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Abstract

We give sufficient conditions on initial and target measures supported
on the sphere S™ to ensure the solution to the optimal transport problem

2
with the cost ‘z;y‘ is a diffeomorphism.

1 Introduction

In this paper, we will show the following two theorems.

Theorem 1.1. Suppose that we have two probability measures pu := efdVol and
v:=e9dVol on S* C R, with f and g smooth functions. If

(n - 1)w0

IDfII+ 11Dyl < (1.1)

where wy satisfies
woe?? = 2, (1.2)
then the optimal pairing of p and v under the optimal transport problem with

cost given by the Euclidean distance squared on R™t! is a diffeomorphism.

Theorem 1.2. Suppose that we have two smooth probability measures p :=
pdVol and v := pdVol on S* C R™*! such that

W3 (i, v) < max{min p(x), min p(a)} A (n)

Vol (Sr—2 n+2  ew/2
Al (TL) = m <%) /O COS’”FF2 ¢Sinn_2 ¢d¢, (13)
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and W3 is the Wasserstein distance, computed with respect to cost given by
Euclidean distance squared on R™t1. Then the optimal pairing of u and v under
the optimal transport problem is a diffeomorphism.

Additionally, as a Corollary of Theorem we obtain

Corollary 1.3. Suppose that we have two smooth probability measures p =
pdVol and v := pdVol on S™ C R™t! such that

llp = Pllzoe(sm)y < max{min p(x), min p(z)}Az(n)

where

Vol (S"72)Vol (S™)

92 n+2 /2
Ag(n) := "t DT 2) (;) /0 cos" 2 psin" 2 pdg.  (1.4)

Then the optimal pairing of p and v under the optimal transport problem with
cost given by the Euclidean distance squared on R™t! is a diffeomorphism.

For the case when the cost is given by the geodesic distance squared on S™,
regularity for general smooth positive densities was shown by Loeper in [4]. The
cost given by the Euclidean distance squared was first investigated by Gangbo
and McCann in [2], where the authors show examples of measures given by
smooth densities where the optimal pairing is not given by a map. Thus there
is a need for some condition on the two measures.

The idea behind both proofs is essentially the same: Follow a continuity
method, considering solutions to the elliptic optimal transport equation (de-
fined in below). If we can show that the image T (z) (also defined
in below) of a point € S™ remains close enough to x, then deriva-
tive estimates follow from arguments of Ma, Trudinger, and Wang in [5]. In
Theorem [[LT] we obtain this closeness by first showing a gradient estimate of
the solution u to the optimal transportation equation, while in Theorem we
derive the closeness directly from a bound on the Ws—Wasserstein distance asso-
ciated to the Euclidean distance squared on R™*!. Additionally, we are able to
use a simple estimate to obtain a bound on the Ws—Wasserstein distance from a
bound on the L difference of p and p, which allows us to immediately deduce
Corollary from Theorem

Finally, we present a short outline of the remainder of the paper. In[ection 2|
we give the setup of the problem. Since our cost does not satisfy the twist
condition, we take one of the branches of the cost exponential function, then
use that to define the elliptic equation (23). In [section 3] we calculate the
Ma-Trudinger-Wang tensor in a specific coordinate system. In [section 4l we
prove a gradient estimate for solutions of (2.3]) under appropriate conditions on
fand g. In we show an estimate under the conditions on W2(p, p)
given in the second theorem, and also prove a short lemma which allows us to
obtain the estimate under conditions on ||p — pl|Le(gny. In we show
that the contact set for such solutions can only consist of one point, under the



appropriate gradient bound. Finally, in [Section 7] we use the continuity method
to prove our main theorem.
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Notation: We provide here a reference table for the notation used in this

paper.
Notation Definition Location
wo Constant satisfying wpe“® = 2 @@=
Vol(s"—2 n+2 /2 n . n—
VR e
7Vol(S" ™7 )Vol(S" n+2 om/2 s e
Ay (n) n(n+1)(n+2) (%) fO / cos" ¢sin ’ ¢d¢ (E)
|| Euclidean norm on R™*1
o) Euclidean inner product on R"*?
() Canonical metric on S™
||sn Length of vectors and covectors on S™
[ Dull SUP, egn | Du () sn
Cij I (z,y) ete. 5 ij%c(a@, y) ete.
c*? inverse matrix of ¢; ;
wij () uij(2,1) + cij(2, T, (2)) ()
Y+ (x,p) Inverse of a branch of the map y — D,c(z,y) = —p  (20)
TH(z), T.,)(x) YT (x, Du(x)) before (23)
Y~ (z,p) Inverse of a branch of the map y — Dyc(z,y) = —p ([@2)
T, (2) Y~ (2, Du(x)) )

