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A THIN DOMAIN WITH NAVIER CONDITION ON A SLIGHTLY
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Abstract. We study the asymptotic behavior of the solutions of the Navier—Stokes system in

a thin domain . of thickness ¢ satisfying the Navier boundary condition on a periodic rough set

T'e C 09Q¢ of period r. and amplitude 6., with 6. < r. < . We prove that the limit behavior as &
3

goes to zero depends on the limit A of 556%/7'3 . Namely, if A = +o00, the roughness is so strong that
the fluid behaves as if we had imposed the adherence condition on I'c. If A = 0, the roughness is too
weak and the fluid behaves as if I'c were a plane. Finally, if A € (0,+00), the roughness is strong
enough to make a new friction term appear in the limit.
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1. Introduction. The most usual boundary condition for a viscous fluid sur-
rounded by an impermeable wall is the adherence condition, which establishes that
the velocity of the fluid vanishes on the boundary. However, some other boundary
conditions can be imposed. The Navier boundary condition consists in adding to
the impenetrability condition (i.e., that the normal velocity vanishes) that, on the
tangential component, the wall acts as a friction force. In the present paper we are
interested in the relationship between the adherence and the Navier conditions for the
case of a rough boundary.

In [12], it has been considered a rough boundary I'. described by the equation

(1.1) x3 =1V <E, %) V(z1,22) € w,

Te Te
with 7. > 0 a parameter devoted to converge to zero, w a bounded open set of R2,
and ¥ a smooth periodic function. It has been proved that, assuming that the wall ',
is impermeable (i.e., the normal velocity vanishes) and that the velocity is bounded
in the topology of the Sobolev space H', then, in the limit, the velocity u of the fluid
satisfies the condition

w(ry,22,0)VU(21,20) =0 V(21,20) € R?, ae. (z1,29) € w.
In particular, if
(1.2) Span({V¥(z1,20) : (21, 22) € R?}) = R?,

which always holds except in the case where W is constant in one direction, we get
that the velocity of the fluid vanishes on the boundary; i.e., it satisfies the adherence
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condition. Therefore, under these assumptions, the Navier and adherence conditions
are asymptotically equivalent. This shows that the adherence condition, which is
usually observed in practice, may be due to the existence of microasperities.

The equivalence between the Navier and adherence conditions was also proved in
[10] for the more general case of a boundary (not necessarily periodic) described by
the equation

x3 =V, (x1,22) Y(r1,22) € W,

with W, a sequence of Lipschitz functions which converges uniformly to zero and
such that the support of the Young measure associated to VW, contains at least two
independent vectors.

In [14] was considered the case of a viscous fluid satisfying the Navier condition
on a slightly rough boundary described by the equation

with
(1.3) lim — =0,

and ¥ smooth and periodic. Note that (1.3) implies that VW, converges uniformly
to zero, and so the Young measure associated to VW, is zero. Therefore we are not
in the conditions of [10]. It was proved in [14] (see also [16]) that now the asymptotic
behavior of the fluid depends on the limit

0
1>

3

Namely, if d./r2 tends to infinity and (1.2) holds, then the Navier and adherence
3

boundary conditions are still asymptotically equivalent, while if d./r2 tends to zero,

then the fluid behaves as if the boundary were a plane. The case 6. ~ n_-% is the critical
size where the roughness is not so large to imply the adherence condition but is large
enough to make a new friction term appear in the limit.

A general result about the form of the limit equation for the Navier—Stokes system
satisfying the Navier condition on a (nonnecessarily periodic) rough boundary has
been obtained in [9].

The above results relate to a fixed height domain. Our aim in the present paper
is to extend the results in [14] to the case of a domain of small height e. Namely, for a
smooth bounded open set w C R? and a function ¥ in WZ’OO(R2)7 periodic of period

loc

7" = (—1/2,1/2)%, we will consider the open set . given by

Te T¢

Q. = {(a:l,a:z,a:g) cCwxR: -0 (ﬂ,ﬁ) < x3 <5}.

The parameters ., . are positive and satisfy . < r. < ¢ in the following sense:
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Assuming a viscous fluid governed by the Navier—Stokes system and satisfying the
Navier condition on the rough boundary

I.= {(xl,xg,x3) cwxR:a3=-5T (E, ﬁ)},
Te Te
we show that its pressure and velocity converge to the solutions of a Reynolds system
which depends on
. € 1/2
A= lim mEs 2,
The role of A is similar to that of the limit A defined by (1.4); in fact these parameters
agree if the height ¢ is tending to one. Thus, we have the following:
e If A = oo and (1.2) holds, then the fluid behaves as if we imposed an adherence
condition.
e If A € (0,+00), then the roughness is not strong enough to give the adherence
condition in the limit but is enough to obtain a new friction term in the limit.
e If A = 0, the roughness is so weak that the fluid behaves as if the wall were
a plane.
As in [14], the proof of our results is based on the unfolding method [4], [11], [18], but
here it is necessary to combine it with a rescaling in the height variable, in order to
work with a domain of height one. Our results were announced in [15] for the case of
the Stokes system.

The above references given in this introduction are related to the asymptotic
behavior of a viscous fluid satisfying the Navier condition on a rough boundary. Other
boundary conditions have been considered by other authors. For example, the case
of nonhomogeneous Dirichlet conditions is studied in [2], and [19] for fixed height
domains, and in [5], [6], [7], and [8] for small height domains. The case of fixed height
domains with Fourier conditions is considered in [3].

2. Notation. The elements x € R? will be decomposed as * = (z',73) with
2 € R?, x5 € R. R

By Z', we denote the unitary cube of R%, Z' = (—3,2)2 and by Q the set
Q = 7' x (0,+00). For every M > 0 we write Qn = Z’ x (0, M).

