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COUPLED MODE EQUATION MODELING FOR OUT-OF-PLANE GAP SOLITONS IN
2D PHOTONIC CRYSTALS

TOMAS DOHNAL* AND WILLY DORFLER*

Abstract. Out-of-plane gap solitons in 2D photonic crystals are optical beams localized in the plane of periodicity of the
medium and delocalized in the orthogonal direction, in which they propagate with a nonzero velocity. We study such gap solitons
as described by the Kerr nonlinear Maxwell system. Using a model of the nonlinear polarization, which does not generate higher
harmonics, we obtain a closed curl-curl problem for the fundamental harmonic of the gap soliton. For gap solitons with frequencies
inside spectral gaps and in an asymptotic vicinity of a gap edge we use a slowly varying envelope approximation based on the
linear Bloch waves at the edge and slowly varying envelopes. We carry out a systematic derivation of the coupled mode equations
(CMEs) which govern the envelopes. This derivation needs to be carried out in Bloch variables. The CMEs are a system of coupled
nonlinear stationary Schrodinger equations with an additional cross derivative term. Examples of gap soliton approximations are
numerically computed for a photonic crystal with a hexagonal periodicity cell and an annulus material structure in the cell.
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1. Introduction. Maxwell’s equations for electromagnetic waves in Kerr nonlinear dielectric materials

read
6tD =V x H, (11&)
MoatH =-V x 5, (11b)
V.D =0, (1.1¢)
V-H=0 (1.1d)

for the electric field £, magnetic field H, the electric displacement field D with the constitutive relations

D =¢g (n25 + PNL) ,

S (1.2)
Prii = Z XiiimEi€1€m fori=1,2,3.

ijlm
7 l,m=1
€0, pto are the electric permittivity and magnetic permeability of vacuum, respectively,  — n(z) is the refractive
indez of the medium, and x — (x) is the cubic electric susceptibility of the medium.

We consider a 2D photonic crystal, i.e. we assume that the material coefficients change periodically
on a plane and are independent of the orthogonal component on that plane. Let a("),a(® € R3 be linearly
independent lattice vectors defining the Bravais lattice A := spanZ{a(l), a(2)} of the crystal. Then the required
periodicity reads

n(z) =n(zr+ R) € R,

1.3
xO(z) = xO(z + R) e R?*3x3x3 for all z € R® and all R € A. (13)

Without loss of generality we assume that the crystal is homogeneous in the x3-direction, i.e. agl) = a§2) =0

and Oz, n = 613)(5??7” = 0 for all 4, 5,1, m. We denote by U the Wigner—Seitz cell corresponding to the Bravais
lattice. We use b(1),b(2) to denote the pair of vectors satisfying a(® - p\9) = 276, ; for 4,7 € {1,2}, and let the
reciprocal lattice be A* := spany{b(), b}, B denotes the first Brillouin zone, i.e. the Wigner-Seitz cell of

the reciprocal lattice.
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Note that from the relations in (2] it is clear that we are neglecting losses, material dispersion as
well as higher order nonlinearities and assuming that the third order nonlinear response of the medium is
instantaneous.

We will consider monochromatic waves propagating in the zs-direction, i.e. waves propagating out of the
plane of periodicity of the 2D crystal, and use the ansatz

(E,H,D)(x,t) = @D (E H, D)(x1,x9;w) + c.c., (1.4)

where k € R and c.c. denotes the complex conjugate of the first term on the right. The ansatz (L4) contains
no higher harmonics, which is valid if the above form of Pyr, is replaced by a time averaged one, see below.
Alternatively, a physical justification of neglecting higher harmonics is based on the lack of phase matching
and absorption.

Note that for the field (T4) the divergence free conditions (IId) and (LId) are automatically satisfied
provided w # 0 since the spatially dependent parts

(é,f{,’ﬁ) (x;w) := elres (E, H, D) (21,225 w)

satisty
D=_VxH and uo}lz—ivXé, (1.5)
w w

and thus V-D = V- H = 0. Since our analysis below is for gap solitons with w close to a band edge, the
condition w # 0 is for us restrictive only when w = 0 is in a gap and lies near a band edge. Note also that
even if higher harmonics are accounted for, the divergence free conditions are still satisfied for w # 0 as (5]
then holds for each generated harmonic. Clearly, only odd, i.e., (2n 4 1)-th, n € Z, harmonics are generated.
We will assume a centrosymmetric and isotropic x(®)-tensor, which leads to the simplification
PnL = XS’) (&- &),

where X£i3) = Xﬁ)u = §?§)22 = g?é)gg for XS’) : (w1, 22) € R? = R, see 21, Sec. 2d]. Inserting the ansatz (I4)
in the nonlinearity Pyy, clearly generates the harmonics e3(##3=%) " These are, however, typically neglected
based on the physical arguments that the fundamental harmonics e (*#3=«*) and the higher harmonics are
not phase matched and that at the higher values of frequency (i.e. at +3w) material absorption is usually
large preventing the generation of significant fields at these frequencies, see e.g. [9]. Considering only the
fundamental harmonics, the nonlinear polarization for the ansatz (I4]) becomes

P =X QIEPE+ E- EE)e "0 4 cc., (1.6)
ie.

@) [ GIE P H21E2 42|55 ) By + (B3 +B5) (s —wt)
PNL = X | QIE1+3|Ba2 42| Bs|*) Bo+(E; +E3) Bz | €3 7%Y 4 c.c.. (1.7)
(2|1B1|?+2| B2 |* +3| E3|*) Bs +(E] + E3) Es

Another widely used model for the nonlinear polarization is
Pre = xi [€ - ™€,

where [f]*" denotes the time average of f over the period of f, i.e. over ¢t € [0,7/w] for f =& - &, cf. [26, 27].
The averaging generates no higher harmonics so that in this model (Lf) is exact. Note that the Kerr nonlinear
problem including all higher harmonics has been recently considered for a 1D periodic structure in [25].
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In the following we rescale the frequency by defining
L w
W= —
c
but drop the tilde again for better readability. For convenience we will denote the square of the refractive
index by
n(zx) := n?(z) for all z € R,
With the ansatz (I4) equations (Ial) and (L.ID) become
—icwD:VxH+i(8)><H, (1.82)
icwuoH:VxE—i—i(g)xE. (1.8b)

Since all our functions are independent of x3, we let from now on x = (x1,x2) € R2. Using the fact that E
depends only on z; and x2, a second order formulation of (L8]) reads

(L —w’n) E = w’ Py, (1.9)
where
Oay Es B
LE::V><V><E+im< Dn Es >+I€2(Eg), (1.10)
B0y Br+0.y Ea 0
and

Pa = (EPE+E-EE).

Having determined FE, the magnetic field can be recovered by

; . (0
H=—z= (VxE+i(8) < E).

Based on the analogy with the periodic nonlinear Schrédinger equation [23], equation (L) is expected
to have localized H (curl, R?)-solutions E for any w in a spectral gap of the linear problem Lu = w?nu. Such
solutions are called gap solitons. The aim of this paper is to provide an approximation of gap solitons E of
(CA) for w in an e2-vicinity (0 < ¢ < 1) of a gap edge using a slowly varying envelope approximation. As
we show, envelopes of such gap solitons satisfy a system of nonlinear constant coefficient equations, so called
coupled mode equations (CMEs) posed in the slow variables y = ex. The CMEs can be numerically solved
with less effort than the nonlinear Maxwell system (L)) in the variable z. An asymptotic approximation of
a gap soliton of (L9 near a gap edge is then the sum of linear Bloch waves at the edge, modulated by the
corresponding envelopes.

Asymptotic approximations via CMEs have been analyzed for gap solitons of the stationary periodic
nonlinear Schrodinger equation in 1D [24] as well as in 2D [12] [13] [I4]. In these works the approximation
via CMEs was also rigorously justified using Lyapunov—Schmidt reductions. Gap solitons of the nonlinear
Maxwell’s equations have been approximated by CMEs in the case of 1D photonic crystals with a small
(infinitesimal) contrast in the periodicity [16, 24 25], where [16] considers gap solitons modulated also in time.
To our knowledge the problem of a systematic CME approximation of gap solitons of nonlinear Maxwell’s
equations describing 2D or 3D photonic crystals does not appear in the literature. Although CMEs have been
formally derived for pulses in Maxwell’s equations with a 2D periodic medium of small contrast [2, [T [T1], these
pulses cannot be true gap solitons because in 2D and 3D a large enough contrast is necessary for the opening
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of spectral gaps. In this paper we consider a 2D photonic crystal with a finite contrast in the periodicity. For
our examples we use a photonic crystal which has several spectral gaps [4].

