J_(x,,u,ﬁ) = '](xhu’) \ J+($v,uvﬁ)'

The following lemma shows that the sequence { f (2%, pur)} is monotonically
decreasing and strictly decreasing at (z¥, ux) when ||g(«*, pr)|loo # 0 and k € Nj.

LEMMA 3.4. The sequence {f(xk, Lr)} is monotonically decreasing. In particular,
when k € Ng,

G2 (", )

(3.14) P ) = Fa®, ) < 2@, s Br)

Moreover, there is R > 1 such that ||2¥|| < R Vk € N,
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Proof. First, we prove that

s
|$21|7Mk} Viel.

(3.15) lyk — ak| < max{

From (3.11), for any ¢ € I, we have

|9 (=", )|

3.16 b gk = 9L BRI
(3.16) v | ¥ (2*, pe, Bre)

For i € K+ (2", g, Bi), we obtain
(3.17) 2| <2pp and (gi(a®, )| > p (B + w(f, ),
which implies that

~ k
AT

For i € K~ (2, ux, Br), we obtain
(3.19) o] < 2 and {gi(a", )| < (B + (2, ),
which implies that
(3.20) ila®, s B) = Br + w(@f, )
Then, from (3.16)—(3.20), we know
lyf —af| < Vie K(z", ).
Similarly, for i € J* (2", uy, Br), we obtain

1—2

k
- Z; L
(3.21) bl > 2 and (gi(a®, pn)| 2|5 (Be o+ mla o)),

which implies that

~ k
(3.22) Vi@, e, Br) = %%k),'
512
For i € J~ (2%, ux, Br), we have
ki 1-2
_ x; B
(3:23)  lofl> 2 and (gt 0l < |T| g (B + r(at ),

which implies that
Then, from (3.16) and (3.22)—(3.24), we have

=k 2 ]

k
xX; 3
|yf—$f|<‘7l Pe < Vi€ J (@, ).
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Therefore, we can obtain the estimation in (3.15).
When k & N, Tk > 1. From Step 2, z*t! = z* and te+1 = pi- Thus,

f( kJrla//karl) f( 7/“6)
When k € Ny, r, < 1. Then 2#*t! = ¢* and

1
(3.25) H(z") < H(a®) + (VH(2%), 2850 = 2%) + 2 i |a" = b3,
k+1 |27
Applying |2;" — 2¥| < max{%H, (3.25) to Lemma 3.2,

it holds that

f(karl ) Nk) S Q(karl ) xka Kk, Bk)a
which, together with (3.11), gives that

F@ ) < @, ) + (@, ), 2" Z% ks B (2 = af)?

n ~92 k n
7 i (=%, py) g»(CC s Hig)
= flak ) =Y Yy
( ) i@k, e, Be) = 272, e, Br)

n ~9/ k
2 g; (z%, p)
=f a:k,uk - —=r
( ) 1 2"/i(xka/lk75k)

Since pr41 < px, we can obtain the inequality in (3.14) when k € N;. Since f is
level bounded, from the monotonically decreasing property of f(z*, uz) and (2.3), we
find that there is R > 1 such that ||z¥||, < R, k € N. O

The objective function f is non-Lipschitzian when 0 < p < 1. It has been proved
in [11] that finding a global minimizer of the unconstrained l3-I,, minimization problem
with 0 < p < 1 is strongly NP hard. We extend the definition of the scaled first
order necessary condition in [13] to define the scaled stationary points of (1.1) with
0 <p<1l From 0 < ¢/(t) < a for t € (0,00) in assumption (A,), we have
limg o tP¢’(t) = 0. For simplicity, when z; = 0, we set |z;|P¢(t)=|,» = 0 in the
following definition.

DEFINITION 3.5. Let G: R™ — R"™ be defined by

G(z) == (Gi(x), G2(x), ..., Gn(@)) = XVH (z) + p| X["[¢ () 1=z, pliz1

where X = diag(z1,...,x,) and |X|P = diag(|z1|P,...,|zn|P). For a given ¢ > 0,
we call z* € R™ an € scaled stationary point of (1.1) if

1G]l <€

And x* is called a scaled stationary point of (1.1) if e = 0.

Following the proof of Theorem 2.3 in [13], we can show that any local minimizer
of (1.1) is a scaled stationary point of (1.1).

Since the SQR algorithm acts on the smoothing approximation function f, the
following lemma presents that X g(-, ) tends to G(-) uniformly with O(pP) as g — 0.

PROPOSITION 3.6. For all x € R™, p € (0,00), and 0 < p < 1, we have

[Xg(z, 1) = G(2)]|oo < 3appP.

