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Long-time behavior
for a hydrodynamic model on nematic liquid crystal flows

with asymptotic stabilizing boundary condition and external force
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Abstract

In this paper, we consider a simplified Ericksen—Leslie model for the nematic liquid crystal
flow. The evolution system consists of the Navier—Stokes equations coupled with a convective
Ginzburg-Landau type equation for the averaged molecular orientation. We suppose that
the Navier—Stokes equations are characterized by a no-slip boundary condition and a time-
dependent external force g(t), while the equation for the molecular director is subject to
a time-dependent Dirichlet boundary condition h(t). We show that, in 2D, each global
weak solution converges to a single stationary state when h(t) and g(¢) converge to a time-
independent boundary datum h., and 0, respectively. Estimates on the convergence rate
are also obtained. In the 3D case, we prove that global weak solutions are eventually strong
so that results similar to the 2D case can be proven. We also show the existence of global
strong solutions, provided that either the viscosity is large enough or the initial datum is
close to a given equilibrium.

Keywords: Nematic liquid crystal flow, non-autonomous Navier—Stokes equations, time-
dependent Dirichlet boundary condition, long-time behavior, Lojasiewicz—Simon inequality.
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1 Introduction

We consider the following hydrodynamical model for the flow of nematic liquid crystals

vi+v-Vv—vAv+Vr = —-AV-(Vdo Vd) + g(t), (1.1)
V-v = 0, (1.2)
d;+v-Vd = n(Ad-f(d)), (1.3)

in Q x RT, where Q C R" (n = 2,3) is a bounded domain with sufficiently smooth boundary T,
v = (v1,...,0,)"" is the velocity field of the flow and d = (dq, ..., d, )" represents the averaged
macroscopic/continuum molecular orientations in R" (n = 2,3). 7 is a scalar function represent-
ing the pressure (including both the hydrostatic and the induced elastic part from the orientation
field). The external volume force is represented by g. The positive constants v, A\ and 7 stand for
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viscosity, the competition between kinetic energy and potential energy, and macroscopic elastic
relaxation time (Deborah number) for the molecular orientation field. Vd ® Vd denotes the
n X n matrix whose (4, j)-th entry is given by V,;d - V;d, for 1 < i,j < n. We assume that
f(d) = VaqF(d) for some smooth bounded function F' : R™ — R. In particular, one uses the
Ginzburg-Landau approximation f(d) = }2(|d|2 — 1)d to relax the nonlinear constraint |d| =1
on molecule length (cf. [19,20]).

System ([LI)-(L3]) was firstly proposed in [I8] as a simplified approximate system of the
original Ericksen—Leslie model for the nematic liquid crystal flows (cf. [7lI7]). Well-posedness of
the autonomous version of system (LI)—(L3]) (namely, with g = 0, no-slip boundary condition
for v, and time-independent Dirichlet boundary condition for d) has been analyzed in [20] (see
also [82I] and, for different boundary conditions, [25]). For numerical approximation we refer
to [23,[26,27]. Problem (LI)—(L3) has also been investigated on a Riemannian manifold in [29],
where the existence of a global attractor in the 2D case was proven. As far as the long-time
behavior of the single trajectory is concerned, in [20], a natural question on the uniqueness of
asymptotic limit for global solutions (to the autonomous system) was raised. This question
was answered in [35], where it is proven that each trajectory converges to a single steady state
(cf. [28,36] for some generalization). The proof is based on a suitable Lojasiewicz—Simon type
inequality (see [30], cf. also [13] and references cited therein).

The technically more challenging case of time-dependent Dirichlet boundary conditions for
d has been recently analyzed in [ILBGLIT]. For instance, under proper assumptions on the time-
dependent boundary condition and assuming that g = 0, the existence of global weak solution,
the existence of global regular solution for viscosity coefficient big enough, and the weak/strong
uniqueness were obtained in [6]. Regularity criteria for solutions in the 3D case can be found
in [IT]. Besides, the presence of a time-dependent external force is allowed in [I] and existence of
global and exponential attractors is proven in the 2D case. In this paper, we want to extend the
results of [35] to the non-autonomous case treated in [I]. Thus we consider system (LI])—(L3])
subject to the boundary conditions

v(z,t) =0, d(z,t) =h(z,t), (z,t) €T x RT, (1.4)
and the initial conditions
V|i=o = vo(z) with V-vo =0, d|= =do(z), x €. (1.5)

In the 2D case, we prove that each weak/strong solution converges to a single stationary state
when h(t) and g(t) converge to a time-independent boundary datum h., and 0, respectively.
In the 3D case, we first show the eventual regularity of global weak solutions, and the existence
of global strong solutions provided that either the viscosity is large enough or the initial datum
is close to a given equilibrium. Then an analogous result on the long-time behavior as in 2D is
also obtained. In both cases, we provide an estimate on the convergence rate.

Before ending this section, we state some key ingredients of the present paper. System
(CI)—-(C3H) is non-autonomous due to the time-dependent boundary data h and external force
g. This brings some additional difficulties into our subsequent proofs. First, in order to obtain
the energy inequalities that play crucial roles in the proof of well-posedness as well as in the
long-time behavior of global solutions (cf. Lemmas 221 2.5 2.6l B1I), we have to introduce
proper lifting functions (cf. (271) and (Z21I]) below). The idea was first used in [5,[6], but the
lifting functions introduced in this paper are different from those in [6]. This is due to the



fact that we need some specific energy inequalities which not only yield uniform estimates of
the solutions, but also provide estimates of the convergence rate (cf. Section 4). The second
issue regards the application of the Lojasiewicz—Simon approach (cf. [30]) which has been shown
to be very useful in the study of long-time behavior of global solutions to nonlinear evolution
equations (see, for instance, [12|T3[T53413538] and references therein). In particular, convergent
results related to various evolution equations with asymptotically autonomous source terms
were established, e.g., in [4,0,13,14]. However, our current case is much more complicated
than the previous cases, because the Lojasiewicz—Simon inequality involves the vector d that is
subject to a time-dependent boundary datum. To overcome this difficulty, we derive an extended
Lojasiewicz—Simon type inequality for vector functions with arbitrary nonhomogeneous Dirichlet
boundary data, which is associated with the lifted energy (cf. Corollary Bl). This generalizes
the results in [I3L[35] and should have its own interest. Third, in the 3D case, we also apply the
Lojasiewicz—Simon approach to prove the existence of global strong solutions provided that the
initial datum is close to a local minimizer of the elastic energy and the non-autonomous terms
are properly small perturbations of their asymptotic limits (cf. Section 5). Then we further
discuss the stability of these energy minimizers. This extends the previous results in [20,35] for
the autonomous system, where the initial datum was required to be sufficiently close to a global
energy minimizer. For the stability of the general Ericksen—Leslie system [22], we refer to the
recent work [37].

The remaining part of the paper is organized as follows. The next section is devoted to
report some existence and uniqueness results and basic a priori estimates for the solutions. The
extended Lojasiewicz—Simon inequality we need is derived in Section Bl In Section Hl we show
the convergence of each global weak/strong solution to a single steady state and provide uniform
estimates on the convergence rate in 2D. Results in 3D are presented in Section [l In particular,
we study the eventual regularity of global weak solutions as well as the well-posedness when the
initial data are close to local minimizers of the elastic energy. Long-time convergence of global
solutions and stability of such minimizers are also proved. In the final Section [@ some useful
properties of the lifting functions are reported.

2 Preliminaries: well-posedness and a prior: estimates

Without loss of generality, from now on we set A =1 = 1. Let us introduce the function spaces
we shall work with. As usual, LP(Q) and W"P(Q) stand for the Lebesgue and the Sobolev spaces
of real valued functions, with the convention that H*(Q) = W*2(Q). The spaces of vector-valued
functions are denoted by bold letters, correspondingly. Without any further specification, || - ||
stands for the norm in L?(Q) or L?(Q). This norm is induced by the scalar inner product
(u,v) = fQ uvdx, where for vector valued functions the product uv is replaced by the Euclidean
inner product u-v. We set, as usual,

H=V"® v= VH(I’(Q), where V = {v € C°(Q,R") : V-v =0}.

)

For any Banach space B, we denote its dual space by B*. In particular, we denote the dual
space of H}(Q2) by H~1(Q).
In the following text, we will use the regularity result for Stokes problem (see, e.g., [33])

Lemma 2.1. For the Stokes operator S : D(S) =V NH2(Q)) — H defined by
Su=—-Au+Vre H, Yue D(S5),



it holds
[ullg2 + |7 llgn\g < ClSull,  Yu e D(S),

for some positive constant C only depending on €2 and the spatial dimension.
We begin to report the existence of a weak solution (see [I, Corollary 1.1, Theorem 1.4]).

Proposition 2.1. Suppose n = 2,3. For any given T > 0, assume

g e L*0,T; V"), (2.1)
h e L2(0,7; H2 (")), (2.2)
h, € L2(0, T; H 2(T)) (2.3)
|hjgn <1, a.e. onT x[0,7T], (2.4)
do|r = hls—o. (2.5)

Then for any (vo,dg) € Hx HY(Q) with |dg|gn < 1 almost everywhere in 2, problem (ILT))-(L3)
admits a weak solution (v,d) such that

v e L>®(0,T;H)N L*0,T; V),
d e L=(0,T;H'(Q)) N L*(0, T; H*(2)),
|d(z,t)|grn <1, a.e. on Q x[0,7]. (2.6)

If n = 2, then the weak solution (v,d) to problem (LI)—(LEH) is unique. Moreover, we have
(v,d) € C([0,T]; H x HY(Q)).

Remark 2.1. The weak mazimum principle (2Z8) plays an important role in the analysis of
system (LI)—(LH) (¢f. [20] for the autonomous case). We recall that system ([LI)-(LH) is a
simplified version of the Ericksen—Leslie system for the liquid crystal flow of nematic type, in
which the molecule is assumed to be “small” such that the stretching and rotating effects in the
fluid are neglected. In particular, when the stretching effect is taken into account (cf. [31)]), the
weak mazimum principle (Z8) fails. The lack of control of the LY L -norm of d brings extra
difficulties in the analysis. For instance, in this case, it is not clear how to define weak solutions
(compare with [20,[22]). We refer to [2,[10,128,[31,[36] for extensive studies (well-posedness,
long-time behavior, and so on) on more general liquid crystal systems with stretching terms (see
also [3,[57] for the full Ericksen—Leslie system). Whether the results obtained in this paper can
be extended to those nonautonomous general liquid crystal systems involving stretching effect
remains a challenging open problem.