2 Set up of problem

2.1 Monge and Kantorovich problems

For probability measure spaces (X, 1) and (Y, v), let II(u, v) be the set of prob-
ability measures v on X x ) such that

Y(E xY) = u(E)
(X x E) = v(E)

forall EC X and F C Y measurable. The cost is a measurable function
c: X xY— R
Definition 2.1. A probability measure vy € I(u,v) is a Kantorovich solution

to the optimal transportation problem between u and v with cost c if

/ c(x,y)dyo(r,y) = inf / c(x,y)dy(z,y).
XXY YEM(p,v) J x xy



Definition 2.2. A measurable map T : X — Y is a Monge solution to the
optimal transportation problem between u and v with cost c if

| et T@)aute) = int | [ el S(e)duta).
X Spr=v.Jx
Definition 2.3. A real valued function u defined on X is c-convex if for each
xo € X, there exists a A\g € R and yo € YV such that
u(xo) = —c(xo, Yo) + Ao
u(z) > —c(z,yo) + Ao, Yz € X.

If the second inequality is strict for x # xo, we say the function is strictly c-
convexr. We call such a function —c(-,yo) + Ao a c-support function to u at
Zo.

Definition 2.4. For a c-convez function u, we define its c-transform u¢ by

u®(y) = sup (—c(z,y) — u(x)).
rxeX

Remark 2.5. If u is c-convez, then at any fized xo where u and c are differen-
tiable, we can see that for some yo € Y,
ui(z0) = —ci(wo, yo)

wij (o) > —cij(zo,yo) (2.1)

where the second inequality is in the sense of matrices.

2.1.1 Twisted case

Now suppose that for each x¢ the map Dyc(xo,-) : J — T, X is defined and
injective. In this case we can implicitly define T'(x) from a c-convex function u
as

—ui(x) = ¢i(z, T(x)).

Differentiating this and taking the determinant, one obtains

det (u;j(x) + ¢ij(z, T'(x))) = |det ¢; j(z, T'(x))| det (giz (a:))

and from this we can write down the elliptic optimal transport equation:

()

det (u;j(x) + cij(z, T'(x))) = |det ¢; ;(z, T(x))] ST’ (2.2)
here p(z) and v(y) are densities with respect to dz! ---dz™ and dy' - - dy™ for
chosen coordinate systems (assuming the measures are absolutely continuous
with respect to a coordinate volume form). This equation is (degenerate) elliptic
for a c-convex solution u (see Remark [ZH]), and is invariant under a change of
coordinates. It is a standard result that c-convex solutions of the above equation
determine uniquely the solution to the optimal transportation problem.



2.2 S™ with Euclidean cost

For the remainder of the paper, we specialize to the case

_ e —yP
C(.I, y) T 2 )
where |-| is the Euclidean distance on R,

In the twisted case, it is clear that each c-convex function determines a
single-valued map T'(x). This is no longer the case for this cost function on the
sphere: For a fixed x9 € ", the map D, c(wo,-) : S* — T S™ is not injective.
In fact, if p € T7 S", [p|s» < 1, there are exactly two points y = y; and y = 2
such that D c(xo,y) = —p. With this in mind, we make the following definition.

Definition 2.6. We define the map YV (x,p) implicitly by
DIC(.’L',Y+(.’II,]9)) =P
(z,Y"(z,p)) >0

forp e TXS™, |plsn < 1.

