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STUDY OF FULL IMPLICIT PETROLEUM ENGINEERING FINITE
VOLUME SCHEME FOR COMPRESSIBLE TWO PHASE FLOW IN
POROUS MEDIA

BILAL SAAD AND MAZEN SAAD

ABSTRACT. An industrial scheme, to simulate the two compressible phase flow in porous
media, consists in a finite volume method together with a phase-by-phase upstream scheme.
The implicit finite volume scheme satisfies industrial constraints of robustness. We show
that the proposed scheme satisfy the maximum principle for the saturation, a discrete energy
estimate on the pressures and a function of the saturation that denote capillary terms. These
stabilities results allow us to derive the convergence of a subsequence to a weak solution of
the continuous equations as the size of the discretization tends to zero. The proof is given
for the complete system when the density of the each phase depends on the own pressure.

1. INTRODUCTION

A rigorous mathematical study of a petroleum engineering schemes takes an important
place in oil recovery engineering for production of hydrocarbons from petroleum reservoirs.
This important problem renews the mathematical interest in the equations describing the
multi-phase flows through porous media. The derivation of the mathematical equations de-
scribing this phenomenon may be found in [6], [I0]. The differential equations describing
the flow of two incompressible, immiscible fluids in porous media have been studied in the
past decades. Existence of weak solutions to these equations has been shown under various
assumptions on physical data [4, 10} [1T), 12 13| 17, 18| 24, 25].

The numerical discretization of the two-phase incompressible immiscible flows has been
the object of several studies, the description of the numerical treatment by finite difference
scheme may be found in the books [5], [27].

The finite volume methods have been proved to be well adapted to discretize conservative
equations and have been used in industry because they are cheap, simple to code and robust.
The porous media problems are one of the privileged field of applications. This success induced
us to study and prove the mathematical convergence of a classical finite volume method for
a model of two-phase flow in porous media.

For the two-phase incompressible immiscible flows, the convergence of a cell-centered finite
volume scheme to a weak solution is studied in [26], and for a cell-centered finite volume
scheme, using a “phase by phase” upstream choice for computations of the fluxes have been
treated in [16] and in [8]. The authors give an iterative method to calculate explicitly the
phase by phase upwind scheme in the case where the flow is driven by gravitational forces
and the capillary pressure is neglected. An introduction of the cell-centered finite volume can
be found in [15].

For the convergence analysis of an approximation to miscible fluid flows in porous media
by combining mixed finite element and finite volume methods, we refer to [2], [3].

Key words and phrases. Finite volume scheme, degenerate problem.
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Pioneers works have been done recently by C. Galusinski and M. Saad in a serie of articles
about “Degenerate parabolic system for compressible, immiscible, two-phase flows in porous
media” ([19], [20], [21]) when the densities depend on the global pressure , and by Z. Khalil
and M. Saad in ([22], [23]) for the general case where the density of each phase depends on
its own pressure. And for the two compressible, partially miscible flow in porous media, we
refer to [9], [28]. For the convergence analysis of a finite volume scheme for a degenerate
compressible and immiscible flow in porous media with the feature of global pressure, we
refer to [7].

In this paper, we consider a two-phase flow model where the fluids are immiscible. The
medium is saturated by a two compressible phase flows. The model is treated without sim-
plified assumptions on the density of each phase, we consider that the density of each phase
depends on its corresponding pressure. It is well known that equations arising from multi-
phase flow in porous media are degenerated. The first type of degeneracy derives from the
behavior of relative permeability of each phase which vanishes when his saturation goes to
zero. The second type of degeneracy is due to the time derivative term when the saturation
of each phase vanishes.

This paper deals with construction and convergence analysis of a finite volume scheme for
two compressible and immiscible flow in porous media without simplified assumptions on the
state law of the density of each phase.

The goal of this paper is to show that the approximate solution obtained with the proposed
upwind finite volume scheme — converges as the mesh size tends to zero, to a solution
of system in an appropriate sense defined in section [2l In section [3, we introduce some
notations for the finite volume method and we present our numerical scheme and the main
theorem of convergence.

In section [4 we derive three preliminary fundamental lemmas. In fact, we will see that we
can’t control the discrete gradient of pressure since the mobility of each phase vanishes in the
region where the phase is missing. So we are going to use the feature of global pressure. We
show that the control of velocities ensures the control of the global pressure and a dissipative
term on saturation in the whole domain regardless of the presence or the disappearance of
the phases.

Section [5| is devoted to a maximum principle on saturation and a well posedness of the
scheme which inspired from H.W. Alt, S. Luckhaus [I]. Section [7]is devoted to a space-time
L' compactness of sequences of approximate solutions.

Finally, the passage to the limit on the scheme and convergence analysis are performed in
section 8l Some numerical results are stated in the last section [9

2. MATHEMATICAL FORMULATION OF THE CONTINUOUS PROBLEM

Let us state the physical model describing the immiscible displacement of two compressible
fluids in porous media. Let T" > 0 be the final time fixed, and let be € a bounded open subset
of R (¢ >1). Weset Qr = (0,T) x Q, X7 = (0,7) x 9. The mass conservation of each
phase is given in Qr

(2.1)  ¢(@)0(pa(Pa)sa) (t, ) + div(pa(pa) Va) (t, ) + pa(pa)salp(t, ) = pa(pa)sefi(t ),

where ¢, p, and s, are respectively the porosity of the medium, the density of the « phase
and the saturation of the a phase. Here the functions f; and f, are respectively the injection
and production terms. Note that in equation (2.1 the injection term is multiplied by a

known saturation s! corresponding to the known injected fluid, whereas the production term
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is multiplied by the unknown saturation s, corresponding to the produced fluid.
The velocity of each fluid V,, is given by the Darcy law:

kr., (Sa
(2.2) V.= —KM()(Vpa — pa(pa)g), a=1lg.

(e}

where K is the permeability tensor of the porous medium, &, the relative permeability of the
« phase, p, the constant a-phase’s viscosity, p, the a-phase’s pressure and g is the gravity
term. Assuming that the phases occupy the whole pore space, the phase saturations satisfy

(2.3) i+ 5, =1.

The curvature of the contact surface between the two fluids links the jump of pressure of
the two phases to the saturation by the capillary pressure law in order to close the system

e0-e3)

(2.4) pe(si(t, x)) = py(t,x) — pi(t, ).
With the arbitrary choice of (2.4) (the jump of pressure is a function of s;), the application

s; > pe(sp) is non-increasing, (z; (s1) < 0, for all s; € [0,1]), and usually p.(s; = 1) = 0

when the wetting fluid is at its maximum saturation.

2.1. Assumptions and main result. The model is treated without simplified assumptions
on the density of each phase, we consider that the density of each phase depends on its
corresponding pressure. The main point is to handle a priori estimates on the approximate
solution. The studied system represents two kinds of degeneracy: the degeneracy for evolution
terms O;(paSa) and the degeneracy for dissipative terms div(paMaVpa) when the saturation
vanishes. We will see in the section [5| that we can’t control the discrete gradient of pressure
since the mobility of each phase vanishes in the region where the phase is missing. So, we
are going to use the feature of global pressure to obtain uniform estimates on the discrete
gradient of the global pressure and the discrete gradient of the capillary term B (defined on
(2.7) to treat the degeneracy of this system.

Let us summarize some useful notations in the sequel. We recall the conception of the
global pressure as describe in [10]

M (s;)Vp = M(s1)Vp + My(s4)Vpg,
with the a-phase’s mobility M, and the total mobility are defined by
Ma(sa) = kr,(sa)/tas  M(s1) = Mi(si) + My(sg)-

This global pressure p can be written as

(2.5) p=pg +D(st) =i+ p(s1),
or the artificial pressures are denoted by p and p defined by:
- S Mi(z) _ % Mg(z)
2.6 s1) = — z)dz and p(s;) = z)dz
(2.6 o) = [ G and pla) = [ E ()

We also define the capillary terms by

M, (s1)Mgy(sg) dpe

v(s1) = — M) ds, (s1) >0,
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and let us finally define the function B from [0, 1] to R by:

(2.7) / My(2) <L (2)dz = OSI My ()22 (2)d.

dSl

We complete the description of the model ([2.1] . by introducing boundary conditions and initial
conditions. To the system f we add the following mixed boundary conditions. We
consider the boundary 9€Q) = I'; U I';y,;,, where I'; denotes the water injection boundary and
['imp the impervious one.