In order to obtain proper energy inequalities for the system (LI))—(LE), we recall that suitable
lifting functions were introduced in [5l[6] to overcome the technical difficulties related to the time-
dependent boundary datum for d. The first lifting function dg = dg(x,t) is of elliptic type

(ct. [6]):

—AdE:O, inQXR+,
(2.7)
dg =h, onI'x RT.
In particular, we define the lifting function dgg for the initial datum:
—Adpgo =0, in Q,
o (2.8)
dE() == d(), on I'.



Set now
d=d-dg. (2.9)

Then system ([LI)—(LEH) can be rewritten into the following form:

vi+v-Vv—vAv+Vr = —Ad-Vd+g(t), (2.10)
V-v = 0, (2.11)
di+v-Vd = Ad-f(d)—ddg(t) (2.12)

with homogeneous Dirichlet boundary conditions and initial conditions

v=0, d=0, onT x R, (2.13)
V]imo = vo, dli—o = do — dpo, in €. (2.14)

Note that we have used the well-known identity V- (Vd ® Vd) = 3V (|Vd[*) + Ad - Vd to
absorb the gradient term into pressure (cf. [20]).
Let us introduce the lifted energy

o~

&0 = 3IvOIF + 5190 + [ F@®)ds, t>0 (2.15)

Then we can derive the basic energy inequality for system (LII)—(T3).

Lemma 2.2. Let the assumptions of Proposition [21] be satisfied for all T > 0. Then, any weak
solution which is smooth enough satisfies the following inequality for t > 0

ds, v 1, o 1
&)+ SIVVIP + S lAd = £(@))* < S 19dpl® + Cllode] + Cllgl

where C' is a positive constant independent of v and d.

o=, (2.16)

Proof. Multiplying ([2.10) and (2I2]) by v and ~Ad+f (d), respectively, integrating over € and
adding the results together, we get

d (1 1, _~ q
4 (§||VH2 +5ivare s | F(d)dx> ][ VVI? + Ad - E@)]?
Q
= (0dp,Ad) + (g,v). (217)

In above, we have used the facts (v - Vv,v) = (VP,v) = (v-Vd,f(d)) = 0 due to the
impressibility condition V - v = 0. By the Poincaré inequality ||v|| < Cp||Vv| and (24, the
right-hand side of (2I7) can be estimated as follows

(9rdp, Ad) + (g, V)]

< |(Gdp, Ad — £(d)] + (D, £(d)] + (g, V)|
< [Ad = f(d)[[|odel + [E@)]I0del + [vIvielv-
v 1, - 1
< ZIVvI? + 5lad - £(@)? + S 1dp]? + Clads] + ClelR-
The proof is complete. O

Remark 2.2. We fiz the calculations in [0, Lemma 2] where the term (0;d E,Aa) s M1issing.
Though it does not affect the proof of existence result, it does have influence on the long-time
behavior of global solutions (especially on the convergence rate).



Let us now introduce the following (Banach) spaces of translation bounded functions

L§,(0, +00; X) i={h € L]

loc

([0, 4+00); X) :
t+1
q . q
RZa (0, 400:x) = igg/t a(r)|[%dr < +OO}

where X is a (real) Banach space and ¢ € [1, +00) is given.

From the basic energy inequality (ZI0]), through a suitable Galerkin approximation scheme,
one can derive uniform-in-time estimates for any weak solution (the proof is a minor modification
of [I Lemma 1.2, Remark 1.1]).

Lemma 2.3. Let the assumptions of Proposition [Z1] hold for all T > 0. In addition, suppose
that

g € L*(0,4+00; V*), (2.18)
h € L2(0, +o00; H2 (")), (2.19)
hy € L%(0, +o00; H2(T")) N L1(0, +00; H2(I)). (2.20)

Then a weak solution (v,d) to problem (LI)—-(LH) given by Proposition 21 is a global solution
on [0,+00) and fulfills the following uniform bounds

vl < ¢, lld®)llg <€, V>0,
/0 WIVv(D)IP* + (Ad — £(d))(7)*)dr < C, Vit >0.

Here C' is a positive constant depending on |[vo|, [[dolle, [18ll£2(0,4-00:v+)s [
) and ||hy|

3
L2 (0,+00;HZ(I))’
[[h | 1 EEEN
L2(0,+00;H™ 2 (T) L1(0,+00;H™ 2(T))

Next, we introduce the lifting function dp = dp(z,t) of parabolic type, which satisfies

8th—AdP:0, inQXR"’,
dp =h, on I' x RT (2.21)
dp(0) =dpo,  in Q.

The motivation of introducing the parabolic lifting function d p is that we now have, by definition,
A(d —dp) — f(d)|r = 0. This fact is crucial when we use integration by parts to derive some
higher-order differential inequalities of system ([LI)—(TH) (cf. [6LII]). We note that dp in (Z21)
is different from the one introduced in [6] as they have different initial values. Both choices are
valid for the proof of existence result, but the current definition of dp is necessary for the study
of long-time behavior. Denote

d=d—dp.

System ([LI)—(L35]) can now be rewritten into the following form:

vi+v-Vv—vAv+VP = —Ad-Vd+g(l), (2.22)
Vv = 0, (2.23)
di+v-Vd = Ad-f(d) (2.24)



with homogeneous Dirichlet boundary conditions and initial conditions

v=0, d=0, on I' x R, (2.25)
V‘t:() = Vo, a’tzo = do — dEQ7 in . (2.26)

In the sequel, we shall frequently use the following lemma (cf. [6])

Lemma 2.4. The following equivalence between norms hold
[Vler = V], (ld]er = VA, in Hg(®),

IVige = [Av],  fdlge ~ [Ad],  in Hy(©) nHA(Q),
ldllgs ~ [IV(Ad)[| + [[Ad], in HG(Q) N H(Q).

%

If d and dp are functions that are smooth enough and |d|gn < 1, |dp|gn < 1, then we have

|Ad]| < [|Adp|+ |Ad —£(d)| + C,
[VAd| < [[VAdp| +[|[V(Ad - f(d))| + C||Vd]],

where C' is a positive constant independent of d and dp.
Let us introduce the quantity
Ap(t) = [V + [Ad(t) — £(d@®)[*, t>0.

Lemma 2.5. Let n = 2 and let the assumptions of LemmalZ.3 hold. If the weak solution (v,d)
is smooth enough then it satisfies the following inequality

%Ap(t) < C(AL(t) + Ap(t) + Ry (1)), (2.27)

where

Ri(t) = [8dp(t)]|* + [0 dp(t)II* + VAP (1)]* + llg(t)]|*. (2.28)

Here C' is a positive constant depending on v, [[vol|, |dollm1, [|8]l£2(0,4-00;v+)s [[ht]|
) and ||hl|

1
L2(0,400;H 2(T))’

Proof. Taking the time derivative of Ap(t), we obtain by a direct calculation that

%%Ap(t) + (W]Sv]? + IV (Ad - £(d)]?)

= —(8v,v-VV)+(Sv,g) — (Sv,Ad - Vd) — (V(v - Vd), V(Ad — f(d)))
—(f'(d)d;, Ad - £(d))
5
I;. (2.29)
=1

J

To get this identity we have used the fact that Ad —f(d)|p = 0 as well as (Sv,v;) = (—Av, vy).
It is not difficult to see that

11 ISVIlIvILa[[Vvilgs

1 1 1 1
ClSvIAvvlzlivi)lAv]=[Vv]=)



< ClSvlF|Vv] < el SV + Cl Vv,
|I2| < ellSv]* + Clgl*.
For I3, we have

I = |(Sv,(Ad - f(d))- Vd) + (Sv, £(d) - Vd) + (Sv,dydp - Vd)|
[SvIVd|ral|Ad = £(d)[[La + [Sv][[|VA]lLe<[[Ocdp|
e SvI? + C|VA|fallAd — £(d)[|E: + C|Vd[f[|0:dp|*.

IA A

On account of Lemma 23] we infer from the Sobolev embedding theorems that

IVd|z: < clad]|vd] +C|vd|? < CllAd] + Cllaidp|| + C
< Cl|Ad - f(d)| + C||odp| + C,
V|-~ clvad|vd| +c|va|?

<
< C|VAdp| +CO+[|V(Ad — £(d))]),

IAd - £(@)[F: < C[V(Ad - £(@))|[|Ad - £(d)].
Using the above estimates, we obtain the estimates for I3 and Iy:
15| < el SvI*+CV(Ad - £(d))]|Ad — £(d)||(|Ad — £(d)[| + [0:dp| + 1)
+C[odp|*(|VAdp| + [V(Ad - £(d))]| +1)
el|Sv]* + ¢ V(Ad — £(d)[|* + C[|Ad — £(d)||* + C[|Ad - £(d)|*
+C|0:dp|*(|0:dp|® + [IVAdp[ + 1),

IN

IV(Ad — £(d))||(|VV]lga [IVlgs + [Vl d]2)

e[| V(Ad — £(d) | + CI[VV[TlIVA|Ts + ClIvIi=(Ad] + 1)
e V(Ad — £(d))|” + Cl|AV] Vv (|Ad — £(d)]| + [|d:dp]| + 1)
+C|Av[|[vII(|Ad — £(d)|® + [|0:dp]* + 1)

ellSvI® + ¢ V(Ad — £(d))|* + C|Vv][* + C[lAd - £(d)||*
+C||Vv|? + C||Ad — £(d)|]> + ||8,dp]*.

|14

INININ

IN

We now observe that
Iy = —(f'(d)dy, Ad — £(d)) — (£'(d)d,dp, Ad — £(d)) := I5, + I5p. (2.30)

Recalling ([2.24]), we have

Isa] = |(F'(d)(v-V)d,Ad — f(d)) — (f'(d)(Ad — £(d)), Ad — £(d))|
< E(@) e (vl [V | Ad — £()]| + [|Ad — £(d)]|)
< CIVvl[IvVd|is + Cllad - £(d)|?
< O|vv|?+cllad — £(d)|? + Cl|adp?,
Isp| < |If'(d)|l<|0cdp||Ad — £(d)[| < C|Ad — £(d)|]* + Clladpl*.  (2:31)



Finally, collecting the above estimates and taking ¢ sufficiently small, we deduce that
d ~
—Ap(t) + (VIISVI* + [IV(Ad — £(a))]*)
< C(AR() + Ap(t)) + Clodp|*(10:dp | + [IVAdp| + 1) + [g]%,
which easily implies the inequality (2.27]). O

Taking advantage of Lemmas [2.5] and [6.2], one can deduce the following results on the
regularity of weak solutions as well as the existence of strong solutions to system (LI)—(L3]) in
2D.