Proof. See Appendix B. O
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The following lemma gives the magnitude of the decreasing of f(z*, ) and
|G(2%)|| oo for k € Ny.
LEMMA 3.7. For all k € Ny, if K+ (2, ug, Br) J J (2", i, Br) # 0, then

(3.26) F@ T prga) = F@*, k) < —dapyd;

otherwise,

(3.27) 1G]l < O

where C = max {QBug_g + 19au0%,2RZB + 16aR + 3au§} with B defined in

Lemma 3.3 and R > 1 such that R > ||2*| ~ Vk € N.
Proof. Fix k € N,. We first consider the case K+ (a2, uy, Br) J J T (2F, g, Br) # 0.
If there is an i € I such that i € K+ (2", ux, Bx), from (2.1), (3.14), (3.17), and
(3.18), we obtain that

N 2

s k~
(328) f(karlkaJrl) - f(xkaﬂk) < _%lgi(xkvuk” < _%“(95?7/%) = _4Oépuz

If there is an i € I such that i € JT(z*, ux, Bx), from (2.1), (3.14), (3.21), and (3.22),
we have

zk

1—2
i 2

1 e

(3.29) F@ ) = f%, ) < —§NZ o

Next, we consider the case K+ (x*, jux, Br) J J*(2F, g, Br) = 0. Then,

|Gi (2", )| < —dappd.

I =K (2%, ., Br) UJ_(CCkaMkaﬁk)~

For i € K~ (2%, ux, Bk), from (2.1), (3.19), and Lemma 3.3, we obtain

p
2

- _ ~ 9 pp
(3.30) |28 Gi(2®, )| < 203 (B + Bapul %) < 2(Bug * + 8aud Juf,

where /3 is defined as in Lemma 3.3.
If i € J~ (2, px, Br), from (2.1), (3.23), and Lemma 3.3, we obtain

P k(P—2
2

i

k
Ly

~ 2
(3:31)  |afgu(=", )| < 2pf >

<5k + 8ap

) < 2(R2B +8aR)?,

where R > 1 such that ||2*||. < R Vk € N.
Combining (3.30) and (3.31), we have

_P
2

l2¥ i (%, )| < max{QBug + 16au0§,2R23 + 1604R}u§ Viel.

From Proposition 3.6, we can conclude the results in this lemma. a

Now, we are ready to present the first convergence result of the SQR algorithm.

LEMMA 3.8. limy oo g = 0 and limy,_o f(2%) = limg_00 f(2%) emist.

Proof. From the relationship illustrated in Figure 3.1, when k = N7, ur =
poo” L. Then,

(3:32) ST <Y oo =
keN— r=1
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On the other hand, when k € NJ\N~, from (3.9), we have
dapf, < fa*, i) — F@* T prgn) and ey = g

Combining it with the monotonically decreasing property of f(z¥, ju,) gives

1 ~ ~ 1 -
(833) Y m<— > U@ JE )] < 1 F(@ o).
kENs\N— pkeNs\N— p

Adding (3.32) and (3.33), we have

Ho
1—op’

1 -
3.34 P = f(x0
(3.34) k; < 4apf($ s o) +

Next, we will prove that the number of iterations in Ny is infinite. If not, there is
k € N such that k ¢ N, Vk > k, which implies that 8, > Bon*~* Vk > k. Since n > 1,
limg 4 o B = +00, which leads to a contradiction with the result in Lemma 3.3.
Therefore, there are infinite elements in Ny. By the nonincreasing property of py,
and (3.34), we have limy_, o p1x = 0. }
Since {f(z*,ux)} is nonincreasing and bounded from below, limy o f(z¥, u1z)
exists. From limy_, o g = 0, (2.3), and (3.10), we obtain
lim f(z*, ) = lim f(zF) = lim f(z%). O
k—o0 k— o0 k—o00
Assume the initial point is not an e scaled stationary point of (1.1) for a given
€ € (0,1]. The next theorem proves that there is an iteration such that the generated
point zj of the SQR algorithm is an ¢ scaled stationary point of (1.1) and the worst
case complexity is O(e~2). Since limy_y00 pr = 0, we suppose g = 1 in the follow-
ing complexity estimation, which will not change the complexity order of the SQR
algorithm for any po > 0.
THEOREM 3.9. Any accumulation point of {z*} generated by the SQR algorithm
is a scaled stationary point of (1.1) defined in Definition 3.5. Given any € € (0, 1],
the total number of successful iterations for obtaining an € scaled stationary point of
(1.1) when applying the proposed SQR algorithm is at most

[Joe ]
and the total number of iterations is at most
[T,

where

_ CQf(xOhuO)

Js
4apoP

2 _
—]—910&,604—1 and J = Js +log, B —log, fBo + 1
with B defined in Lemma 3.3 and C defined in Lemma 3.7.
Proof. Let € € (0,1] be a given number. Since C > 1 and 0 < o < 1, there is a
positive integer j > 2 such that

G=Lp G=2)p

(3.35) Co 2 <e and Co 2 >e¢
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where C' is the constant given in Lemma 3.7. Then from Lemmas 3.7 and 3.8,
we have

(336) (|G )loo < Cluy )% < Cluy-)2 =C(07 )% <e VreN, r>j.
From (3.12) and (3.36), we obtain
(3.37) IG(z")llse <€ VEk=>N; +1.