We use the index # to mean periodicity with respect Z’; for example, Li(Z’)
denotes the space of functions u € L? (R?) which are Z’-periodic, while Li(@)

loc

denotes the space of functions u € L? (R? x (0, +0o0)) such that

loc

[ i2dz < 400, A + K, z5) —7i(z) VK €72, ae. z€R2x (0,400).
Q

For a bounded measurable set © C RY | we denote by L3(0) the space of functions
of L?*(©) with null integral.
We denote by ¢, ., and d. three positive parameters which tend to zero and
satisty
. 0 . Te
(2.1) lim — =0, lim— =0.

e—0 7rg e—0 ¢

Then, for a function ¥ € W;’OO(Z’), U > 0 in Z’, we define the open set A, C R3 by

/!
(2.2) A = {x €ER?: 6.0 (x—> <3< s} :

Te
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and for a smooth connected open set w C R?, we take

(2.3) Qc =A.N(wxR),
(2.4) Q- = QN (wx (—=0,0)), QF =Q.N(wx (0,+0c0)),
/
(2.5) I, = {x eR?: 2 cw, x5 =—06.T (x_) } ,
Te
A 55 yl
(2.6) Qaz{y€R3: Y € w, —;\IJ<T—><y3<1},
(2.7) Fsz{y€R3: Y €w, ygz—f\IJ<T—)},
(2.8) Q=wx(0,1), T'=wx{0}.

We denote by v the outside unitary normal vector to 2. on 0€)..
The orthogonal projection on the tangent space of 92, will be denoted by T, i.e.,

T¢E=¢— (Ev)y VEER3 ae. on 09Q..
For k' € Z? and p > 0, we denote
CF = pk' +pZ', Q¥ =A.N(C¥ xR).
We define « : R2 — Z2 by
k(z') =k <o’ e CF.

Note that # is well defined up to a set of zero measure in R? (the set Uy cz2dCF ).
Moreover, for every p > 0, we have

x ,
n(—):k'@x'eqf.
P

For a.e. 2’ € R? we define C,_(z') as the square Cf; such that 2’ belongs to CT’?;
We denote by V the space of functions o : R? x (0, +00) — R such that

ve Hy(Qu) YM >0, VieL%(Q)> .
It is a Hilbert space endowed with the norm || - || defined by
1913 = 19122 ooy + V120 e

We denote by O, a generic real sequence which tends to zero with ¢ and can
change from line to line.
We denote by C' a generic positive constant which can change from line to line.

3. Main results. In the present section we describe the asymptotic behavior of
a sequence (uc, pe), solution of the Navier—Stokes system

—pAue + (Ua : V)Ua + Vpe = fo in Qe
divu. =0 in .,

0
uv =0, T <,u ;; + gus) =0 only,,

ue =0 on Q. \ T,
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where Q. and T'. are defined by (2.3) and (2.5). The viscosity p is assumed strictly
positive and the friction coefficient v nonnegative. The right-hand side f. is of the
form

(3.2) folz) = f (a:’, %) , ae. z €,

where f is assumed in L2(w x (—1,1))3. The proof of the corresponding results will
be given in the following sections.

The existence of solution for problem (3.1) and a priori estimate is given by the
following result.

THEOREM 3.1. We consider w a bounded domain of class C?. Then problem (3.1)
has at least a solution (uc,pe) in H'(Q:)% x L3(2.). Moreover, there exist £9 > 0 and
C > 0 such that for € € (0,e9), every solution (uc,p:) of (3.1) satisfies

(3.3) ||u5HL2(QE)3 < 085/2, ||DUEHL2(Q€)3X3 < 083/2, ||p6||L§(QE) < Cel/2

In fact, the pressure p. can be decomposed as p. = p? + pk, with p? € H'(w) (it does
not depend on the variable z3), pl € L*(Q.), and

(3.4) 121y <C Ip2llrz(e. < C22.

Remark 3.2. Although we have stated Theorem 3.1 for w of class C2, the result
can be extended for w Lipschitz or more generally for an open set satisfying the interior
uniform cone condition, but the proof is much more difficult. This corresponds to a
particular case of a work in progress, where we also give some applications to linear
elasticity. This would extend Theorems 3.3, 3.4, and 3.8 below to the case of w
Lipschitz.

As is usual when dealing with thin domains, we use the dilatation

Z3

(35) y/ = 33/, Ys = ?7

which transforms 2. in the sequence of open sets with fixed height, (NZE, defined by

(2.6). Thus, we introduce . € H'(Q.)3, and p. € L3(€.) by

(3.6) e(y) = ue(y eys),  Pe(y) = po(y',eys),  ae. y € Qe.

Our goal then is to describe the asymptotic behavior of these new sequences .,
Pe. This is given by the following theorem.

THEOREM 3.3. We consider w a bounded domain of class C%. Assume there
exists (this always holds for a subsequence)

(3.7) A= lim 257 ¢ [0, 40d].
e—0 b

ré

Let (ue,pe) € HY(Q:)? x L3(2) be a solution of (3.1) and let i, p. be given by (3.6).
Then we have

(3.8)

% 0 in HY(Q)?, % s (@,0) in HY0,1; L2(w))?, “;13 @ in H2(0,1; HH(w)),
O0..D -

(3.9) B — B in LA(Q), %pf s fyin L2 (w; H7Y(0, 1)),
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where @' € H'(0,1; L?(w))?, w € H?(0,1; H Y(w)), and p € H*(w) N L3(w) are the
unique solutions of the system

—p0y, 0+ NVyp=f inQ,

Y3ys
(3.10) divy @' + 9y, =0 in Q,
1
(v, 1) =w(y,0)=w(y,1) =0 in w, / @' (y)dysv =0 on Ow,
0
plus the following boundary condition on I', which depends on the value of \.
(i) If A = +o0, then defining
(3.11) W = Span ({VV(2') : 2" € Z'}),

we have that @' satisfies

(3.12) —pdy, i+ e W, @ eWr onT.