53 pi(t, ) =py(t,z) =0on (0,7) x I,
(28) pVi-n=p,;Vg-n=0on (0,7) x Ly,

where n is the outward normal to I'y,,.
The initial conditions are defined on pressures

(2.9) pa(t=0)=p2 for a =1,g in Q

We are going to construct a finite volume scheme on orthogonal admissible mesh, we treat
here the case where
K =kI4
where k is a constant positive. For clarity, we take k = 1 which equivalent to change the scale
in time.
Next we introduce some physically relevant assumptions on the coeflicients of the system.
(H1) There is two positive constants ¢g and ¢; such that ¢g < ¢(x) < ¢; almost everywhere
x €.
(H2) The functions M; and M, belongs to C°([0,1],RT), M, (sq = 0) = 0. In addition, there
is a positive constant mg > 0 such that for all s; € [0, 1],

Ml(sl) + Mg(sg) > myg.

(H3) (fPa f[) € (L2(QT))27 fP(tvx)a f[(tv ZL’) > 0 almost everywhere (t,l‘) € Qr.

(H4) The density p, is C(R), increasing and there exist two positive constants p,, > 0 and
par > 0 such that 0 < pp, < pa(pg) < pum-

(H5) The capillary pressure fonction p. € C'([0,1];R*), decreasing and there exists p. > 0

such that 0 < p, < \i’s’;\.

(H6) The function v € C! ([0, 1];R") satisfies v(s;) > 0 for 0 < s < 1 and v(s; = 1) =
v(s; = 0) = 0. We assume that B~! (the inverse of B(s;) = [; v(z)dz) is an Héldelﬂ
function of order 6, with 0 < 6 <1, on [0, 5(1)].

The assumptions (f(H@ are classical for porous media. Note that, due to the boundedness
of the capillary pressure function, the functions p and p defined in (2.6 are bounded on [0, 1].
Let us define the following Sobolev space

H%Z(Q) = {uec HY(Q);u =0 sur I},

this is an Hilbert space with the norm Hu||H% @) = [IVullz2qy)e-
l

IThis means that there exists a positive constant ¢ such that for all a,b € [0,8(1)], one has |[B~!(a) —
B~1(b)| < cla —b°.
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Definition 1. (Weak solutions). Under assumptions (HI)-(Hf) and definitions (2.5)-(2.9)
with the fact that p?, pg belongs to L?(Q) and s° satisfies 0 < 5% < 1 almost everywhere in
QQ, then the pair (p;,pg) is a weak solution of problem ({2.1) satisfying :

(2.10) Pa € L20,T;L3(Q)), /Ma(sa)Vpa € (L2(0,T; L*(Q))),
(2.11) 0 < so(t,z) <1 aeinQr (a=1,9), B(s) € L*(0,T; HFZ(Q)),
(2.12) 90 (pa(Pa)sa) € L*(0,T; (HE, ())') € L*(0,T; (Ht, (2))),

such that for all ¢, 1 € CL([0,T); H%Z(Q)) witho(T,-) = (T, ) =0,

[ bpp)sidpdadt - /Q o) (B (2))50(2) (0, ) d

Qr
(2.13) + M;(s1)pi(p1)Vpr - Vdadt — My(s))p}(m)g - Vipdxdt
Qr Qr
+ | ntogsspedadt = [ pilo)s] fredact,
Qr Qr

/ 0pg(py)seDrbdadt — / () g (P2(2))82(2)(0, 7)

(2.14) + 0 My(sq)pg(pg) Vg - Vipdadt — o Mg(sg)ﬂz(pg)g - Vipdadt
T T

+ /Q ) pg(Dg)8qfprbdadt = /Q ) pg(pg)st fripdadt.

3. THE FINITE VOLUME SCHEME

3.1. Finite volume definitions and notations. Following [15], let us define a finite volume
discretization of Q x (0,7).

Definition 2. (Admissible mesh of Q). An admissible mesh T of Q2 is given by a set of open
bounded polygonal convex subsets of Q0 called control volumes and a family of points (the
“centers” of control volumes) satisfying the following properties:

(1) The closure of the union of all control volumes is Q. We denote by |K| the measure
of K, and define

h = size(T) = max{diam(K), K € T }.

(2) For any (K,L) € T? with K # L, then KN L = (. One denotes by & C T? the set
of (K, L) such that the d — 1-Lebesque measure of K N L is positive. For (K, L) € &,
one denotes og |, = KNL and ]0K|L\ the d — 1-Lebesgue measure of og|r,. And one
denotes 1|y, the unit normal vector to oy, outward to K

(3) For any K € T, one defines N(K) = {L € T,(K,L) € £} and one assumes that

(4) The family of points (vi)xer s such that xx € K (for all K € T) and, if L €
N(K), it is assumed that the straight line (v, xy) is orthogonal to ok . We set

dg|L = d(7k,z1) the distance between the points xx and xy, and T | ‘UK‘L| , that

is sometimes called the "transmissivity” through og|r, (see Figure .



6 B. SAAD AND M. SAAD

(5) Let & > 0. We assume the following regularity of the mesh :

(3.1) VK €T, Z lorldiL < €K
LEN(K)

FIGURE 1. Control volumes, centers and diamonds

We denote by H(Q) C L%(Q) the space of functions which are piecewise constant on each
control volume K € T. For all uj, € Hp(2) and for all K € T, we denote by ux the constant
value of uy, in K. For (up,vs) € (Hp(£2))?, we define the following inner product:

(wn,on), =€ > Y EML}(UL — uk)(vL — vK),

KeT LeN(k) = KIE

and the norm in Hy(Q2) by
loanll i,y = G am) , )V

Finally, we define L, (Q) C L?(Q) the space of functions which are piecewise constant on each
control volume K € 7 with the associated norm

2 2
(un,vn) ) = D IKurv, — unlZ, g = D 1K |lukl®,
KeT KeT

for (up,vn) € (Ly(Q))2. Further, a diamond Tk 1, is constructed upon the interface ok,
having xf, x, for vertices (see Figure|l|) and the /-dimensional mesure ‘TK| L‘ of Tk |z, equals

to % ‘O—K\L‘ dK|L
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The discrete gradient Vjuy of a constant per control volume function uy, is defined as the
constant per diamond T, Rf-valued function with values

UL =W

Z"” UK Lk ifz el

ni|L it © € Tk,
ext
K|o*

And the semi-norm ||up|| g, coincides with the Lz(Q) norm of Vjup, in fact

IWhenlliza = 3 2 / Vi de =3 > [Ty |uILd |le§|

KeT LEN(K) Tz KeT LEN(K)
{UK|L| 2
=) Z —uk|* = [Junll3, (o)
KeT LEN(K

We assimilate a discrete field (1*:" K|z) on €2 to the piecewise constant vector-function

Fu=" 2 Finlng,.

O'K‘Leg

The discrete divergence of the field ﬁh is defined as the discrete function wy, = divy F), with
the entires

(3.2) divi Fy, = Z o0 Fre i 1|1

1
K] LeN(K)
The problem under consideration is time-dependent, hence we also need to discretize the
time interval (0, 7).

Definition 3. (Time discretization). A time discretization of (0,T) is given by an integer
value N and by a strictly increasing sequence of real values (tn)ne[o,NH} with t° = 0 and

tN+L = T, Without restriction, we consider a uniform step time ot = t"*1 —t" forn € [0, N].

We may then define a discretization of the whole domain 2 x (0,7) in the following way:

Definition 4. (Discretization of Q@ x (0,T)). A finite volume discretization D of 2 x (0,T)
is defined by

= (T7 &, (:UK)KET7 N, (tn)ne[O,N})a

where T, &, (vi) ke is an admissible mesh of Q) in the sense of Deﬁm’tz’on@ and N, (" )nejo,n)
is a time discretization of (0,T) in the sense of Definition @ One then sets

size(D) = max(size(T), 6t).

Definition 5. (Discrete functions and notations). Let D be a discretization of Q x (0,T) in
the sense of Definition . We denote any function from T x [0, N + 1] to R by using the sub-
script D, (Sa,p and pa,p for instance) and we denote its value at the point (xg,t") using the
subscript K and the superscriptn (sy, i for instance, we then denote so,p = (84, i) KeT nefo,N+1])-
To any discrete function up corresponds an approzimate function defined almost everywhere

on Q x (0,T) by:
up(t,x) = u?;rl, for a.e. (t,z) € (", ") x K,YK € T,Vn € [0, N].
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For any continuous function f : R — R, f(up) denotes the discrete function (K,n) —
f). if L € N(K), and up is a discrete function, we denote by 6" (u) = ut ™ — witt.

K|L
For example, (5}?|LL1<f(U)) = f(UTLZ—H) - f(u?;rl)'

Let us recall the following two lemmas :

Lemma 1. (Discrete Poincaré inequality ) [I5]. Let @ be an open bounded polygonal subset
of RE, £ =2 or 3. Let T be a finite volume discretization of Q in the sense of Deﬁnition@
and let u be a function which is constant on each cell K € T, that is, u(x) = ug if v € K,
then

[ull L2y < diam(€) [Jull g, (o -

where ||-[| g, () is the discrete Hg norm.

