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Abstract. Let I' be a self-complementary circulant of prime power order. It is shown that either
I" is a lexicographic product of two small self-complementary circulants or there exists a multiplicative
automorphism of a regular cyclic subgroup that maps I' to its complement.
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1. Introduction. A digraph (or an undirected graph) I is called a circulant of
order n if it has a cyclic group of automorphisms which is regular on the vertex set.
Recall that a permutation group is regular if it is transitive and the only element that
fixes a point is the identity.

Moreover, for undirected graphs we introduce the concept of being self-
complementary. Let I' = (V, E) be an undirected graph with vertex set V' and edge
set E. The complement T of ' is the undirected graph with vertex set V such that
{u,v} is an edge of T if and only if {u,v} ¢ E. An undirected graph I' is called
self-complementary if I = T.

This paper aims to classify self-complementary (undirected) circulants of prime-
power order p® where p is a prime and d > 1.

In the literature, self-complementary circulants have received attention for a long
time, dating back to Sachs in 1962; refer to [1, 4, 7, 19, 20, 22]. More recently, study
has been extended to self-complementary graphs which are vertex-transitive; refer to
the articles [3, 6, 13, 18, 23] and the survey [2] and references therein.

In [4], Froncek, Rosa, and Siran determined the order of self-complementary circu-
lants. They then proposed the question of whether each self-complementary circulant
could be produced by a multiplicative automorphism of a regular cyclic subgroup in
the sense of Construction 3.2. This question was answered in [7, 16] in the nega-
tive. A natural next step is to seek a classification of self-complementary circulants.
By Muzychuck’s theorem [17], self-complementary circulants of square-free order can
be constructed by multiplicative automorphisms of the regular cyclic subgroup, see
Construction 3.2. The purpose of this paper is to determine the other extremal case,
namely, the prime power order case.

*Received by the editors March 14, 2012; accepted for publication (in revised form) October 31,
2013; published electronically January 2, 2014. This work was partially supported by the National
Natural Science Foundation of China (10901110, 11171231) and by the Tian Yuan Special Funds of
the Natural science Foundation of China (11126293) and also by an ARC Discovery Project grant.

http://www.siam.org/journals/sidma/28-1/87002.html

TSchool of Mathematics and Statistics, Yunnan University, Kunming, Yunnan 650091, People’s
Republic of China, and School of Mathematics and Statistics, University of Western Australia,
Crawley 6009 WA, Australia (cai.heng.liQuwa.edu.au).

fDepartment of Mathematics, Hunan Normal University, Hunan 410081, People’s Republic of
China (sunsh@hunnu.edu.cn).

$Department of Mathematics, Capital Normal University, Beijing 100048, People’s Republic of
China (xujing@cnu.edu.cn).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



SELF-COMPLEMENTARY CIRCULANTS OF PRIME-POWER ORDER 9

We next introduce two typical constructions for self-complementary circulants.

Let G be a finite group. We remark here that throughout this paper we use mul-
tiplicative notation for our groups, so the identity element of the group G is denoted
by 1. In general, let S be a subset of G which does not contain the identity, and the
Cayley digraph Cay(G,S) is the digraph with vertex set G such that u is adjacent to
v if and only if vu~! € S. It follows from the definition that the automorphism group
Aut Cay(G, S) has a subgroup G =~ G, where

G={GeSym(G): z—xgVreG|geG}.

So @ is regular on the vertex set of Cay(G,S), and & is actually the right regular
representation of the group G which is also denoted by Gr in some literature. In fact,
it is well known that a digraph I' is a Cayley digraph if and only if AutT' contains a
regular subgroup. A circulant is therefore a Cayley digraph of a cyclic group. Clearly
the Cayley digraph Cay(G,S) is undirected if and only if S = S~ = {s71 | s € S}.
From now on, when we say “a Cayley graph” or “a self-complementary circulant
(graph),” we always mean it is undirected.