Besides the above cited works on coupled mode modeling of gap solitons there are a number of papers on
the slowly varying envelope approximation of nonlinear pulses in periodic structures with the pulse frequency
lying within the spectral bands. The envelope in this case can be typically modeled by the time dependent
nonlinear Schrodinger equation and the approximation holds on large but finite time intervals [9 [6] [10].

The rest of the paper is organized as follows. In Section [l we study the linear band structure wy, (k) of
C3) (with XS) = 0) and obtain thus the linear spectrum of the problem. We also discuss possible symmetries
in the band structure and among the corresponding Bloch waves. An example of a photonic crystal from [4] is
then provided, for which the band structure is numerically computed and three band gaps are observed on the
positive half axis w > 0. In Section [3] we present a slowly varying envelope approximation of gap solitons of
(3] for w in the vicinity of a spectral edge and carry out a systematic formal derivation of CMEs describing
the envelopes. Next, examples of CMEs are presented for the concrete photonic crystal given in Section
as well as for other theoretical situations. Here the symmetries in the band structure and among the Bloch
waves play an important role in determining properties of the CME coefficients. In Section Ml we plot the
approximation of two gap solitons in the chosen photonic crystal. The approximation requires computing the
Bloch waves at the edge and solving the corresponding CMEs.

2. Linear Band Structure.

2.1. The periodic eigenvalue problem. We study first the linear problem
Lu = wnu on R? (2.1)

and define the band structure as well as the linear Bloch waves.
By the Bloch-Floquet theory, see [19] or [15, Ch. 3], solution modes of ([Z1]) are given by the Bloch waves
un(k; . ) for n € N that satisfy

Lun(k; ) = wn (k) nua(k; ),

. 2.2
un(k; . 4+ R) = un(k; . )elFE for all R € A, (22)

where k = (k1, k2) sweeps the first Brillouin zone B C R2.

It is well-known that L is self-adjoint and has a compact inverse and that there thus exists a sequence of
eigenvalues {wy, }n>1 with lim, . w, = co and each eigenspace is of finite dimension. These eigenvalues are
nonnegative and we use the natural ordering w,—1 < w,, for n > 1. The mapping k +— w,, (k) is called the n-th
band of the spectral problem ([Z2)). Of course, (Z2]) allows also non-positive bands —w,,. These are typically
labeled via w_,, = —w,, and will play no role in our analysis. We therefore restrict ourselves to w, > 0 for
n € N. The Bloch waves in (Z2]) can be written in the form

(k) = pp(k; x)e*?,

where the p,, are A-periodic in z, i.e. p,(k;z+ R) = pp(k; ) for all z € U, R € A. These satisfy the eigenvalue
problem

L(k) — w2 (k)n(z)) p(k;z) =0 for all z € U,

(Z(k) = w2(k)n() ) palk; ) 03
pn(k;x + R) = pn(k;x) for all z € OU and all R € A,

with

L(k)pn(k;x) = (V 4+ ik") x (V +ik') x pp(k; 2),
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where k = (ky, ko) € B, k' = (ki1, ko, k)T . Since p, is z3-independent, E(k) can be written as

N K2 —(Opy +ik2)? (8, +ik1)(Dwy +ikz) iK (00, +ik1)
L(k) = | (8zy +ik1)(Ony+ika)  £2—(0, +ik1)? 45Dy +ika)
ir (0, +ik1) iK(00y +ika2) — Dy +ik1)? — (Ouq +ika)?

In the variable k the Bloch waves u,, and the eigenvalues w,, are easily proved to fulfill
wn(k) = wn(k + K), pulk+ K;2) = po(k;2)e 7 forallz € U, K € A%, (2.4)
Due to the self-adjoint nature of z(k) we can normalize the Bloch functions via
(Pnk; ) pm (K ) = On,m, (2.5)

where (f,g) = (f,9) 2wy = [y f(x) - g(x)da for f,g: R* — C3.

For purposes of the later asymptotic analysis of gap solitons we also present calculations of first and second
order derivatives of the bands at extremal points. Suppose the band w,, has an extremum at k = k, € B and
denote wy := wp, (k«). By direct differentiation of (2.3)) we see that the “generalized Bloch functions” O;pn,,
for j € {1,2}, are solutions of the system

(Z0k) = w2n) O, D (ks ) = =00, Lk )p, (R ). (2.6)

Applying the differentiation Bziykj, for i,7 € {1,2}, to 23) and evaluation at n = n,, k = k. yields

(Z0k) = w?n(a)) 2, s, p. (kei 2)
= 20.(@)0F, g, wn. (k)pn. (ke; @) = Oy, Lk )pn. (ke )
— Ok L(Kk )0k, P, (ks ) — Oy Lk ) Oy . (o ).

Necessarily, due to the Fredholm alternative, the right hand side is L2-orthogonal to p,, (ks; .), which lies in
the kernel of L(k,) — w?n with periodic boundary conditions on U. This yields the formula

(a}%wn* (k*))ZJ = algi,kjw"* (k*)
1 ~ ~ ~
=55 <3ii,kjL(k*)pm(k*; +) + Ok, LK) Ok pn. (s - ) + Ok; Lk ) Ok, P (Ks - )y P (K, -)>- (2.7)

A straightforward differentiation of Z(k) yields

_ 0 1(Og +ikn,2) —K
Ok, L(k.) = <i(am2+ik*,2) —2i(0g +iks,1) 0 > ,
—k 0 —2i(8zy +ikx,1)
~ —2i(0py +ike,2) 1(8py +iks,1) 0
Ok, L(k.) = < i(0z) +Hiks,1) 0 —K > ,
0 —K —2i(0gy +iks,2)
27 _ (000 0¥ _ (200 9 = _( 0-1 0
Oy, L= (838)’ O, L = (888 , and O 4L = -1.0 0J, (2.8)

where k, ;, for j € {1,2,3}, is the j-th component of k.. With these the explicit forms of (Z7)) read

1 1(0xg +iku,2)Oky Pry,2(Kas - )= KOk Pry,3(Kxs )
8]3160"* (k*) = — < (i(azg +iku,2) Ok Prs,1 (Kws . ) =2i(0nq +iku,1)Oky Py, 2(Ku; - )+ Dny 2 (kss ) ) , P, (k*, . )> , (29)
Wi —21(0x +iks,1)Oky Prw,3(Kas . ) —KOky Prs,1 (Kas - )+ Pny,3(Kss )
1 —2i(0zp +iks,2)Okg Prw,1 (kus - ) Fi(0ny +1ku,1)Okg Py, 2 (Kxs - ) +Dnu 1 (s +)
R wn. (k) = — <( 1(Oy 1k 1)y P 1 (K - ) =KDy Py 3 (R - ) ) s D, (Ko .)>, (2.10)
W _N8k2pn*,2(k*§ . )_2i(8m2 +ik*,2)8k2pn*,3(k*; . )+pn*,3(k*§ . )
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and

—2i(0zy +iku,2)Oky Prs,1 (Kus . )+1(0ny +iku,1)Oky Py, 2(Ks; - ) +i(Ozgy +iku 2)Okg Py 2 (ks )
8,311k2wn* (k*) = 30 1(0xq +iku,1)Oky Py, 1 (Ku; - ) F1(Ong +iku,2)Okg Pry,1 (ks . ) —21(0zq +iku 1) Okg Py, 2 (kxs )
—2i(0g +iks,2) Oy Pry,3(ku; - ) =2i(0y +iku,1)Oko Py ,3(Kxs - )
— KOk Dny,3(Ks; - ) —Dny,2(ku;
_|_ 758k1pn*,3(k*;')7Pn*,1(k*;') , Pn (k*7 )
(O, P2 (ks )+ Ok 1 (s )
(2.11)

2.2. Symmetries of the Band Structure and the Bloch waves. Symmetries in the refractive index
function 7 yield symmetries in the band structure and among Bloch waves. We restrict our attention to the
cases of discrete rotational and axial reflection symmetry, which are relevant for the example we present below.
The results of this section will be important when determining properties of the coefficients of coupled mode
equations in Section 3.4