Remark 1. (Dirichlet condition on part of the boundary). The lemma |1| gives a discrete
Poincaré inequality for Dirichlet boundary conditions on the boundary 02. In the case of
Dirichlet condition on part of the boundary only, it is still possible to prove a discrete Poincaré
inequality provided that the polygonal bounded open set € is connected.

Lemma 2. (Discrete integration by parts formula). Let Fgr, K € T and L € N(K) be a
value in R depends on K and L such that F;;, = —Fp i and let ¢ be a function which is
constant on each cell K € T, that is, p(z) = goK if v € K, then

(3.3) > Y Frjex=-5 Z > FK/L PL — PK)

KeT LEN(K) KeTLeN

Consequently, if F/p, = ag/r(br — br), with ag/p = ar/k, then

(3.4) >y aK/L (br, — bre)g :—fz > agsp(bn = bi)(pL — ¢

KeT LeN(K KeT LeN(K)

3.2. The coupled finite volume scheme. The finite volume scheme is obtained by writing
the balance equations of the fluxes on each control volume. Let D be a discretization of
2 x (0,7) in the sense of Definition Let us integrate equations over each control
volume K. By using the Green formula, if ® is a vector field, the integral of div(®) on a
control volume K is equal to the sum of the normal fluxes of ® on the edges . Here
we apply this formula to approximate M (sa)Vpa - Mk|L, (@ =1, g) by means of the values
Sa,KSa,1 and po K, Pa,r that are available in the neighborhood of the interface ok|r- To do
this, let us use some function G, of (a,b,c) € R3 . The numerical convection flux functions
G, € C(R3,R), are required to satisfy the properties:

(a) Gu(+, b, c) is non-decreasing for all b, c € R,
and G,(a, -, c) is non-increasing for all a, c € R;

(3.5) (b) Ga(a,a,c) = —Ma(a) c for all a,c € R;

(¢) Ga(a,b,c) = —Gy(b,a, —c) and there exists C' > 0 such that
|Gala,b,c)| < C(|a| + |b])|¢| for all a,b,c € R.

Note that the assumptions (a), (b) and (c) are standard and they respectively ensure the
maximum principle on saturation, the consistency of the numerical flux and the conservation
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of the numerical flux on each interface. Practical examples of numerical convective flux
functions can be found in [15].

In our context, we consider an upwind scheme, the numerical flux G, satisfying (3.5
defined by

(3.6) Gal(a,b,c) = =My (b) ¢t + My(a) ¢

where ¢t = max(c,0) and ¢~ = max(—c,0). Note that the function s, +— My(ss) is non-
decreasing, which lead to the monotony property of the function G,.

The resulting equation is discretized with a implicit Euler scheme in time; the normal
gradients are discretized with a centered finite difference scheme.
Denote by pap = (PZ,J}(I)KeT,ne[O,N} and Sop = (SZE)KGT,ne[O,N] the discrete unknowns
corresponding to p, and s,. The finite volume scheme is the following set of equations :

1
3.7 O = O(z)dz, s° / x)dz, for all K
( ) pa,K ’K‘/[(pa(x) £, SmK ’K‘ €T, 1or a ET
Pl st — pi (o) s ke
(38) K| o s T D KA R G ST O L ()
LEN(K)

FFR R st TR = 1K ) sl 175

Pg (pg,ﬂ) ;HI}I — Pg(Pg. )5y, ntl n+l ntl, gn+l
(3'9) |K| K St + Z TK|Lpg7K‘LG9(Sg K>5¢,L ,5K‘L(pg))
LEN(K)
+ FJEI + | K| Pg(pg}}l) Ti{l Jg}l = ‘K’Pg(p;l}r{l)(sl )n“f}l}}l,
(3.10) pe(spid) = Pl — P

where Fg}}l (o = I, g) the approximation Of/a P2 (P My (sM g - Nk dU'(z) by an

upwind scheme:

(311) Frt= > Frl = > |0K|L‘(Pg§<1‘L)2<M (585 — Mals2iEr ).
LEN(K) LEN(K)

with gK|L = (g- nK|L) and gL = (g - mKz)”- Notice that the source terms are, for
n e {07...,]\7—1}

tn+1 tn+1

n+1 . n+1 .
: (t, x) dzdt, : (t, z) dwdt
PK 5tu<| i /f” z)d LK 5t|m - /ff z)do

The mean value of the density of each phase on interfaces is not classical since it is given
as
n+1

1 pa L 1 d ’Vl+1 n+1
if
(3.12) ;1 _ ) ok et 5a© ¢ Por 7 Par >
. . ‘
pZ,K|L et 0therw1se.
pa,K
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This choice is crucial to obtain estimates on discrete pressures.

Note that the numerical fluxes to approach the gravity terms F, are nondecreasing with
respect to s,k and nonincreasing with respect to s, r..

The upwind fluxes can be rewritten in the equivalent form

(3.13) Ga(sg’?, 8211; 6}‘<T£(pa)) = —Ma(sg}l'L) 5?(T£(pa),

where Moé(sZ?;(l| 1) denote the upwind discretization of M, (s,) on the interface o 7, and
1 -
soe if (K, L) € €LY,

n+1 :
Sal otherwise,

(3.14) SoIL = {

with the set £ is subset of £ such that
(3.15) Eatt ={(K,L) € &, 6311 (pa) = i — plx <0}

We extend the mobility functions s, — M, (sq) outside [0, 1] by continuous constant functions.
We show below (see Prop. [2)) that there exists at least one solution to this scheme. From this
discrete solution, we build an approximation solution p, p defined almost everywhere on Q7
by (see Definition [f)):

(3.16) Pap(t,x) = pgf}(l, Vo e K,Vt e (t", "),
The main result of this paper is the following theorem.

Theorem 1. Assume hypothesis (—(b@) hold. Let {Dp,}men be a sequence of discretiza-
tion of Qr in the sense of definition |{| such that limy, o size(Dy,) = 0. Let (p%,s9) €
L*(Q,R) x L®(Q,R). Then there exists an approzimate solutions (pa.,p,, )meN corresponding
to the system (@—@, which converges (up to a subsequence) to a weak solution p, of

(2.1) in the sense of the Definition .

4. PRELIMINARY FUNDAMENTAL LEMMAS

The mobility of each phase vanishes in the region where the phase is missing. Therefore,
if we control the quantities M,Vp, in the L?-norm, this does not permit the control of the
gradient of pressure of each phase. In the continuous case, we have the following relationship
between the global pressure, capillary pressure and the pressure of each phase

MM,
(4.1) MI|Vp|® + =72 Vpel* = Mi|Vii|* + M| Vg .

This relationship, means that, the control of the velocities ensures the control of the global
pressure and the capillary terms B in the whole domain regardless of the presence or the disap-
pearance of the phases. This estimates (of the global pressure and the capillary terms B) has
a major role in the analysis, to treat the degeneracy of the dissipative terms div(pa Mo Vpa).

In the discrete case, these relationship, are not obtained in a straightforward way. This
equality is replaced by three discrete inequalities which we state in the following three lemmas.

We derive in the next lemma the preliminary step to proof the estimates of the global
pressure and the capillary terms given in Proposition [1| and Corollary [I] These lemmas are
first used to prove a compactness lemma and then used for the convergence result.
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Lemma 3. (Total mobility and global pressure [16]). Under the assumptions (H[L) — (H|6)
and the notations (2.5). Let D be a finite volume discretization of Q@ x (0,T) in the sense of
Definition . Then for all (K, L) € € and for all n € [0, N| the following inequalities hold:

+1 +1
(4.2) My + Mgy, = mo,
and
2 2 2
(4.3) mo (1)) < MPEL (ko) + M (93 e )

The proof of this lemma is made by R. Eymard and al. in [16]. The proof of this result can
be applied for compressible flow since the proof use only the definition of the global pressure.

Lemma 4. (Capillary term B). Under the assumptions (H[L) — (H[6) and the notations (2.5).
Let D be a finite volume discretization of Q@ x (0,T) in the sense of Definition . Then there
exists a constant C' > 0 such that for all (K,L) € £ andn € [0, N] :

2 2
(4.4) O3B0 < MUy (S5 on)) + M5, (07 0g)

In the incompressible case (see [16]) this kind of estimate is obtained by using the mass
conservation equation and under hypotheses ont the relative permeability of the « phase,
whereas, the compressibility add more difficulties, our approach use only the definition of
the function B and consequently this lemma can be used for compressible and incompressible
degenerate flows.