Now for u c-convex with ||Dul| < 1, we use Y in place of the implicit
definition of T'(z) in ([Z2) to define an elliptic equation

_ N p(x)
det w;;(x) = |det ¢; ; (=, TJF(I)”W’ (2.3)
where
wij(2) := uj(x) + ci(x, T (2)) (2.4)
and

Tt (z) :== YT (2, Du(x))

which is well-defined as long as ||Du| < 1. Eventually, we will show that
under appropriate conditions on the densities, solutions of this equation indeed
determine single-valued solutions to the optimal transport problem.

Remark 2.7. Ifu is c-conver and differentiable at zo with |Du(zg)|sn < 1, and
(o0, yo) is a pair of points satisfying (2.1)), it is easy to see that either (xg,yo) > 0
or there exists another point y1 also satisfying 1) with (xo,y1) > 0. In the
latter case c;j(xo,y1) > ¢ij(xo,y0). Hence, we see that:

the pair (o, T (x0)) satisfies (1)),
w;j(zo) is positive semidefinite.

3 Calculation of MTW tensor

In this section, we utilize a coordinate system specialized to this problem on
the sphere to calculate various quantities involving ¢, most notably the MTW
tensor of [5].



We will define a coordinate system centered around a point z¢g € S™ as
follows. First, rotate z¢ so it is given by e,y1, then take coordinates for the
upper hemisphere by representing it as the graph (z, 8 (x)) over B;(0) C R",

where
B(x) :=+/1— |z

Note that we leave ourselves the freedom to further rotate S™ as long as the
en+1 direction remains unchanged.

Definition 3.1. [3, Section 2] Given V., W € T,.S™ and n, ( € TxS", define
(MTW)le (2, )V Wi := —(Cijpg — cij)rcr’sc&pq)cp’kcq’l(:E, YV Wi,

We will say that a cost ¢ has the property (A3d) at (x,y) € S*xS™ with constant
do >0 Zf . o
(MTW)U (. YV VI > 5O|V|§”|77|én' (A3s)

The following is widely known, but we carry out the calculations in our
coordinate system here for later reference.

2
Proposition 3.2. The cost |m—2y| satisfies (A3d) with a uniform constant &g =

1 for all (x,y) € S™ x S™ such that (x,y) > 0.

Proof. We will utilize the coordinate system indicated above, and calculate var-
ious derivatives of c. First,

cla,y) = (L @) — (A GNP
_r—yP+ (B@) - B©)?
2
a1y =20 y) + (L -2 + 1~ [y —28(2) B(y))
2

=1—(z,y) — B(z)B(y).

Thus we calculate, at generic z and y,

ci = —yi — Bi (x) B (y)
cij = —Bij (x) B (y)
Cijk = —PBij (z) Br ()
Cik = —0ix — Bi (z) Br (y)
ikl = —Bi () Bra (y)

Cijkt = —Bij () Bra (v) (3.1)
and
ST
61']‘ _ TiZ 5
S = T sy



Thus we find at z = 0,

Ci = —VYi
cij = 658 (y)
Yk
SO T
Cik = —Oik
ik =0
Ciinl = —0i: ﬂ-{- Yyt (3.2)
h Y\BW  Bw)?

Now we can calculate for V' € TpS™, n € TgS",

Kl o
(MTW);; V'V e = —(Cijpg — CijrC s pg )P RV IV Iy,

= 5, ( Ooa_y ol ) (=67 ) (=" )V Vi

By B)°
2
= 5 (00 2 o
> [V [nf?
= [V Ealnlg-
since
Zyknkyml = (y,m* >0,
k.l
Bly) <1
for any y and 7. The last equality is seen from calculation of the metric in our
coordinates, shown below. O

We also make a few calculations for later use. In the above coordinates,
gij = 0i; + Bi () B; (x)
(9ij)k = Bir () Bj (x) + Bi (x) Bk (x)
(Gig)rt = Bir () B5 () + Bir (x) Bji () + Ba (x) Bjx () + B () Bjrt ()

and at x = 0 we have
Gij = 0ij
(9ij) =0
(9ij )kt = 0irdj1 + 0310k



Hence at = = 0,

°ij __

g7 = 045
Gk =0
(5" = =601 — Sl (3.3)

Remark 3.3. Suppose we have a C', c-convex function u. Then, when written
in a coordinate system chosen as above centered at xo, using the implicit relation
in Definition[2.6] we notice that

(T*(20))" = uilxo).