2.2.1. Rotational symmetry. Assume that the photonic crystal satisfies the rotational symmetry
n(z) =n(ra(x)) for all x € R? (2.12)

for some « € (—, 7] with the rotation 7, defined by

_ [ cos(a)zi—sin(a)x
Ta (:E) - (sin(a)zllJrcos(a)mz )
Below we use the notation 7, (v) = (cos(a)vy — sin(a)vy, sin(a)vy + cos(a)vz)? if v is a two dimensional vector
v € C% and 7, (v) = (cos(a)vy — sin(a)va, sin(a)vy + cos(a)ve, vs)? if v is a three dimensional vector v € C3.
The symmetry (Z.12) implies a symmetry of the Rayleigh quotient corresponding to the eigenvalue problem
[23) and thus a symmetry of the band structure. In detail, for & € B we have

V +ik) x °d
wi(k) = min X fU I ) w2(33)| I’
VCchrl(U) wGV,w;ﬁO fU 77(:1:)|w($)| de

por
dim V=n
and the corresponding extremal point is p, (k; .). Due to the relation

(V4 ira (k) x f) (ra(z)) = 7 [(V 4+ ik') x 7_o (f(ra(z)))] for all smooth f:R? — R®

we get
/ (V +irg (k) x w(z)]* de = / |(V +ik") x r_q (w(re(2))) |? du,
U U
and symmetry (Z12]) yields

[ @@ as = [ a@iro @) i
As a result we obtain that
wn (k) = wp(re(k)) for all n € N and all k € B. (2.13)

If w,, (k) has geometric multiplicity one as an eigenvalue of (2.3]), we have also a symmetry of the corresponding
Bloch functions, namely

Pn(ra(k);z) = € 9r_o (pu(k; o () for all n € N and some a = a(n) € R. (2.14)
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Note that a renormalization of p,(ro(k); ), in order to obtain @ = 0 in ([2ZI4)), is in general impossible when
ro(k) =k, where k = [ reads “k congruent to !” and means k = [+ K for some K € A*. This is because in this
case pp(ro(k); ) and p,(k; z) are related by (2Z4]) and a renormalization of the left hand side of (Z.14]) would
affect the right hand side in the same way. When 7, (k) is not congruent to k, e.g. when k € int(B) \ {0}, then
one can set a = 0 in ([2.14]).

(From the symmetry (213]) we can deduce a symmetry of the second derivatives of w,,. Using the identity
Opwn (k) = O (wn(ra(k))) = (1a)T (Opwn)(ra(k)), we get by further differentiation

klwn(ra (k)) cos? () sin®(a)  —sin(2a) 0% wn (k)
O wn(ra(k)) | =] sin*(a) cos? () sin(2a) O, wn (k) (2.15)
07, kywn(ra(k)) $sin(2a) —isin(2a)  cos(2a) 07, kywn (k)

for all k € B and n € N.
2.2.2. Reflection symmetry. If the photonic crystal satisfies the reflection symmetry
n(x) = n(S1(z)) for all z € R?, where Sy (z) = (—21,22)%, (2.16)
then similarly to Section [Z21] we have
wn (k) = wn(—k1, ke) for all k € B and n € N. (2.17)
Again, if wy, (k) has geometric multiplicity one as an eigenvalue of ([2.3]), then
pr(S1(k); ) = €Sy (pn(k; S1(x))) for all n € N and some a = a(n) € R, (2.18)

where S (v) = (—v1,ve,v3)? for v € C3. Just as above, unless k = S;(k), we can set @ = 0 in (ZI8)). The
symmetry (2.I7) implies
0 wa(k) = (Ow) (—ka, k), O (k) = (9,0) (b ko),
6/317162(")"(]{) = _(8%1,k2w")(_k17 k2)

for all k € B and n € N.
An analogous discussion, of course, applies for the reflection symmetry n(z) = 7(Sa(x)) for all x € R?,
where Sy(x) = (z1, —22)T. One the obtains

(2.19)

: , (2.20)
6k1,k2wn(k) = _(akl,kan)(k17 _k2)
for all k € B and n € N and if w, (k) has geometric multiplicity one as an eigenvalue of (Z3]), then
pn(Sa(k); x) = €'*Sy (pn(k; S2(x)))  for all n € N and some a = a(n) € R. (2.21)

2.2.3. Combination of rotational and reflection symmetries. If both the reflection symmetry
(2I16) and the rotational symmetry [2I2) for some o € (—m, —7|, |a| # 7/2, hold, then for k along the
rays with angles 7/2 — a/2 and —(7/2 + «/2) the mixed derivative 87,  wn(k) can be expressed in terms of
O wn (k) and 97wy (k). This is because for k along these rays we have (—ki, k2) = ro(k) or (k1, —k2) = ro(k),
so that both 213 and ([ZI9) or ([220) apply. In detail, suppose

(—k1, ko) = ra(k), ie. k= |k|e/27/D or k= |kle (722 = _|g|l(7/2m/2),
Then it follows that

O wn (k) = (07, wn)(—k1, k) = cos®(a)0F wn (k) — sin(2a) 03, y,wn (k) + sin® ()97, wn (k),
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where the first equality holds due to (2.19) and the second due to 215). As aresult, for o € (—m, 7], |a| # 7/2,
and k = +|k|e!("/272/2) we get

8,31)@%(1@) = %tan(a) (8,32(,0"(]{:) - 8]3160"(]{3)) . (2.22)

Identity (Z22) applies also in the case when the Sy reflection symmetry and the rotational symmetry (Z12)
are both present for some a € (—m, —7], |a| # 7/2. Then [2:22) holds for k that satisfy

(k1, —ko) = ro(k), ie. k= +|kle1o/2,

2.3. Example: Hexagonal Lattice with a Circular Material Structure. As an example we con-
sider the hexagonal lattice in the (x1, z3)-plane generated by the vectors

aV = qq (i?jg:?gg) and a® =ap(}) with ag> 0.

In the Wigner—Seitz cell U the material structure is given by the annulus centered at the lattice point in the
origin and having outer and inner radii ap/2 and a(1.31/4.9) respectively. The material properties are given
by n(x) = 2.1025 for ag(1.31/4.9) < |z| < ap/2 and n(x) = 1 otherwise. This is the same as the crystal
used in [4], where the corresponding band structure was also computed. One choice of vectors generating the
reciprocal lattice is

(2) (1)
T a, T T —a T 1
) =2 <—Z§2)) = gy (1), 0@ =22 ( afd > =2 (_cotln/3)) »

where Jip = det(a®,a®) = a{Val? — al’a{¥. These vectors have been obtained via the formulas b)) =
2 82X0T and p?) = 278X yhere a0 = (a0, 0)7, 59 = (607, 0)7 for j € {1,2} and a® = (0,0,1)7,
cf. [5, Ch. 5]. Figure [Z1] shows the crystal geometry and the corresponding Brillouin zone.

In this case both the rotational symmetry (ZI2) with o = 7/3, the reflection symmetry (ZI6) as well
as the analogous symmetry Ss do hold. The band structure and Bloch waves can therefore be recovered
via 213), @I4) and @I7), 2I]) from the irreducible Brillouin zone By in Figure 2] i.e. the triangle

with vertices I', M, K, where I' = (0,0)7, M = 16, and K = %|b(2)|(1,0)T. These points are called high

symmetry points.

Next we provide some specific information about the values of the second derivatives of w, at the high
symmetry points of the Brillouin zone at hand using symmetries (2.15), 219), and ([220)). This information
will be used in Section 3.4

Identity 2.I5]) with £ =0 and o = /3 yields

R,wn(T) =0 wn(T) and O j,wn(l)=0  forallneN, (2.23)
Symmetry (2.20) implies
Ny kpwn(K) =0 for all n € N. (2.24)
At k = 1oy /3(M) (= $61)) we have k; = 0 so that (ZIJ) implies
8,31)k2wn(7"2w/3(M)) =0 for all n € N. (2.25)
Relation (Z22]) then yields

O, wn(ran/3(M)) = 0%, wn(rax/3(M)) for all n € N. (2.26)
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()

a®

Fig. 2.1: (a) Hexagonal lattice with a cylindrical material structure, (b) the corresponding first
Brillouin zone B with a shaded irreducible Brillouin zone Bg. Note that the Brillouin zone has
been scaled to fit the figure.

Applying now (28] with o = 27/3, we get
OR, (M) = 02, wn(ran 5(M)), O, n(M) = OF,wn(ranss(M)), and 02, (M) =0 (2.27)
for all n € N. Because r,,3(M) is obtained from 7y, /3(M) by the reflection (k1, ko) — (k1, —k2), we also have
Or, wn(M) = 0f, wn(rr/3(M)), Of,wn(M) = 05, wn(re/3(M)), and 8%, ,wn(rz/3(M)) = 0.