(ii) If A € (0,+00), then defining (QASZ,Z]\‘) € V3 x Li(Z’ xRT), i =1,2, as a
solution of

—puAL ¢ + V.G =0 in R2 x RT,
(3.13) div.¢' =0 in R2 x R¥,
Ph=0.0, 0.,(") =0 onR? x {0},

and R € R?*2 by
(3.14) Ri; =u/ D.¢' :D.¢ dz Vi, je{1,2},
Z'x(0,400)

we have that ' satisfies

(3.15) — 10yt + i+ NRi' =0 onT.
(iii) If A =0, then we have that @' satisfies

(3.16) — 10y, + % =0 onT.

From (3.10), (3.12), (3.15), and (3.16), as is usual in the asymptotic study of fluids
in thin domains, we can prove that the limit pressure p is a solution of a Reynolds
problem and that the functions 4’ and @ can be explicitly obtained from p. This
implies in particular that the system satisfied by @/, @, and p has a unique solution
such as has been stated in Theorem 3.3. For the sake of simplicity, we just consider
the case where f’ does not depend on the variable y3. Note that this assumption
usually holds in the applications because 2. is very thin, and so the variations in
height of the exterior forces can be neglected.

THEOREM 3.4. We consider w a bounded domain of class C*. Let (uc,p.) €
HY(Q.)? x LE(Q.) be a solution of (3.1) where the function f' is assumed to not
depend on ys. Then the functions @', w, p defined by Theorem 3.3 are given by the
following:
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(i) If A = 400, then p is the solution of the Reynolds problem

-1
—div,, ((%14— (1 + %) PWL> (Vyp — f’)) =0 inw,

((11+ (1+ %)1PWL> (Vyp — f’)) v=0 on dw,

(3.17)

3

where Py,. denotes the orthogonal projection from R? to WL. Moreover, @' and o
are given by

(3.18)
1
() = <y31+(1+g) PWL> (Vb)) 7)) ac yen

Y3
(3.19) w(y) = —/ divy @' (y',s)ds, a.e. y €.
0

(ii) If A € (0,400), then p is the solution of the Reynolds problem

-1
—div, ((%I+ ((1 T %) I+ %R) ) (Vyp— f’)) -0 inw,

-1
<%I+ ((1 + %) I+ %R) ) (Vi — f’)) v="0 on dw.

(3.20)

Moreover, @' is given by

an) i) - <y31 #((1+2)1+ %R)) (Vyi) ~ 7).

a.e. y € Q, and W is defined by (3.19).
(iii) If A =0, then p is the solution of the Reynolds problem

~divy ((% + (1 + %>1> (Vy/ﬁ - f’))) —0in w,
((% n <1 . %) _1> (V- f’))) v =0 on duw.

Moreover, @' is given by

(3.22)

3.93 ~/ _ 1 2 1 v ! \vay / I 0
62) )=y y3+( +;) (Vb)) — ), ac yeo,

and W is the null function.

Remark 3.5. For A\ = 400, Theorem 3.3 shows that u., p. behave as if we had
assumed in (3.1) that I'c were the plane boundary {z3 = 0} and that the boundary
condition on I'. were

(3.24) —pOp,ul +yul €W, u. € Wt x {0} onT..
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In particular, if W is R? (which is true except if ¥ is constant in one direction), we
deduce that the Navier condition in (3.1) is asymptotically equivalent to the adherence
condition u. = 0 on I'..

For A € (0,400), Theorem 3.3 shows that the asymptotic behavior of u. and p.
is the same as if ' were the plane boundary {x3 = 0} and the boundary condition
on I', were

(3.25) Uey =0, —pdpul +yul +N°Ru. =0 onT;

i.e., although the roughness is not strong enough to deduce that the Navier condition
on I'. is equivalent to (3.24), it is sufficient to provide the new friction term A\? Ru’ in
(3.25).

For A = 0, the roughness is so weak that u. and p. behave as if I'. were the plane
boundary {x3 = 0} and the boundary condition on I's were

(3.26) Ue3 =0, —pdyu.+~yu.=0 onl,.

Remark 3.6. The critical size A € (0, +00) can be considered as the general one.
In fact, the cases A = 0, A = +00 can be obtained from this one, taking the limit in
(3.15) when A tends to zero and infinity, respectively.

Remark 3.7. Theorem 3.3 generalizes the result proved in [14] for a fluid with
fixed height. In [14] the critical size is . ~ 2% which agrees with the critical size in
the present paper . ~ 7“3/2/51/2 when € = 1. Moreover, the functions qASl and ¢ are
the same functions which appear in [14] to describe the behavior of the velocity and
the pressure near the rough boundary. We observe that in our case, the expression
(3.7) for A depends not only on the parameters d., r. which define ' but also on the
height € of €).. This is due to the fact that far from the rough boundary the behavior
of the fluid is different from the corresponding one in [14].

The following theorem (corrector result) provides approximations of u., Du,, and
pe in the strong topology of L2(£2.). The sets QF and Q_ are defined in (2.4).

THEOREM 3.8. We consider w a bounded domain of class C?. Let (uc,p:) €
HY(Q.)3 x L3(Q2%) be a solution of (3.1) and let @c, p- be defined by (3.6). Then, de-
pending on the value of A, the functions @' € H'(0,1; L?(w))?, w € H?(0,1; H~(w)),
and p € L(w) given by Theorem 3.3 satisfy the following:

(i)

(3.27)
limi | ue|?dz =0 liml ul — &%’ (x' —)’2+|u |?)dx =0
e=0ed Jo ' ° Toem0ed Jor\IF ’ =3 ’
1 1
(3.28) lim — Ipe|? dz = 0, lim — Ipe — p(2")|*dz = 0.

e—0 ¢ Q- e—0 ¢ Q:

(ii) If A =0 or 400, then we have

1
lim —/ |Du5|2dx =0,
Qe

(3.29) 2

2
Du, — 528y3ai(x’, %) e; Qes| dr=0.

i=1
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(iil) If A € (0 + o0), taking ggi, 1 = 1,2, as a solution of (3.13) and defining
U:wx (R2xRT) - R3 by

(3.30) (e, 2) = =A@ (@', 006! (2) + G2 (a’, 0)62(2))
for a.e. (2',2) € wx (R? x RT), then we have