4 Gradient estimate : Theorem 1.1

In this section, we will prove an a priori gradient estimate for a solution u of our
elliptic equation ([23). A gradient bound of the form ||Du|| < 1 — ¢ will ensure
that Proposition is applicable at (x,TT(z)), hence we can use the MTW
theory to to obtain a priori second derivative estimates for u. The method we
use is similar to that of Delanoé and Loeper in [I], where the cost is the geodesic
distance squared. In (23] we will take

u(x) = el @), /det Gij(2)

viy) = e9W) \/det g5 (y).

Theorem 4.1. Let n > 2. Suppose u is a C? solution to equation [23)) such
that

[|[Du|| < 1.
Then,

xef =
IDal < () (B2) ™ (0l -+ 1D

min e9d

Proof. Define ,

where w is a solution to the equation (2.3). Now we let xg be the point where ¢
achieves its maximum on S™, and take the coordinate system defined in[Secfion 3|
centered at this point. We take dz! in the direction of Du, and rotate the
remaining n — 1 directions so that u;; for 1 < ¢,j < n is diagonal at xg =. Note
that at x = 0,

0=¢;
_ (GP1)iupug + 27 upug
2
= U1U14



and

(9P)ijupug + 2(gP9)iupugs + 2(gP7) uptiqi + 297 Muptiqij + 297 up ug;
2

ij =

2(9')i5
= ulT + uiu1; + Z Upi Upj
p
= —u%&iléﬂ + uiu15 + Z Upi Uy -
P
Here we have used B.3]). Now if u1(0) = 0, that implies that ||[Du|| = 0 and u
is constant. Thus we may assume u1(0) # 0 and hence

for all 1 <¢ < n. In particular, the whole matrix u;; is diagonal at 0.
Consider the operator N
Lv = w" vy (4.1)
which is the second order part of the linearization of the natural logarithm
of (Z3). Taking v = ¢ and = = 0, and applying the maximum principle we find
that

0> L¢(0)
=w" ¢y;
= w' (—ufbidj + urunig + ) upitipg)

p

2,11 L] L]
= —ujw  + ulw”ulij +w" E Upi Upj

P

= + Z W (U1 U e + U2,,). (4.2)

Here we have used (3:2]) and the fact that w;; is diagonal at 0.
By differentiating the implicit relation

ui(z) + ¢i(z, Tt (z)) =0
we find that
wij + cij = —cin(TH)F
Thus from [B2]) and Remark B3]
(T)5(0) = ui;(0) + 65,8 (T(0))
= u;5(0) + 658 (Du(0)) .
In particular, (T7)’(0) is diagonal. Note additionally, from this we find that

1
u35(0) + 0558 (Du(0))”

w(0) = (4.3)



Also, from (B we calculate

cij1(0,y) = —Bi1 (0) B (y) = 0.

By the calculations at the end of Eection 3] we have

f(z)
e/ (?)y [det gij () = ; (z)
£9(TH @)
B(T*(x))

We now differentiate equation (23) (after taking logarithms again) in the
direction to obtain, at z = 0,

9T (@) ] qet i (T (z)) =

0 = w” (uij1 + ciji + ciju(TH)F) — 7 (ciny + ciju(TH)F)
- DIl(f - IOgﬁ) + Dm1(g © T+ - IOgB (T+))
= Z[waa (uaal + Caa,l(T+)i) + Cozl,a]

B () (T

B
- fl + 2 + (gk? © T+)(T+)]f ﬂ (T+)

B
= Z[waa (uaal + Caa,l(T+)}) + Cozl,a]

BT (T

B
_f1+_1+(910T+)(T+)} B(T+)

B
= ;[waa (Uozal - ul)] - 3

— fi+9:1(Du)B (Du) +

U1

Du)

—~

B (Du)

Substituting into ([@2]), we obtain

2
02 -5 (%u) + za: WL, + (za: R (Du)>
2
= 3 (uDlu) + ;w‘muia +u? ;w‘m + u1fi — urg1(Du)B (Du)
2
>u? Zw‘m +u1 fi — u1g1(Du)B (Du) — 8 (Dlu)

(e

= uf Z w* + w1 fi —uig1(Du)B (Du).

a>1

Here we have used that w®®(0) > 0 and w'!(0) = m by (3). Thus we

10



find that

UDFI+11Dgl) = [ + 191 (Dw) B (Du)

Hence

max el \ "1
1Dul < () (222) " Qiosi + 10l

min ed

5 Gradient estimate : Theorem 1.2

We will prove the following interior estimate on Euclidean space itself and then
show that it adapts easily to hold on embedded spheres as well.