As an example we took the configuration from [4] as described in Section [Z3] The computations were
done with a finite element Maxwell solver that uses lowest order Nedelec elements [22]. These elements were
implemented in the software deal.II [7]. The eigenvalue problems were solved by a Krylov—Schur method

We computed the eigenvalues {wy,(k)}n=1,14 and corresponding eigenfunctions {p,(k,)}n=1,14 for each
vertex k in a discretization of the Brillouin zone B. The error level of this computations is about 1072 in the
curl-norm and it is estimated from a series of computations on a sequence of nested grids.

In Figure we present the numerically computed band structure over 0By (following the tradition) for
the above described crystal and for k = 5(27/ag). Here, OBy is represented by 128 k-points. It has, however,
been checked that the observed gaps do not get narrower in the interior of B. Three band gaps appear on the
positive half of the w axis, one between 0 and w;, another one between wg and wy and the last one between
w12 and w13-

To get the extremal points at the band edges we used a bisection method in k& which was initialised with
data obtained from the band structure computation. The approximations to 1st and 2nd order derivatives of

*SLEPc package (HTTP://WWW.GRYCAP.UPV.ES/SLEPC/)
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k +— w,(k) at the extremal values were obtained by first projecting k — w, (k) onto a locally quadratic finite
element space and then taking mean values of the derivatives around vertices.

3.95F b

Gamma M K Gamma

Fig. 2.2: Band structure k — wn (k) for the described hexagonal lattice with the cylindrical
material structure: the first 14 eigenvalues along 0By. Three band gaps appear on the positive
half axis €2 > 0: one between 0 and wi, one between we and wr, and one between w12 and wis.
Gap edges are marked by s1,...,Ss.

3. Derivation of Coupled Mode Equations for Gap Solitons near Band Edges.

3.1. Slowly varying envelope approach. We seek gap solitons E of ([9). Afterward, the full electric
field can be recovered via (I4]).

In the following let us assume that

(A1) the spectrum {wy (k) : k € B, n € N} possesses a gap,

(A2) one of the gap edges, denoted by wy, is attained at precisely N € N points kD kW) e B by bands
with indices ni,...,ny, respectively, where the k-points and/or band indices are not necessarily all
distinct,

(A3) for each j € {1,..., N} the band wy, is twice continuously differentiable in k at k = kG,

(A4) B}wn, (kD), the Hessian of w,,; at k = k7, is (positive or negative) definite for each j € {1,...,N}.
The smoothness assumption (A3) is needed to justify our Taylor expansions of wy; near k(). Bands wy,
are generally only Lipschitz continuous due to possible transversal intersections of bands and their numbering
according to size [20]. Away from points of intersection or tangency bands can be shown to be actually analytic
in k by standard perturbation theory [I8]. The simplest situation when (A3) is satisfied is thus when each
band wy, is isolated near k()| which is equivalent to ny = ... = ny due to our ordering of bands according to
size of w, (k) at each k.

Note that since each band w,,; has an extremum at k = EU) | we have Ok, Wn; (E0)) = OkyWn; (k0)) = 0 for
j€{l,...,N}. Assumption (A4) then guarantees that the leading order terms in the Taylor expansion of the
band wy,, around k = k() are in fact quadratic.

The asymptotic expansion for the electrical field £ of gap solitons with w in the gap and in the vicinity
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of the edge w, is expected [12] [13] to be of the following slowly varying envelope form

€ u g2y 3@ (z g
ZA ny (K5 2) + 29 () 4 29 (2) + O(e?), 51)

w:w*+Qs, y=cz, 0<ekl,

where A; : R? — C is a fast decaying smooth function and where Q = £1. The sign of 2 is determined by the
condition that w, + 2 lies in the gap.

Performing a multiple scales analysis in the physical variables (z,y) is impossible. The reason is that in
order to solve the resulting equations at each order of the expansion, one has to ensure that inhomogeneous
terms are orthogonal to the kernel of L — w?n, i.e., to u,,(k\9); .) for all j € {1,..., N}. This orthogonality
needs to be checked on the common period of those u,,,. If, however, one of the components of k) is irrational,
the corresponding uy,; is not even periodic and this approach fails similarly to [I3]. We therefore perform the
asymptotic analysis in Bloch variables where all functions are U-periodic in x and orthogonality conditions
are always posed over U.

Let us define the Bloch transform T : E — E and its inverse, cf. [8, Ch. 7], by

E(k;2) = (TE)(k;o) = Y e¥"E(k+K), E(x)=(T 'E)(z)= /B e* B (k; ) dk

KeAx

for all z, k € R?, where E denotes the Fourier transform of E

~ 1 . ~ ~ .
E(k) .= (FE)(k) := —/ E(z)e **dz, E(x)= (F 'E)k) ::/ E(k)e'** dk.
(2m)? Jg2 R?
By definition we have the following properties of the Bloch transform
E(k;x+ R) = E(k; 2) for all R € A,
E(k+K;z)=e K*E(k;z)  forall K € A*. (3.2)

Multiplication of two functions f, g in physical space corresponds to convolution in Bloch space, i.e.,
(T(9) i) = [ k= tia)gitsa) dl = (Foe ) ki),
where B2)) is used if k — [ ¢ B. Especially, if z — f(z) is U-periodic, then

(T(f9))(k;z) = f(z)(Tg)(k; z).

This can be easily checked by writing f in the form of a Fourier series, i.e. f(z) = ) oy k€7, cf. [,
Ch. 7]. Exploiting this observation and applying the Bloch transform to (T3)) leads to

(Z(k) - w217(:v)) E(k;z) = w?Pyy(k; ) for all z, k € R?,
where
Pai(k; ) = xPTQREEPE+E-EE) =X (2E % E) % E+ (E.% E) % E),

with f.%z g := Ej fj *s g; for vector valued f, g, while f *z g is understood componentwise for scalar f and
vector valued g. By definition of the Bloch— and Fourier transformation one immediately finds

T(A(e . )e () kx—EQZA( +K)) ,

KeA~
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so that the asymptotic ansatz (B.1]) is transformed to
e (ks ) + 2D (k; 2) + PP (ky ) + O(), (3.3)

where
N
GO ) =230 30 Ay (L - k0 4 K) ) e, (69; ).

Similarly to [13] and [14], due to the fast decay of the Bloch transform of A; in k, we approximate A\j (L(k - kY + K))
by Xp,. (k— kY + K) /Alj (L(k— k@) + K)) for some r € (0,1), where s is the indicator function of a set S,
Ds := Bs(0) with Bs(z) :={k € R?: |k — z| < §} for § > 0, 2 € R%

We will therefore introduce the approximation

E(k;z) =e "EO(k;2) + B (k; 2) + e E@ (k; 2) + O(?)

with

EO (k; z) Z S xo. (k W) K) A (%(k ) K)) Ky, (k9); )
j=1 KeA*

for all k € B and = € R2. In the following we will use the notation K™ = m1b™") +mob e A* for m € Z? for
convenience. As an abbreviation we let (U™ (k) := 1(k — kW) + K™) for k € R? and m € Z2, so that E(©) is
given as

EO (k; x) Z Z XD (am ))121\ (f (k))eiKm'mpnj(k(j);x). (3.4)
j=1meZz?
Note that E©(.;z) is supported on a set of (for sufficiently small ¢) disjoint balls Ber (k) — K™), j €
(1,...,N}, me Z2
3.2. Formal asymptotic analysis. Let us proceed with a formal asymptotic analysis of (L3)). First,
we consider k close to k) — K™ ie., k € B.r(kU) — K™) for some j € {1,...,N},m € Z?. Then

L(k) = L(EW — K™ + U™ (k)
- 4 - , 3.5
= LY — K™) 4+ U™ (k) - 9 L(kY) — K™) + %8@(60’@(@), (85)

where we have used the fact that the second derivatives of L are constant in k, see ([Z), and where

2
(9™ (k) - O, LKW — K™) ZE(J ™) (k)0 L(kY) — K™), and

QUUM() = 37 L™ )™ (1R, i, L
a,b=1
Using (3.3), B4), B3) and w = w, + Qe?, we get a hierarchy of equations at each power of € for z € U
and k € B.r(kY) — K™). We now study the equations related to e~!,£% ¢! under the condition that the
nonlinear term contributes to ¢!, which is confirmed later in (3.14)).
O(c~1): The resulting equation is

A (9 @) (LD = K™) = wn(@) ) (p, (k) ;2)e 5" )