1
Mn—g/m|Du4%M::Q
Qe

e—0 €
2
1 T3
lim — Du —ag ) ﬂ-(x' —) e; e
(3.31) =03 Jor ¢ . ys T T e ‘ 3
e =1
5 2
£2 ~ x
- D.u (8/, —) ds'| dx = 0.
re JCr @ e

Remark 3.9. If we assume that @’ belongs to H'(Q)?, then we can rewrite the
last limit in (3.31) as

2 3
1 - T3 €2 - T
lim — Du, — ¢ E Oy U (x’, —) ei®e3——TDuls, —
e—=0 ¢ Qj 9

i=1 ré Te
By Theorem 3.4, if fi does not depend on ys3, a sufficient condition to have @’ in
H'(Q)? is to assume f’ in H'(w)?. Indeed, in this case the Reynolds equation for p,
(3.20), shows that p is in H!(w), and then by (3.21) @’ is in H(Q)2.

dx = 0.

4. Existence of solution and a priori estimates. Our goal in this section is
the proof of Theorem 3.1. For this purpose we need some previous estimates which
are given by Lemma 4.1, Corollaries 4.2 and 4.3, and Proposition 4.4 below.

LEMMA 4.1. Let w be a domain of class C* (not necessarily bounded) of R? and
consider . defined by (2.3) where §. and - satisfy (2.1). Then there exist g > 0 and
C > 0 such that for every e € (0,e¢) and every p. in L} (), with Vp. € H™1(Q.)3,

there exist p2 € H} (w) (it does not depend on x3) and pt € L*(Q.) satisfying
(4.1) Pe = pg +p; in (2,

3
(4.2) 2| VP2l L2 (wyz + P2l 20y < ClIVPell-1(0.)5-

Proof. We divide the proof in two steps.
Step 1. Let us first consider the case w = R2. Using the change of variables
y = x /e, which transforms ). into

/
(4'3) Q. = {y = (y/,ya) ER?: _56\:[1 <7%_> <ys < 1}7

€

with 0. = 6./e, 7. = 7./e , we get that, in this case, Lemma 4.1 is equivalent to

showing that there exists C' > 0 such that for every p. € Lj (Qc) with Vp. €
H=1(.)3, there exist p? € H. .(R?) and p! € L?*(Q.) satisfying

pe=pl+p. inQ.,
(4.5) IVl L2@2y> + IPH 260y < CIVPell 163, ys-
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We will use the following notation:
We take e}, e, to be the vectors of the canonical basis in R2.

For every k' € Z? we define the sets Cs and Ch by
Cw = +2")x(0,1), Cw=I[K+32")xRNQ,,

the sets T};, T}, as the triangles in R? with vertices k', k' 4+ €|, k' + €5 and k', k' —
e, k' — e}, respectively, and the sets T,:C , Ty, by

TS5 =1TH xRNQ., T, =[T, xR NQ..

Note that the triangles T,;'C T, K e 72, provide a triangulation in R? whose vertexes
are pairs of integer numbers.

For p. € L} (), with Vp. € H~(€.)?, we define w, as the unique solution of
the Dirichlet problem

(4.6) —Aw, =Vp, in Q., w, € H&(QE).

Observe that this problem has a unique solution because, for € small, Q. is contained
in the set R? x (—M, 1) for some M > 0, and thus there exists a Poincaré constant
for €)., independent of €. Moreover, the sequence w, satisfies

(4.7) IVwell 2098 = 1VPell =165

Now, we define p! as the unique continuous function in R? such that for every
k' € 7%, p? is affine in the triangles T}, T},, and satisfies

(48) p%ﬂ=ézﬂ$w

We also take
pt=p- —pl.

Clearly, p? belongs to WllocOo (R?) ¢ H}(R?). Moreover, for every k' € Z?, we
have
(4.9)

2
19D e o = (2K + €1) = p2GK ) + 120K + ) = p2(K)I?)

/c /C Pe(s)ds—/ckl pe(s)ds 2

k’+e/2
In order to estimate the two integrals on the right-hand side of (4.9), let us use
Proposition 4.1 (ii) in [14] (see also [9], [17]) and definition (4.6) of w,, which prove
that there exists C' > 0 independent of ¢ such that

2
@m)/ %ifp”S
C C

K’

-

2
pe(s)ds — / p=(s)ds

kel Chr

+

dr < C||Vp. < C|\Vw€|\i2(ck/)3 VE €72

2
HH_l(Ck’)s

k!
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Using the Cauchy-Schwarz inequality, this also implies that for every A C Cys with
|A|] > 0, we have

b{lps(s) ds —]ék, pe(s)ds

(4.11) ) 1/2
C
S ]{4 pa(x) _ék/ pE(S) dS dx S |A|1/2 va<‘—"|‘L2(C‘k/)3’
and then, by (4.10),
2 c )
(4.12) / De —][V peds| dr < W"Vw€|‘i2(ék,)3 VACCy, |Al >0, VE € 72
Cr A

From (4.11) with A = Cp and A = Cjs4.;, which are contained in Cr, we can
estimate the first term on the right-hand side of (4.9) by

J.

<

pe(s)ds — /C p=(s)ds

K/

’ ’
k'+ey

J

< OVwell 2,0

pe(s)ds — | ps)ds

k/+c'1 Ck/

—l—']ék/ pe(s)ds — /Ck/ pe(s)ds

Using the same reasoning in the second term on the right-hand side of (4.9), we get
19820 ertys < ClIV0elpage, s VK €2
In the same way, we can also prove

19820 ez 2 < ClIVOel o,y VK €22

Using that every set Cj intersects at most 24 sets Cy, I' # k’, and (4.7), we deduce

JRZEZEDS ( | itk [ |Vp2|2dx')

(4.13) k'ez? K’ k
<C Z / |ng|2dx < C[ |ng|2dx — CHVp&”irl(Qe)s'
Qe

k'ez2” Cw

On the other hand, using that in each triangle T,:? pY is a convex combination of the
values (4.8) of p? on the vertexes of this triangle, and (4.12), we have for every k' € Z>
that

[ wtpae = [ ip st

K’ k!