For a self-complementary graph I' = (V| E), an isomorphism o between I" and
its complement T is called a self-complementary isomorphism, or an sc-isomorphism
for short. An sc-isomorphism o of I" is a permutation of the vertex set V' such that
0?2 € AutT and so o normalizes AutT'. Assume further that I' = Cay(G,S) is a
Cayley graph of the group G and so AutI' contains the regular group G. Now an
extremal case is where o normalizes G. Such a self-complementary Cayley graph is
called a self-complementary-normal Cayley graph with respect to o, or an sc-normal
graph for short. It is easy to show that I' is an sc-normal circulant if and only if
there exists a multiplicative automorphism of a regular cyclic subgroup that maps
I" to its complement; see section 3. Construction 3.2 provides us with a method for
constructing all sc-normal circulants of prime power order.

Another typical construction comes from a special graph product. In general, for
a digraph ¥ with vertex set U and a digraph A with vertex set W, the lexicographic
product L[A] (this graph construction is also called the wreath product) is the digraph
with vertex set U x W such that the vertex (u,w) is adjacent to (u/,w’) if and only
if either u is adjacent to u’ in ¥ or u = v’ and w is adjacent in A to w’. If both X
and A are self-complementary graphs, then so is X[A]; see Lemma 2.4.

The main result of this paper is the following theorem. Note that by the definition,
it is easy to deduce that the order of a self-complementary circulant must be an odd
integer.

THEOREM 1.1. Let T be a self-complementary circulant of order p? where p is a
prime and d > 1. Then p is odd, and either T' is sc-normal or T' = ¥1[Xa], where ;
is a self-complementary circulant of order p™i for i =1,2 and ny + ny = d.

2. Preliminary results. Throughout the paper, let p be an odd prime. A finite
permutation group is called a c-group if it contains a cyclic regular subgroup. Since
the automorphism group of a circulant must contain a cyclic regular group, the studies
of circulants are closely related to the studies of c-groups. The research of c-groups
was initiated by Burnside in 1900, and recently a precise list of primitive c-groups
was obtained by using the classification of finite simple groups and a classical result
of Schur; see, for example, [8, 11, 15].

In this paper we always use the notation Z, to denote an abstract cyclic multi-
plicative group of order n.
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10 CAI HENG LI, SHAOHUI SUN, AND JING XU

LEMMA 2.1 (see [15, Lemma 2.3]). Suppose that X is a primitive permutation
group on  and X contains a cyclic reqular subgroup. Then one of the following holds:

(i) 12| =q, and X < AGL(1,q), where q is a prime.

(i) |2 =4, and X = 5,.

(iii) X s almost simple and 2-transitive on ).

COROLLARY 2.2. Suppose that X is a solvable primitive c-group on ), where
Q| = p? is an odd prime power. Then || =p and Z, < X < AGL(1,p).

Next we introduce the concept of the normal Cayley digraph. Let I' = Cay(G, S)
be a Cayley digraph. Let Aut(G,S) = {0 € Aut(G) | S7 = S}. Then each element
in Aut(G, S) induces an automorphism of the Cayley digraph I' = Cay(G, S) and
it is well known that the normalizer of the regular subgroup G in Aut(T) is G x
Aut(G,S). A Cayley digraph T' = Cay(G, S) is called normal if G is normal in
Aut(T') or equivalently if Aut(I') = G x Aut(G, S); see [5, 21].

The finite arc-transitive circulants were classified independently, and via two dif-
ferent methods, by Kovécs [9] and Li [12]. Note that in [12, Theorem 1.3], the orders
of the deleted lexicographic product type digraphs cannot be a prime power. Then
the following result concerning arc-transitive circulants of order p? is an immediate
corollary of Theorem 1.3 in [12]. As usual, denote by K,, the complete graph of order
n and by K,, the complement of K.

THEOREM 2.3. Let I' = Cay(Z,a,S) be a connected arc-transitive directed (or
undirected) circulant of order p%, where p is an odd prime and d > 1 is an integer.
Then one of the following holds:

(i) T is a complete graph.

(ii) ' is a normal circulant.

(iii) There exists an arc-transitive circulant X of order p*=" such that ' = XK ],

where 1 <@ < d. Let Zypi < Zy,a be the subgroup of order p'; then 52y, C S
for any s € S.