Proof. We take the same decomposition of the interface as that proposed by R. Eymard and
al. in [I6], namely the different possible cases (K,L) € &' n EM (K, L) ¢ gty Entl,
(K,L) € &' and (K,L) ¢ £/, and the last case (K, L) ¢ &' and (K, L) € E'1; where
the sets SZ"H and 6';“ are defined in . We establish for the four cases.

oFirst case. If (K,L) ¢ & and (K, L) € £&. We may notice that if the upwind choice is
different for the two equations, we have

M™! = max M,.
aK|L [s1,5,51,L]

By definition of B in ([2.7)), there exists some a € [s; i, s;.1.] such that

Mi(a)My(a) " pe(sy)),

SN (B(s))) = T My(a) + M, (a) KIL

K|L
we then get
(G (Bs1)))> < ML ML (53 (pels1)))?

< M ML (03 0g)? + (07 (1))

< Co (M5 (O3 o) + MU (O3 (9)?)

eSecond case: The case (K, L) € & and (K, L) ¢ &, is similar.
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eThird case: The case (K, L) € & and (K, L) € £. We have

ML 7 (o) + M (85 (py))

= Mi(s) 1) (051 (1)) + My (5530 ) (05T (Pg))?
(4.5) = (M) + M) ) (07t ()
M A Bs0))? + Mis ) (T ()
M (1A ()T (Bs1)) — 2M(s ) ()8 (B(s1).
We will distinguish the case s{f}l < sZ}fl and the case 32}1 > sZ}fl.
(1) If we assume that s?}l < s{le, we deduce that
(a) (5%}1’ (p(s1)) < 0 since p(s;) is nonincreasing,
(b) (5?;'}1 (p(s;)) > 0 since p(s;) is nondecreasing,
(©) 621 (p) = 611 (1) + S (3(s1)) < 0.
One then gets from that:
M) S () + M (S50 6 (py)?
> (Mi(s7E) + My (s i) (Ot ()
M (O () + Mils ) (035 ()2
— M) () ().
The previous inequality gives:
(M7 + My (s (Ot ()
 My(s5 1) (FE LG (0)? + Mi(s) 3 (G ((s1)))?
< M (™5 (T pg)? + Mi(sy 30 GI (0)? + 2Mu ()t () (1))
< My(sPED G 00) + My (03 (9g))?
£ M () + Ml (Gt (5(s0))),
which implies the inequality:
My (2D (p))? + My (1) 03 (3(s0))?
< M O ()2 + M) (03 )
Or, by definition of B (2.7)), there exists some a € [s; k, s,1] such that 5?;'21 (B(s1)) =
Mg(a)é?(TLl(ﬁ(sl)), we get then
(A (Bls0))? < My (0.1 5 (3(s0)?
< My(s75) (S5 () + My sy 3) (8571 ().

K|L K|L
which is in that case.

(4.6)

(2) If we assume that slnzl < sp, we get that
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(a) (5%}1’ (p(s1)) > 0 since p(s;) is nonincreasing,
(b) (5?;'}1 (p(s1)) < 0 since p(s;) is nondecreasing,

() Oxir (p) = 0l (pg) + O3 (B(s1)) < 0.
One then gets from (4.5)) that:

Mi(s}' 32 ) (G5 ()2 + My(sy 50 (8501 (pg))?
> (My(sp50) + M) ) (07 (0)?
M (8D G (Bs1))?) + My ER (577 ()
M (S (D) (Bs1))-
The previous inequality gives:

(Mulsyh) + My (55 ) Ot (0)?
My (s i) G (P(s0))?) + My (07 ((s0)))?
2

< My E) (3t 0n) + My (52 Ot (0g)) 4+ 2M (5150 (0) Ot ()
< My B3 () + My (s ) Oyt (0g))?

+ My (s 3 ) (05T, (0)? + My(sy 5 ) (05 (B(s0))%,
which implies the inequality:

My G ()2 + M) (52 ((s0))?

< M(sPE G (0)? + My (o) (07 (o)
Or, by definition of B there exists some a € [s; , s;.1] such that (5}?& (B(s1)) =
—Ml(a)(S;?'LLl (p(s1)), we get then

(%L (B(s0)))? < M(s,10) (837, (B(s1)))?
< M) S ()2 + My ) (515 )

which is in that case.

eFourth case: The case (K,L) ¢ & and (K, L) ¢ &, is similar of the third case. O

Lemma 5. (Dissipative terms). Under the assumptions (H[l)) — (H[6) and the notations (2.5).
Let D be a finite volume discretization of Q x (0,T) in the sense of Definition . Then there
exists a constant C > 0 such that for all (K,L) € £ and n € [0, N]

2 2
(4.8) M O3 Bls0))? < M (97 )+ My (93 0) )
and

2 2
(4.9) MR O () < ML (St )+ ML (834 pg) )

Proof. In order to prove (4.8) and (4.9)), we consider the exclusive cases (K, L) € SI”H ﬂé‘;ﬂ,
(K,L) ¢ & &S (K, L) ¢ g and (K, L) € EM1 and the last case (K, L) € g and
(K.L) ¢ €3+
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First case. If (K,L) ¢ & and (K, L) € . We have

n+1
= max M,,
e P
o _ . _ M,
and by definition of p there exists some a € [s; g, 5;,,] such that 6’;{TL1 (p(s1)) = W%é}?ﬁ (pe(s1)),

we get then

Mn—H ((5n+1(ﬁ(81)))2 < Mn+1 Mn-H (5n+1(pc(sl)))2

1,KIL\OK|L LKL g K|IL\OK|L
1 1 1 2 1/, \)2
< Cler,LIJaLMZ;qu <(5§TL(P9)) + (5?(JIFL (1)) )

< Co (M, R ) + My (051 00)),

which gives (4.8). For the discrete estimate (4.9) and by definition of p there exists some

b€ [si i, s1,] such that 37 (5(s1)) = = 37 irharmy O lE (Pe(s1)), we get then

M Ogtr (B(s0)))? < M5 My (05 (pe(s0)))

9. K|L\K|L a.K|L" L K|L\YK|L
1 1 1 2 1 2
< oMy M (G ) + (O (o)?)

< o (M5 (Gt on)? + MR (O (0)?)

which gives (4.9).
Second case. The case (K,L) € & and (K, L) ¢ E, is similar.
The third case and the fourth case can be treated as the cases in the lemma [l OJ

5. A PRIORI ESTIMATES AND EXISTENCE OF THE APPROXIMATE SOLUTION

1 1
Z}q L)é?(TL (pa). Never-

theless, these estimates are degenerate in the sense that they do not permit the control of
5"“(}701), especially when a phase is missing. So, the global pressure has a major role in the

K|L
analysis, we will show that the control of the discrete velocities Ma(sgj;(l‘ L)d?(TLl (pa) ensures

the control of the discrete gradient of the global pressure and the discrete gradient of the
capillary term B in the whole domain regardless of the presence or the disappearance of the
phases.

The following section gives us some necessary energy estimates to prove the theorem

We derive new energy estimates on the discrete velocities M, (s

5.1. The maximum principle. Let us show in the following Lemma that the phase by
phase upstream choice yields the L stability of the scheme which is a basis to the analysis
that we are going to perform.

Lemma 6. (Mazimum principe). Under assumptions (—(b@) Let (Sg,K)KeT € [0,1]
and let D = (T,E, (rx)reT, N, (tn)ne[o,N]) be a discretization of Q x (0,T) in the sense of

Definition 4] and assume that (pa,p) is a solution of the finite volume ([3.7)-(3.10). Then, the
saturation (sy, i) KeT nefo,...,N} Temains in [0,1].

Proof. Let us show by induction in n that for all K € T, Soi = 0 where a = [,g. For
o = [, the claim is true for n = 0 and for all K € 7. We argue by induction that for
all K € 7, the claim is true up to order n. We consider the control volume K such that
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s?}l = min {s;’ +1} and we seek that s"Jrl > 0.
For the above mentloned urpose, multiply the equation in (3.8]) b. s”+1 , we obtain
purp ply q v —(s'x
(p?;r(l) — (PR ) Sk 1 —
(1) K| ox" [ (1)
+1 _
-y Wl LG st o o) (s ™ = B (13
LeEN(K
- \K’Pl@?}l)s?}l P (5750 ” = = IKl oo ) (sg.) " T E (5178 ™ < 0.

The numerical flux G; is nonincreasing with respect to s”+1 (see (a) in (3.5])), and consistence
(see (c) in (3.5)), we get

Culsp R s et (o) (57 < Gulsp R s et (o) ()

(5.2) = —8piL () Mi(sp &) (575~ = 0.