S/ ps—][ De ds
Cyr c

k!
< OVwe 26, o

2

da:—l—/
C

2

dx+/
C

dx

2
De _][ Pe ds
C

Iiel
k +e2

DPe _][ pe ds
C

el
k +el

K/ K/
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Analogously, we have
/ Ipt|2da < C’||sz||L2 Gy
T
Thus, adding in k¥’ € Z2, we get

”p;HL% < CHVPEHQ 1(2.)3"

This inequality and (4.13) show (4.5).
Step 2. Let us now consider the case of a half-space w = (0,400) x R. Once the
corresponding result is proved, the general case will easily follow by using a system

of local charts.
We define

/
Q::{x:(x’,x3)€R2><R D =00 (x_) <CE3<<€}.

Te

For p. € L} (Q.), with Vp. in H~1(Q.)3, similarly as in [23], we define p} € L? (QF)
by

—3pe(—21, 2, 3) + 4pe(—2w1, 22, 33)  if 21 <O,

pe(x1, 2, x3) if z1 > 0.

p;($1,$2,$3) :{

Then it is easy to check that Vp? belongs to H~1(Q2)? and
VDIl 1022 < ClIVPelli-1(0.)2,

with C independent of pZ. So, by Step 1, there exist p>** € L*(Q}) and p>° € H .(R?)
such that

pt=p2+ptt inQ

e2(|Vp0 pameyz + P2 | 20z) < CUVPE 1008 < ClIVPell-102s-

The restrictions p? and p! of p*© and p*! to Q. satisfy (4.1) and (4.2). O

COROLLARY 4.2. Let w be a bounded domain of class C? of R? and consider Q.
defined by (2.3) where . and r. satisfy (2.1). Then there existeg > 0 and C > 0, such
that for every e € (0,2¢) and every p. € L3(Q:), we have

C
(4.14) [Pl Lz (0.) < ;HVPEHH—1(95)3'

Moreover, p. can be decomposed as p. = p® + pl, with p° € HY(w) (it does not depend
on the variable xz3), pt € L*(Q), and

(4.15) P2 #r ) < Ce™3 2| Vel -1, )2, P20 < CIVPellr-1(00)e-

Proof. By Lemma 4.1, given p. € L3(.), there exist p? € H} (w), pt € L*(Q.)
such that (4.1) and (4.2) hold, with C independent of €. Equality (4.1) shows in
particular that p? belongs to L?(w). Integrating (4.1) in Q. and using that p. has

null integral, we get
[ s [ praz=o,
Q. Q

=
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and thus

Vp?dw’ < Vpgdx’ —][ pldx| + ‘][ prdx

w w QE QE

][ (p? —][ p2d5’> da ][ pidx P’ —][ plds’
Qe w Qe w

The first term on the right-hand side of this inequality can be estimated by using the
Poincaré-Wirtinger inequality, which gives

P2 — ][ plds’
w

and therefore by (4.2) we get

V plda’
w

Taking into account this estimate in (4.16) and using again (4.2), we have then proved

1
—lpelrea)-

+ +—
2w 9|2

<c|

< ClIVPLl L2y,

(4.16) ‘
L?(w)

< Ce™®2||Vpe| gr-1(0.)8 + Ce V2| Vpel g-1(a0ys < Ce (| Vpe|| -1, )2

192 2wy < Ce™*2(|Vpe |l -1 (0.2,
which, combined with (4.2), proves (4.15).
To finish the proof it is enough to remark that (4.15) implies

1/2

Ipell 2.y < Ce2IRllr2w) + IpEllzzce.) < Ce™H[Vpella-1(0e- O

COROLLARY 4.3. Let w be a bounded domain of class C? of R? and consider Q.
defined by (2.3) where 0. and re satisfy (2.1). Then there existeg > 0 and C > 0, such
that for every € € (0,e0) and every p. € L3(Q.) there exists v. € Hg ()3 satisfying
divo. = p. in Q. and

C
(4.17) [vell 2 ()2 < ;HPEHL?(QE)-

Proof. Since €. is Lipschitz, it is well known that (using that V : L3(Q.) —
H=1(9Q.)? has closed range), given p. € L%(Qe), there exists v} € H}(Q:)? with
divv? = p. in Q.. This proves the existence of the (v.,q.) € HE ()3 x LE(Q:)
solution of the Stokes problem

—Av. +Vg. =0 in Q,
(4.18) divv. = p. in Q,,
ve =0 on 0€..

Showing that v, satisfies (4.17), we then get the result. For this purpose, we use v,
as a test function in (4.18), which, applying (4.14) to ¢, gives

HDUEHiz(QE)sxs :A L]EdiV’U5d$:/Q QePe da: S 0571|‘vq5”H—1(QE)3||p5HL2(QE)

= Cc ™| Ave || g-1(0.) [Pell 2200y < Ce™H[Dvel| 2033 Ipell 2.

and then (4.17). O
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PROPOSITION 4.4. Let w be a bounded domain of class C? of R? and consider
Q. defined by (2.3) where §. and r. satisfy (2.1). Then there exist e9 > 0 and C > 0,
such that for every e € (0,&0) and every w. € HY(2.) with we = 0 on w x {e}, we
have the following:

(i)

(4.19) [wellL2(0.) < CellOzswellL2(a.)-
(ii) The function we belongs to L5(Q.) and

(4.20) [wel[Lo(.) < ClIVwel|L2(a.)s-

Proof. Statement (i) easily follows using that
£
we(z) = —/ Opswe (2, t) dt, ae. z € Q..
x3

In order to prove (4.20), we extend w.(x) by zero for x3 > e. Then w. belongs
to HY(Q}), with