The next lemma concerns the lexicographic product of two graphs; refer to [14]
or [2, Theorem 4.3] and [10, Lemma 2.2].

LEMMA 2.4. Let T' = X[A], where ¥ and A are two graphs. Then we have the
following statements:

(i) If both ¥ and A are self-complementary, then so is T

(ii) If both ¥ and A are circulants, then so is .

We also need the following theorem.

THEOREM 2.5 (see [15, Theorem 1.4]). The automorphism group of a self-
complementary circulant is solvable.

3. Two constructions. In this section we discuss two constructions of self-
complementary circulants.

Let G = Z,a be a multiplicative cyclic group of order p? and the identity element
of G is 1. Let I' = Cay(G, S) be a self-complementary circulant of odd prime power
order (so S = S7!), and let o be an sc-isomorphism of I'. Let G# = G'\{1}. Since I
is vertex transitive, without loss of generality, we may suppose that o fixes the vertex
1, and hence S = G#\S. Moreover replacing o by ¢ for some odd integer m, we
may assume that the order o(o) is a power of 2.

We first construct sc-normal circulants. Suppose I' = Cay(Z,q, S) is sc-normal
with respect to 0. As explained above we may suppose that o fixes 1 and o(o) is a
power of 2. Since I' is sc-normal, o can be viewed as an automorphism of the group

Zya, and so we may assume that o € Aut(Z,«). Note that Aut(Z,e) = Zya-1(,_1) is

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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a cyclic group and the unique involution (g — ¢~') in Aut(Z,.) preserves S, so we
have o(o) > 4. Define

(3.1) S(p o) :={S|S C (Zya)*,5% = (Z,a)#*\S}.

It is easy to prove the following lemma.

LEmMA 3.1, The circulant I' = Cay(Zya,S) is sc-normal if and only if S €
S(pt, o) for some o € Aut(Z,a) such that o(o) > 4 is a power of 2.

Therefore, to classify all sc-normal circulants, it is sufficient to determine the set
S(p?, o) for each o in the Sylow 2-subgroup of Aut(Z,«) with o(o) > 4. The following
construction, which is an application of Suprunenko’s construction in [20], tells us how
to obtain the set S(p?, o), and so we are able to construct all sc-normal circulants of
order p?.

CONSTRUCTION 3.2. Let G = Z,a. Let 73 be an element of Aut(G) with order

2k for k > 2. Clearly, both (7;) and (77) act semiregularly on G#. Let m = pdggl.
Then 7 has 2m orbits on G#: Oq,...,0Oa,. Relabeling these orbits if necessary, we
may assume that OF | = Oq; for each i € {1,2,...,m}. We observe

(1) S € S(p?, ) if and only if S = U™, Og;_j,, where j; = 0 or 1;

(2) Cay(G, S) is sc-normal if and only if S € S(p?, 73.) for some k > 2.

The second special construction is the lexicographic product of small self-
complementary ciruculants. In general, let I' = Cay(G, S), where G is a finite group.
If S is a union of some left cosets of a subgroup H and HNS = (), then sH C S for any
s € S. In this case, it is proved in [10, Lemma 2.2] that I' = X[K,,], where m = |H| and
¥ is a graph of order |G|/|H|. In particular, if H <G, then ¥ = Cay(G/H, S), where
S is the image of S in G/H. Applying this general result to the self-complementary
lexicographic product circulants, we have the following useful lemma.

LEMMA 3.3. Let G = Zya and let G; = Zp: be the unique subgroup of order
p, where 1 < i < d— 1. The graph I' = Cay(G, S) is self-complementary such that
sG; C S for any s € S with o(s) > p' if and only if I = X[['1] is a lexicographic
product of a self-complementary circulant ¥ of order p®=* by a self-complementary
circulant Ty of order p'.

Proof. Suppose I' = Cay(G, S) is a self-complementary circulant of order p? such
that sG; C S for any s € S with o(s) > p’. Let

Sy ={secS|o(s)<p'}and Sy ={seS|o(s) > p'}.