Using the identity s”+1 G (sl”}'(l) , and the mobility M; extended by zero on
| — 00, 0], then Ml(sﬁr{l)(sl?) =0 and

1 _
(5:3) —F5 )T = 1K o) st TR (1)

= > R Ms T e (515D T + Kool F3 (575 7)7 = 0,
LEN(K)

Then, we deduce from ([5.1)) that
1 1y—2 1
pPL O siED) TP+ )ik (si%) ™ <0,
and from the nonnegativity of s7';, we obtain (sl”;'(l) = 0. This implies that s?}l >0 and

O<s"+1<s"+1f0ralln€[0N—l]andLGT.

In the same way, we prove sg}'(l > 0. O

5.2. Estimations on the pressures.

Proposition 1. Let po,p be a solution of (13.7)-(3.10). Then, there exists a constant C > 0,
which only depends on M, Q, T, p%, s, sk fp, fi and not on D, such that the following
discrete L?(0,T; H*(Q)) estimates hold:

(5.4) Z oty > T Malsiid N — iR < C
n=0 KeT LeEN(K)

and

(5.5) Z oty Y Tttt - PP < C

=0 KeT LeEN(K)
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Proof We deﬁne the function Ha(pa) = pa(Pa)da(Pa) — Par Pe(si) =[5 pe(z)dz and
9o (Pa) foa pa dz In the following proof, we denote by C; various real values which
only depend on Ma, Q T, p%, s%, sl fp, fr and not on D. To prove the estimate (5.4), we
multiply (3.8) and (3.9) respectively by g¢i(p1, k), 99(pg,x) and adding them, then summing
the resulting equation over K and n. We thus get:

(5.6) Fi1+ Es+ Es+ Ey =0,

where

N—
= 3 3 Il ox (st — i) stae) s i)
n=0 KeT

+ (g (D) = o0 i) 1) 90D D)),
ZétZ > m(mme (s st o o) o)
n=0 KeT LEN(K

Gyl sl 0 (00)) 95 ().

Yay (FGt) ooy + FO L) ag0nid)).

n=0 KeT
Bi- z ot 37 VK| (st P a0 — D sLae)™ 7o)
= KeT

+ pg (Pl )s ”“f”}lgg(pZ}l) pe(py i) (s, )”“f"?gg(pﬁ(l))

To handle the first term of the equality (5.6} . Let us forget the exponent n + 1 and let note
with the exponent % the physical quantities at time ¢". In [22] the authors prove that : for
all s, > 0 and sj, > 0 such that s; + s5 = s7 + 53 = 1,

(5.7) (eulp)si — m7)st) g1(or) + (pg(pg)sg — pg(P})ss) 99(pg)
> Hi(p)si — Hi®])s) + Hg(pg)sg — Hg(p2)8§ — Pe(s1) + Pe(s])-

The proof of ((5.7)) is based on the concavity property of g, and P.. So, this yields to

(5:8) Er= Y o K| (st M) — st i) + sy Hph 1) — ok HpS )
KeT

=D ox K[ Pe(sii) + Y br | K| Pe(si)-
KeT KeT

Using the fact that the numerical fluxes G; and G, are conservative in the sense of (c¢) in
(3.5), we obtain by discrete integration by parts (see Lemma [2)

ZétZ . TmL(le\LG<s?;ﬁs?2%5¢(p< Do) = aeiEh)

n=0 KeT LeN(K

1 1
i Glsatd st 0 ) 0 () — 90 (W51))),
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and due to the correct choice of the density of the phase a on each interface,
1 1 1 1 1

(5.9) P 9a i) — 9a(palt)) = Dbl — i

we obtain

ZétZ S man (Gt s R )k - P
=0 KeT LeN(K)

- Gylsiid s O () Pk — i) )
The definition of the upwind fluxes in ((3.13]) implies
Gilsi it syt 07 (0) )i — D' £Y) + Go(sy i sy it 07t L () (W) i — 0y 1)
— My )O3 )+ My (7 ) (87 ()

Then, we obtain the following equality

(5.10) Z ot Z Z TK|L (Ml Sy K|L)(5;L<TL1( D) +M9(SZ,+K1|L)(5?{TL1( 9) )

= KeT LEN(K)

To handle the other terms of the equality (5.6]), firstly let us remark that the numerical fluxes

: : : . n+l n+1 n+l __ n+1
of gravity term are conservative which satisfy F} KL= —F ] i and F .| L = —F [ k,s0 we

integrate by parts and we obtain

1 n n n+1 7 T
Zét >y !0K|L\(F}KTL)(gz(pl}1) At + Frd ) (g (0iid) - gg(pﬁl)))
= KeT LEN(K)

According to the choice of the density of the phase a on each interface (5.9) and the definition

(3.11) we obtain

n+1 n+1y,— n+1
Y Z ot Z Z lox] of K|L [M(s'% )gK|L Mi(s)'y )gK|L](5KTL(Pl)>
n=0 KeT LEN(K)

D) Z ot Z Z o)L 'Og K\L n+1)gK|L Mg(SZII)g}M](é?qu( 9))-
= KeT LeN(K)

Recall the truncations of 5;‘;&1 (Pa)

(Tt (o)) = maa{ S (pa), 0}, (51 (pa))” = maw{~8211(pa), 0},
with 6%

K|L( Pa) = (5?<J|r,;1(10a)) (5%21( o))" - So we obtain

Es< 3 Z& Z Z ‘UK\L‘le\LMl S??(l)gmL(‘S?qu( 1))~
= KeT LeN(K)

) Z‘”Z Z IUK|L|le|LMl )g[_qL(é?qL( p))"

n=0 KeT LeN(K
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3 Z&Z Z |JK|L|pgK|L Z?)gK‘L(d?(TLl(pg))_

n=0 KeT LeN(K

+—Z&Z ZlmmwM (52 (O ()

n=0 KeT LeN(K

1
From the following equality |0K|L’ = (dK\L’UKILD%Tf(\L and apply the Cauchy-Schwarz in-
equality to obtain

N-1

Es; <20 Z ot Z Z dK\L!UK|L\

n=0 KeT LeN(K

+3 EZ&EZ z:7kw@%%L)«ﬁﬁ()ﬁV+NU$FJW%EmDW2
n=0 KeT LeN(K)
My (211 (031 () )% + My(s20) (0311 (pg)) %)
< 20T\Q|

+3 Z&Z S i (MG (Gt e0)™)? + My(sy2) (O3 )2

n=0 KeT LEN(K)
M55 (Gl (po) ) + My(s i) (031 (0e)))?)-

From the definition of the truncations of §%

K‘L(pa) we obtain

(5.11) E3 <20T|Q| + ~ Zétz > TK|L(M1 (57510 O (m)?
n=0 KeT LeN(K

+ My(sid ) (O3 (pg))?)-

The last term will be absorbed by the terms on pressures from the estimate ([5.10)).
In order to estimate Fj, using the fact that the densities are bounded and the map g, is
sublinear (a.e.|g(pa)| < C|pal), we have

|Ea| < Ch Z 0t KR+ IO (o + i),
n=0 KeT

then

|E4’ <y Z 5t Z ‘K’ n+1 n+1)(2’pn+1’ + |pn+1| + ‘pn—H )
n=0 KeT
Hence, by the Holder inequality, we get that
N-1

1
|Eal < Collfp+ fill 2o (D 0t HPZHH;(Q) )2,
n=0
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and, from the discrete Poincaré inequality lemma (1}, we get
N-1

2 1
(5.12) |Ey| < Cg(Z(St“pZ+l{‘Hh)2 + Cy.
n=0
The equality (5.6) with the inequalities (5.8)), (5.10), (5.11), (5.12) give (5.4]). Then we deduce
(63) from (L3). 0

We now state the following corollary, which is essential for the compactness and limit study.

Corollary 1. From the premjous Proposition, we deduce the following estimations:

(5.13) Zétz > TR (B(s)))? < C,

n=0 KeT LeN(K)

(5.14) Z oty > MG (b)) < €,
n=0 KeT LeN(K)

and

(5.15) Z oty Y TR MR OR (B(s1)))? < C.

n=0 KT LeEN(K)

Proof. The prove of the estimates (5.13)), (5.14) and (5.15)) are a direct consequence of the
inequality , (4.8), (4.9) and the Proposition O

6. EXISTENCE OF THE FINITE VOLUME SCHEME

We start with a technical assertion to characterize the zeros of a vector field which stated
and proved in [14].