Theorem 5.1. Suppose that |T'(xo) —xo| = a , where T' is an optimal transport
map from p(x)dz to p(y)dy in R™, with p, p supported in domains Q,Q and
d(xo,00Q) > a. Then

1 o+ )n+2) 1 e
a<|— e — W3 (p,p)
mingeq p(x) Vol (SP—2) T cosnt2? gsin™ 2 gdgs
where W3 (p, p) is the Wasserstein distance between p and p.

Proof. Rotate coordinates on R™ so that z is at the origin and T'(x¢) is along
the e; axis. Define the set

K, ={z eR"||z| <acos¢}

where ¢ is the angle x makes with the e; axis. This set is a sphere of radius
a/2 centered at the point (a/2,0,...,0). Now take a point point 1 € K,. The
monotonicity condition for optimal transport (cf. [6, Def 5.1]) says that

(20, T'(w0)) + (z1,T(21)) = (@1, T(20)) + (20, T'(71)) (5.1)

11



in particular
(x1,T(x1)) > (21, T (20)) = acos .

It follows that T'(x1) must be in a half space and that
|1 — T'(z1)] > acosd — |aq].

Thus we can integrate

Wi(p,p /|3:— (x)dxz/K wmx)dx

a

/2 acos ¢ 2
/ / / (00080 = 1) it iy sin™2 il
Sn 2 2

Vol Sn 2 7/2 pacos¢
> Inelgzl P(iﬂ)of / / (acos ¢ — ) r"Ldrdo sin" 2 ¢de
’ 0

n+2 /2
_ : V l Sn—? a / n+2 . n—2 d
glelgp(a:) ol ( )n(n +1)(n+2) Jy cos™™" psin™"" ¢d¢
and the conclusion follows. O

Corollary 5.2. The same estimate holds on the sphere S* C R™! with cost
given by Euclidean distance squared on R"*1. In particular

1 ( + 1)( + 2) 1 1/(n+2)

n\n n

[[Du|| < . - Q(p, %) .
MiNgzeq p(x) Vol (S 2) fO /2 cos™t+2 ZSSi]T n—2 ] 2

Proof. Represent a hemisphere as a graph over the tangent space at xg. Then
using these coordinates, repeat the above calculation. First note that the dis-
tance of the projection in the chosen coordinates bounds from below the actual
distance. An easy computation shows that the monotonicity condition for this
cost (in these coordinates) is stronger than (5.11) It follows that our integration
argument over K, is intact, noting that the volume element on the sphere is
bounded below by dx in these coordinates. The derivative bound follows by

noting that the norm of Du is given by the length of tangential component of
T(z) — . O

Remark 5.3. This method can be modified to uniformly conver domains, where
the constants depend explicitly on the upper and lower curvature bounds. The
set K, is less nice, but still explicit. One can repeat almost verbatim the same
argument on a manifold with nonnegative curvature (with respect to distance
squared cost), provided one has a lower bound on the volume element in expo-
nential coordinates.

We also show that a bound on the L*° distance between p and p implies a
bound on the Wy—Wasserstein distance between them, which easily allows us to
prove Corollary from Theorem [T.11

12



Lemma 5.4. Given any two probability measures u = pdVol and v = pdV ol
such that p, p € L>(S™), then

W2(u,v) < Vol (S™)|lp — pll pos (sm)-
Proof. Recall by [6, Chapter 5] that
W2(p,v) = sup — [ ¢(x)p(x)dVol(x) — w( )p(y)dVol(y) — (52)
(pp)ek  Jsn

where
K:={(¢,¢) € CS") x C(S") | =d(x) — ¢(y) < c(z,y)}-

Now note that since p and v are both probability measures, we may add the
restriction ¢(e,,) = ¥ (e,) = 0 to the definition of the set K without changing
the supremum in (52). Also, by definition we see that

sup (— o) - [ wiatavy >)
.