Theorem 2.1. Let n = 2 and let the assumptions of Proposition [Z1] hold for all T > 0. In
addition, suppose that

g € L*(0, +00; H), (2.32)
h € L3,(0, +oo; H3 (I)), (2.33)
hy € L2(0, +00; H2 (I')) N LY(0, +00; H™2(I)). (2.34)

(i) System ([LI)-(LH) admits a unique global weak solution (v,d) satisfying
IV®llv <CA+t7), lldt)lla: < CQA+t71), VE>0,

/5 (V) + 1d(n)lfe)dr < CA+6 DT, te5,T],

where C' is a positive constant depending on v, [|vol|, [|dol[ar, 18220, +00;E) ||hHL2 O +ooEE ()’
tb k) k)

”htHL2(o,+oo;H%(r))’ HhtHLl(o,Jroo;H*%(r))'
(ii) If (vo,do) € V x H3(Q), then problem (LI)-(LH) admits a unique global strong solution

(v,d) satisfying
vt)llv <C, [[d{t)[lgz <C, Vi=0, (2.35)

/0 (V)2 + ()2 )dr < OT, ¢ € [0,T), (2.36)

where C'is a positive constant depending on v, ||volv, ||dolle2, 1822 (0,4-00:81) HhHL2 0400t} ()’
t\Ys ;

HhtHL?(O,—l—oo;H% (F))’ Hht ‘|L1(0,+00;H7% (1) .

Remark 2.3. Lemma and Theorem [21] still hold when g and h; are translation bounded
with respect to time (see [1)]).

Next, we consider the 3D case. Instead of Lemma [2.5] we have the following higher-order
energy inequality

Lemma 2.6. Let n = 3 and let the assumptions of Lemma hold. If a weak solution (v,d)

18 smooth enough then it satisfies the following inequality

AP0+ (v = ade(o)) v+ (1= S An(0)) 19(A3 - )

C(14+v 3)(Ap(t) + Ra(t)), t>0, (2.37)

IN



where Ap(t) = Ap(t) + 1 and
Ry(t) = [0, dp(t)]* + (|0 dp(8)]® + VO dp (1) ])* + llg(t)]*. (2.38)

Here ¢y, ¢, C are positive constants that may depend on [[vol|, ||dol[g and on ||g|l12(0,400:v+)
HhHLfb(O,—f—oo;H%(F)y Hht”L2(0,+oo;H‘%(F))’ HhtHL1(07+OO;H_%(F)), but they are independent of v.
Proof. We estimate the right-hand side of (Z29) by using the 3D version of Sobolev embedding
theorems. We have

|11 [SvIl[[vllze IV v]Ls
L 1
ClSvI[IVVI[([Av]z[Vv]2)

1
< Clsvizvvlz < SIVVIsIISvIP + v,

v 2
L| < < ||ISv|* + =gl
2| = SISVI™ + —llgll
Recalling that ||d|lg: < C (cf. Lemma [23]), from the Sobolev embedding theorems as well as
Agmon’s inequality in dimension three, we infer

IVd|ls < CllAd|Z|Vd]|7 + C||Vd]| < C(|Ad — £(d)]| + |9:dp])? + C,

IVd||Ls < ClIAd]| + C|[Vd|| < C||Ad = £(d)|| + C[|ddp|| + C,

1 1
IVdllLe < C|IVd||ZIVA|Z: < C(IVAQ|2[Ad]z + [Ad] + 1)
~ 1 ~ 1 ~ 1 1
< C([[V(Ad - f(d))|Iz[[|Ad — £(d)z + [|[Ad — £(d)2[[VAdp| >
~ 1 1 1 1 ~ 1
+IV(Ad — £(d))|[2[|Adp|z + [[VAdp|2[[Adp||2 + [V(Ad - £(d))] 2

+|VAdp|? + |Ad — £(d)|| + [|Adp| + 1),
~ ~ 1. 1
1Ad — £(d)[ys < C[IV(Ad — £(d))[|7]|Ad — £(d)] 2.
Thus we have

|SvIIValrelAad = £(d)]lgs + SV V] |ddp|

~ ~ 10~ 1
ClSv(|ad - £(@)]| + adp] + 1) V(Ad - £(@)] 2| Ad - £(d)]|
+C|svldpll (V(Ad - £(@)]||Ad — £(d) ]| > + | Ad — £(d)]| | Vodp||?

|13

IN N

+V(Ad — £(d)) || 2 [|0pdp||Z + [|VOdp|Z]|0:dp|? + V(A - £(d))]
+Vodp|: + | Ad — £(d)] + |adpl +1)

(% + %HAH = f(d)||2> I1Sv? + %HV(AH —£(d))]?

+C(L+v72)(|Ad - £(@)|* + [9:dp|® + |0:dp|® + [VAdR]?),

IN

IV(Ad — £(@) (Vs [Vdlle + [Vl lld]ae)
ClV(Ad —£(@)[[[[Vv]zl|Av]z([Ad — £(d)]| + [[9dp|l +1)

<§ + §WVHQ> 1Sv]|? + <§ + —[|Ad - f(d)HQ) IV(Ad - £(a))[?
2v2

| 14]

IN A

IN
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+C|Ad = £(A)|? + C(1 + v )|V + C||odp|*,

I8() e (vl s | Ad = £ + A ~ £(@)])
CIVVIE |Vl + Cllad - £(@)]?

CAVIIVI(IA = (@) + |dp] + 1) + CAd - £(d)
ISVIE +C(1+ v (VY + Ad - £(@)? + |adp ).

’ISa’

VAN VAN VAN VAN

We observe that I, can be estimated as in (Z31]). Then, collecting all the estimates of I;, we
have

d 4 2 2
ZAp(t) + (v=IVV]3 = [9v]?) |5V

+ (1 - Vi%HAa - f(d)\|2> IV(Ad - £(d))|>

< CA+v7)(Ap(t) + [0dp|? + [0:dp|® + VAP + llg]l?).

As a result, there exist constants c1,co > 0 independent of v such that the following inequality

holds

AR + = adp@)svI + (1= 2 Ap(0)) V(AT - )

V2

< CL+v ) (Ap() + [10.dp]? + 0dp|® + [VAdP|® + [Ig]%),
which implies ([237). O

On account of Lemma 2.6] one can deduce that system ([LI)—(LE5) admits at least one global
strong solution, provided that the viscosity is large enough (see [6, Theorem 7] for the case g = 0,
cf. also [20L35] for the autonomous case). We just report a result under weaker assumptions
than that in [6] and omit the detailed proof.

Theorem 2.2. Let n = 3 and assume that 232)-234) and 24) are satisfied. For any
(vo,do) € V x H%(Q) satisfying 23) and |dolgs < 1, there exists a vy > 0, depending on
10, o) waes ane gl 5o Il o g ooy 0l g oy st 3y
such that, for any v > vy, problem (LI)—([LH) admits a global strong solution (v,d) which sat-
isfies the same uniform estimates as in the 2D case (cf. (Z330) and (234])).

Remark 2.4. When n = 3, the weak-strong uniqueness result obtained in [6, Theorem 7] still
holds in our case. Thus, the global strong solution (v,d) obtained in Theorem [Z2 is unique.
3 Extended Lojasiewicz—Simon type inequality

For all d € N := {¢ € H'(Q) : ¢|r = hy}, where h,, € H%(I’) is given, we consider the
functional

1
B(@) = 5IVdlP + [ P (3.1)
Q
It is straightforward to verify that

11



Lemma 3.1. If ¢ € HY(Q) is a weak solution to the elliptic problem

—A¢+1(¢) =0,
{ A 52

then v is a critical point of the functional E(d) in N'. Conversely, if 1 is a critical point of the
functional E(d) in N, then 1 is a weak solution to problem (B3.2).

Remark 3.1. Due to the elliptic reqularity theory, if hoo is more reqular, then v is more regular.
For instance, if ho € H%(F), then v € H%(Q).

Then we have

Lemma 3.2. Suppose that 1 is a critical point of E(d) in N'. Then there exist constants 1 > 0,
0 € (0, %) depending on v such that, for any w € N that satisfies ||[w — ||z < B1, there holds

| = Aw + £(w)[[a—1 > [E(w) — E()]'. (3-3)

Remark 3.2. The above lemma can be viewed as an extended version of Simon’s result [30] for
scalar function under L*-norm. We can refer to [13, Chapter 2, Theorem 5.2], in which the
vector case subject to homogeneous Dirichlet boundary condition was considered. We observe that
the result can be easily proved by modifying the argument in [13] using a simple transformation
(cf. also [35, Remark 2.1]).

The Lojasiewicz—Simon type inequality (B3]) only applies to proper perturbations of the
critical point of energy E in the set N and it is not enough for our evolutionary problem (L))
(L3), whose boundary datum is time-dependent (not necessary in N). In order to overcome this
difficulty, we prove the following extended result that also involves the perturbation of boundary:

Theorem 3.1. Suppose that 1) is a critical point of E(d) in N'. Then there exists a constant
B € (0,1) depending on v such that, for any d € H (Q) satisfying ||d — ¥l < B, there holds

€ (e = gy g+l =l )1 = A4 E@ s > [B() = B, ()

)

where 0 € (0, %) is the same constant as in Lemmal3 3, while C is a positive constant depending

on 1.