Lemma 7. ([14], p. 529) Assume the continuous function v : R™ — R" satisfies
v() 2> 0 if |l2] =,
for some r > 0. Then there exists a point z with ||z|| < r such that
v(z) = 0.
Proposition 2. The problem - admits at least one solution (pZKWZ,K)(K,n)ED
Proof. At the beginning of the proof, we set the following notations;
M := Card(T),
pim = {0 Y e € RM,
PgM = {Pg }KETER
We define the map 7j, : RM x RM — RM x RM,

Tu(Pims Pgm) = ({ Tk Y e {Tg,x } KeT) Where,

1 1
(pln} )s ?IJ? _pl(le)SlK

1 1 ntl, sntl
5t * Z TKILPZ}LQLGI(S?IJ? JSIT ’5?<TL( 1))
LEN(K)

W,K:\KWK
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(6.1)
+Fn+1 + ’K‘p p?}i—(l)(s?;-(l Ir;—&]—{l (SZI, )n+1fn+1)
pe(Py 1 )5k — paWy K)st ¢
E,K = |K|¢K 9.5 g 5t A + Z TK\LP;ELGQ(Sn?v 22175?;&1(199))
LEN(K)
(6.2)

+Fn+1 + |K|pg(pg}r<1)( n+1fn+1 ( I )n+1fn+1)

Note that 7Ty is well defined as a continuous function. Also we define the following homeo-
morphism F : RM x RM — RM x RM such that,

F(pi,ms Pgm) = (Vi M, Vg, M)

where va pm = {ga(Ph i)} KeT-
Now let us consider the following continuous mapping Pj, defined as

Pr (it vgm) = Tn o F g, vg,m) = Th(Piss pgm)-

According to Lemma [7] our goal now is to show that

(6.3) Pr(vim, vgm) - (Vi vgm) >0, for [[(va, vg, ) |lgem = 7 > 0,

and for a sufficiently large r.
We observe that

Pr(vi,m, vg,M) + (V1M Vg, M) = Z oK | K| (3?}171(29?}1) — ik H(PLK)
KeT

D) — s H Wy k) )

LB + ~Pulsiig) + C i 1, 0y — €

ot ot

for some constants C' > 0. This implies that

Pt v ) (ot vg0) = = 5 3 0 IK] (sTacH ) + s M)
(6.4) KET

n 7 2
6tP (st ) + C b g, ) — €

for some constants C,C’" > 0. Finally using the fact that g, is a Lipschitz function, then
there exists a constant C' > 0 such that

e <

<20 (|15 gy + 18 ooy + 175 |2y )
< 20( HPZHHHh(m +C1).

n—+1
Dy, ‘

n+1
Dy n ‘

| o ker Lo i ber)|

L2(Q) ‘ L2(Q) )

Using this to deduce from (6.4) that (6.3]) holds for r large enough. Hence, we obtain the
existence of at least one solution to the scheme (3.8])-(3.9). O
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7. COMPACTNESS PROPERTIES

In this section we derive estimates on differences of space and time translates of the func-
tion ¢ppa(Pa,p)sa,p Which imply that the sequence ¢pppq(pap)Sa,p is relatively compact in
LYQr).

We replace the study of discrete functions Uy p = ¢ppa(Pa,p)sa,p (constant per cylinder
Qf = (t", t"*1) x K) by the study of functions Ua D = ¢DpPa(Pa, D)5, D Piecewise continuous
in t for all z, constant in = for all volume K, defined as

Uap(t, ) Z > &( (t —ndt) UL + ((n+1)6t —t) g;K) Loy (t,2).

n=0 KeT
One may deduce from the estimates (5.5 and (5.13|) the following property.

Lemma 8. (Space translate of U, p) Under the assumptions ( H@ . Let D be a
finite volume discretization of Q2 x (0,T) in the sense of Deﬁmtzonl and let po,p be a solution
of . - Then, the following inequality hold:

(7.1) / ’Ua7p(t,$ +y) — Ump(t, 1:)| dzdt < w(lyl),
Q' x(0,T)

for all y € RY with Q' = {x € Q, [z,z +y] C Q} and w(|y|) — 0 when |y| — 0.

Proof. For o = | and from the definition of U p, one gets

/(0 Tyxst \Uip(t,z +y) — U p(t,z)| dedt
X

B /(O,T)XQ'
<
(0,T)x

+/ ‘plplp(t ac)(slp(t m+y)—slptx>’d:rdt
(0,T)xQ’

< E1+ B
where F7 and Fs defined as follows

(Pl (pl,D)Sz,D> (t,x+y) — (pl(pw)sl,p) (t, :):)‘ dadt

sip(t,r +y) (pz(pl,p(t, z+vy)) — pi(pio(t, :):))) ‘ dzdt

(7.2) Ei=pu |sip(t,z+y) — sip(t, )| dadt,
(0,T)x9
(7.3) Ba= [ lnu(tis + ) — (o) dar
(0,7)xQ

To handle with the space translation on saturation, we use the fact that B~! is an holder
function, then

By < puC B(sip(t,x +y)) — B(sip(t, )|’ dzdt
0,T)xQ

and by application of the Cauchy-Schwarz inequality, we deduce

%
Bozo([ B+ y) - Bt dod)
0,T)xQ’
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According to [15]), let y € RY, x € ', and L € N(K). We set

3 _J 1, if the line segment [z, + y] intersects oz, K and L,
7KIL 10, otherwise.

We observe that (see for more details [15])

(7.4) /Q By (@) do < lokizl o]
To simplify the notation, we write »_ instead of > .
OK|L {(K,L)ET?, K#L, |0 |#0}

Now, denote that
N-1
By <c( Yot
n=0

N-1 9
<C(lyl >0ty |owl ‘B(su) - B@LK)D .
n=0

OK,L

S [Blsue) — Blsix) /Q By (@)ie)’

OK,L

1
Let us again write |0k 1| = (dk 1|0k, L|)%7'12(| 1.» applying again the Cauchy-Schwarz inequality
and using the fact that the discrete gradient of the function B is bounded (j5.13) to obtain

(7.5) Ei <Clyl’.

To treat the space translate of Ep, we use the fact that the map p] is bounded and the
relationship between the gas pressure and the global pressure, namely : p; = p — p defined in

(2.5)), then we have

E5 < max|pj] ,lpo(t 2+ y) — pio(t, )| dedt

(0,T)xQ
(7.6) < max I / lpp(t,z +y) — pp(t,x)| dzdt
(0,T)xQ
+ max || [p(st,p(t, z +y)) — p(si,p(t, )| dedt,
R (0,T)xQ’

furthermore one can easily show that p is a C1([0,1];R), it follows, there exists a positive
constant C' > 0 such that

Ey<C lpp(t,x +y) — pp(t, z)|dxdt
(0,T)x

+C |sip(t,x+y) — s;p(t, x)|dzdt.
0,T)xQ’
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The last term in the previous inequality is proportional to F, and consequently it remains
to show that the space translate on the global pressure is small with y. In fact

N—-1
/ pp(t,z+y) —po(t,z)|dzdt < Y6t Y |ppt —pi| / Borge, ()da
(0,7)x92 o 9

OK,L

N-1
<yl D> ot > ol Ippt —pit.
n=0

OK,L

Finally, using the fact that the discrete gradient of global pressure is bounded (5.5)), we deduce
that

(77 / Uin(t,z + ) — Upp(t, )| de < C(ly| + [yl
0,T)yxQ’

for some constant C' > 0.
In addition, we have

+o00 T
/ / Tp(t, 2+ dz) — Op(t, @) |dedt <2 / / Uin(t, x + do) — Upp(t, o) dadt
0 Q o Jo
25t / U0 (2)] da
Q7

where U = py(p))s) and Q5 = {z € Q, dist(z, Q") < [4]}. By (7.7), the assumption 6t — 0 as
size(D) — 0 and the boundedness of (Ul(,)h)h in L'(Q), then the space translates of U;p on

Q' are estimated uniformly for all sequence size(D,y, ) tend to zero.
In the same way, we prove the space translate for a = g. O

We state the following lemma on time translate of Ua,p.

Lemma 9. (Tz’me translate of ﬁa7p). Under the assumptions ( — (H@) . Let D be a finite
volume discretization of Q x (0,T) in the sense of Definition || and let pop be a solution of
—. Then, there exists a positive constant C' > 0 depending on §2, T such that the
following inequality hold:

(7.8) / Ut + 7,2) — Ut )| deedt < (),
Qx(0,7—7)

for all 7 € (0,T). Here @ : RY — RT is a modulus of continuity, i.e. lim,_q@(7) = 0.

We state without proof the following lemma on time translate of Ua,p. Following the
lemma 7?7, the proof is a direct consequence of the estimations (5.5 and (5.13]), then we omit
it.