Let I'y = Cay(G;, S1). Then the graph Cay(G, S2) = S[K ], where ¥ = Cay(G/G;, S2)
and Sy = {5 = sG; | s € S3}. Moreover, I' = ¥[I'] is a lexicographic product graph.
By Corollary 4.5 (proved in the next section), it is easy to deduce that ¥ and I'y are
also self-complementary circulants of order p?~* and order p’, respectively.

Conversely, suppose we have a self-complementary circulant I'y = Cay(G;, S1) of
order p' and a self-complementary circulant ¥ = Cay(G/G;,Ss) of order p?~*. (Here
we use the notation of quotient groups just for convenience.) Put Sy = {s | s €
G,sG; € S3}. Let S = S;US, and I' = Cay(G, S). By the argument of the preceding
paragraph, we have that I' = X[I';] such that sG; C S for any s € S with o(s) > p’.
Since ¥ and I'y are self-complementary, by Lemma 2.4, T" is also self-complementary
as required. 0

4. Cayley subsets. We begin to study the self-complementary circulant I' =
Cay(Z,a, S) by analyzing the Cayley subset S of I'. The main result of this section is
Proposition 4.2 that divides the Cayley subset S into two parts.
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12 CAI HENG LI, SHAOHUI SUN, AND JING XU

4.1. Notation. We first fix the notation. Throughout this section, let G = Za
be a cyclic multiplicative group of odd prime power order. Let G; < G be the unique
cyclic subgroup of G' with order p?, where i € {1,2,...,d — 1}. For convenience,
set Gqg = G. Let I' = Cay(G, S) be a self-complementary circulant and let o be an
sc-isomorphism of I' that fixes 1 and is of order a power of 2. Moreover, we have
(Aut(T))? = Aut(T') = Aut(I') and 0 € Aut(I'). We list the following assumption
for the proof of Proposition 4.2.

Assumption 4.1. Let I' = Cay(Zya, S) be a self-complementary circulant and let
o :T'— T be an sc-isomorphism that fixes 1 and is of order a power of 2. Let G = -
and let

(4.1) G < X < Aut(D)
such that X? = X and 02 € X. Let
(4.2) Y = (X, 0).

For example, the pair (X,Y) = (Aut(I"), (Aut(T"), o)) satisfies Assumption 4.1.
Under Assumption 4.1, we have that the quotient group Y/X is a cyclic group of
order 2. By Theorem 2.5, X is solvable and hence Y is also solvable.

Moreover suppose B is a block of Y; we denote Y2 to be the induced permutation
group on B by the setwise stabilizer Y.

We now prove a proposition, which is one of the key ingredients in the proof of
the main theorem.

PROPOSITION 4.2. With the above notation, suppose I' = Cay(Zya,S),0,X,Y
satisfy Assumption 4.1. Then there exists n € {1,...,d} such that G, = Zpn is a
block of Y and G, < an", in particular, olg, € Aut(G,). Moreover, for each s € S
with o(s) > p", sG; C S.

4.2. Proof of Proposition 4.2. With the above notation, suppose the hypoth-
esis of Proposition 4.2 holds throughout this subsection. We first note that Y is
imprimitive when d > 2.

LEMMA 4.3. Under the hypothesis of Proposition 4.2, let d > 2. Then Y is
imprimitive. Moreover, let B be a minimal block of Y such that 1 € B. Then B =
Gy =Zy,. Moreover, C31 < YGGll.

Proof. Since Y is a solvable c-group of degree p? with d > 2, Corollary 2.2 implies
that Y is not primitive. Let B be a minimal block of Y such that 1 € B; then Y/ is
primitive. Consider the right multiplications by the elements in B; we have BB = B.
Thus B is a subgroup of G. It follows that Y/ is a primitive group containing a cyclic
regular subgroup B. Since Y/ is solvable, Corollary 2.2 implies that B = G and
G1<aYS <AGL(1,p). O

LEMMA 4.4. For each i € {1,2,...,d — 1}, G; is a block of Y.