= A, (9 (k)K"= (L(k(j)) — wfn(w)) Py (KY52) = 0.
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This holds by the definitions of w, = wy,; (kU)) and Pn, (kD) ).
O(1): The resulting equation is
(B0 — ™) —wn(a)) BO (ki)
= A (9™ (B)) (€9 (k) - LR — K™)) (pn, (kD 2)el K™ )
= —/Alj (g(j,m)(k))eiKm»m (g(j,m)(k) . aki(k(j)))pnj (kD) 2) Lo
Using (2.8)), the solution is found to be

EW (k;z) = A;(09™) (k)™ (00 (k) - Opn, (k9; ), (3.6)

where (0™ (k) - ypp, (K9); 2) = 2 09™) (k) Oy, p, (kD) ).
O(e): The contribution of L(k)E is
(LD = K™) = w2n(a)) E@ (k;z)
+ %Q(E(j’m))ﬁ(o)(k; ) — 2w, Qn(z) E© (k; z)
+ (9™ (k) - O L(kD) — K™))EW (k; ).
By insertion of the previous results this gives (for k € B.- (k) — K™))
(L0 = K™) = w?n(a)) E@ (k; )
+ [3QUI™ (1)pn, (KV); 2) = 20.0(@)pn, (s 2)

# (000 LD ~ KM (0 - 0, (6952)| 2, (10 1)

*Aci

1 ~ _ ~ ~ ~ e
LW (@)= (2(E<0> iy BO) sy, BO 4 (BO) s, BO) s, E<0>) (k; ) (3.7)
€
=: wfxg) ()G, (k, ).
The remainder of the section is devoted to the analysis of the structure of (N?j in (B7) and to the derivation

of a solvability condition for (B1).
Let us first analyze the nonlinearity. The convolutions in [B.7]) can be expanded into the form

e N
Eéo) *p E}EO) *p Eé()) = Z ga,a *p 56717 *p 5;/(,07 (38)
a,B,y=1

where a,b,c € {1,2,3}, and functions &, , and & , are given by

€aa(k; @) = puo (B s2) 3 xp, (k= k@ + K2) Ay (2(k — k@) + K7)) K70,
2€72

€ alki2) = Paa(k@2) ¥ xp, (k+ k) — K2) Ay (L(k+ k@) — K7)) 7572,
z€Z2

Note that ([B.8]) represents all the nonlinear terms in B17) due to commutativity of ;. The summands in ([B.8])
have the form

(Sava *2 a0 *a &5 c) (k@) = Z Gnog(k; x) = Z Gnog(k; ), (3.9)

n,0,q€Z? neMP, oeM? qeM,
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where (with indices «, 8,7, a, b, ¢ suppressed)

gﬂOQ(k;x) = MK RIS, pna,a( )pnﬁ b )pnw,c( (’Y);x)

(k7
//XDT —t— k@ 4 K™ A, (% — k@ +K"))

_ (3.10)
X XD_r (t — S — k(ﬁ) —|—K0)A5 (%(t — 5 — k(ﬁ) + KO))

X Xp., (s + £ — j (% (s + kO Kq)) dsdt
and with

M, ={z€7%: k—k" + K* € B.-(0) for some k € B and all ¢ > 0},
MP = {zeZ?: k—k® + K* € B.(0) for some k € B+ B and all £ > 0}

forb € {a, B}. The truncation of the series in (3:9) comes from the fact that for s,t,k € B we have t—s € B+B
and k—t € B+B so that the three characteristic functions in (3I0) can be nonzero only for n € M, o€ Mém,
and ¢ € M,. More precisely, this is seen as follows.

Only those combinations of n, o, ¢ which produce nonzero values of all the three characteristic functions in
(3.10) and of the function xp_, (. —k9 +K™) in @) for given j and some k, t, s € B are of relevance. Firstly,
XD, (s + O — Kq) is nonzero for some s € B and for arbitrary € > 0 if and only if sq := —k() + K7 ¢ B
(the closure of B) for some ¢ € Z?, which is equivalent to

q € M, (3.11)

Secondly, for a fixed ¢ the factor XD.r (t— s—k®) —I—KO) is nonzero for all € > 0 and some ¢t € B and s obtained
in the first step if and only if to := so + k(¥ — K° € B, i.e.,

kB — k) 4 K1 - K° e B. (3.12)

This can always be satisfied by a choice of 0 € Méz). Finally, for fixed q and o we need that xp,_, (k —t—k(®) 4
K") does not vanish for some k € B with k — k() + K™ € D.- and all € > 0, where this latter restriction is
due to the restriction k& € Ber (k) — K™) in B). In other words, we need that kg := k) — K™ € B and
0=ky—to— k(@ + K™ ie.

B+ 1® ) K1 Ko K" =kU) —K™eB (3.13)

for some n € Z2. In fact, all solutions for n of [BFI3) lie in M.

In summary, for o, 8,7 € {1,..., N} the term ¢,0q is nonzero in B.I0) if n, o, ¢ satisfy B.I1)), (312) and
BI3). So the term &4 *5 b *s &£ . enters G; provided

Ao gy = {(n,o, Qe neM® oc Mff), g € M, and 312), BI3) hold}

is nonempty for some m € M;. Note that we omitted an index m in this definition, because the set is either
nonempty or empty for all m € M;. Indeed, if m is one index that meets the requirements with (n, o, ¢) and
z is any other index in Mj, then z meets the requirements for (n +m — z,0,q). Aq,g.~,; can be constructed
by a computer code that scans all possible combinations of n, 0, q. This will be discussed in Section [3.41

Due to the characteristic function, the integration domains in (I0) can be reduced to s € Ber(—k() +
KONB and t € By.r (k¥ —k() — K°+ K7)NB. Now we introduce the change of variables 5 := (s+k() — K9) /e
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and t:= (t — k) + k) 4 K° — K9) /e to get

Gnog(k;x) = ' KHRTED B 2)pa o (KD @) o (k) 2)

k= (k) 4P kO K" K°— K1 ~
x / / XDETfl ( € -t
(3.14)
B—k® 450 L Ko _ K49 Bk K4
€ Der—an €

D257‘*1 n

~ ~

< A, (k—(k<a>+k<a>,k<!>)+Kn+Ko,Kq B E) bt (F—8) A0 - E)XDETA (é)ﬁv(é) dsdi

The factor €* in this formula shows that C~¥j = O(1) as required for the consistent asymptotic expansion. If

BI3) is satisfied, (3I4) becomes

() 6B _ B @) 4 Fem ). o
Inoq(k; T) =gl (BT AR R R pna,a(k( );I)pnﬂ,b(k(ﬁ);I)pnw)c(k(w;x)

E—k@D LK™ 7
. / / XDors ( : t) (3.15)

B—k(B) (V) Ko _Ka B+k(Y) K4
D n & DET - e

—1N

2e7—1

~ ~

x A (B 7Y (= ) Aa( - B)xp,, (5)4,(3) ddi

€

for k € Bor(kU) — K™). As we show in Remark B, summing, for fixed k,j,m, the terms (B.15) over
(n,0,q) € Aap,~.; yields a double convolution integral in §,¢ over the full discs Dy.r—1 and Der-1, ie.,

() LB _ k) ) 4 o™ o .
(e s % €3) (k) = et BT AR TR 2 (K3 2)pn g o () 2P 2 (K 2)

S B BN (R N (R PN G Y Vs AN O MO LS
Dgsrfl DETfl

= R s,y (WD )i (R @) R, (€O ()

for k € Bor(kU) — K™). Here we have used wuy,, o(k(®;z) = pna,a(k(a);x)eik(a)'w, etc., and we defined
BS)B,W(K(j’m)(k)) as an abbreviation for the integral on the right hand side.
REMARK 3.1. To show that the sum of gnoq over (n,0,q) € Aqpg~,; yields a double convolution integral

over full discs, let us first note that the definitions of M, and Mém ensure

U ((B +EY K9 N DET) = D., (3.17)
qeM,
and
U ((B —k® 4k 4 K° — K90 DQET) = Do.r. (3.18)

(2)
o€eM

These are obvious when k) € int(B) and k®), k() € int(B), respectively, because then M., = Mlg) = {(0,0)T}.
But when k) € OB, then only a fraction of —k) + D, lies in B (in our example with a hexzagonal B the
fraction is a half unless k) is a vertex of B, in which case it is a third) and the rest lies in periodicity cells
centered at neighboring reciprocal lattice points. Each point £ in this rest is therefore mapped to B via £+ K? with
some q € M., and we thus have (IT). By an analogous argument, observing that k) — (k") — K7) € B+ D,»
for all g € M, we get BI8) from the definition of M[gm.