(p,p)eK

< o= [ ewpmaves) - [ swimavo)

de{C(S™)|¢(en)=

< o (= [ oo - [ v

pe{C(E™)|¢(en)

<

¢E{C(Sn ‘d’ en O} (

[ o @paveita) + [ owatavey >)
¢€{C(S" \d’ en)=0}

< sup (| ¢CC||L<>O smllp = pllLeesm) VOl(Sn))
Pe{C(S™)|¢p(en)=
< sup (||¢ | Lip(sm) diam (S™)[[p — pl| oo (gnyvol(S™))

¢e{C(5")|¢(en)=0}

< sup [ Dac(-, )| diam (S )vol(S™)|lp — pl oo (sm)
yest

=aVol (§")[|p — pll Lo (sm)-

Here we have used that since ¢°¢ is a c-convex function,

0“ILipsny < sup || Dzc(-,y)| < 1.
yeSn

6 Nonsplitting

First we define the c-subdifferential of a c-convex function w at a point x by

13
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Definition 6.1.
Ocu(z) :={y € S| —¢(-,y) + X is a c-support function to u at x for some X € R}.

We also define
T, () :=Y (x, Du(z)) (6.1)

u

where Y~ is characterized by

Dyc(z, Y™ (z,p)) = —p
(,Y (z,p)) <0 (6.2)

for p € TFS™, |plsn < 1 (compare Definition 2X6). We add the subscript u to
emphasize the dependency on the potential function wu.

Now we show a pointwise estimate on |Du(x)|s» if O.u(x) is more than one
point for any .

Lemma 6.2. Suppose that u is c-convez, C', and |[Dul| < 2. Then,
deu(wo) = {T; (z0)} .

Proof. Suppose that d.u(xg) # {T. (xo)}. Then we must have T, (zo) €
Ocu(xo). Writing y~ = T, (z9), this implies that for some A € R, the func-
tion —c¢(+,y~) + A is a c-support function to u at zp, and hence

u(y™) —u(xzo) = —c(y™,y7 ) + A= (—c(wo,y™) + A)
= C(x()vy_)
_ lzo —y~ |
2
=1 — cos (dgn (z0,y7)).

However, we also have
u(y™) —u(zo) < dsn(wo,y~ )| Dul|

hence
1 < dsn (2o, y™ )| Dul| + cos (dsn (z0,y™)).

However, by the definition of T, , we see that
considering the real valued function || Dul||t + co
that

RN

< dgn(xo,y~) < m. Thus by
t on the interval [F, 7], we see

s s
dsn (0,5~ )| Dul| + cos (dgn (z0, y~)) < max {§||Du|\ + cos 2, | Dul| + cosw}
<1

by the assumption on || Du||, which is a contradiction. O

14



7 Proof of Main Theorem

By combining the appropriate gradient estimate (either Theorem [£1] or Corol-
lary 52)) with Lemma [62] we can use the continuity method to show the exis-
tence of a Monge solution to our problem, proving our two main theorems.

Proof of Theorem [l Assume n > 2, as the case n = 1 is vacuous.
We will apply the continuity method to the equations

eft(@) /det g;; ()

eot(TE @) [det §i; (T ()
(7.1)

det (ui; (z) + ¢ij (2, T,f (x))) = |det ¢; j(x, T, (x))]

and
egt(y) detéij(y)
el (TE W) [det g5 (To (v))

det (vij (y) + cij (T, (y), ) = |det i ;(T,f (), v)

(7.2)
where, for ¢ € [0, 1]:
i) = 1o (o7 s + 1)
9t(y) = log (V(il_( tz) +tg(y))

Let
I:={t€[0,1] | (ZI) has a smooth solution u such that ||Dul|| < 1}.