Proof. Suppose that d —1 > 2. Let B = {G; | © € G} be the complete block
system containing the block G;. Let Y = YZ be the permutation group on B induced
by Y. Then G = G/G; = GB is regular on B. Thus Y is also a solvable c-group of
degree p?~1. Applying the same argument of Lemma 4.3, G» = G /G is the unique
minimal block (containing G) of Y; therefore G5 is a block of Y. Repeating this
argument, we conclude that G; is a block of Y for each i € {1,2,...,d —1}. d

COROLLARY 4.5. Let g € G with order p', where i € {1,2,...,d}. Let Yy be the
point stabilizer of 1 in' Y. Then each element in the orbit g¥° is of order p'. Moreover,
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I'; = Cay(G;, S(i)), where S(i) = {s € S| o(s) < p'} is a self-complementary graph
and olg, : T; — T; is an sc-isomorphism.

Proof. The proof follows from the fact that the point stabilizer Y fixes each block
G, setwise for i € {1,2,...,d —1}. d

Let €2 = G be the vertex set of I'. An orbit A of Y on Q x ) is called an orbital of
Y on 2, and the digraph with vertex set {2 and arc set A is called an orbital digraph of
Y. Clearly Y is a subgroup of the automorphism group of this orbital digraph and Y
is transitive on both the vertex set 2 and the arc set A (that is, this orbital digraph is
both Y-vertex-transitive and Y-arc-transitive). We next consider the orbital digraphs
of Y. The main tool of our analysis is Theorem 2.3 which is true for both directed
and undirected arc-transitive circulants.

LEMMA 4.6. Under the hypothesis of Proposition 4.2, let d > 2. Then either
G <AY and o € Aut(G) or sGy C S for each s € S with o(s) = p.

Proof. Let Xy and Y; be the point stabilizers of 1 in X and Y, respectively.
Take any g € S with o(g) = p?. Consider the orbital digraph I'y of Y with arc set
A = {1,9}¥. Then I'j = Cay(G, S, UT,), where S; = g™ is a subset of S and
Ty = S7. Since o(g) = p?, T'y is a connected Y-arc-transitive circulant of order p?.

By Corollary 4.5, o(h) = p? for any h € S, UTy,. In particular, I'; is not the
complete graph K. Applying Theorem 2.3, we have either

(i) G<Y, that is, Y < G x Aut(G), in particular, o € Aut(G); or

(ii) gG1 C Sy UT,.

In the latter case, we claim that ¢Gi C Sy, C S. Note that by Lemma 4.3, B =
{zG1 | © € G} is a block system of Y. Thus (¢G1)? = g°G1. If gG1 NT, # @, then
g°G1 NSy # @, and so there exists © € X such that ¢* € g?G1. It follows that
(9G1)7 = (9G1)* and so |gG1 NTy| = |gG1 N S,|, contradicting the fact that p is odd.
Hence gG1 C Sy. The lemma is proved. O

Proof of Proposition 4.2: By Lemma 4.6, we may assume that sG; C S for each
s € S with o(s) = p?. The case d — 1 = 1 is an immediate consequence of this and
Lemma 4.3.

We can now assume that d—1 > 2. Note that G4_1 is a block of Y. Let S(d—1) =
{s € Slo(s) < p?=1}. Tt follows from Corollary 4.5 that I'y_; = Cay(Gq_1,S(d—1)) is

self-complementary and o|¢,_, is an sc-isomorphism of I'y_;. Let X4—1 = X gj_’ll and
Y1 = YGGdd_‘ll. Assumption 4.1 holds for I'y_; when we take X = Xy 1,Y =Y,
in this case. Therefore applying Lemma 4.6, we deduce that either Gg_1 <Yy 1 and
olG,_, € Aut(G4_1) or sG; C S for any s € S with order pd1.

Continuing in this fashion (note that Gy < Ygl ! by Lemma 4.3) we have that an
integer n exists such that n € {1,...,d}, Gn Qan" and for each s € S with o(s) > p",
sG, C S.

4.3. Cayley subsets S. Let I' = Cay(G, S) be a self-complementary circulant
of order p? and let o : I' — T be a self-complementary isomorphism that fixes 1 and
is of order a power of 2. We next discuss in more detail the properties of the Cayley
subset S when d > 2.