Let us now assume BI3) and show that for each K? fized, i.e. for each fized integration domain in the
inner integral in BI4), the sum of gnogq over (n,o0,q) € Aa p~.; yields an integration over the full disc Dacr
in the outer integral. If this were not the case, i.e. if I € Doer such that £ ¢ B — kP + k) 4 Ko — K49
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for any such (n,0,q) € Aa g, then by BIF) there would be o € Mém such that (n,0,q) ¢ Aa,pg,,; while
BI2) and BI3) are satisfied. This is a contradiction to the definition of Aa g.,j. After that we sum over
all ¢ € M., and the result follows from [BI14).

We now write the d-th component (d € {1,2,3}) of éj as

3

éj,d(k; z) = *xp..(k— E9) 4 K™ Z ngg . (EL(IO) *p EZSO) *p E,SO)) (k; x), (3.19)
a,b,c=1
where the integer coeflicients I‘(dg . can be easily derived from (7). In detail we have I‘g i 1= ng%g = Fggg 3=

1 1 1 1 1 1 2 2 2 2 2
3, Fg,g,z = Fé,%z = Fg,%,a = Fé,i,g = Fé,%,l = Fz(a% 1 =1 Fg % 1= Fg i 1= Fz(a % 3= Fg % 3= 1"57%)2 = Fg,g,z =1,
Ff’;)l = Fg’i)l = Fg’;)Q = Fé)%g = Ffi,g = Fé?%g =1, and the remaining I‘l(l g . are zero. Finally, using (3.10),
we get for k € Ber(KU) — K™)

Grallsa) = A ST S 0, (K 0)
a,b,c=1 a,B,v€{1,...,N} s.t. (320)
AQ,B,’Y,J'?&@

X o (kO 2)h (09 (k)).

In order to make the discussion of the asymptotic hierarchy complete, we also have to consider the part of
the k—domain outside the neighborhoods of k). For k € B such that k — k() + K™ € B\ D, for all m € M;
we have (L(kW) — K™; z) —w?n(z)) ED (k;z) = 0 for I € {0,1} so that E©(k; .) = EM(k; .) = 0 for such k.

3.3. Coupled mode equations. We return now to equation (37). Due to the Fredholm alterna-
tive the existence of A-periodic solutions E®?) of equation (3.7) is equivalent to L2-orthogonality of (3.7 to
P, (kD) 2)e®™* | which needs to be ensured for all m € M; and j € {1,...,N}. The range of (U™ is a
different section of the disc D -1 for each m € M;. This section is a (1/|M;|)-th of the full disc so that these
|M;| equations actually build one equation in ¢ € D_-—1. Figure Bl shows these sections for two example
points k(). One example is for |M;| = 2 and the other one for |M;| = 3.

When imposing the orthogonality condition, the common factor e % of the right hand side of (Z7) is
canceled in the complex inner product with py,; (k(j ); x)ell "z 50 that the same solvability condition holds for
all m € M;. Using (3.7), 25), and Z7) (with n. and k. replaced by n; and k9)), we obtain

~ 1 ) . )
Q4;(0) - 5 (eiaglwnj (kD) + G307, wn, (kD)) + 201020, 1 wn, (W))) A;(0) + N;j(0) =0 (3.21)

for £ € D.r—1, where

2 C1l
3
W d
YL D> / D @ ;02
a,b,c,d=1 a,B,y€{l,...,N} s.t.
Aaﬁwﬂé

X Un, ¢ (kO L), 4 (kY 2) dx Bgs)ﬁ,y(f)
= XY skl (0

a,By€{l,....N} s.t.
Aa,ﬁﬁ,j?’é@
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Fig. 3.1: Two example points k%) in the case of the hexagonal lattice and the corresponding
ranges of (U™ for all m € M;. In (a) we have M; = {(0,0)7,(1,1)7} = {m™® m®} and
in (b) M; = {(0,0)7,(0,1)7,(1,1)T} =: {m®,m® m®}. The shaded sections along the
boundary of B are those k € B for which xp_. (k — k@ 4+ K™) # 0 for the m € M; written next
to the respective section.

i.e. with (7)) and the definition of T' in (B19)

3
Wi d 3 o _ _ i
Lo = D} Z Pz(z,l)J,C/Uxéi)uﬂma(k( V5 Ny b (K95 Vs (65 Vamy a (K95 L)
a,b,c,d=1

Wi 3 o _ (3.22)
A [ () T (K5 ()
(g (K5 ) iy (B ) (KO3 )] s (D)5 )
The symmetries in I‘E;lz)c imply symmetries in I, g, ;. Namely, due to the symmetries I‘E;lz)c = I‘l(fg)c and
Ff:lgyc = I‘Eﬁ)’d we have

Ia,ﬁ,'y,j = Iﬁ,a,’y,j and Ia,ﬁ,’y,j = Ia,ﬁ,j,'y for all O[,ﬂ,"y,j S {1, ceey N}, (323)

and due to F%)C = FS}M we have
Iagrg =108 for all o, 8,7v,5 € {1,...,N}. (3.24)

Symmetries (3:23)) and ([B:24) imply, in particular, that I g = In,g,8,0 € R for all o, 8 € {1,...,N}.
Let the crystal satisfy the rotational symmetry n(z) = n(r,(x)) and X(S)(x) = XS)(T,,(x)) for all x € R?

Cl

and some v € (—m, 7] and let U be chosen so that r,(U) = U. If for each m € {«a, 8,7,5} C {1,..., N} there
exists m’ € {1,..., N} such that

k) = g, (K,
and if w, (k(™)) is a geometrically simple eigenvalue of (Z3)) for each m € {a, 3,7,5}, then

Iagyg = 1oy - (3-25)
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This is seen by the change of variables y = r,(z) in (8:22), using the facts r,(U) = U and r, (v) -, (w) =v-w
for all v,w € C3, and employing the symmetry (Z.14).

Additional symmetries in I, g ~,; arise when a spatial reflection symmetry in 7 and XS)) is present. For
instance when n(z) = n(S2(z)), X(ig)(x) = XS)(SQ(JJ)) for all z € R? (see Section 2Z2Z2) and if for each

C

m € {a,B,7,5} C{1,..., N} there exists m’ € {1,..., N} such that
k) = Sy (k™)
and such that Sy(k(™)) = k(™) does not hold for any m € {a, 3,7, 7}, then
Loy, = Tor o (3.26)

This is proved via a change of variables in ([8:22)) using ([221), where a = 0 due to our assumptions. A similar
result holds for the reflection symmetry in ;.

Returning now back to (B.2I)), for smooth envelopes A; we can neglect the contribution of /Alj from
¢ € R\ D, or simply assume that A\j satisfy (3:2I)) also there. This step can be rigorously justified via a
By will then be replaced by A\a * A\Ig * Zv- The inverse
Fourier transform then produces the coupled mode equations

persistence argument similar to that in [I3] [14]. 3

QA; + % (7, on, (K902, + 02w, (KD)O2, + 20}, jy00m, (K2, ) Ay + N =0 (3.27)

Y1,Y2

on R?, where Nj is given by

P SR A

Note that the coupled mode equations have the same general structure as those for gap solitons of the scalar
Gross—Pitaevskii equation [13].

A localized solution A of ([B.27) should produce via ([B.]) an approximation of a gap soliton of the Maxwell
problem (L9). A rigorous justification of this statement can be done via the Lyapunov—Schmidt reduction
similarly to [12] [I3| [14] and will be the subject of a future project. System ([B.27)) does not have localized
solutions for arbitrary values of coefficients. The coefficients of the derivative terms are given by the band
structure and Q = +1 is determined by the condition that w = w, + &2Q lies in the gap. But the function X(i3)

C
in Iy g,y,; has not been fixed and remains free at this point.