Proof. For any d € H' (), we have that Ad € H™}(Q2). Then we consider the elliptic boundary
value problem

Aw = Ad
’ 3.5
{ w|r = hy. (3.5)
It easily follows from the elliptic regularity theory (cf. e.g., [32 Proposition 5.1.7]) that
vl < Clldle ~ by 36)

which implies

IN

W —d|lg + [|d — [/
Ol oy g, + It~ Bl

W — ][

IN
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< Olld =9l (3.7)

Let 1 be the constant in Lemma We infer from the above inequality that if 5 € (0,1) is
chosen sufficiently small, then we have ||w — ¥|g1 < 1. As a consequence of Lemma 3.2 we
have

I = Aw + £(w)|lg-1 > [E(w) — B(y)|'". (3.8)

On the other hand, by the definition of w, we can see that

[E(w) —EW)|'"" < | = Aw +f(w)|lp—
< | -Ad+f(d)]a- +Clif(d) —£(wW)l| 5 )
< [—Ad+f(d)|a- + Clld — wl[m
< - A @)+ Ol il (39)
We deduce from 6 € (0, 3) that
|E() — E@)|'™" < [E(w) — E@)['™" + |E(d) - B(w)["’, (3.10)
and
|E(d) — E(w)['*
1 1-6 1—0 1-0
< (3) Nvar-ivw | [ @ -
< C(ldllg [[wllan)lld = wlg” < Clldlr - hoo\\;‘;(r), (3.11)

where in ([BI1]) we use the facts that ||d||g: < [|¢|lg + 6 and ||[wllg < ||[¢]lg + 81. Combining
B9)-BI1), we deduce (B.4). O

Since the basic energy inequality (2.10) (cf. Lemma[22]) is only valid for the lifted energy g
[2I3), in order to apply the Lojasiewicz—Simon approach to our problem, we need to consider
the following auxiliary functional corresponding to energy E (cf. (B1])):

~ 1 ~
E(d) = 5||Vd\|2 +/ F(d)dz, VdeHY(Q), (3.12)
Q
where
d=d-dg,

and dp is the elliptic lifting function satisfying the following elliptic problem (cf. ([2.7))

—Adg =0, x€Q,
{ o v (3.13)

dE - d‘Fa x € P
Then we have

Corollary 3.1. Suppose that 1) is a critical point of E(d) in N'. Then there exist constants
B € (0,1) and 6 € (0,3) depending on v such that, for any d € HY(Q) satisfying |d—v||m < B,
there holds

Clldle = Bocll L/ |+ = Ad + (@)l > () — B, (3.14)

where C' is a positive constant depending on v and hy.

13



Proof. From the definition of E(d), we set, for 1 € N,

N 1~

B(w) = 5IV0IF + | Fw)da, (3.15)
where 1; =1 — ¢Yg and g satisfies

{—Asz =0, z€Q, (316)

YE = hy, rel.

A direct calculation yields that

~ 1
Ed) = E(d)+§\|VdEH2—/QVd:VdEd:n,

=)

W) = B+ 5|Vl — [ Vo Vepd,
Q

where we used the notation A : B = ZZJ‘:1 A;jBi;j. Theorem [B.I] implies that there exist

constants 8 € (0,1) and 0 € (0, 1), such that for any d € H'(Q2) satisfying ||d — || < 8, B4)

~

holds. Next, we proceed to estimate the quantity |E(d) — E()|1~°

|E(d) - E@)|"

1 1-6 1-6
< Jp@- B+ (5) | [ V- vw): Ve s )i
Q
1-6
+ /(Vd . Vdp — Vi : Viop)de
Q
= J1+ Jy+ Js. (3.17)

The estimate for J; follows from ([B4]). Since ||[d — || < 5 < 1, then ||d|[snn < [|¢||g + 1. For
Ja, we infer from the elliptic estimate (cf. [32] Proposition 5.1.7]) that

Jo < CIV(dg —4p)|°IV(dE + vr)|
< Ol ool (el + Dl )
= *Nab ) HI(T) >z (r)
1-60
1-60
< Cldle ool (el + sl )
< CJdjr —hoo|*¥ . (3.18)

H32(I)

Recalling the function w introduced in ([B.3]), we estimate .J3 as follows

1-9
Jy = /Q[V(d—w)  Vdp + Vw : V(dp — 05) + V(w — ) : Vibp] da
1-0 1-0
< /QV(d —w): Vdgdzx + /QVW :V(dg — ¥p)
1-6
+ / V(w =) : Vipdx
Q
= J3q + J3p + J3e (3.19)

Using (3.6) and (3.7) and the fact ||d — ¢||gn < B, we observe that

Jsa < V(A =w)[ 0 Vdg|'

14



< Clldle = hooll el
< Cldlr = ol il
< O|d|r - hooH;f(F), (3.20)
T < [wONV(dp —vp)]
< C(ll +C5)' " lldr = bl
< Ofdjr - hooH;f(F)- (3.21)

For Js., using integration by parts and noticing that Ay = 0, (w —9)|p = 0, we obtain

/QV(W — ) : Vippda = - /Q(w ) Agpds + /F(w ) OupdS =0, (3.22)
where n is the unit outer normal to the boundary I'. Thus ([3.:22]) implies that

J3e = 0. (3.23)

Finally, since 1—6 € (0, 1), we have Hd|F—hoo||H

1
2(I)
conclude from [B4]), BI7)—-B23]), and Ad = Ad that (BI4) holds. The proof is complete. [

< C|ldjr —hso|*? . In summary, we can
H? ()

Remark 3.3. If 0 € (0,1) is such that BI4) holds, then, for all ¢ € (0,0) and any d € HY(Q)
satisfying ||d — || < B, we still have

¢ (Idle = bl 1= AT+ @l ) > 1B@ - B 32

where C is a (properly adjusted) positive constant depending on 1 and hs,. To see this, we first
notice that, since 2 > 11%09/ > 1, for any a,b >0, it holds (a + b)% < 2(a% + b%) Then it
follows from (BI4) that
=
~ ~ _ -~ ~ o 1—
B@) - B@)"™" = (1B@) - E()|'™*)

1-0"
—0

IN

i€ IR _AG
O (e~ ol 1~ A3+ £+ )

IN

_ 1-6' _AAQ 3
¢ (i =l 4= AT+ )

4 Long-time behavior in 2D

In this section, we focus on the case n = 2. In order to study the long-time behavior of global
solutions to problem (LI))—(L3H]), we need some decay conditions on the time-dependent external
force g and boundary data h, namely,

(HL) [ hy(r)] 1 dr < CAL+1)71;

1
H2 (I

(H2) [ u(n)[]2y 7 < C(L+8)7177%

2
ezt o
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(H3) [ lg(n)|Pdr < O+ )77
(H4) lg(®)]* < C(A+1)7*
(H5) |he(t)L2@y < C(L 4+~

for all t > 0. Here C' and v are given positive constants. We also note that (H4) entails (H3).

Since in the 2D case weak solutions become strong for positive times (cf. Theorem 27I),
we can confine ourselves to consider strong solutions. We recall that, for any given global
strong solution (v,d), we have the uniform estimate (235]). It follows that the w-limit set of
the corresponding initial datum (v, dg) is non-empty. Namely, for any unbounded increasing
sequence {t,, }°°, there are functions v, € V and do € H?(2) such that, up to a subsequence
{t;352 C{ta}n2y, we have

i V() = el =0, T [ld(t;) — docllr = . (4.1)

Next, we characterize the structure of the w-limit set. In order to do that, we first recall a
technical lemma (see [38, Lemma 6.2.1])

Lemma 4.1. Let T be given with 0 < T < +o00. Suppose that y and h are nonnegative con-
tmuousTfunctions deﬁn;d on [0, T] and satisfy the following conditions: fl—? < c1y® 4 ¢ + h,
with [ y(t)dt < c3, [, h(t)dt < c4, where ¢; (i = 1,2,3,4) are given nonnegative constants.
Then for any p € (0,T), the following estimates holds: y(t + p) < (%3 + cop + 04) e for all

t € [0,T — p|. Furthermore, if T = +o0, then lim y(t) = 0.
t——+00

Proposition 4.1. Let the assumptions of Theorem [2]] hold. Then the w-limit set w(vg,dg) is

a subset of

S={(0,u) : u e NNH*Q) such that — Au+ f(u) = 0in Q}.

Moreover, we have

Jim [lv®)lv =0, (4.2)
lim || — Ad(t) + £(d(t))] = 0. (4.3)

t—+o00

Proof. It follows from Lemma that
+o0 R
/ IV (@)I? + [Ad(¢) — £(d(t))[[Pdt < +oo,
0

which together with the definition of Ap and (6.3) yields

Om Aptoyie < [ T IOV 12 + 21(Ad — Q)OI + 200 dpO)dt < 400 (44)

Using Lemma and Lemma 1] we can see that

tlgrnoo AP(t) = 0’
which implies limy_, 1 |[VV(2)|| = 0. Hence, for any (ve,do) € w(vg,dp), we have v, = 0.

On the other hand, by definition of Ap, (£4) also yields that

lim || —Ad(t) +£(d(®))| = 0. (4.5)

t—-+o0
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From Lemma [6:2] we have tliin |0:dp(t)]] = 0 (cf. (6H)). As a result, it follows from the
— 100

inequality
0 <[ —Ad(t) + £(d(0)]| < || = Ad(t) + £(d(®)]| + |9 dp(®)]l, ¥¢>0 (4.6)

that (@3) holds. Concerning the limit function d,, we infer from (Z35)) that d., € H?(2) and
(@) holds. We now check the boundary condition for do.. Since h; € L(0, +o0; Hfé(I’)), h(t)
strongly converges to a certain function h, € H > (T") as time goes to infinity with a controlled

rate, namely,
—+00
IIh(t) — hOOHH*%(F) < /t Hht(T)HH*%(F)dT — 0, ast— +oo. (4.7)

On the other hand, we infer from (233]) and (234)) that h € L*>(0, 4o0; H? (T")). Consequently,
h, € H%(F) and h weakly-star converges to hy, in L(0, 4o0; H%(I’)) By interpolation, we
have t_lgrnoo [h(t) — heollr2(ry = 0. Thus, from the asymptotic behavior of the boundary datum
h, we have for any j € N,

[doo|r — h(tj) L2y + [Ih(Zj) — hoo|lL2(m)
Clldo — d(tj)|lar + [[h(t) — heollL2 ).

Hence, letting j — 400 in the above inequality, we deduce from (@1l and (7)) that deo|r = h
For any z € H}(2) and j € N, we have

||d00|F - hOOHLQ(F)

IN N

/(—Adoo +£(do)) - zda
Q

< /Q(—Adoo—i—Ad(tj))-zdx + /Q(f(doo) _£(d(t;)) - zda

+ /Q(—Ad(tj) +f(d(t;))) - zdx
< V() — doo) 11 Vz] + (Clld(t;) — doole + || = Ad(t;) + £(d(t;))]]) 1]

Passing to the limit as j — 400, we get
/(—Adoo +f(dw)) - zdz = 0.
Q

As a consequence, we see that do, € NN H2(Q) solves ([3:2). The proof is complete. O

We can also prove the convergence of the lifted energy.