With the notation of Proposition 4.2, let X = Aut(I") and Y = (Aut(T'), o). Then
there exists n € {1,...,d} such that G, < an" and for each s € S with o(s) > p™,
sG1 C S. Thus we divide the Cayley subset S into the following two parts. Let

(4.3) Si={seS|o(s)<p"}and Sy ={seS|p?>o(s)>p"T}
Then S = S; U S>. Note that we set So = @ if n = d.
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LEMMA 4.7. LetT' = Cay(G, S) be a self-complementary circulant of order p®(d >
2) and let o : T — T be an sc-isomorphism that fives 1 and is of order a power of 2.
With the notation of Proposition 4.2, let X = Aut(I') and Y = (Aut(I"), o). Suppose
n, Sy, S2 are defined as above in (4.3). Then the following hold:
(1) For any s € Sa, we have sGy C Ss.
(2) Gn < YGG:, in particular, o|g, =7 € Aut(G,,).
(3) Ty, := Cay(Gp, S1) is self-complementary, and T is an isomorphism from T,
to its complement. So T, is sc-normal and S1 € S(p™,T) that is defined in
(3.1) in section 3.

(4) Let X,, = Xg: and let S(p", T, X,) be the subset of S(p™,T) such that each
element of S(p"™, 1, X,) is the union of some orbits of the stabilizer of 1 in
X, on the set Gi. Then Sy € S(p", 7, X,,).

(5) Given R € S(p™,1,X,), let S" = RUSy. Then I = Cay(G,S’) is also

self-complementary such that (I'")” =T’ and X = Aut(I') < Aut(I").

(6) Suppose further that n > 2. Then there exists R € S(p™, T, Xg:) such that

rG1 C R for any r € R with order greater than p.

Proof. Parts (1) and (2) follow from Proposition 4.2. Part (3) follows from
Corollary 4.5 and Lemma 3.1.

(4) Let L be the stabilizer of 1 in X,,. Since X,, = G, %L, where L C Aut(G,, S1),
we have that S; is the union of the orbits of L on G.

(5) The result is trivial if d = n, so we suppose that d > n. Since R €
S(p"™,7), it follows from Lemma 3.1 that Cay(G,,R) is self-complementary such
that 7 maps Cay(G,,, R) to its complement. Moreover, Xg: < Aut(Cay(Gn, R))
as Re S(p", 7, X,).

Forany 2 € X, g € G, and r € S’ = RU Sa, we have (g,rg)” = (1,7)%. Since
X = GXy, where X, is the point stabilizer of vertex 1 and gz € X, there exist
go € G and zy € X such that gz = xogo. Therefore, (g,7g)* = (1,7)%9%. Note that
Xo < X¢,. If r € R, then (1,r)" = (1,7) for some ' € R. If r € Sy, then by
Corollary 4.5 we have (1,7) = (1,r") for some r’ € S,. It then follows easily that X
preserves the edge set of IV, and so X < Aut(I").

Next we show that I' is self-complementary. Since (@)" < X7 =X forany g € G,
there exists @ € X such that go = ox. It then follows that (g,s'g)? = (1,s)°* for
any s € S’. By our definition of IV, (1,s’)? is not an edge in I". Hence X < Aut(I")
implies that IV = Cay(G,S’) is also self-complementary and (I'V)° = I’. Part 5 is
proved.

(6) Suppose that X,, = G, x L, where L < Aut(G,,,S;) and 72 € L. By Lemma
4.4, By = {9G;1 | g € Gy} forms a complete block system of (X,,,7) on G,. For any
9G1 € By such that ¢gG1 # Gy, we have |gG1 N S1| # |¢g"G1 N S1| as p is odd, and so
9"G1 # (gG1)* for any x € L. Thus we may suppose that L has even, say, 2mao, orbits
on B1\{G1}. After relabeling if necessary, we may suppose that {31,...,32,,,} are
L-orbits such that 7 interchanges ¥o; 1 and Yo; for each 1.