8. STUDY OF THE LIMIT

Proposition 3. Let (D,,)m be a sequence of finite volume discretizations of Q x (0,T)
such that limy, 1 size(D,,) = 0. Then there exists subsequences, still denoted (Sq p,,)meN;
(Pa, D, Jmen verify the following convergences

(81) HUa"Dm - Ua7DmHL1(Q/) — 07
(8.2) Uap,, — Ua strongly in LP(Qr) and a.e. in Qp for allp > 1,
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(8.3) Vo, B(sip,,)—VB(s) weakly in (L*(Qr))",
(84) Vp,,pp,—Vp weakly in (L*(Qr))",
(8.5)  SaD,, — Sa almost everywhere in Qr,
(8.6)  Pa, D, —Pa almost everywhere in Q.
Furthermore,

(8.7) 0<54 <1 ae inQr,

(8.8) Ua = 0pa(Pa)sa a.e. in Q.

Proof. For the first convergence ({8.1]) it is useful to introduce the following inequality, for all
a,beR,

1
1
/ 6+ (1= 0)b|d0 > > (Ja + [b]).
0

Applying this inequality to a = UZ;J&R —Unyp,  b=Ulp, — UZ_DIW, from the definition of

Ua,p,, we deduce

T ~ T35t ~ B
/ Unp () — U, (£, 2)|ddt < 2 / T, (t45t,2) — U, (£, 2)|dadt.
0 Q7 0 Q

Since 0t tends to zero as size(D,,) — 0, estimate ([7.8]) in Lemma@ implies that the right-hand
side of the above inequality converges to zero as size(D,,) tends to zero, and this established

E1). )

By the Riesz-Frechet-Kolmogorov compactness criterion, the relative compactness of (Uy, p,, )men

in L(Qr) is a consequence of the Lemmas [§ and @ Now, the convergence (8.2) in L'(Qr)
‘

and a.e in Q)7 becomes a consequence of (| . Due to the fact that U, p,, is bounded, we
establish the convergence in L'(Qr). This ensures the following strong convergences

Pa(PaDy)Sa Dy — loa  in L'(Qr) and ae. in Qr .
Denote by ua = pa(Pa)sa- Define the map H: RT x RT — RT x [0, B(1)] defined by
(8.9) H(w, ug) = (p, B(s1))
where u,, are solutions of the system
w(p, B(si)) = pi(p — p(B~(B(s1))) B~ (B(s1))
ug(p, B(s1)) = pg(p — BB~ (B(s1)))) (1 = B~ (B(s1)).

Note that H is well defined as a diffeomorphism, since

S~ (B BB B(s1) 2 0
(?g = pi(p—p(B7HB(s))) [0 (B~ (B(s1))(B~Y (B(s1))B 1 (B(s1))

+ pilp— (B (B(51))B" (B(s1)) > 0

%if = —ph(p — BB~ (B(s1))(1 = B~ (B(s1))) 2 0
%Zg = ph(p— BB~ (B(51)))[—F (B~ (B(51))) (B~ (B(s1))][1 — B~ (B(s1))]

— palp — BB (B(51)))B™ (B(s1)) <0,
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and if one of the saturations is zero the other one is one, this conserves that the jacobian
determinant of the map H™! is strictly negative.

As the map H defined in is continuous, we deduce
pp,, — p a.e. in Qr,
B(s;p,,) — B* a.e. in Q7.
Then, as B~! is continuous, we deduce
S1D,, — S| = B_l(B*) a.e. in Qr,

and the convergences (8.5 hold.
Consequently and due to the relationship between the pressure of each phase and the global
pressure defined in ({2.5)), then the convergences hold

Pa,Dy, — Do a.€. in Q7.

It follows from Proposition [1] that, the sequence (Vop,, pp,, Jmen is bounded in (L?(Qr))?,
and as a consequence of the discrete Poincaré inequality, the sequence (pp,, )men is bounded
in L?(Qr). Therefore there exist two functions p € L?(Qr) and v € (L*(Qr))* such that

(8.4) holds and
Vp,,pp,, — ¥ weakly in (L2(QT))Z.

It remains to identify Vp by ¢ in the sense of distributions. For that, it is enough to show as
m — +00:

E,, = / Vp,.PDp,, - ¢ dxdt + // pp,,diveodzdt — 0, Ve € D(Qr).
Qr Qr

Let Dy, be small enough such that ¢ vanishes in T]e(xff for all K € T, then
/pp divp(t, x) dx = Z / pp,, divp(t, z) dz
KeT
=Y > pK/ g pdl = Z Z (pk — Pl / p(t, ) - i AT

KeT LEN(K) UK\L KeTLeN TK|L
Now, from the definition of the discrete gradient,

/ Vp,.pp,, (t; ) Z Z Vp,,pp,.¢(t, ) dz

KeTLeN TKIL
> z k) [ elti) e do
KeTLeN TkiL
Then,
1 1
Z > oxrlp )(7 o(t,x) g pdl — o(t, ) N dx)

2 o 1N k(L] Jog, TriLl Sy,
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Due to the smoothness of ¢, one gets
1 1
’ o(t,z) - nypdl —

ot ) - nK|L dl” <Ch,
‘TK|L| Tk|L

and the Cauchy—Scharwz inequality with the estimate 1’ in Proposition ! yield

|Em| < Ch Z ot Z Z lox|Lllpt — Pi| < Ch Z ot Z Z |UK\L’dK\L < ChlQT.

= KeT LEN(K) = KeT LeEN(K

’0K|L| UK‘L

The identification of the limit in . ) follows from the previous convergence. O

8.1. Proof of theorem Let T be a fixed positive constant and ¢ € D([0,T) x Q). Set
o = (t", zx) for all K € T and n € [0, N].

For the discrete liquid equation, we multiply the equation (3.8) by 5tg0"+1 and sum over
K €T and n € {0, ..., N}. This yields

STV + S5+ 55"+ S =0,
where

N-1
- Z Z K| o (pl p?;r(l)s?;r(l = pu(Plk)sE, )SD?(Hv

n=0 KeT

1 1 1 1
53" = Z ot Z Z TK|Lle\L (5?;} 75?2r 75?(J|FL( D)ek
n=0 KeT LeN(K

G-YayY ¥ |o—K|L\(le,L> Mi(s7 ) &) = (o) MusiE ) (i)™ ) ek

n=0 KeT LeEN(K
1 1 1 1 1\, I 1 1 1
sy —Z5f2 3 |K| (s e = oD st ).
n=0 KT LeN(K

Making summation by parts in time and keeping in mind that (T, zx) = go%“ = 0. For all
K e T, we get

—1
==Y > K éxp®E)siE (68 = k) = D 1K drpi(l ) st ok
n=0 KeT KeTy,

-~y

n=0 KeT

tn+1

/ drp (D] ) sp e (t, mic)dwdt — / ox (] 1) s (0, ) da.
KeTy
Since ¢p,,p1(p1.D,.)s1.D,, and gbpmpl(p?Dm)s?Dm converge almost everywhere respectively to

opi(pr)s; and ¢p(p?)s?, and as a consequence of Lebesgue dominated convergence theorem,
we get

tim Sy = [ ommsdie(t,o)dudt — [ onif)sfp(0. ),
Qr Q

m——+00

Now, let us focus on convergence of the degenerate diffusive term to show

(8.10) lim S5 = —/ p1(p1)M;(s;)Vpy - Viedadt.

m—r—+00
+ T
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Since the discrete gradient of each phase is not bounded, it is not possible to justify the pass
to the limit in a straightforward way. To do this, we use the feature of global pressure and
the auxiliary pressures defined in and the discrete energy estimates in proposition |1|and
corollary [I]

Gathering by edges, the term S5* can be rewritten as:

=—*25t2 S TR Gt st T o) (T ) — et )

n=0 K€cT LeN(K)
N—
1
=3 Z Yo D A MG () (e 2r) — (" k)
n=0 KeT LeN(K)

= A" + Ay,
with, by using the definition ([2.5)),

AP = Z Ot N T M) SR (D) (e (T ) — et 2))
= KeT LEN(K)

N—
1 n n mn n n
Ap = 52 S S A ML () (o7 1) — ot 21))

KeT LEN(K)
Let us show that
(8.11) Jim Ay — POV - Vot
For each couple of neighbours K and L we denote s, :ﬁn the minimum of s”'H and s”'H and

we introduce

ATV = Z ot Z Z TK|LP K|LMZ(3?EH)5?<TL1( ) (" ) — o(t" 2k))
n=0 KeT LeEN(K)

Remark that

N-1

)k 1 1 pL_pK@(tn—HvxL)_@(tn-i_lvxl()

LEEE DD P oY d
n=0 KT LeN(K KIL K|L

ot Z Z \TK|L\PZ;TLMI(SZ:%)VMLPDTR : 77K|Lv90(tn+1axK|L) “NKI|L>
n=0 KeT LeN(K)

where g, = 0xk + (1 —0)zL, 0 < 6 < 1, is some point on the segment |rx, z1[. Recall that
the value of Vg, is directed by ng/r, so

n+1
t 71"K|L)

VLD - x|V 2k L) i = VLoD, - Vel
Define s, p,, and s, p,. by

goé,'Dm ‘(t”,t"+l]XTK‘L = ma‘X{SOL7K7 Sa,L}v §a,Dm ‘(t",t"”ﬁl} XTK\L = mln{sa,Ka SO!,L}
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Now, A]"" can be written under the following continues form
T
At = [ [ o) M1,V ,m,. - (V) da.
0
By the monotonicity of B and thanks to the estimate ([5.13]), we have

T
/0 /Q ‘B(gl,Dm) SlD ‘ dxdt < Z ot Z Z ’TK\L| ( S?zl) (8?}1))2

=0 KeT LEN(K

< Cuire(T ZétZ > ) s
n=0 KT LEN(K) dg|L

< Csize(T)%

Since B~! is continuous, we deduce up to a subsequence

(8.12) Sa.Dy — Empm‘ — 0 a.e. on Q.