PropOSItlon 4.2. Let the assumptions of Theorem [21] hold. Then the lifted energy functzonal
& defined by (I0) is constant on the w-limit set w(vo,do). Namely, there exists a constant Ex
such that E(deo) = Exo, for all (0,ds) with dog € N'NH2(Q). Moreover, we have

~

tk?oog(t) = Eco- (4.8)
Proof. From the previous argument, we know that for arbitrary (0, d$ )) (0, d$ )) € w(vp,do)
there exist unbounded increasing sequences {tg };‘;1 and {t§ ) 521 such that (4I) holds. As a

result, we have

lim E#) = E@Y), lim E1Y) = E@®).

(
j—4o0 J j—+o0

17



On the other hand, it follows from the basic energy inequality (ZI6]) that for any ¢’ > ¢ > 0,
EW) - EX)] < / r(t)dt — 0, ast " — +oc.

t//

Then by

(e.e]

E(dY) ~ E@@)] < () = £ + | E@R) = £ + [E(Y) - E@Q)],

letting j — 400, we can see that E(dg)) = E(dfﬁ?) Namely, € is a constant (denoted by Ex)
on the w-limit set w(vg,dg). Moreover, for any ¢ > 0 there exist t; < t;11 such that t € [t;,t;41]
and |E(t) — Ex| < [E(t) — E(t5)| + |E(tj) — Exo, which yields (.F]). O

4.1 Convergence to equilibrium

Theorem 4.1. Let the assumptions of Theorem[21] hold. If, in addition, we assume (H1)-(H3),
then any strong solution (v(t),d(t)) convergence to an equilibrium (0,d) strongly in V x H?(Q)
as t goes to 4+00.

Proof. On account of (42l we only need to prove that d(t) converges to doo as t — 400 given
by ([@I]). Below we adapt the idea in [4,[0] to achieve our goal. Indeed, observe that we can find
an integer jo such that for all j > jo, ||d(¢;) — doo|lgr < g, where 8 € (0,1) is the constant
given in Corollary BJ] (depending on d,). Consequently, we define

s(t) = sup{7 > t; : [[d(7) — deole < B}

Since d € C([0,400); H'(£2)), we can see that s(t;) > t; for any j > jo. By Lemma 2.2 and
Proposition 2] we have

- - +oo —+o00
E() ~ Bldo)| >  minfv,1) [ D2 ryar - /t r(r)dr,

where

D(t) = [Vv(®)] + [|Ad(t) - £(d(@®))]],
and r is defined in (2I0) such that, thanks to (H1)-(H3), we have

+o0o
/ r(t)dr <C(A+t)7177, vit>o0.
t

Let the constant 6 be as in Corollary Bl (depending on d,). Using Remark B3] we can choose
0" € (0, 6] such that ¢ also satisfies

v

0<h < ———.
2(1+7)

(4.9)

If 6 itself satisfies (9), we just take #’ = 6. For any fixed t; with j > jo, we introduce the sets
1 —(1-¢ 2 1
K; = [t;, s(t;)), K]( ) — {t € K;:D(t) > (1+1)~1-0 >(”’”}, Kj( = K; \Kj(» )

Consider the following functional on K
~ s(t5)
O(t) = E(t) — E(doo) + 2/ r(t)dr, VteKj;.
t
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It easily follows that

Jlim_@(t;) =0. (4.10)
Next, we have
Lot sene(t) = ole@)" <o)
dt dt
< —%min{u,1}|<1>(t)|9/11)2(t)
< 0, (4.11)

which implies that the functional |®(¢)|? sgn®(t) is decreasing on K ;. Keeping in mind that
0’ <6 and 2(1 — 0") > 1, we can apply Corollary BT] (cf. also Remark [B3]) to obtain that

1-6'

~ ~ / +0o
()| < |5(t)—E(doo)|19+C</t r(T)dT>

IN

1 209 o
4 2(1-0' B 1-0'
(3) WP+ cm -l

N 400 1-6’
+C|| — Ad + f(d)||[g-1 + C (/ T(T)d7'>
t

IN

R 4o 1-6’
C|Vv]+C|—Ad+£f(d)|| +C / |lhe(T)|| 1, dT
) HE(r)

+C ( /t - r(T)dT>

< C|Vv||+C| = Ad + £(d)|| + C(1 + )~ =)0+ (4.12)

1-0’

Thus, on KJ(-l), we have
@(t)]'"" < D),

which together with (A1) yields that on K ](1),
— (120 sgn®(t)) = CD(1). (4.13)

As a consequence, we have

/ D(t)dt < —c/ i(|q>(t)|9’sgnc1>(t))dt
KD K; dt

< Ot + @ (s(t))”) < 400, (4.14)
where ®(s(t;)) = 0 if s(t;) = +o00. On the other hand, on KJ(-Z), we have

C

9/ 017

D(t)dt < C/ (1+4¢)~ =00+ gy —
K](.Q) t;

Here, we notice that v0" + 6’ — v < 0 due to (£9). Then [@I4)) and [@I5) imply that

/ D(t)dt — / D(t)dt + / D(t)dt < 400,
K; KM K
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for any j. On the other hand, it follows from (235]) and (ZI2) that

Ide(t)] < [v-Vd|+ [Ad - £(d)]|
< vllpslVd|lps + |Ad — £(d) ||
< CD(t). (4.16)
As a consequence,
/ de(t)]ldt < C(1D(EH)|” + @(s(t;))") + C (1 + ;)10 (4.17)
K;

To complete the proof, we show that

Proposition 4.3. Let the assumptions of Theorem[Z1 hold. Then there exists an integer ji > jo
such that s(tj,) = +o00. Thus

ld(t) —doollg: < B, ViE>tj,.

Proof. The conclusion follows from a contradiction argument (cf. [15]). Suppose that for any
J > jo we have s(t;) < +00. Then, by definition, we have

1d(s(t;)) = dsollm = 8> 0. (4.18)
Besides, it follows from (@1, (£10) and [@I7) that
[d(s(t;)) —deo| < [ld(s(t;)) = ()l + [|d(Z;) — deo]]

s(t5)
< [ e ) — doll 0. as > oc,

tj

Using uniform estimate (2.35]) and interpolation inequality, we obtain
1d(s(t5)) — doollp < ld(s(t;)) = docllmzlld(s(¢;)) = decll = 0, as j = +oo,
which leads a contradiction with (£I8]). The proof is complete. O

Due to Proposition .3} we have s(t;,) = +oo for some j; > jo. Arguing as above, we can
prove

+oo
/ |d, (t)]|dt < +oo.
tjy

Thus d(t) converges in L? and recalling , by compactness we conclude that
g

lim ||d(t) — dool|g = 0. (4.19)

t——+o0

Finally, observe that

[Ad(t) — Adeof| = || = Ad(t) +£(d(#))l + [[f(d(t)) — f(doo)]]
< [ =Ad(t) +£(d(@))[| + Clld(t) — deoll. (4.20)
Then (£3) and (£19) entail that
Jim {ld(t) = doollez = 0
and this finishes the proof of Theorem (.11 O
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4.2 Convergence rate

Theorem 4.2. Let the assumptions of Theorem[Z1] hold. If, in addition, we assume (H1)-(H2)
and (H4)-(H5), then we have

’

6
VOl +11d(t) — doolle < C(L+1) =20, £ >0.
Moreover, if (H2) and (H5) are replaced by, respectively,
(H6) t)] g3, < O+ 0717

—1—~.
() [B(0) = hocll g3 ) < CO+H7,

the following higher-order estimate holds

/

__ 6
Iv@®llv + 1d(#) = doollpz < C(1+1) 12", ¢ >0.

Proof. The proof consists of several steps.

Step 1. LZ-estimate of d — do,. This follows from an argument devised in [9]. For the
readers’ convenience, we sketch the proof here. From the previous argument, we only have to
work on the time interval [t; ,400). Denote

~ ~ +oo
O(t) =E(t) — E(deo) + Q/t r(7)dr.

Since

d o . 9

—&(t) < ——min{r, 1}D(t) — r(t) <0,

dt 4
and thT ®(t) = 0, we know that ®(t) is decreasing and ®(t) > 0 for ¢ > t;,.

—+00
First, if the boundary datum h and the external force g become time-independent in finite

time, i.e., there exists time T{ such that for ¢ > Ty, h = h, and g = 0. Then the problem
reduces to the autonomous system considered in [35]. Thus, below we just assume that either
h or g does not become time-independent in finite time (namely, the system will always be
non-autonomous). In this case, if there exists t* > t;, such that ®(¢*) = 0, then D(t) = r(t) =0
for all ¢ > t* and this is a contradiction since r(¢) cannot identically vanish from any finite time
on. Therefore, we can suppose

O(t) >0, Vit>ty.
If the open set Kj(ll) is bounded, then there exists t* > t;, such that [t*, +00) C Kj(lz) As a
result, D(t) < (1+¢)~(1=00+7) and by @I8), we have

400 ,
Hd(t)—doollﬁ/ [de(7)|dr < 4+t V>
t

—0 = 0"+~
)

Next, we treat the case when the open set KJ(11 is unbounded. There exists a countable
family of disjoint open sets (ay,by) such that Kj(ll) = U2 (an,bp). On KJ(-ll), recalling (412]),

we can see that on any (ay,b,) C KJ(.ll), it holds

%@(t) + 021"y < 0.
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As a result, for any t € (ap,by),
1
O(t) < |D(an)? '+ CA—20)(t —ayn)| T, (4.21)
where by the definition of K j(ll) and ([@LI2) we have

1
®(an) < CD(an) 7 +C(1 +ay)" ) = C(1 4 a,) "7,
Using the fact (14 ~)(1 —26’) > 1 (cf. [@3)), we can take n* € N sufficiently large such that
B(an-)? L — (1 - 20" an- > S0 _ 01— 20)ape > 1. (4.22)
Therefore, we infer )
O(t) < C(1+1) T, V1€ (ape,00) N KD,
Similar to [@I3]), we have (since ®(t) > 0)

d / 1
——=0(t)" 2 CD(t), Vi€ (an,00)N K.