In order to let (3.37) hold, it needs to carry out at most N;” + 1 iterations of the
SQR algorithm. From Lemma 3.7, when k € NJ\N~ and k < Ny,

dapoPe?

(3.38) F@ i) = F(a*, i) < —dappf < —dopo¥=DP < ——Zr—.

Suppose there are k; successful iterations up to N;, then there are at least
k; — j + 1 successful iterations such that inequality (3.38) holds.

Owing to the monotonically nonincreasing property of f(z*, i) and (3.38), we
have that

5 N- 5 4ape’oP (kj —j+1
FT o) < Fa, o)~ 22 2T D)

Due to the fact that f(x, w) > 0Ve e R”, p >0, we confirm that

C2f($0, /LO)

(3.39) K < = fapare?

+j-1.
From the second inequality in (3.35), we obtain that
.2
(3.40) Jj< E(loga e—log, C)+2.

Combining (3.39) with (3.40), we have

CQJE(xOv /LO)

k; <
J 4apoPe?

2 2
+ —log, e — —log, C'+ 1.
b b
Since €?log, € < —=, we have
kj < Jséiz,

where J, = Cf(a o) _ %logg eC + 1.

4dapoP
We deduce that By- > Bon™7 ~%. By Lemma 3.3, we have
B > Ny ki
Bo

Taking the logarithm on both sides of the above inequality and recalling that n > 1,
we obtain

(3.41) N;~ < kj +log, 8 —log, Bo.
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By (3.41), we obtain
— -2
Ny +1<[Je?],

where J = J; + log, B — log, o + 1.

Coming back to (3.37), this shows the worst-case complexity of the SQR algo-
rithm for obtaining an e scaled stationary point of (1.1). Let ¢ — 0, we obtain
that limg_, o G(zk) = 0, which shows that any accumulation point of 2k is a scaled
stationary point of (1.1). O

In general, we can define

(3.42) Yi(y, 1y B) =maX{ﬁ+F»(yi,u), 19:(y, ) } iel,

max{ 4], i} t=rrpre

with 7 € (0,1], where the v;(y, 1, ) in (3.2) is a special case of it with 7 = 1. Similar
to the analysis and proof ideas in this section, the worst-case complexity of the SQR
algorithm with ~;(y, u, 8) defined in (3.42) is O(e~7) when 0 < 7 < 2 and O(e™?)
when % <r<l.

4. Locally Lipschitz optimization. In this section, we consider (1.1) with
p = 1, which is a locally Lipschitz continuous optimization problem. We present a
slightly modified SQR algorithm to find a Clarke stationary point of (1.1). We call
this algorithm SQR; algorithm. For fixed x € R™, u > 0, and 3 > 0, let

K* (oo, 8) = { € K(ap): |gi(a. ) > %wm(xi,u))},

I = i€ da s laite ) 2 | 2] il 5 + s .

where K(z,u) and J(z,p) are defined as in section 3. Moreover, the index sets
K= (x,u), J7(x,u), Ng, and N~ are also defined as in section 3.

In this section, Q(z,y, i, 8) is with the format in (3.1), where ~;(y, i, 8) is given
as

Polgi (Y, 1
iy, s B) = max B+ K(yi, ), |‘y§ )J 50
max {15, )2 p

SQR; Algorithm.
Steps 0-2 are same as in the SQR algorithm.
Step 3: Updating the smoothing parameter:

i F(k+1 ok _ _9 3
(4.1) uk+1:{“’“ if faF, ) — f(2®, ) < —dang ",

oL otherwise.

Step 4: Constructing convergence point: Let

' 2k otherwise,
k o1k
T if |2 >
where [zF]; = ¢ " * & =M foriel.
0 otherwise

Increment k& by one and return to Step 1.
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The SQR algorithm and the SQR,; algorithm have the same structure, except for
the updating schemes for pj and z*. Since Step 2 in the SQR; algorithm is the same
as in the SQR algorithm, the estimation on S in Lemma 3.3 also holds for the SQR;
algorithm. Similar to the proof of Lemma 3.4, we have |25 — 2¥| < max{yuy, I—; }.
Therefore, the statements in Lemma 3.4 hold for the SQR; algorithm.