/
Q;:{xER?’: 2 € w, —5E\IJ<Z:—)<£U3<1};
1>

and thus the result follows from Proposition 4.1 (iii) in [14]. 0

Proof of Theorem 3.1. Taking into account that (). is Lipschitz and then that
C1(Q)? is dense in H'(Q)? and that Sobolev’s inequality holds, we have that every
function v € H(Q.)? satisfies

/(’U-V)U’dezl/ vV|U|2dx:/
Q. 2 Ja. X9)

and so, if v also satisfies vv = 0 on 9, divv = 0 in ., we get that

|U|2UVdO'—/ lv[2div v dz,

€ =

/ (v-V)vvdr =0.
Qe

This allows us to repeat the classical proof of the existence of solution for the Navier—
Stokes problem with homogeneous Dirichlet conditions (see, e.g., [21, Theorem 7.1,
Chapter 1], [24, Theorem 10.1]) to obtain the existence of solution for problem (3.1).
Using u. as a test function in (3.1) and taking into account that divu. = 0 in €. and
the boundary conditions imposed to u., we have

(4.21) u/ |Dus|2da:+1/ |u5|2da=/ feue dz,
Q. € Jr. Q.

where, thanks to the structure (3.2) of f. and estimate (4.19) applied to u., we can
estimate the right-hand side by

/ feue dx < C€%||DUE||L2(QE)3X3.
Q.

Thus, substituting in (4.21), we deduce the second estimate in (3.3) and then by (4.19)
the first one.
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Equation
_NAUE + Vpe + (us : v)us = fe in {2,

combined with the first and second assertions in (3.3) and |Juc| zsq.ys < Ce? (using
(4.20) and (3.3)) now proves that [|[Vp| g-1(q.)s < Ce%. Then, by Corollary 4.2, we
get the last estimate in (3.3) and that p. can be decomposed as p. = p? + pl, with p?
in H'(w) and p! in L?(€.) satisfying (3.4). a

5. Some compactness results. In this section we obtain some compactness
results about the behavior of a sequence (u., pe) satisfying the a priori estimates (3.3)
and (3.4) combined with the boundary conditions u. = 0 on w x {e}, usv = 0 on
00 \ (w x {e}), but where (u., p) is not necessarily the solution of any PDE.

LEMMA 5.1. Let ue be in H'(Q.)? with uc = 0 on w x {e}, ucv = 0 on 90 \
(w x {e}), and such that there exists a constant C' independent of € satisfying

(5.1) ][ |Duc|*dx < Ce?,
Q.

(5.2) ][ |div u.|*dz < Ce?.

€

). Then, for a subsequence of € still denoted by ¢,

Let us define i, € H'(Q.)® by (3.6
2 we HY0,1; H Y(w)), and & € L?(Y) such that

there exist @' € H'(0,1; L*(w))?,

(5.3) @'(1) =0 in L*(w), @(0)=w(1) =0 in H '(w),
divy @' + Oy, = 7 in H*(0,1; H *(w)),

(5.5) div,, /01 a'(y',t)dt = /01 7y, t)dt in L*(w),

(5.6) /01 Wy dty =0 in H- (0w),

(5.7) “? =0 in HY(Q)3,

(5.8) 1;—2 L (@,0) in HY(0,1; L2(w))?,

(5.9) aj — @ in HY(0,1; H Y (w)),

(5.10) Eizdivy,a; + 6—1367,311573 — 7 in L*(Q).

Moreover, if divu. = 0 in Q., then @ = 0, W is in H*(0,1; H 1 (w)), and convergence
(5.9) holds in H?(0,1; H=(w)).

Proof. Since u. vanishes on w X {e}, estimates (4.19) and (5.1) imply that u. also
satisfies

1
—/ luc|2dx < Ce*.

€

=
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This inequality combined with the change of variables (3.5) and inequalities (5.1) and
(5.2) imply that u. satisfies

(5.11) / i |2dy < Ce?, / <|v it |ay3a5|2> dy < O,
Qe Q

(5.12) /Q s E

Therefore, up to a subsequence, there exist @ € H'(0,1; L?(w))3, with @(1) = 0, and
7 € L?(2) such that

2
dy < Cet.

1
oy .
divy g + gays Ue,3

(5.13) Z—2 — 4 in HY(0,1; L*(w))?,

and (5.8), (5.10) hold. By (5.13), we also have that

1
(5.14) gdivy/ﬂ’a —divy @’ in HY0,1; H H(w)),

and then (5.10) implies that 0y, . 3/e* is bounded in L?*(0,1; H'(w)). Using then
that @. 3 = 0 on w x {1}, we deduce that 1. 3/¢* is bounded in H'(0,1; H~!(w)), and
therefore, up to a subsequence, there exists w € H'(0,1; H (w)), with @(1) = 0 in
H~1(w), such that (5.9) holds. By (5.13), we get that @3 = 0, which finishes the proof
of (5.8). From (5.9), (5.10), and (5.14), we also deduce (5.4).

Now, we consider € C°(w). Integrating by parts into Q. and taking into
account that uc.v = 0 on 92, we get

1 i
/?2 (E div, g + 50, 3) n(y')dy = —/~ E(y)Vy/n(y’)dy-

2
Q. €

Since (5.11) and (5.12) imply
~/

/ Zlday —o, /
Q\Q Q:\Q

we can write the previous equality as

N— az(y) '
; dlvy/u +2 3y3uss n(y)dy = — | 2 Vyn(y')dy + O..