Due to ([E9), it follows that —v8 — 0" +~ > 1_9—;9,. Now for any t > a,+, we can conclude that
+oo
a0 —dul < [ ldlar

= / . Hdt(T)HdT—i-/ , [[de()|dT
(t,oo)ﬂK( ) (t oo)ﬂK]( )
1

J1 ’
+oo
< c D(r)dr + C / (14 7)~0=00) g7
(t,00)NK t

< o) + (14t
0/
< C(l+1t) -2,
Using (2.38]), after properly adjusting the constant C', we have

d(t) — dog|| < C(L+1) T2, Vt>0. (4.23)

Step 2. H x H'-estimate. It easily from the basic energy inequality (ZI6]) that

Slt) + 21V + S 1Ad — )P < (o), (424)
where
() = S IVOIP + SIV@WO - 3P+ [ [F@)0) - F(dw) = Hd)d() - do)lda
Q

As in [35], using ([2.35), we can show that

< Cld(#) — doo*.

/Q F(d)(t) — F(doo) — F(doo)(d(t) — dog)]de

Keeping in mind the definition of lifting functions, we have d— &OO\F =0 so that

IVd—do)| < CJA-ds)]
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| = Ad + £(d)]| + Cl£(d) — £(doo)|

<
< O - Ad+£(d)] + Clld(t) — dwl,

IV(d=deo)ll < [IV(d = duo)l| + [|V(dp — doo)
~ +00
<l = Ad+ H@]+ OO — dull +C [ i)y g

Thus it follows that

y(t) = SIVOIP + 519(d - du) | = Cl() - due]?
2

—+o00
—C (/t Hht(T)HH%(F)dT> : (4.25)
yt) < C|VVIP+C| —Ad+ £+ C|ld(t) — dso |- (4.26)

Condition (9] implies that 13—92,9, < 7. Then we deduce from (@24, (E23), (H4)—(H5) and
Lemma [6.T] that

Ly(t) + oy(t) < Clr(e) + 14(1) — decl®) < €O 4 1) 1557 (427

where v > 0 is sufficiently small. The above inequality implies that

20"

y(t) < C(L+1) 120, Vt>0. (4.28)
Combining it with ([@25]) and recalling (H1), we get
V@1 + 11d(#) — decllFp

+00 2
< O+ )~ dulP+ 0 ([ o)l )

20’

< O+t T, Vit>0. (4.29)

Step 3. V x HZestimate. Taking advantage of the stronger assumptions (H6)—(H7) and
([#29), we now get a higher-order estimate. Observe first that

| —Ad+£(d)|| < || - Ad + £(d)]| + [|Adp| = || — Ad + £(d)]| + [|9dp],
then we have
y(t) < C|Vv|]> + C|| — Ad + £(d)||? + C||9,dp|? + C|d(t) — duo .

It follows from (Z27) and ([@27) that

d

L 20) + anz(t) < O +0) T 1 C(Ri(1) + [adp(0)]?), (4.30)

where
2(t) = y(t) + o Ap(t), (4.31)

and o and ag are sufficiently small positive constants. From the definition of R;, (6.6]) and the
fact 13—92,9, < 2+ 2y (cf. (£9)), we have

Ri(t) + [0:dp()|? < C(1 + 1) T3 + C||VAdp(t)|2. (4.32)
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Hence, from ([L30) we infer that

t /
2(t) < z(0)e 2! 4 Ce_”t/ 2T [C’(l + 7')713—929’ + HVAdP(T)H2:| dr
0

t
/

—aat —aoat 2 2T — 36 7 2
< Ce ™ e e |C(147) =20 +[[VAdp(7)|]| dr
0

t !

+e_a2t/ e’ [C(l +T)713029' + ”VAdP(T)HQ] "
t
2

= Ce_a2t + Zl(t) + Zg(t).

It follows from (G.4]) and (H6) that

Zi(t) < C'e_%%/2 [C’(l—l—T)lM?‘)’ + ||VAdp(7')H2} dr
0

i
< Ce Tt (t—i— /2(1 +T)227d7>
0

20"

< C(l4t) T2,

Next, by (6.7) and the fact 13—92/9, < 1+ 2v, we deduce that

2/
t\ “1-ze7 [t 3
Zo(t) < Ceoot (1+5) / €27 dr + C / IVAdp ()| dr
t t
2 2
20
Cl+1t) ™7 +CA+t) >
26’

< C(l+1t) T,

IN

As a result, we obtain that

’

2(t) <C(+1t) 12, Vi>0.

In particular, we have

/

20
Ap(t) < CA+t) T2, >0,
which together with ([Z20]) and [@29]) yields the following estimate

IVOIR +1Ad(t) = Adw|[? < COL+1) T, Vi 0.
Finally, using a standard elliptic estimate, we obtain (cf. (H7))
1d(t) — deo[lz < Cl|AA(?) = Adeol| + Cl[h(t) — heoll ;3

for all ¢ > 0 and this finishes the proof.

5 Long-time behavior in 3D

(4.33)

(4.34)

(4.35)

As in the classical Navier—Stokes case (see [16]), we can prove the eventual regularity of any

global weak solution. Thus the convergence results can also be extended to the 3D case. Indeed,

comparing with Lemma [2.6] we derive first an alternative higher-order energy inequality.
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Lemma 5.1. Let the assumptions of Proposition [21] hold for all T > 0. Suppose, in addition,
that (Z32)-234) are satisfied. If a weak solution (v,d) is smooth enough then it fulfills the

following inequality

d ~

AP +VIISVIP + ([ V(A = £(@)]* < Cu(AB() + Ap(t) + Rs(t), (5.1)
where

Rs(t) = [0dp(t)|° + [0:dp()I* + [ VAdp @) + [lg(#)]*, (5:2)

for allt > 0. Here C, is a positive constant that may depend on v, ||vol|, [|dolle1, 18]l22(0,+00;v+)
”hHLfb(O,—f—oo;H%(F))’ ”ht”LQ(O,—i—oo;H_%(F))’ ”htHLl(o,Jroo;H—%(F))'
Proof. We reconsider the estimates in the proof of Lemma Recalling ([Z29) and (Z30),
thanks to the Young inequality, it is not difficult to obtain that

3 3
11| < [1SvIIVIiLs [ VViiLs < ClSVIZIIVVIE < ]l Sv] + C|Ivvf°,

|I2| < el Sv]* + Cllgll?,

Il < ellSvI® +¢|V(Ad - £())” + CllAd - £(d)|° + C[|Ad - £(d)]?
+Cllodp|® + Cllodp|* + VAP,

L] < ellSvI® +¢|V(Ad - £()]* + Cl|Ad — £(a)||°
+C|[Vv]° + ClIVVIP* + Clladp]|°,

5] < el|SV[* + CllAd — £(d)[* + OV ]* + Cllodp| .

In addition, I5, can be exactly estimated as (231]). Collecting all the estimates, and taking & to
be sufficiently small, we obtain our conclusion (B.1]). O

Then we prove the following sufficient condition for the existence of global strong solution
in 3D.

Proposition 5.1. Suppose that the assumptions of Proposition 21 and (2.32)-([234) are satis-
fied. In addition, assume that (vo,do) € VxH2(Q). If there exists a sufficiently small g9 € (0,1]
such that

+00 R
/0 WITVOI? + [ Ad(E) — F(d(0)])dt < eo. (5.3)

then problem ([LI)—(L3) admits a unique global strong solution (v,d) in  x (0,400), provided

that ||hy|| is small enough.

L2(0,400;H3 (I))

Proof. For simplicity, we give a formal proof. To make it rigorous we should work within a
proper approximation scheme (see, for instance, [1,6]). Let L; > 0 (i = 1,2,3,4,5) be the
constants such that

[voll + [doller < La, (5.4)

el oo oerrby S L2 (5.5)
< .

HhHLfb(O,-i-oo;H%(F)) = L3’ (5 6)
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Bell 2 o oot (1) Ly, (5.7)

VAN
~
o
‘o
X

&l 22 (0,4-00:v*)

It follows from the basic energy inequality (ZI0]) that

() + % /Ot (1/||VVH2 +Ad - f(d)||2> dr < E(0) + /O+Oor(t)dt, Vt>0. (5.9

Then, by definition of £ and Lemma [6.1] we have

vl + [[d@®)][g < C1, Vt>0, (5.10)
+o0 .
/ (VI9vI? + ad — £(@)|P?) di < Cs, (5.11)
0

where the constants Cy,Cs depend on L, ..., L and 2.
Let K > 0 be such that

v|[Vvoll” + [Ad(0) — f(do)|* < K. (5.12)

Keeping Lemma [0.J] in mind and arguing as in [20], we consider the following Cauchy problem

d
ZY () = C.(Y(t)* +Y(t)) + CuRs(t), Y(0)=max{l,v '} K > Ap(0). (5.13)
We denote by I = [0,Tyq:) the (right) maximal interval for the existence of a (nonnegative)

solution Y'(¢) so that lim Y (¢) = +oo. It easily follows from (G.I]) and the comparison principle

t—Tmaz

that 0 < Ap(t) < Y (t), for any t € I. Consequently, Ap(t) is finite on I. We deduce from
Lemma [6.2] that

+oo
/ R3(t)dt < Cs,
0

where Cj3 is a constant depending on €, ||g||12(0,400;i1r) and L. Besides, we note that Ty
is determined by Y (0), C, and C3 such that Tnae = Tz (Y (0),Cy, C3) is increasing when
Y (0) > 0 is decreasing. Taking to = 3T,as > 0, then it follows that Y(¢) (as well as Ap(t)) is
uniformly bounded on [0, #p]. This easily implies the local existence of a unique strong solution
to problem (LI)-(L3H) (at least) on [0,%o] (actually on [0, T4z ), but we lose uniform estimates
on such maximal interval).

By Lemma 6.2 (cf. (6I0)), we have

sup AW (t) — dp®) < el o1

where ¢ is a constant that depends only on 2. Set now

_ . oK . K
60:m1n{1,7}, Lﬁzmln{l,L%,E}. (5.15)

From the assumption, there exists a small constant g < &y such that (5.3]) is satisfied. Therefore,
we can find ¢, € [%2, 0] such that

V| Vv(t)]? + |Ad(t) — ()] < 220t
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Moreover, if we further assume

e 2

1 < LG’
12(0,+00HE (I))

then by (B.14]) we obtain

Ap(t.) < v|Vv(t)|? + [|Ad(t) — £(d(t.))]
< y|Vv(t)|? + 2| Ad(t) — £dE)|? + 2| A(dp(t) — de(t)]?
< V| Vv(t)|? + 2] Ad(t) — £(d(t))]* + 2cHhtHiQ(07+w;H%(F))
< déotyt +2cLg < K
< maX{l,l/fl}K:Y(O).