The linear part of the operator in (321 is definite due to our assumption (A4) in Section Bl and the fact
that © < 0 at upper edges and 2 > 0 at lower edges. The linear part of the operator is positive definite at
lower edges w,, where kU) are points of maxima and negative definite at upper edges. In case N = 1, where
N = 7|A1]?A; and v = 3= [ Xg)|un]. (kM5 )], a localized solution exists in the upper edge case only if
O ®
x((:?) = 0 there, where n = 1 (i.e. in vacuum/air). In the annulus regions, where n = 2.1025, we set x
3 _

ci
This is in agreement with previous results on bifurcation of gap solitons from spectral edges in the periodic
nonlinear Schrédinger equation [I7), B 23] [12] [13], where bifurcation from upper/lower edges occurs for the

focusing/defocusing nonlinearity respectively. In the case N > 1 our numerical examples produce all I 5 - ;
3 _

ci

is such that v > 0 while in the lower edge case x.;’ has to produce v < 0. Physically it makes sense to set

3
Ei)zl

(a focusing nonlinearity) if v > 0 is needed and x —1 (a defocusing nonlinearity) if v < 0 is required.

of the same sign so that we set in the annulus regions, once again, x if w, is an upper edge of a gap
and X£i3) = —1if it is a lower edge.
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3.4. Examples of Coupled Mode Equations. We present next coupled mode equations for gap
solitons in the vicinity of spectral edges for the example in Section 2.3] as well as for other canonical examples.
As seen in Figure [2:2] there are 3 spectral gaps (0, 51), (s2,s3) and (s4, s5) on the positive part of the spectral
w axis for this specific example. We have the numerical values

S1 = wl(l") ~ 3.610, So9 = WG(F) ~ 3.701, S3 = W7(F) ~ 3.750,
54 = w12(0,2.351) ~ 3.873, s5 = wy3(0,2.407) ~ 3.882.

At s1 and sy several bands lie very close to each other at the extremal point £ = I'. It is, however, not known
whether these truly touch and the eigenvalues have higher multiplicity than one. Numerical tests have shown
that varying the value of n for the annulus material does not change the ordering of bands at k = I' near s;
and so. We, therefore, assume that the edges s; and so are simple eigenvalues at k = I leading to N =1 at
s1 and so. If it can be proved that, for instance, s is indeed a double eigenvalue, then N = 2 at s;. Likewise,
N would change if the multiplicity could be established for ss.

Similarly, the band w2 is close to w = s5 at four distinct k-points along 0Bg. At the point k = (0,2.351)
the numerical value is maximal and an analogous test shows that it remains maximal for a range of values of
7. We thus assume that within By the value w = s5 is attained only at k = (0,2.351). Due to the discrete
rotational symmetry of the band structure we thus have N = 6 at s5. Analogously, we have N = 6 at s4.

Except for the simplest case with N = 1, like in Section BLI] we determine the sets Aq g,,; using
a Matlab program. First of all, it is clear that for any ¥ € B the sets M, and Mb(z) contain only those
(n,0,q) € Z* with nj,0;,q € {—1,0,1} for [ = 1,2. To determine A, g, ;, we therefore need to test only
finitely many integer vectors (n,o,q) for conditions [B.12), (313). For an example with N = 3 we show in
Section the resulting sets A, g,,; computed using this routine.

3.4.1. Coupled Mode Equations near Edges for the Example in Section [2.3]

Coupled Mode Equations near the Edges s1,82 and s3 (N =1).

At the edges s1, s2 and s3 in Figure the situation is particularly simple. As discussed at the beginning
of Section 4] we have N = 1 and k) =T = (9). Since ¥() € int(B), any (small) neighborhood of k)
lies completely within B and thus M; = {(J)}. A simple inspection determines that we have Ay 11,1 =
{((8),(3),(3))}. The resulting coupled mode equation for A = A; is

(Q+ (0], +02)) A+~]APA=0, (3.28)

where o = %8,%14;.)”1 () = %8,%20%1 (D) (cf. @23) and vy =T11,1,1-
The three cases s1, s2 and s3 differ by the value of nq, i.e. the band index. At w, = s; we have n; = 1,
at wy, = o we have n; = 6 and at w, = s3 we have nqy = 7. And, as discussed at the end of Section [B.3] at

the upper edges s1,s3 we have Q = —1 and the function XS’) has the value 1 in the annulus regions and 0
3) _

otherwise. At s we have 2 =1 and x; —1 in the annuli.
In Section .1l we present a numerical example on a gap soliton approximation near sy. We list here,

therefore, the numerical values of the CME coefficients for the case so:
Wy = 82 &~ 3.701 : a = —0.0107, v ~ —3.057.

Coupled Mode Equations near the Edge s5 (N =6).
At the upper edge s5 in Figure 22 we have N = 6, ny = ny = ... = ng = 13, k") ~ (0,2.458) lying on
the line from T' to ro,/3(M), and kU, j = 2,...,6, obtained via a rotation of k*). In detail

£ = r(j_l)%(k(l)) for j =2,...,6.
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The symmetry properties (ZI5), (2Z19), and ([220) produce relations among the linear coefficients of the
CMEs. The sets Aq g,,; are either empty or contain solely the element {(9),(9),(9)} as checked by the
Matlab routine. The resulting CMEs are

(Q+a182 +ﬂ1 L)AL+ N1 = 0,
(Q+ 20;, + B202 yl y2)A2 + N = 0,
(Q+ 202, + B202, — pd2, UZ)A3 +N3= 0, (3.29)
(Q+a182 +ﬂ1 )AL+ Ny = 0,
(Q+ 202, + 202 yl y2)A5 + N5 = 0,
(Q+ 202 + 626 9, 4046 + No = 0,
where Q = —1, o1 = 81316013(14(1))7 pr = 3132‘“13(]‘3(1))’ a2 = j(ea +361), B2 = 3Baa + 1), = L( —h)=

8,317162&)13(]{3(2)), and
6 —_
Ny, = 22 LininlAilPAr — Iig 11 AP AL+ 2(1a 541 A2 A5 + I3.6.4.1A346) Ay,

6
Ny =2 Z Lo Ai|? Az — I 22| A2|? A + 2(I1 4 52041 As + I3,6 52A3A6) As,

=1

6
N3 =2 Z Lizi3Ail* Az — I3333|A32 Az + 2(11 463A1 As + Io56.3A2A45) Ag,
=1

6
Ny=2 Z LigialAilPAy — Iga4|As)?Ag +2(I2 5144245 + I361.4A346) A1,

=1

6
Ny =2 Z LisislAil?As — Is 555 A5 As + 2(11 42541 Ay + I362.5A346) Az,
im1
6 —
Neg =2 Z Li6,i,6|Ai1*As — Is.6,6,6|A6|* As + 2(11,4,3,641 As + Io 53,6 A2 As) As.

=1

Due to symmetries, many of the coefficients in the nonlinear terms are equal. Symmetry 325) with v = 7/3
and symmetry ([3.23)) imply

Yo :=I1111=12222=...= Is66,6,
y1:=I2121=1I3232=...=Is565=11616
=h212=1I2323=...=I5656 = I6,1,6,1,

Yo :=I3131=1I4242=1I5353=1Isa64=11515=12626
=h313=1I0424=1I3535= 14646 =1I5151= I62s6,2,
v3 :=I41,41 = Is252=16363=1T1414=12525= 13636,

Ya:=Is514=1I3625=11436=1I2541= 13652 = 11,463
Using 324) and B23), we get
Ya=1I3641=1361,4=1I1,452=1I1425=12563= 12536

We have v9,71,72,73 € R as explained below ([3.24).
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Finally, because k() = (&Y —k 7T k@ = & kT and £ = (19, k)T with £,k and
k®) lying in the interior of B away from the line ky = 0, the symmetry ([B:26) applies and we get

Ios541 =1I361,4.
Therefore

Dsan =1Is604=Is641 = la152 = Io54. (3.30)

so that also 74 € R. The second, third and fourth equalities in (8:30) hold due to (3:23), (320)), and B24)).
As a result the nonlinear terms in ([3.29) can be simplified to

N1 = 2 (BP0 (14af? + 1462) £ (140 + A5 + 50l s 2) A+ 29a(Aa s + As o)A,
Ny = 2 (B 1A + (A + 14s2) £ 92144 + Ao + 7al s ) As + 29441 Aa + As o) s,
No o= 2 (B 1As 4 (142l + [ Aaf2) + 92141 +45]%) + 9] A6l?) As + 270(41 Au + Az 45,
Nai=2 (R IA4P 71 (As P+ 452) + (4ol + A ) 28] A1) Au -+ 2a( A2 s + As AoV,
N5 :=2 (FYO |As|” + 71(JAal® + |A6]*) + 72(|A1* + |As]?) 4 3| Az ) As +274(A1As + A3 Ao) Az,

Ng :=2 (%|A6|2 + 71 (JA1]? + |A5%) + v2(| A2 + |A4|?) + 73] As] ) A+ 274(A1Ag + As A5) Az

with vo,71,72,73,74 € R. A system of six CMEs with the same structure as above arises also at the edge s4.
In Section a numerical example of gap soliton asymptotics near s; is given. The numerical values of
the coefficients in the CMEs [B.29)) for s5 are
wy = S5~ 3.882: a3 ~ 0.0189, oy =~ 0.146, 51 ~ 0.189, B3 =~ 0.0614, p ~ —0.0736,
Yo ~= 1.282, v1 = 0.789, 72 = 0.757, v3 =~ 1.193, 74 ~ 0.714.