We define a Clarke stationary point of (1.1) with p = 1 as follows.

DEFINITION 4.1 (see [15]). We call z* an € Clarke stationary point of (1.1) if

there exists £ € Of (x*) such that

1€lloo <€

And x* is reduced to a Clarke stationary point of f when ¢ = 0.

When p = 1, the scaled stationary point condition G(z) = 0 is a necessary but
not sufficient condition for the Clarke stationary point of (1.1). Consider the following
example:

min = (21 + 22 — 1)° + |21] + |22].
For any z = (z1,0)” € R?, 0f(z) = {(2(x1—1)+1,4(z1—1)+7)T : 7 € [-1,1]}, where
[~1,1] = 3|s| at s = 0 is used. The vector Z = (1/2,0)7 is a scaled stationary point,
but not a Clarke stationary point of f, since 0 = diag(z)(2(Z1—1)+1,4(z1—1))+7))T
forany 7 € [—1,1] but 0 € 9f(z). The vector z* = (0,3/8)7 is both a scaled stationary
point and a Clarke stationary point of f with 0 = diag(z*)(2(2z35 — 1) + 7,4(225 —
1)+ 1)) for any 7 € [-1,1] and 0 € 0f(z*).

Hence the complexity order of the SQR algorithm for obtaining an e scaled sta-
tionary point is better than the SQR; algorithm for obtaining an e Clarke stationary
point.

From the definition of f and the analysis in [10], for any fixed 2 € R™, it follows
that

{ lim Ovzf(z,u)} C of (x).

z—a )

ProPOSITION 4.2. For any x € R™ and pu > 0,
min{ ||V f(z, 1) — €lloc & € Of (z)} < (Lvm + o),

;i if |zl > p

ori e l.
0 iflel<p

where [z,]; = {

Proof. See Appendix B. O
Similar to the proof of Lemma 3.7, we have the following estimate.
LEMMA 4.3. For all k € Ny, if K+ (2, ug, Br) U J (2", i, Br) # 0, then

F@ ) = 2, ) < —dapg i
otherwise, there exists €% € Of(2*) such that

[€¥ |00 < Crpu,

_ R _1
Clz2ﬁmax{ u—,l}—!—SamaX{ual,uoé}—l—a,
V 0

with B defined in Lemma 3.3 and R > 1 such that R > ||2¥|| Vk € N.

where
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Moreover, from Lemma 4.3, all the results in Lemma 3.8 hold for the SQR;
algorithm. Similarly, we also assume the initial point is not an e Clarke stationary
point of (1.1) for a given e € (0, 1] without loss of generality and suppose pg = 1 for
the sake of simplicity in the following complexity analysis of the SQR; algorithm.

THEOREM 4.4. Any accumulation point of {z*} generated by the SQR; algorithm
is a Clarke stationary point of (1.1) defined in Definition 4.1. Given any € € (0, 1],
the total number of successful iterations for obtaining an € Clarke stationary point of
(1.1) when applying the proposed SQRy algorithm is at most

]
and the total number of iterations is at most
[Je7%],
where
28R + 9)? f (2° _ _
Js = (28R + 42) 3f($ 2 Ho) —log, (2¢fR+9ea)+1 and J = Js+log, f—log, Bo+1
o

with [ defined in Lemma 3.3 and R > 1 such that R > ||2¥||o Vk € N.
Proof. For a given € € (0, 1], there exists a positive integer j > 2 such that

(4.3) (26R+9a)oU™D <e and (2BR+9a)0™? > e
From (4.1), for k € N~ [ Ny, the following inequality holds:

(44) f(xk+lvﬂk+1) - f(xka ,U“k) > _4041“%'

If (4.4) holds, from Lemma 4.3, then K+ (25 | iy —, By YU T (@i iy, By-) =
0, and it follows that there is £V € df(2"7 ) such that

1€ lloe < (28R + 90)1y—
Combining the above inequality and the nonincreasing property of uy, we have

(4.5 min{[[¢]le & € f (")} < (2BR+9)py- <€ Vh =Ny +1.