Passing to the limit in this equality by means of (5.8) and (5.10), we get

// 7y, ys) dysn(y // (W', ys) dysVym(y') dy’,

which implies (5.5) and (5.6). Integrating (5.4) into (0, 1), we now deduce that w(0) =
0, which concludes the proof of (5.3).
Finally, if we assume that divu. = 0 in ., we have

1 1 ~
— divy (@ Is) + ?‘%3“&3

= dy — 0,

(5.15) ley/U + 8y3u€ 3 =0 in L3(),
which combined with (5.10) proves that 7 is the null function. Moreover (5.14) and

(5.15) imply that 9,7 3/ is bounded in H'(0,1; H (w)). Therefore convergence
(5.9) holds in fact in H?(0,1; H (w)), and so w is in H?(0,1; H }(w)). O
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The change of variables (3.5) does not provide the information we need about the
behavior of u. in the part of €. close to I'c. To solve this difficulty, we introduce an
adaptation of the unfolding method (see [4], [11], [13], [14], [18], and [20]), which is
strongly related to the two-scale convergence method (see [1], [22]). For this purpose,
given u. € H* ()3, uc = 0 on 99, \ I'¢, and assuming u. extended by zero to the
set A¢ given by (2.2), we define u. by

A
(5.16) Ue(2',2) = ue <r5/<; <x_) + raz’,r523> , ae. (2/,2) €eR? x Z,,
Te
with
= , O , €
Ze=3z€Z xR: ——U¥(Z) <23 < — 3.
Te Te

Remark 5.2. For k' € 7Z? the restriction of . to C’fs, x Z. does not depend on
2, whereas as a function of z it is obtained from u. by using the change of variables

o !
(517) z/ = w, 23 — ﬁ’

Te Te

which transforms Qfg into ZS. Therefore, the idea in the definition of the function .
is to realize a dilatation in order to study the behavior of u. at a very small distance
of I'.. In addition, we observe that the change of variables (5.17), with z’ fixed,
transforms T'. into the surface z3 = —d./r.¥(2’), which, thanks to the assumption
dc/r. converging to zero, almost agrees with the plane boundary z5 = 0.

We will use the following lemma, whose proof is elementary and thus omitted.

LEMMA 5.3. Let v. € L*(R?) be a sequence which converges weakly in L*(R?) to
a function v. We define v. € L*(R?) by

v (') :][C ( )va(n’)dn’, a.e. ¥’ € R?.

Then we have the following:

(i) The sequence v. converges weakly to v in L?(R?). Moreover, if the conver-
gence of ve is strong in L?(R?), then the convergence of v is also strong in
L?(R?).

(ii) For every 7' € R?, we have

V(' +re7") — v (2))

Te

—~ Vvt in HY(R?).

LEMMA 5.4. We consider a sequence u. € H'(Q.)? satisfying (5.1), u- = 0 on
wx {e}, uer =0 on 99, \ (w x {}). We define i € H'(Q.) by (3.6) and suppose
there exists @' € H'(0,1; L*(w))? such that (5.8) holds. We also assume that there
exists the limit A given by (3.7) and that X\ belongs to (0,+00]. Then we have the
following:

(i) If X = 400, then

(5.18) @' (2, 0) VU () =0, ae (2/,2)ewxZ.
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(ii) If A € (0,+0c0), then there exists u € L?(w;V3) with
(5.19) us(a’,2',0) = =AV¥()d'(2',0), a.e (2',2)ewxZ,
such that for every M > 0, the sequence u. defined by (5.16) satisfies
(5.20) %Dzaa —~D.u in L*(w x Q).
gzxrg
In addition, if divue. = 0 in ., then
(5.21) div,i =0 inwx @

Proof. We proceed in four steps.

Step 1. Let us obtain some estimates for the sequence «. defined by (5.16).

For M > 0, definition (5.16) of u. and (5.1) prove that for every € > 0 small
enough (depending on M), we have

(5.22)
R |D UE| dde_’fA Z / |Du€ 7’5 kl+z)7'523)|2d2
R2XQum keze? QM
S Z Ts/ |Du.|*dz < 7"5/ |Du,|? dz < Cr.e?
k'ez?

On the other hand, defining

(5.23)  w.(x) :][ ue(7',0)dr :][ ae(7',0)dr = / u (2, 2',0)dz’
Cr.(2') Cr (z') 4

a.e. ' € R?, using the inequality

(5.24) /[ |ﬂ5(x’,z)—a5(a:’)|2dz§0(1+M2)/ /A DL 2dz o
w M R2 M

and taking into account (5.22), we deduce that

~p N R
(5.25) U. = M is bounded in L2(w; H'(Qn)?) VM > 0.

e2ré
Thus, there exists & € Lz(w;Hl(C}M)3) for every M > 0, such that, up to a
subsequence,

(5.26) U. = tin L*(w; H' (Qu)®) VM >0,
and then
1 ~
(5.27) — D, — D.uin L*(w x Qu)*>*® VM > 0.
e2rd

By semicontinuity, inequality (5.22) proves

/ _ |D.AifPda’dz < C VM > 0.
wXQm
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Once we prove the Z’-periodicity of @ in 2’ (Step 2), the arbitrariness of M will then
imply that @ belongs to L?(w; V3).

If we assume that divu. = 0 in Q., then by definition (5.16) of @., we have
div, 7. = 0 in R2 x Qp, which combined with (5.27) proves (5.21).

Step 2. Let us prove that @ is Z’-periodic in the variable 2’.

We observe that by definition (5.16) of u., for every M > 0, we have

~ 1 . 1
Ug ($1+T53$27_§7227Z3 = Uge ,131,{132,5,2’2,2’3 )

a.e. (2/,22,23) € R? x (=1, 1) x (0, M), which implies

~ 1 ~ 1 Ue(w1 4 1e, 22) — U(2))
UE Tl +r€,x2,——,22,23 _UE T1,T2, 5,722,23 | = — 1 .
2 2 esp2
1>

Since uc(z',0)/e? is bounded in L?*(R?)3, we can apply Lemma 5.3 (ii) to deduce
that the right-hand side of the above equality tends to zero in H~!(R?). Therefore,
passing to the limit in the previous equation by (5.26) and taking into account the
arbitrariness of M, we get

~ 1 N 1 -1 1
U (x’, —5,22,,23) - (x’, 5,2’2,23) =0 ae. (2/,29,23) Ew X <7, 5) x R.

Analogously we can prove

~ 1 - 1 -1 1
u <x’,z1,—§,z3) - <x',21,§,z3) =0 ae. (2/,21,23) Ewx <7,§> x R.

These equalities prove the periodicity of u.