) — 1 in the annulus

ci T

As s5 is an upper edge edge, the coefficients v;, j € {0,...,4}, were computed using x
regions.

3.4.2. Additional CME Examples.
Ezxample of Coupled Mode Equations for N = 2.
An example of a situation for N = 2 is when the locations of the extrema are k(1) = K, k(?) = 7 /3(K).

With 5™, 5 as in Section 223 we then have k(1) = 3= (§) and k? = 25 (\}5) The corresponding integer

shift sets are My = {(9),(9),(1)}, Ma={(3).($),(})}. Due to the rotation symmetry of the bands and
their labeling according to size, we necessarily have ny = ny. We define n, := ny = ny. From ([2:24]) we have

algl,lwwn* (k(l)) =0
and using (2.15) with o = 7/3, we obtain
OFywon. (K1) = 3 (O, wn. (V) + 80, wn. (K1),
ORyon. (K1) = 3 (30F, on. (kD) + O, wn. (K1),
Oy ko, () = L2 (O, wn. (k) = ., (K)).
After having numerically checked the sets A, s,,; for all combinations of «, 3,7, j to determine the nonlinear
terms, we thus arrive at the CMEs
(Q+ Cvla2 + £102,) A1 + (0] A1]? + 271 A2[*) 41 = 0,
(Q+ a25§1 + ﬁ25 102, ) Ao + (ol A2|? + 271 A [*) A2 = 0,

Y1,Y2

(3.31)
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|A2|? Az
|As|2 Az
|A2|2 Ag

|A3|2 A3

Let us assume that a gap edge for N = 3 has extremal points at k(")
Tox/3(M). With the choice of the reciprocal lattice vectors b b3 as in Section 23] we have k1)

k(2

Ezxample of Coupled Mode Equations for N = 3..

J

{(3),(1)}, and M3 = {(3),(})}. Similarly to Section B.Z2 we have n; = ny = ng =: n,. Using (ZI0) and

2.23)-@.27), we get

The sets A 3,4,; are, once again, determined using the Matlab routine and the results are for illustration

where oy

1

22
Yo

(3.32)

)AL =0,
)Az =0,

)AS = 01

2
3
2
3
2
2

Table 3.1: Calculation of the nonlinear terms for Section [3.4.2]

(Q+a(d2, +02,)) AL+ (vl A1]® + 271(|A2|* + |43]?)) A1 +72(A3 + A

(Q+ (02, +07,)) Az + (v0lA2]® + 271 (JA1|* + | 43]%)) Az + 72(AT + A
(Q+a(d; +07,)) As + (0l 43> + 271 (|41 |* + |A2]?)) Az +72(AT + A

listed in Table Bl The resulting CMEs are
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where the following symmetries have been used: o := I 11,1 = I22.22 = I33,33 due to (B.25) with v = 7/3;
Y1 = 11,272,1 = 12,373,2 = 1172,172 = 12,372,3 due to (m with v = 7T/3, and m 1\101‘60V€I‘7 Y1 = 1271,172 =
I 331 = I311,3, where the second equality follows from (B25) with v = 7/3 and the facts that D =
T,r/g,(k(?’) - b(l)) and un(k(?’) - b(l);a:) = un(k(g);x) for all n € N. Finally v := Ino11 = I3322 = [1 1202 =
I 2,33 due to 25) and B:24), and 72 = 22,11 = I1,1,3,3 using [B25) together with k1) = r./5(k® — b))
and u, (E®) —bM;z) = u, (k®;x) for all n € N. All the nonlinear coefficients are real: 79,71 € R due to
B24) and 72 € R since 72 = Iz 211 = [1.122 by (324) and at the same time vo = Iz 511 = I1.1,22 by (328,
where we are using the facts that k? = (k{", ~k{")T and that k@ = k() does not hold.

4. Numerical Examples of Gap Soliton Approximations. We compute here numerically localized
solutions of the CMEs for the examples s2, s5 in Section B4l Then, using the leading order term in [B.I]), we
generate and plot an approximation of a gap soliton of the nonlinear Maxwell problem (9)). In the evaluation
of (BI) we position the photonic crystal so that the center of one of the annuli lies at the origin z = 0.

4.1. Gap Soliton near the Edge s;. Figure [dlplots in (a) the unique positive localized solution, the
so called Townes soliton, of ([B.28)) for the case w, = sy and in (b) the intensity I = |E1|* + |E2|* + |E3]?
of the leading order term in (BI). In Figure 2] we show the absolute value of the individual components
E1, E5, E5. As the Townes soliton is radially symmetric, it was computed using the shooting method on ([B.28)
in polar coordinates. The fourth to fifth order explicit Runge-Kutta method ODE45 of Matlab was used in
the shooting method.

@ AW) (b) |E,I*HE,I*HE,I’

02 0 02
V1 X1

Fig. 4.1: (a) CME solution, (b) intensity of the gap soliton approximation for the case w. = s2.
See Section .11

4.2. Gap Soliton near the Edge s5. Here we restrict to solutions of ([8.29) with the symmetry
Ay = Ay, Az = As, Az = Ag,

which reduces the problem to a system of three equations for A, As, A3. To find a localized solution, we
first replace p by 0, and aq, az, 1, B2 by the average of these four numbers. Also the coefficients in each N,
j € {1,2,3}, are replaced by their average. For this modified system the Townes soliton with A; = As = As
is computed via the shooting method as in Section 4.Il Then a numerical homotopy in the coefficients is used
to get a solution of (3:229). The homotopy is applied to a fourth order centered finite difference discretization
of 329). Our homotopy always results in A; = 0 so that in the end we produce a solution of (3:29) with
A1 = A4 =0and Ay = A5 # 0, Az = Ag # 0. The two components Ag, Az are plotted in Figure .3 together
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@ IE,| ® IE,) © IE,|

Fig. 4.2: Absolute value of the components F1, F2, E3 of the gap soliton approximation for
ws = S2. See Section 411

with the intensity of the corresponding leading order term in (BI). In Figure [£4] we plot the individual

components of ' in absolute value.
(a) %[ﬂ {s) A3[5f]
05 05
=0 =0
05 -05
-05 0 05 05 0 05
. ¥y

1

2 2 2
(€) E,+E +E,

Fig. 4.3: (a) CME solutions Az, As, (b) intensity of the gap soliton approximation for the case
ws = S5. See Section [4.2]

5. Conclusions. We have considered monochromatic out-of-plane gap solitons in Kerr nonlinear 2D
photonic crystals as described by the full vector Maxwell system. Using a model of the nonlinear polariza-
tion which does not produce higher harmonics, we arrive at a cubically nonlinear curl-curl problem for the
fundamental harmonic. For gap solitons with frequencies in spectral gaps but in an asymptotic vicinity of a
gap edge we assume a standard slowly varying envelope approximation based on the gap edge Bloch waves
modulated by slowly varying envelopes of small amplitude. These envelopes are then shown to satisfy a system
of coupled mode equations (CMEs) of the same structure as in the case of gap solitons of the 2D periodic
nonlinear Schrodinger equation [13] [14]. In particular the system generally involves mixed derivatives. Being
a constant coefficient system depending only on the slow variables, the CMEs is a simple effective model for
the near edge gap solitons. Similarly to [13] the derivation of CMEs needs to be carried out in Bloch variables
due to the possible quasi-periodicity of gap edge Bloch waves. Symmetries among the coefficients of the CMEs
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(@ [E (c) |E

i |l

Fig. 4.4: Absolute value of the components F1, F2, E3 of the gap soliton approximation for
wx = S2. See Section [4.2]

are determined using symmetries of the band structure and among the Bloch waves.

We provide an example of a photonic crystal with a hexagonal periodicity lattice and a circular material
structure in the periodicity cell. For this crystal three gaps are numerically observed (for w > 0). CMEs are
then derived for several gap edges including a case where a system of six CMEs arises. Numerical computations
of localized solutions of these CMEs and of the corresponding gap soliton approximations are then performed.
For the CME system with six components only solutions with four nonzero components were numerically
constructed and it is unclear whether a solution with all six nonzero components exists.

A rigorous justification of the CMEs, which states that for a certain class of CME solutions the full Maxwell
system has gap soliton solutions which are indeed approximated by the slowly varying envelope asymptotic
expansion, is expected to hold by similar arguments to those in [12] 13| [[4]. It will be the subject of future
work.
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