Similar to the proof of Theorem 3.9, we only need to evaluate N;”. From Lemma
4.3, when k € N AN~ and k < N,

dao3ed

oo k+1 _ F(.k _ 3 o 3(5—-1) s
s Mk+ s U < 4()Z}L < 4o < — .
f(x k 1) f(x k) k (2BR+90()3

There are at least k; — j 41 iterations such that the above inequality holds, where
kj is the number of successful iterations up to N;~. Hence we obtain

L ~ 4ao3ed
0< f@™i ) < f(a® o) — ———(k; —j+1).
< f(x MNJ.) f(@”, po) (2ﬁR+9a)3( i—J+1)
Thus,
(23R+90¢)3 70 _3 .
ki < Wf(ﬂf s Ho)e 4+ — 1.
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Moreover, (4.3) gives j < log, € — log, (26R + 9a) + 2. Hence, we have
kg < J;E_B,

where
3 ~ —
(2% po) — log, (2¢fR + 9ea)) + 1.

Coming back to (4.5) and (3.41), we can obtain the estimation of interations
in this theorem and the worst-case complexity of the SQR; algorithm for finding a
Clarke stationary point of (1.1). Let ¢ — 0; then any accumulation point of z* is a
Clarke stationary point of (1.1). O

Similar to the proof idea of Theorem 4.4, the SQR; algorithm takes at most
O(e™3) iterations to reduce ||V f(z,1)|loc < € and p < €, while the DS algorithm in

[19] needs to take at most O(e~3loge™!) iterations.
For given e € (0, 1], it is difficult to verify the inequality

(4.6) min{|[€]|oc, € € Of(z")} <€

directly. However, from the proof analysis in Proposition 4.2, if
(4.7) IVHGE) + 3 Vo0 (2t e )lloe + o <
i=1

then there exists £¥ € df(2*") such that ||+
verify (4.6).

Nesterov and Polyak [28] propose a Newton method based on a cubic regular-
ization for solving a general unconstrained smooth nonconvex optimization, where
the Hessian of the objective function is needed. Cartis, Gould, and Toint [6] and
Nesterov [27] propose quadratic regularization methods for solving nonsmooth non-
convex optimization problems (1.2) with the worst-case complexity O(e~2). However,
the objective function in (1.1) with v2, @3, @4, @5, and e in Appendix A cannot be
reformed by (1.2). To the best of our knowledge, if the penalty ¢ is not convex, it is
an open problem whether the globally Lipschitz continuity of the objective function in
(1.1) can improve the worst-case complexity order of the SQR; algorithm for finding
an e Clarke stationary point of (1.1) defined in Definition 4.1.

o < €. Hence, we can use (4.7) to

5. Numerical experiments. In this section, we give two examples to show the
performance of the SQR algorithm for solving (1.1) with p = % and p = 1, respectively.
The numerical testing is carried out on a Lenovo PC (3.00 GHz, 2.00 GB of RAM)
with the use of MATLAB 7.4. Throughout this section, we always use uo = 10, n = 2,
and 0 = 01 = g2 = 0.9. Example 5.1 is used to show that the SQR algorithm can find
a global minimizer of (1.1). Since z = 0 is a trivial scaled stationary point and a local
minimizer of (1.1) with p € (0,1), some first order methods may stop at x = 0. We
use Example 5.2 to show that the SQR algorithm with starting point 2° = 0 can find
a nonzero scaled stationary point of (1.1) with p € (0,1]. Moreover, at these nonzero
stationary points, the function values are less than that at = = 0.

Example 5.1. Consider the following l5-I 1 optimization problem:

(5.1) min  f(z) = (21 + 22 — 1) + AN /Jz1] + V]a2)),

reR™

where A > 0. This example is used to explain the optimality conditions in [11].
When A = %, (1/3,0) and (0,1/3) are two nonzero vectors satisfying the first

and second order necessary conditions given in [13], while (0,0) is the unique global
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minimizer of (5.1). When A = 1, the global minimum of f is 0.927 with two minimizers
(0,0.7015) and (0.7015,0). We choose By = 4, then 8 = 4 Vk € N and all iterations
are successful. Figure 5.1 shows the tracks of z* generated by the SQR algorithm

with 10 different random initial points z° and A = % and A = 1. Any sequence

{z*} started from one of the 10 initial points converges to one of these minimizers.
Figure 5.2 shows the convergence of the corresponding function values f(z*). This
example shows the possibility of the SQR algorithm for finding a global minimizer of
(1.1) with 0 < p < 1.