Let

mgfl
Ry = U Yoit1 and So = {s € S1 | o(s) = p}.
i=0
Take R = So U Ry. It is easy to see that R € S(p™,7,X,,) and rG; C R for any r € R
with order > p. O
With the notation of Lemma 4.7, take R as in Lemma 4.7(6) and construct
I" = Cay(G, RUS5). Then I" is closely related to the original " by the above lemma.
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It now follows from Lemma 3.3 that I is a lexicographic product self-complementary
circulant. We summarize this observation in the following corollary that allows us to
use induction to classify all self-complementary circulants of order p.

COROLLARY 4.8. Let I' = Cay(G, S) be a self-complementary circulant of order
pl(d > 2) and let 0 : T' — T be an sc-isomorphism that fizes 1 and is of order a
power of 2. Suppose further that n, Sy, Sy are defined as in (4.3). Then there exists a
self-complementary circulant T' = Cay(G, S") satisfying the following conditions:

(i) o is also an sc-isomorphism of T and Aut(T) < Aut(I”).

(ii) For any r € S" such that o(r) > p, we have rG1 C S’. So I'' = X[I'1], where

T’y is a self-complementary circulant of order p and X is a self-complementary
circulant of order p?=1.

(iii) Let S4 = {r € S'o(r) > p™}; then S5 = Ss.

(iv) Let S; = {r € S'lo(r) < p"} and let 7 = o|g,. Then 7 € Aut(G,) and

T8, — GT\S].

5. Proof of Theorem 1.1.

PROPOSITION 5.1. Suppose that I' = Cay(Z,, S) is a self-complementary circu-
lant of order p. Then T is sc-normal.

Proof. The proof follows from Proposition 4.2 easily. d

Hence Construction 3.2 tells us how to construct all self-complementary circulants
of order p.

Suppose I' = Cay(Za, S) is sc-normal with respect to 7 € Aut(Z,q) and o(7) is
a power of 2. We next study the properties of 7.

LeEMMA 5.2. Let I' = Cay(G, S) be a self-complementary circulant of order p?
and G = Zya. Let 7 € Aut(G) be an sc-isomorphism of order 2k from T to its
complement. Then the following hold:

(1) Let o € Aut(G). Then o is an sc-isomorphism of order 2¥2 from T to its

complement if and only if o(c) = o(T).
(2) Let i = 7|a, € Aut(G;), where G; is the subgroup of order p* and 1 < i < d.
Then o(r;) = o(7) and 7; : SN G; — GF\(SNG,).

(3) Let d > 2 and 1 < i < d. Suppose further that sG; C S for any s € S

with o(s) > p'. Let S = {sGi|s € S,0(s) > p'} and let T € Aut(G/G;)

which is induced by 7. Then Cay(G/G;,S) is sc-normal with respect to T and
o(T) = o(1).

Proof. (1) Note that 7™ € Aut(I") if m is even, while 7™ is an sc-isomorphism if
m is odd. The result now follows from the fact that Aut(Z,.) is cyclic.

(2) Note that the unique involution ¢ : g + g~ is not trivial on G;; the result
then follows from Corollary 4.5.

(3) Let Aut(G) = () X {y) = Zp—1 X Zypa-1. It is easy to check that Aut(G/G;) =
Aut(G)/(v*" """} and so o(r) = o(7). By Lemma 4.4, 7 preserves B = {zG;|z € G}
and hence 7 : S — (G/G;)#\S. O

We give some explanation of the above lemma which is useful when we handle
sc-normal circulants. Let I' = Cay(Zyq,S) be an sc-normal circulant with respect
to 7 € Aut(Z,) with order 2¥*. Lemma 5.2(1) gives a characterization for all sc-
isomorphisms in the Sylow 2-subgroup of Aut(Z,:). Next, for any subgroup Z,:, let
S(i) = {s € S|o(s) < p'}. We obtain a subgraph Cay(Z,:,S(i)) of I'; Lemma 5.2(1)
and (2) tells us this subgraph is also sc-normal with respect to o;, where o; € Aut(Z,:)
and o(c;) = 2¥1. Moreover, suppose further that this sc-normal I" is of lexicographic
product type as well, that is, sZ, C S for any s € S with o(s) > p’. Let S =
{sZ,i|s € S,0(s) > p'}. We obtain a quotient graph Cay(Z,a/Z,:, S) of I' in this case.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



16 CAI HENG LI, SHAOHUI SUN, AND JING XU

Lemma 5.2(1) and (3) tells us that this quotient graph is also sc-normal with respect
to &, where & € Aut(Z,u/Z,:) is induced by some o € Aut(Z,q) with o(c) = 2.