Moreover, we have Sa, Dy < SaDm < Sa,Dy and sop,, —+ 5o a.e. on Q7. Consequently, and
due to the continuity of the mobility function M; we have M(s,; p, ) — M(s;) a.e on Qr and
in LP(Qr) for p < 4o0.

As consequence of the convergence and by the Lebesgue dominated convergence the-
orem we get

Pt (P10, ) Mi(s1.p, ) (V) D,, = pi(p1)Mi(s1)Vep strongly in (L*(Qr))".

And as consequence of the weak convergence on global pressure (8.4)), we obtain that

lim A" / p1(p1) M (s1)Vp - Vi dadt.
T

m——+00

It remains to show that

(8.13) ml_i)I_Ii_loo |AP — AT = 0.
Remark that
ML )O3 ) = Milsib )R )| < C [sitt = sy | ot ).

Consequently

A7 — AT < C / sttt — st Vo,pp,, - (V) dadt.
Qr

Applying the Cauchy-Schwarz inequality, and thanks to the uniform bound on Vp,_ pp,, and

the convergence (8.12)), we establish (8.13)).

To prove the pass to limit of A%, we need to prove firstly that

Hé}@ﬁ( (50)) — /M7 )8 B0 (o) — O s size(T) — 0,

where I'(s;) = [ Ml(z)g—s(z)dz.
In fact. Remark that there exist a € [s; x, 5;,1] such as:

B (D (s0)) — /My )85 ()| = [V/Mi(a) — \/ Mulsp ) 1183 (s
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n+1 n+1

< Ol (ls)) < Clsif = ik

K|L\P

[%
< C Bt - Bl
since B! is an Hélder function. Thus we get,

H5?<TL( (1)) =/ Mi(s7 3. L) 8, (B(s0) 172 )

—Z&Z > \TKLH%L T(s1)) = \/ Mi(s )5t (p(s)?

n=0 KeT LeN(K

< Z& oy \TKL\l 1Tl ’B (sp1h) = Blsik")

’20
n=0 KT LeN(K

Y

and using the Cauchy-Schwarz mequahty and the estimate , we deduce

16712 (D(s0)) =/ Masit i )05 L (Bl 2o

1-6 0
2
Z (5t Z Z ‘TKL‘ Z 5t Z Z ‘TKL‘ ‘B S?zl }1)
= KeT LeEN(K = KeT LeEN(K
0
< C(size(T Z ot Z Z 5.1 ‘B B(S?}‘(l)‘
n=0 KeT LeN(K KlL
which shows that ||6?<TL1( (1)) — ,/Ml(s?;r(h)éﬁrg( p(s ))HLQ(Q ) = 0as size(T) — 0. And

from (5.14}) in corollary ' we deduce that there exists a constant C' > 0 where the following
inequalities hold:

(8.14) Zétz > TK,L WL T(s0)))? < C.

n=0 KeT LeN(K
That prove
(8.15) Vo, T(s1.p,,) — VI(s;) weakly in (L*(Qr))".
As consequence
(8.16) V/ Mi(51,0,,) VD, B(s1,,,) — VI (s;) weakly in (L*(Qr))".

Rearranging A% to write

=—= Z ot Z Z Tk| P} K|LMl 8 K|L)VK\LP(Sl Do) MLVt $K|L) “NK|L
n=0 KeT LEN(K)

where 2, = 0z + (1 —0)xr, 0 < 6 < 1, is some point on the segment |rx, z1[. using again
that the mesh is orthogonal, we can write

T
Ay = —/ /Qpl(pl,Dm)Ml(sl,Dm)vap(Sl,Dm) - (Vo)p,, dadt.
0



30 B. SAAD AND M. SAAD

As a consequence of the convergences (8.5]), and by the Lebesgue theorem we get

p1(P1p, )\ Mi(s1,0,,) (Vo) p,, — pi(pi)v/ Mi(s1)Ve strongly in (L*(Q1))".

And as consequence of (8.16)),

T
(8.17) lim Ay = /0 /Qpl(pl)\/Ml(sl)VF(sl)-V(pdxdt

m—+00

T
(818) —— [ [ o) Vtsn - Fiaa.

0 Q
Now, we treat the convergence of the gravity term

T
(8.19) lim S5 = / / p1(p) M (s1)g - Vdzdt.
m—r—+00 0 Q

Perform integration by parts (i3.3)

N-1
Sgt = Zdt Z Z F”['achp " rg)

n=0 KeT LeEN(K)

== Z St Z Z Flnl—(’—|1L tn-&-l’xL) _ (p(tn—H,.%'K)) .

= KeT LEN(K)

Note that the numerical flux F) ;‘ 1 is independent of the gradient of pressures and the pass
to the limit on S7* is mush simple then the term A}"" since the discrete gradient of global
pressure is replaced by the gravity vector g. We omit this proof of (8.19).

Finally, S}* can be written equivalently

-y |

n=0 KeT

¥

n=0 KeT

tn+1

/ oS o () (17, ) dadt

25n+1

/ PPy (L) fi (@) wc)dadt.

From the convergences (8.5)), and by the Lebesgue dominated convergence theorem, we
get

lim Sy 2/ Pl(pz)szfp(t»x)@(tym)dxét/ pi(p)si fr(t, )p(t, x)dzdt,

m—-+0o0
+ T T

which completes the proof of the theorem

9. NUMERICAL RESULTS

In this section we show some numerical experiments simulating the five spot problem in
petroleum engineering. A Newton algorithm is implemented to approach the solution of
nonlinear system — coupled with a bigradient method to solve linear system arising
from the Newton algorithm process.

We will provide two tests made on a nonuniform admissible grid.
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FIGURE 2. Mesh with 896 triangles

Datas used for the numerical tests are the following :

kl(Sl) = 8%, kQ(SQ) = S%

K = 0.1510"m?, ¢ = 0.206,

po = 1073 Pa.s(water viscosity), p1 = 9107° Pa.s(gas viscosity),

p(p) = ,Oref(l + Cref(p _pref))v with prey = 400 Kgm—{j’ Cref = 10_6Pa_17 Pref = 1.013 10° Pa,
L, =1m, L, = 1m (the length and the width of the domain)

P.(8) = Prax(1 — 8), with Ppe. = 10°Pa.

Initial conditions. Initially the saturation of gas is considered to be equal to 0.9 in the
whole domain and the gas pressure is considered to be 1.01310° Pa.

Boundary conditions. The wetting fluid (water) is injected in the left-down corner in
the region ([0,0.1] x {0}) U ({0} x [0,0.1]) with a constant pressure equal to 4.026 10° Pa. The
right-top corner where ([0.9,1] x {1}) U ({1} x [0.9,1]) keeps fluids flow freely at atmospheric
pressure where as the rest of the boundary is assumed to be impervious (zero fluxes are
imposed). The influence of boundary conditions can be seen in all figures.

Meshes. The domain is recovered by 896 admissible triangles see figure
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FIGURE 3. Water field including capillary effect at time 7" = 6s (left) and at time T' = 20s
with 0.1 < s < 1.

Figures [3] - [] show the diffusive effects of the capillary terms, notably the dissipation of
chocs due to the hyperbolic operator Fig. [6] In fact, during the stage of the displacement
saturation shock propagate through rock for flows where capillarity terms are neglected, see
figure [6] This shock, where capillarity effects are signifiant, it is diffused. However, a part of
the the shock wave maintains its sharp front.
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