Example 5.2. We use randomly generated standard testing problems to show the
validity of the SQR algorithm for finding a scaled stationary point of (1.1). For a
given positive integer ng, we use the following MATLAB code to generate A € R"™*"™
and b € R™:

n=100*ng; m=n/d; v=zeros(n,1); A=randn(m,n); P = randperm(n);
for j=1:n

A(23) = AG,3)/morm(A(, 1));

end

v(P(1:ngp),1) = 2% randn(ng,1); b= Axv—0.1%xrandn(m,1)

We set ng = 10 in the MATLAB code and choose ° = 0 € R", then ||v||o = 10.
We consider the optimization problem

n

(5.2) min  In(|[Az — b3+ 1)+ > o(lzi?),

00.7015)"

-
S contourtine

;

408 e o4

Fic. 5.1. Tracks of 2*: (a) A = %; (

:
(a) (b)

FIG. 5.2. Convergence of f(z¥): (a) A = 3%@; (b) A=1.
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TABLE 5.1
The SQR algorithm for finding an (= 10~3) scaled stationary point of (5.2) with p = 0.5 and
p=1.

e | A « p | k| R i 2% o | 112%" = vll2
o1 | 03| 03 |05 | 1297 | 2.3177 | 3.43E-8 11 0.4609
1 | 707 | 2.3030 | 1.94E4 | 270 1.2412
22 | 03| 03 | 05 | 1448 | 1.9656 | 2.50E-8 11 0.4612
1 | 725 | 1.8345 | 2.66E-4 | 268 1.2390
23 | 03| 06 | 05 | 2020 | 2.1356 | 2.02E-8 13 0.9542
1 | 914 | 1.9970 | 3.59E-5 11 0.3552
22 | 05| 2 | 05 | 2015 | 2.8476 | 2.42E-10 | 12 1.1936
1 | 826 | 24915 | 3.18E-6 8 1.2456
25 | 03 | 04111 | 0.5 | 1981 | 1.9007 | 6.35E-9 11 0.3918
1 | 797 | 1.6808 | 1.57E-4 | 304 1.0292
26 | 03 | 03 | 05 | 1490 | 3.5033 | 2.83E-7 17 0.7625
1 | 610 | 41913 | 9.40E-4 | 285 1.0463

where ¢ is defined by ¢;, i = 1,2,...,6, in Appendix A with a = 3.7 for ¢4, ¢5, @s,
and a = 1 for o1, @2, p3. From (0) = 0, we have f(2°) = H(2°) and ||G(2")| = 0.
Moreover, at these given data, f(2%) = 3.4939 and |[§(2°, po)|lc = 0.2071. We set
Bo = 1, which is smaller than the Lipschitz constant of the gradient of In(|| Az—b||3+1).
When € = 1073, the numerical results using the SQR algorithm for solving (5.2)

1

with p = 5 and p = 1 are listed in Table 5.1, where k* is the smallest integer such

that px < e and ||G(2%)||oe < € Yk > k*, ||2F7 |0 is the number of nonzero elements
of 2¥".

—p=05 | |
e p=1

(c) (d)
Fic. 5.3. SQR algorithm for (5.2) with e to find an € scaled stationary point with different
values of e: (a) k*, (b) CPU time, (c) f(zF"), (d) ||2*" — v]|2.
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For ¢ := pg and different values of €, the iterations k* and CPU time that are
needed to obtain an e scaled stationary point by the proposed SQR algorithm are
reported in Figure 5.3 with f(z*") and ||2%" — v]|2 .

6. Conclusions. Motivated by quadratic regularization methods [6, 22, 32] and
smoothing methods [10, 19], we propose a globally convergent SQR algorithm with
the worst-case complexity O(e~2) for finding e scaled stationary points of a class of
nonsmooth nonconvex, perhaps even non-Lipschitzian optimization problems in the
form of (1.1). Such class of optimization problems includes a number of interesting
problems in sparse approximation, signal reconstruction, and variable selection in
the recent literature. Moreover, if the objective function f in (1.1) is locally Lipschitz
continuous, we can use the SQR; algorithm, which is a slightly modified version of the
SQR algorithm, to find an € Clarke stationary point with the worst-case complexity
O(e=3). The SQR algorithm and the SQR; algorithm are easy to implement, and
each iteration solves a strongly convex quadratic minimization problem with a simple
closed-form solution.

Appendix A. Penalty functions and assumption (A,). We consider the
following six penalty functions which are often used in statistics and sparse recon-
struction:
soft thresholding penalty function [23, 25]: p1(s) = As;
logistic penalty function [29]: @2(s) = Alog(1l + as);
fraction penalty function [14, 29]: @3(s) = A1{55;
hard thresholding penalty function[17]: @4(s) = A? — (A — s)%;

SCAD penalty function[17]:

ws(s) = )\/08 min{l, w}dt;

a—1

e MCP function [33]:

we(s) = /\/OS (1 — %)ert,

where a and \ are two positive parameters, especially a > 2 in the SCAD penalty
function and @ > 1 in the MCP function.

(1) For the penalty function ¢1, assumption (A,) holds with « > A.