We are ready to prove Theorem 1.1.

Proof of Theorem 1.1. We proceed by induction on d. If d = 1, the result follows
from Proposition 5.1. Assume inductively the result holds for self-complementary
circulants of order < pd’l, where d > 2.

Let G = Z,e and I' = Cay(G, S) be a self-complementary circulant of order pe.
Let o : I' = T be an sc-isomorphism that fixes 1 and is of order a power of 2. Let
G be the subgroup of order p’ in G for any i € {1,...,d}. By Proposition 4.2, there
exists n € {1,...,d} such that olg, € Aut(G,). If n = d, then I' is sc-normal as
required. So we assume next that n < d.

By Proposition 4.2, sG; C S, where s € S with o(s) > p™. Let S; = {s €
S |o(s) <p"}and Sy = {s € S| o(s) > p""}. By Corollary 4.8, there exists a
self-complementary circulant I' = Cay(G, S’) such that IV = X[I'1], where I'; is a
self-complementary circulant of order p and ¥ is a self-complementary circulant of
order p?~t. Moreover, letting S| = {r € S'|o(r) < p"} and Sy = {r € §'|o(r) > p"},
we have S} = Ss.

If i(> 1) is maximal such that IV = %{[3}], where X is a self-complementary
circulant of order p’ and ¥} is a self-complementary circulant of order p?~¢, then %}
cannot be a lexicographic product of two smaller self-complementary circulants. By
induction, 3} is sc-normal.

Suppose first that i > n; then rG; C S’ for any r € S, with o(r) > p' by
Lemma 3.3. Since Sj = S, sG; C S for any s € S with o(s) > p’. By Lemma 3.3
again, I' = ¥1[3], where ¥ is a self-complementary circulant of order p® and ¥ is
a self-complementary circulant of order p?—*.

Suppose next that i < n. We will show that I' is sc-normal in this case.

Let 7 = o|g, and suppose that o(7) = 21 (as o(7)|o(c)). By Proposition 4.2
7 € Aut(G,) and 7 : S — G#\S;. By Lemma 5.2(1), any element of order 2% in
Aut(G,,) maps S to G#\S;. To show I is sc-normal, Lemma 5.2 implies that we
need to find ) € Aut(G) such that o(¢)) = 2% and 9(s) ¢ S for any s € Ss.

By Corollary 4.8, I/, = Cay(G,,S}) is also sc-normal with respect to 7. On the
other hand, I = ¥/ [24], where ¥} = Cay(G/Gl-,?/) and § = {rG;|r € S'",0(r) > p'}.
By induction, we have seen that 3 is sc-normal. Suppose ¥ € Aut(G/G;) is an sc-
isomorphism of ¥}. Without loss of generality, we may suppose that o(¢)) = 2*2 and
1 is induced by ¢ € Aut(G), where o(¢)) = 2*2. Since i < n, we have rG; C S,
where r € S| with o(r) > p?, and so the sc-normal circulant I”, is of lexicographic
product type as well. In order to apply Lemma 5.2(2) and (3), we consider I'" =
Cay(Gn/Gi,g/l)7 where g/l = {rG;|r € S7}. By the explanation after Lemma 5.2, '/
is both a subgraph of the sc-normal circulant ¥} and a quotient graph of the sc-normal
circulant I",. This forces o(1)) = o(7) = 2¥* by Lemma 5.2. By Lemma 4.4 and noting
that S, = Sy and ¥ : S — (G/G;)#\S , it follows that )(S2) N Sy = 0. Therefore T
is sc-normal with respect to . This completes the proof of the theorem.
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