Taking t, as the initial time for the ordinary differential equation (5.13]), we infer from the above
argument that Ap(¢) is uniformly bounded at least on [0, 3%] C [0,t, +to]. Moreover, its bound
only depends on 2, v, Ly, ..., Lg, Ci and tyg. Then by an iterative argument we can show that
Ap(t) is uniformly bounded for all ¢ > 0 and this enable us to extend the local strong solution
to the whole time interval [0, 4+00). The proof is complete. O

A consequence of the above proposition is the eventual regularity of global weak solutions.

Theorem 5.1. Suppose that the assumptions of Proposition 2] and [232)-(2.34]) are satisfied.
Let (v,d) be a global weak solution to (LI)—([LH). Then there exists a large time T € (0, 400)
such that (v,d) is a strong solution on (T™*,400).

Proof. Let Ly, Lo, L, Ly, L5 > 0 be the constants as in the proof of Proposition For a weak
solution (v,d), we still have the uniform estimates (5.I0) and (5.II)). Considering the ODE
problem (B3], we can fix the constants £y, Lg and to. Taking g9 = £y, we observe that there
must exist a sufficiently large 77 > 0 such that

+oo N
/ (uHVv||2+||Ad—f(d)||2>dt < <o, (5.16)
T1

HAdP(t)—AdE(t)H < Lg, VtZ[Tl,—i-OO), (5.17)

where for the second inequality we have used Lemmal6.2l(i) and the fact that 9, dp(t) = Adp(t)—
Adg(t). Also, (BI6]) implies that there is T* € [T, T} + 2to] such that

PIVVT P + Ad(T) — E@(T)) < 22 (5.18)

As a result,

v|[VV(T)|? + [A(TL) - £(d(T)]?

< VleV(T*)H2 + 2| A(T,) — £(d(T2)|1* + 2| A(dp(T2) — dp(T2))|?
< el +2cLg

to
< K.

Taking T* as the initial time, then we can apply Proposition .1l to conclude that problem
([CI)-(CE) admits a unique global strong solution (v/,;d’). By the weak/strong uniqueness
result [6, Theorem 7], we see that (v,d) coincides with (v/,d’) on [T™*,+00). The proof is
complete. [l

27



Thanks to the eventual regularity result we can argue as in the previous section to prove the
following result

Theorem 5.2. Suppose that the assumptions of Theorem [51 hold. Then any global weak so-
lution given by Proposition [Z1 converges in V x H2(Q) to a single equilibrium (0,ds) with
estimates on the convergence rate similar to the 2D case, provided that g and h fulfill the cor-
responding hypotheses (H1)-(H7) as in Theorems [{.1] and [{.2

Remark 5.1. We recall that there exists a (unique) global strong solution when the viscosity
is large enough (cf. Theorem[23). Consequently, due to Lemma [20, all the results proven in
Section[{) (i.e., Theorem[{.1 and Theorem[].3) still hold with the same assumptions on the data.
The related proofs just require some minor modifications.

The existence of a global strong solution is also ensured (with no restrictions on the fluid
viscosity) when the initial data are close to a given equilibrium and the time dependent boundary
data satisfies suitable bounds. First, recall that the basic energy inequality (ZI6]) implies (cf.

G.3)

+oo

/0 IV +1ad0) - td®)P)dt < 2E0) - ) +2 [ (v,

0
and

+o0
2
/0 r(t)dt < C, (nhtu RO | Y [P +||g||L20+oow>) (5.19)

where C). is a universal constant. Then we can easily deduce from Proposition B.] that if the
lifted energy stays sufficiently close to its initial state, then system (LI)—(L3) admits a unique
global strong solution (cf. [20] for the autonomous case).

Proposition 5.2. Assume 232)-(234)) and @24) hold. Moreover, suppose that (vo,dg) €
V x H%(Q) satisfying @5) and |do|gs < 1. If there exists a sufficiently small g9 € (0,1] such
that

E(t) > E(0) —ey, Vt=>0, (5.20)

where & is the lifted energy defined by &IN), then problem ([LI)—-(LH) admits a unique global

strong solution (v,d) in Q x (0, 400), provided that ||hy|| and

L2(0,+00;HZ (I)) Hht”Ll(O,Jroo;H’%([‘))
”g”LQ(O,-i-oo;v*) are small enough.

Let us assume that for all ¢ > 0 (comparing with assumptions (H1), (H4), (H5))

(HL) f () g o

(HY) |lg(t)]? < Mao(1+1)~27

(H5') [Ihe(t)llpzr) < Ma(1+1)~"

dr < M1(1 + t)il*fy

Here Mj;, j = 1,2,3 and v are positive constants. < characterizes the decay rate of non-
autonomous terms, while M; control their magnitude.

In spirit of Proposition[5.2] in what follows, we prove the global existence of a strong solution
that originates near a local minimizer of the lifted energy with suitably small perturbations in
terms of the nonautonomous terms h and g (namely, the magnitudes M; should be sufficiently
small).
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Theorem 5.3. Suppose that (Z32)—(234) and (Z4) hold, the constant v > 1. Moreover, assume
that (vo,do) € V x H%(Q) satisfies (Z5) and |dg|gs < 1. Denote by d% the unique solution to

_AdL =0, zeQ,
{ B ! (5.21)

d*E:hooa xGF,

and set

&(d) = %HV(d —dy)|* + /QF(d)dx, vd € N.

Let d* € N0 H?(Q) be a local minimizer of &(d) in the sense that &(d) > &(d*) for alld € N
satisfying ||d — d*||g < 9, where 6 > 0 is a certain small constant. Suppose also that the initial

data vo and dg satisfy
[vollv <1, [|do —d*[|g2 < 1. (5.22)

Then there exist positive constants o1, 09, My, Ms, M3, Ly, which are sufficiently small and may
depend on the system coefficients, on Q and on d*, such that if the initial data (vo,dg) and h
also fulfill

Ivoll < o1, lido = dller < 02, e Lo,

1 <
2(0,4+00;HZ () —
and (H1’), (H4’), (H5’) hold with such M;, j =1,2,3, then problem (LI)-([L3) admits a unique

global strong solution (v,d).

Proof. Without loss of generality, we assume 6 € (0,1]. In the subsequent proof, C; (i € N)
stand for positive constants that only depend on €2, v, v and d*. Under the current assumption
(B22) on the initial data, it is not difficult to see that the constants Ly and K in (5.4]) and (5.12)
depend on d* only. We just take Ly = Lg = Ly = L5 = 1 in (&) for the sake of simplicity.
Then we have the uniform estimate (cf. (EI0]))

v+ 1Al < C1, t=0.

Arguing as in the proof of Proposition 5.1} we find that problem (LI)—(L35) admits a unique
strong solution (at least) on [0,%g], whose V x H? norm is uniformly bounded on [0, to]:

IvOllv +1d(#)[laz < Cs, ¢ € [0,t)]. (5.23)

Besides, we can also fix the constants &y and Lg (see (510)). In the subsequent proof, we just
take
€o = &9, Log= Ls.

It follows from (B5.19]) that
+o00 ) €0
r(t)dt < C,Cs(My + My + M3) < 1
0

provided that My, Ms, M3 > 0 are assumed to be properly small and satisfying

£0
My + My + M2 < — |

R To o
where C; is a universal constant due to the Sobolev embedding. Hence, according to Propositions
BTl and B.2] in order to prove the existence of global strong solution, we only have to verify that

Et)-E(0) > -2

S V=0, (5.24)
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First, we notice that (recalling 7)), 28] and (3I12))
£(0) - £(t)

< Slvoll + Bldo) ~ Bld(r)
= 3lvoll + 51V (o = o) = 5IV(A(®) ~ dp)*+ | Fido) = Fl(0)da
< lIvolP + Callldo — d(t) s + o — dp sz, (5.25)

On the other hand, thanks to standard elliptic estimates, we have

[deo —dellm < cfldolr — h(t)HH%(r)
< ol ~ ol g+ el ~ B0y
< eldo =l +e [ Il
< co9+cMy, Vt>0. (5.26)
Let
o1 < min {1, \/—26_0} , 03 < 85—60'4 min{l,c¢ '}, M; < min {1, SZZC} . (5.27)

Due to (528) and (26]), in order to prove ([.24]), we only have to verify

&
Ido — d(t) g < =2

—, Vt>0. 5.28

Since d* € N’ H?(Q) is the local minimizer of &, it is easily to verify that d* satisfies ([32)) and
thus is the critical point of E. As a consequence, Corollary Bl holds for d* with constants 8, 3
determined by d*. By (£9), 6’ can be determined by 6 and 7. In addition, we further choose 6’
smaller if necessary such that (recall that v > 1)

0 < -—. (5.29)

Let us define

. ﬁ ) 90
w—mln{2, 3 100 [ (5.30)
and set
to = sup{t € [0, o], ||d(¢t) —d*||n < @, V s €[0,t)}

If we assume )
o9 < 1 (5.31)

then by the continuity of d(¢) in H*(£2), we have #5 > 0. Next, we shall prove that £y > ¢y by
contradiction. We introduce the auxiliary functional

~ ~ +oo
Uy(t) =E(t) — E(d*) + Q/t r(r)dr,

and the function
d(t) =d(t) —dg + dF.
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It easily follows that

E(d(t )) (d*) E(d(t) — &£(d(t)) + £(d(t) — E(d”)
_ / F(d (@())de + £@(1)) — B(d*). (5.32)

Wy (t)

Y

By definition, d(¢) € A'. Moreover, on [0, %],

14(6) — d*le < 1) — &g + [l — il
0 Hoo
<5re Ml gdr

IN

@+ llh(t) ~ Bocllgy

IN

)
5 +CM1.