(2) The minimum of ¢2(s) is 0 obtained at 0 and lims_o0 p2(s) = 00. @a(s) is
twice continuously differentiable on (0, c0), and

Aa meoy Aa?
) ’ P2 (S) - (

<P/2(5): ( Tas)zv

1+4+as
which follows that |5 (s)] < Aa, |©4(s)] < Xa?, and |4 (s)|s < Aa. Hence, assumption
(A,) holds for o with a > max{a, Aa?}.
(3) The minimum of ¢3(s) is 0 obtained at 0 and lims_, w3(s) = A. @3(s) is
twice continuously differentiable on (0, 00), and

Aa 2 a?

5(s) = ( Ot asp’

1+ as)?’

which follows that |©5(s)] < Aa, |5 (s)| < 2Aa?, and |¢Y(s)|s < 2Aa. Hence, assump-
tion (A,) holds for p3 with a > max{2X\a?,2\a}.
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(4) For the penalty function ¢4, we can easily obtain that

-2 if s <A,
©i(s) = 2(A — s)+ and O(py(s)) = { [-2,0]  ifs=A,
0 if s > A

Hence, assumption (Ay,) holds for ¢4 with o > max{2\, 2}.
(5) The SCAD penalty function can be expressed by the form

As if s < A,

2a)s — 52 — A2

_— if A < al

ps(s) = 2(a—1) A ssad,

1 2

u if a) < s.
2

The minimum of the SCAD penalty function on [0, 00) is 0 obtained at 0 and its

2
maximum is @ obtained at any s > aX. @5(s) is continuously differentiable on

(0,00) and

eb(s) =min {5, (2 =Dx

a—1
Hence, the SCAD penalty function is globally Lipschitz continuous with Lipschitz

constant A. Moreover, ¢5(s) is twice continuously differentiable for s € (0, A) [J(A, a))
U(aX, o0), and

0 if0<s< A or s>al,
1
— .f = =
A(L(s)) = {a—l’o} if s= X and s = al,
1
— o1 if A<s<a

Hence, assumption (A,) holds for ¢5 with v > max{\, —1-, 42},

(6) The MCP function can be expressed by the form
s2
As — — if s < al,
_ 2a
¥6 (5) - 2
a\ .
— if s > al.
2
The minimum of MCP is 0 obtained at 0 and its maximum is “—;2 obtained at all
s > a). pg(s) is continuously differentiable in (0, 00) and

wg(s) = ()\ — Z)+ Vs € (0, 00).

Hence, the MCP function is globally Lipschitz continuous with Lipschitz constant .
Moreover, ¢g(s) is twice continuously differentiable for s € (0,a\) |J(aA, o), and

—1 if 0 < s <a),
a
/ _
9(6(s)) = {_ 1,0} if 5 = a),
a
0 if s > al.

Hence, assumption (A,) holds for ¢ with o > max{, 2}.
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Appendix B. Proofs of propositions.

Proof of Proposition 2.3. The first derivative of (6P (s, 1)) with respect to s is
given by

VS@(GP(Sﬂ /1‘)) = Spl(t)tzep(s,,u)vsap(sa /1’)
From the expression of 6P (s, i), for any fixed p > 0, we have
ifp="Tland|s|<p,  |nl<p™" Vn€d(Vil(s, ),
ifp=1and |s] > u, V20(s, ) =0,
ifp<land|s|<p, |0 <p(L—p)pP~? Vneds(Vsb(s, ),
if p<landls|>p,  V30P(s,n) = p(1—p)ls|’~?,
which follows that V6P (s, ) is globally Lipschitz continuous with respect to s for
any fixed pu > 0.

Since ¢’ is locally Lipschitz continuous, V(6P (s, pt)) is locally Lipschitz contin-
uous with respect to s for any fixed p > 0. For a fixed u > 0, denote D,, the set of
points at which (6P (-, u)) is differentiable.

According to Rademacher’s theorem, a locally Lipschitz continuous function is
differentiable almost everywhere (in the sense of Lebesgue measure), i.e., the measure

of R\ D, is 0 [15, Theorem 2.5.1].
First, we consider the case that p = 1. When |s| > pand s € D,,, by Lemma 2.2(i),

(B.1) V2007 (5, 10))| = 19" ()1=0(s,) (Vs0(s, 1))| < a7 (s, 1) = af s| "
On the other hand, when |s| < ¢ and s € D,,, it follows that

(V2007 (s, )| = |9" (D) =0(5,0) (Vs0(5, 1)) + &' (£)=0(5,0) V2O (5, )]

1

2
S
(p//(t)tze(s,p,) <;) + w/(t)tze(s,p,);

(B.2) =

< aﬁfl(s,u) +apt< 304/171,

where the last inequality uses Lemma 2.2(ii).