Now a simple calculation shows that

IDfll < DSl
I1Dg:ll < Dyl

Since eftdVolg» and e9*dVols» are probability measures, f; and g; each equal
—log (Vol (S™)) at least once. Then, by assumption (II) on (||Df|| + || Dgl)
we obtain that for some 0 < \ < 1,

—log (Vol (S™)) — A((n — 1)wp)
—log (Vol (8")) + (1 = A) ((n = 1)wo)

min g; >

max f; <
It

mf.i.Xe t S e)\(n—l)wo-‘r(l—)\)(n—l)wo — e(n—l)wo'

min e9t

Hence, for any t € I and a solution u; to (1)), we may apply Theorem [A.T]

15



to find

[Du < .
n—1 min eJt

1

(e(nq)wo) " (IDf) + IDgl)

max fe ﬁ
! )( axe ) (DA + IDgl)

wo (n — 1w

A

Il Il
|€/\/-\/-\
3
| —

—_

3
I
—

™

(=)
€ —
S
N— "

=l.|1\>=]

(7.3)

In particular, ||Du¢|| remains uniformly bounded away from 1. Thus, from
Proposition and by the MTW maximum principle calculation in [5] Section
4], an a priori second derivative estimate for u follows. Higher order estimates
follow by the Evans-Krylov Theorem and standard elliptic theory, thus I is
closed.

To show openness, we set up the implicit function theorem as in [3, Theorem
17.6], by taking

G: {u € C**(8") /udVg = O} x [0,1] — {v € Ch(S"): /vdVg = O}
to be defined as

+ °
det (uij + ciy (, TH)) €3/ det 4 (T)

G(u,t) = eft/det gi; !
e T wo s

At a solution u(z) at some time tg, we have that G(u, ty) = 0. Now the linearized
operator on the first factor (whose principal part is a multiple of the operator L
in (A1), is an elliptic operator with no zeroth order terms. Since the linearized
operator has index zero, the maximum principle guarantees it is a bijection, and
openness follows. Since ef0 = €9, we may take v = 0 at t = 0 and apply the
continuity method to infer the existence of smooth solutions u to () for all
t € [0,1]. Similarly, we obtain smooth solutions v to (Z2) for all ¢ € [0, 1].

We now prove the c-convexity of uy, solutions to ([CI). It is clear that the
set I’ := {t € [0,1] | uy is strictly c-convex} is relatively open and contains
0. Now take any t € I’. By (3) we may apply Lemma to find that
Oeur(x) = {T,} (x)} for all z € S", that is, d.uy is a single valued map. The
strict c-convexity of u, implies that d.u;, hence T,f is injective. By (Z.I)), the
Jacobian determinant of TJZ is nonzero, so by an open-closed argument we see
that Tut is surjective, and hence a bijection, in fact, a diffeomorphism. Thus we
see that for any y,

w((T) ™ () + e((T5) 7 (W), 9) = —(u) (y)
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where (u;)¢ is the c-transform from Definition [Z4] clearly differentiable by the
above relation. Differentiating this relation twice and taking determinants of
both sides, we see that (u;)¢ satisfies equation (Z-2). Thus, after normalizing v;
by adding an appropriate constant, we find that v; = (u)®.

If I' # [0,1], let to := inf ([0,1]\ I’) > 0. Then uy, is c-convex but not
strictly c-convex. By the uniform convergence of u; and v; as t — g, we can
see that vy, = uf . As above, d.uf (y) = Ocvs,(y) = {T;to (y)} for all y, which
implies in turn that wg, is strictly c-convex, a contradiction. Thus, I’ = [0, 1]
and w, is strictly c-convex for all ¢ € [0,1].

In particular, when ¢t = 1, u := u, satisfies (23], is c-convex, and d.u(z) =
{T,}F(x)} for all z € S™. Thus we may apply [6, Theorem 5.10(ii) (replacing u
with —u)] to conclude that the measure (I'd x T,/)4p is a Kantorovich solution
to the optimal transportation problem between p and v. However, since T, is
a diffeomorphism, we see that it is actually a Monge solution. It is unique due
to the uniqueness of the Kantorovich solution proven in [2, Theorem 2.6]. O

Proof of Theorem .2, We follow the same method as the above proof, but in-
stead of applying Theorem .l we use Corollary and the hypotheses to

obtain the inequality (Z3)). The remainder of the proof follows. O
Proof of Corollary[L.3. By combining Theorem [[.2] and Lemma [5.4] we immedi-
ately obtain the claim. O
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