Taking
) )
M; < min {1, E} , (5.33)

then we have ||d(t) — d*|lgn < 6. Since d* is a local minimizer of &, we see that

(1) — E(d") = &@d(t) — £dY) >0, telo k) (5.34)

On the other hand, since |d(t)|gs < 1 and |d(t)|gs < 3 (this is due to the maximum principle
[24)), we infer from the standard elliptic estimate and (H5’) that

< Cs|| —de+dg|

(Lﬂ«m—meMm

IN

+o00
Cae [ Ibu(r)laeqeydr
t
CseMszy™H(1+1)77. (5.35)

IN

Let us introduce now two further functions
2(t) = (Cse+ )My M1 +16)77,  W(t) = Uy (t) + 2(2).
We deduce from (5.32)—(G.35) that
U(t) > My '(1+6)77 >0, tel[0,),

and by the basic energy inequality (2.10])

jt\y( t) = CZE*( t) — 2r(t) — (Cse + 1)Mz(1 + )17

< —i min{v, 1YD*(t) — (Cse + 1) Ms(1 4 £) =

14y

< —Cg( ()+M2(1+t)>2,

where D(t) = ||Vv(t)] + ||Aa(t) — f(d(t))]]. Arguing as to get (£I2), using Remark and
assumptions (H1%), (H4’), we deduce

v <y (D(t) 4 (M + My)(1+ )~ (=000 4 ag1=0"(q t)fufe')w) .
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Assuming

M; < -Mg, M <

Lol

1
M2, Ms<1, (5.36)

DN | =

1
2
we can see that
/ 1 /
vt <oy (D(t) +2M2 (14 t)~ 10 >V> .
As a result, we find

14
dt

Cs (D(t) +ME(L+ t)—HT”>2

- =) = -0 W(t)

v

1
Cy (D(t) + M3 (1+ t)(19’)7>

> Gy (D(t) b ME(L+ t)“z”) , (5.37)

where we have used the fact that HTV < (1—=6)y (c¢f. (BE29)). It follows from (EI6), (G-23),
[E30), (B37), assumptions (H1’), (H4’), (H5’) and the definition of ¥ that

to ,
|l ar < cocoy
0

6/

IN

+o0
Cuo (INvolP + o = s+ o — gl + [ r(0ye +200))
0

IN

6/
1
Cn <HV0H2 + [|[do — d*||gr + M32> . (5.38)

By (£23), (538) and an interpolation inequality, we get

1d(Go) — d* g
< ||d(to) — dollg: + ||do — || g2
< Cua(lld(E) e + [ dolli)* (o) — dofl? + [[dy — d* g
/ * z o *
< O (HVoH" +lldo - a*|1Z, +M34) + Ildo — d* s (5.30)

Taking now

(5.40)

2o
—

< . 1 €0 w 9_1’ < . 1 1 w
min —_— min —
01 > ' 6013 y 02> ,4@, 6013
4
w \Y
Ms < min? 1 , 5.41
3_mm{ ,<6CB> } (5.41)

we infer from (5.39]) that

_ 3
This leads to a contradiction with the definition of 5. As a result, we have tg > tg, and

[do —d(@)lm: < [ldo —d™ g + [[d" — d(t) e
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0
8Cy’

w < Y t € [0,t). (5.42)

= | Ot

< o2t+w<
Thus, (524) holds on [0, ¢y, which implies
to .
/0 Vv + [|Ad(t) — £(d(1)]|*)dt < eo.

As in Proposition B.1] there exists t, € [%’, to] such that
V[V (t)|? + | Ad(t.) — £(d(t)]1* < 2e0ty

and again we have Ap(t,) < max {1,V_1} K. Taking t, as the initial time for the Cauchy
problem (G.I3)), we can extend the (unique) strong solution to [0, 2¢] and its V x H?-norm is
uniformly bounded by the same constant C5 as on [0,%y]. Repeating the above argument in
[0, 3t0], we can verify that (E24) still holds. By iteration we can show that (524) holds for all
t > 0. Hence, our conclusion follows from Proposition O

Finally, we can conclude with the following local stability result:

Theorem 5.4. Let the assumptions of Theorem [5.3 hold. Then any global strong solution given
by Theorem [53 converges in V x H2(Q) to a single equilibrium (0, dw) with dee € N N H?(Q)
such that &(ds) = &(d*). In addition, convergence rate estimates similar to the 2D case hold
provided that g and h fulfill the corresponding hypotheses (i.e., assumptions (H1), (H4), (H5) are
replaced by (H1’), (H4’), (H5’), respectively). Indeed, the local energy minimizer d* is (locally)
Lyapunov stable, and in particular, if d* is an isolated local minimizer of &, then it is (locally)
asymptotically stable.

Proof. Arguing as in Section M we still find
lim (|[v(t)[v +[[d(t) — declle2) = 0, (5.43)

t——+00

for some do, € NN H?(2). The estimate on the convergence rates can be obtained following
the proof of Theorem
Recalling the proof of Theorem [£3] we actually showed that

|d(t) — d*||g <w, Vt>0, (5.44)
which implies that (let ¢ be large)
[doo — @[ < [|d(#) — doollr + [|d(#) — A < 2w < min{f, 6},
Taking d = do, and ¥ = d* in Corollary B.J] we see that
|6 (doc) = €@ = |E(do) — E(d")|'? < || - Ad” +£(d")] = 0.

Since ||deo — d*||f1 < 0, dso is also an energy minimizer of &.
Moreover, the proof of Theorem implies that, for arbitrary (small) e > 0, if we replace

the choice of @ (B.30) by
: B o e
_ L !
w1 mln{e, 927 9 1004 ) (5 5)
then we are able to choose the constants o;, M; sufficiently small in a similar manner such that
((E43) and ([B44) hold with w being replaced by w; (and thus (544]) holds for €). This yields
the (locally) Lyapunov stability of d*. Finally, it is easy to see that if d* is an isolated local

minimizer, then do, = d* and d* is asymptotically stable. The proof is complete. O
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6 Appendix

We report some properties of the lifting functions dg and dp (cf. ([27) and (221I])) that have
been used in the previous sections. Below we denote by ¢ a generic positive constant which

depends on n and €2 at most.

Lemma 6.1. For anyt >0, and k =0,1,2,...,  =0,1, we have
() 101 Qe() e < OB gy
(1) [[de(t) — di||gr < c||h(t) — h, \Hk_%(r), where dy is the unique solution to

—Ad, =0, z¢€q,
(6.1)

d.,=h, =zel.
Proof. The conclusion follows from the classical elliptic regularity theory (cf., e.g., [24)32]). O

Lemma 6.2. Let dg € H*(Q) with |dg|g» < 1. Suppose that h satisfy @4)-23) and h; €

L2 ([0, +00); H%(I‘)) Then, for any t > 0, the following estimates hold
t
2 —t T 2
ar(®) = ds®lfe < o [ IRy dr 6:2)
t
10:dp(®)]* + ldp(t) — dp(t)lf < C/ e (r)II2 4, dr, (6.3)
0 HZ ()
t t
2dr < 2 : :
[ ivadeiar < e [, i (6.4)
In addition, we have
(i) if hy € L2(0, +00; H2(T)) then
Jim {|6.dp(6)] =0, (6.5)
(i) if hy satisfies (H6) then, for all t >0,
10edp@)I* + ldp(t) —de®)lf < (1 +577%, (6.6)
t
/ [VAdp(7)|2dr < c(1+t)7127, (6.7)
t
2
Proof. 1t follows from (2.7)) and (Z2I]) that
—A(dp — dE) = —(%dp, in Q x RJr, (6 8)
dp—dE:O, OnFXR"’, .
and
Of(dp —dg) — A(dp — dg) = —0idg, in Q x RY,
dp—dEZO7 OIIP)(RJF7 (6.9)

dp —dgli=0 = 0, in €.
Multiplying the first equation in ([G3) by (dp — dg) — A(dp — dg), integrating by parts and
using the Poincaré inequality, we obtain
1d

§£(HdP —dg|?*+ IV(dp —dp)[]*) + |V(dp — dp) || + |A(dp — dg)|?
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< (ldp —dgl + [A(dp —dg)|)|0ide]
< (CpIV(dp —dp)[ + [[A(dpr — dp)[D[0dE]
1 1 1 1
< ﬂvmp—mmﬁ+ymmp—mmﬁ+(;@+§>mmmﬁ (6.10)

which, together with Lemma [6.1] implies

t
Idr(t) = dp®lffs < e [ e o s(r)dr
0
¢
< —cit c1T 2 )
< ce Ae”mmmﬁmw, (6.11)
that is, (G.2]).
Applying now the Laplacian to the first equation in (6.9]), we get
8tA(dP—dE)—A2(dP—dE):O, inQXRJr,
A(dp—dE) :ht, onI’ XR+, (6.12)
A(dp —dg)|i=0 = 0, in Q.

Multiplying the first equation of ([G.I2]) by A(dp — dg) and integrating by parts, we get

1d
§E|’A(dP —dg)|* + [VA(dp —dg)|?

[OnA(dp — dE)HH_%(F)llhtHH%(F)
c[[A(dp — dg) g [he |

IN

IN

H? ()

1 2 2 2
5IVA@R = de) | + [A(dp —de)|?) + e[ (6.13)

IN

Hence, from ([GI0) and (6.I3]) we infer

d
Zldp(®) = dp®lf + c2(ldp(t) — dp(t)[fe + [VAMe - dp)[*) < C||ht\|i1%(r), (6.14)
which entails (6.4]) and
t
2 2
() = de)le < [ bR, dr (6.15)
Thus (6.3) follows from (6I5]) and the fact |0, dp(t)| = [|Adp(t)]].
Now if h; € L*(0, +o0; H%(F)), we infer from (G.I0) that
+00 5 400 9
| 1@ - ap@lPae < e [ o)
0 0
400 9
< . .
_CA (02, e < +ox (6.16)

Then it follows from (6.13]), (6.I6) and Lemma 1] that
. _ 2 _
Jim_ [ A(dp(t) — de(t)]” =0

which implies (6.5]).
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Furthermore, if (H6) holds, then (6.I4]) implies that (cf., e.g., [34])

ldp(t) = dp(®)lfe < c1+H777, Vi>0.

Using (6.I4]) once more, we have

t t
[ Ivade()Par = [ IVA@e - di) ()]s
2

1
2
t £\ |7 ¢
) = Z h 2
£\ 22 c AN
< 14+ = 14+ -
= c<+2> +1—|—2’y<+2>
< e+t viexo,
and this gives (6.7). The proof is complete. O
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