Next, we consider the case that 0 < p < 1. For any fixed 4 > 0, from the
chain rule, when s € D, the second derivative of p(6”(s,n)) with respect to s is
calculated by

V207 (s, 1)) = P*@" (t)i=or (5,0 0772 (5, 1) (Vs0(s, 1))?
09 (=00 (5,1 0” (5, 1) V30(5, 1)
(B3) 00 = )¢ (e, 0” (5, 1)(T,0(5, 1))*.

When |s| < p, we have |V0(s, u)| < I—Z‘ < 1. From assumption (4,), (B.3), and
Lemma 2.2(ii), we obtain that for s € D, with |s| < p,

(B.4)

_ 52 B 1

[V20(67 (5, 1) < P|" () 1w (5,0)0" (5, 1) |67 Q(S,H)F + P’ () 1w (5,50 |07 1(&#);
2

_ S

P(L =)@ (t)1mpr(s,0) 1072 (5, 1) =

12
< g0 (s, 1) + op 2 gr=2(s, 1) 4 p(1 — patP2(s, )
i

< 20p0P 2 (s, ) < BappP 2.
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Similarly, when |s| > p and s € D,,, we obtain

(B5) (V2007 (s, 1)) < 19" () ampspplsIPls1P7% + p(1 = )| ()i s |17~
' < ap?|s[P~* + ap(1 = p)[s|"~2 = apls|P>.

It is easy to see that (B.1), (B.2), (B.4), and (B.5) imply that for s € D, and
0<p <1, [V2p(0 (s, 1))| < (s, ).

Combining the above inequality with the definition of the Clarke generalized
gradient, we complete the proof.

Proof of Proposition 3.1. For any fixed p > 0, when |§] < 2u, by Proposition 2.3,
02¢(07(s, 1)) can be uniformly bounded by (8, u) = SapuP~2. Thus, by Taylor’s
formula, (3.4) holds naturally in this case.

When |§] > 2u, since |s — §| < max{%,u} = ‘—S‘, for any 7 € [0, 1],
|7s 4+ (1 —7)8| > |8| — 7|s — §] > |3] —T% > %,
which implies |75 + (1 — 7)3[P=2 < |5[P=2.
From the above inequality, Proposition 2.3, and Taylor’s formula, there is 7 € [0, 1]
such that

PO (5.10) < 0073, 10) + (Vo3 0), 5 — ) + AT LD gy

< p(07(3,) + (Vap(0"(6. ), 5 — 8) + " (g2

Proof of Proposition 3.6. Let us consider a fixed ¢ € I. For |z;| > p, it is obtained
that

25 Gi(x, 1) = 2V, H(x) + p@' () =), |p |27 = Gi().
For |z;| < pand 0 < p < 1, we have § < f(z;, 1) and

|zigi(x, 1) — 2V, H(x); — pp' ()i, o | 7] |

2132

= Pl (V) 1=0r (a1 0" (i, u)j' — &' () t=oip|il”|
<2app® + appP = 3apuP.

Similarly, for |z;| < p and p = 1, it gives

2
€L
xi|| = |90/(t)t:0(m,,u)7 — &' () 4=y |l | < 20

|wigi(z, 1) — Vo, H(z) — @' (t)1= (0|
Hence, for any 0 < p < 1, from

1XG(@, 1) = G@)lloo = max [@igi(@, 1) = @iV, H(z) = ' Oempasfo |zl
we complete the proof.

Proof of Proposition 4.2. Since V H is globally Lipschitz continuous with Lipschitz
constant Ly g, we have

(B.6) IVH(x) - VH(z,) |l < Ly
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Denote It (x,pu) ={i €1 :|x;| > pu} and I~ (x,p) = {i € I : |z;] < u}. Then,

/ i o . _
O ()i y—  ifi€ T (z,p),
Ve, o(0(xi, ) = p
Spl(t)t:m\Sign(ﬁCi) if i € I't(z, p).

From assumption (A,) and Lemma 2.2(ii), for any ¢ € I~ (z, ),

xX; xX;
\w’(t»_em,m— o0k

L L < ‘Spl(t)t:ﬂii,,u) - (00/(0)| hge’ |9(xlvu)| < ap.

Since ¢/(0)2 € ¢/(0) - [1, 1] = dp(|[r,i]) for i € I~ (2, 1) and By, p(Oi, 1)) =
Oa, ) ([ ]i]) for i € I (z, 1), we have

n

(B.7) min { (1> Vap(O(zi, 1) —n| :n€ Zﬁzw(l[xu]il) < ap.

i=1
Combining (B.6) and (B.7), we complete the proof.
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