Step 3. Using the continuous embedding of H'(0,1; L?(w)) into L?(I") and Lemma
5.3 (i), we deduce from (5.8) that @./e? converges weakly to (@/(z’,0),0) in L?(w)3.
Thus, by (2.1) and (5.25), we get

ue (2, 2)

(5.28) — (@ (2',0),0) in L*(w; HY(Qwn))®> VM > 0.

£2

Step 4. Using the change of variables (5.17) in the equality u.v = 0 on I';, we get
(5.29)

J . ] . ] .
— V(" )ul <x’,z’,——5\IJ(z’)> — Ues <x’,z’,——5\IJ(z’)> =0, a.e. in R* x 7.

Te Te Te

Thanks to (5.22) and (5.29), we then have

~/w><Z’
0
] ]

Te Juxz' _T—iE\Il(z’)

1)
< C—E/ 0., |*dzda’ < Ce%6.,
Te JwxZ.

2

)
=V ()al(2,2,0) + 1. 3(2',2',0)| dz'da’

Te

2
dtdz'dx’

1)
T—EV\IJ(Z’)('?ZS@'E(;U', 2 ) + Oyt (27, 20 t)
g
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which implies

/w><Z’

_ / (évm(#)a;(x',r',m+a573(a;',7',0)) dr'

Te

1) ~ ~
r—EV\I/(z’)u;(a:’, 2',0) + e 3(2, 2, 0)
€

2
dr'dz' < Ce36..

Dividing by ®r., using definition (5.25) of [75, and taking into account that V¥
has null integral in Z’ and (2.1), we get

2

5€E% I uy (xlazlvo) 55 INTT! (o] ’ > o I
/ — VU () ————— —— [ VU()U(2',7,0)dr" + Uc3(2', 2',0)| dz’dz
wxXZ! ,,,,EE 3 Te) 7zt
< C% — 0,
Te

and then, by (5.26),

uL(z', 2, 0)

2

5.eh

(5.30) = Vu(s) — —T3(2/,2',0) in L2(w x Z').

ré

This convergence and (5.28) imply (5.18) and (5.19), depending on whether X is
infinite or finite. O

LEMMA 5.5. Let pl be in L*(S.) satisfying
(5.31) Pl (0 < Ce?,

and (assuming p. extended by zero to A.) let us define pL by

x/

(5.32) (2, 2) = pt (’I"EH (—) + 7‘525/,7‘52’3> . ae (2,2) € R? x Z..
T

€

Then there exists p* € L?(w x @) such that, up to a subsequence,

(5.33) LBt~ p in L2 (wx Qu) VM >0.

E2

Proof. For every M > 0, using the definition of p! and (5.31), we deduce that for
every ¢ > 0 small enough (depending on M), we have

[ g B e/ de = S I+ e

X QM k' €72
(5.34) ) 1 3
€
<13 [ para= [ ppar< ot
Te ez ) Q. Te Ja. Te

and then there exists P! : w x @ — R such that (5.33) holds. By semicontinuity,
(5.34) proves

/ _|p'PPda’dz < C VM >0,
wXQm

which shows that p' belongs to L?(w x Q) O
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6. Obtaining the limit system and the corrector result. In this last sec-
tion we use the results of the previous sections to prove Theorems 3.3, 3.4, and 3.8
describing the asymptotic behavior of the solution (u., p.) of the Navier—Stokes system
(3.1).

Proof of Theorem 3.3. From (3.3) and divu, = 0 in ., Lemma 5.1 assures, up
to a subsequence, the existence of @' € H'(0,1; L?(w))? and w € H?(0,1; H *(w))
satlbfymg (3 8) and the two last lines in (3. 10) Moreover, using the decomposition
pe = p2 + p! given by Theorem 3.1, defining ! € L?(9.) by

Pr(y) = iy eys), ae. ye Q.

and taking into account (3.4), we deduce that, up to a subsequence, we have that
there exist p € H!(w), which has null mean value in w (since p. has null mean value
in Q.), and p; € L*(Q), such that

1
(6.1) pl=p i H'w),  —p—pt in LA(Q),

and as consequence

_ L. 1, . a1 . _
(6.2) Pe — P in LQ(Q) g3y3ps — 8y3p1 in L2(w;H 1(O, 1)),

which in particular implies the first assertion in (3.9).
On the other hand, we remark that (u.,p.) satisfies the variational equation

,u/ Du. : Dy, dx —|—/ Vr/pgcp’s dx —/ p;divcps dx —|—/ (ue - V)uepe dz
Qe Qe Q. Qe

(6'3) +1/us‘psd‘7:/ fetpe dx
€ Jr. Q.

Y. € H' ()2, p.v=00nT., p. =0 on 90, \ T..

The proof of Theorem 3.3 will be carried out using suitable test functions ¢, in (6.3).
Step 1. For p3 € CH(), we define p. € H*(92.)3 by

- X
¢.(x) =0, %3——503(' ;’) Yz € Q..

Then (6.3) gives

g/ﬂ Vot 5(2)V 0 5 (x ) da +—/ Oy t1c,3(2)0ys 35 (4, )da:

1 1 - T
) pi(f)ayz‘PB ( ) dr + = /“EVUE,B(@@&B (95/7 —3) dx
€ Ja. Q. €

1 .
= —/ fers (a:', E) P3 (a:', @) dz.
€ Ja. £ €
Holder’s inequality, (3.3), (4.20), and [|P¢ 3(|z=(q) < C imply

10
3

(6.4) <1913 [Jue || oo | Ducll 120 ysxs [ 9e 3| Lo sy < Ce

/(uEVuEB)@EB dx
Q

€
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Thus, using the change of variables (3.5) and taking into account that supp(@s) is
contained in 2, we get

~1

p [ VsV e+ k5 [ 0,000 000 dy — [ 00,200 dy

=/Qf3(y)¢3(y)dy+05.

Passing to the limit in this inequality, thanks to (3.8) and (6.1), we deduce
8y3ﬁ1 = f3 in Q,

which combined with (6.2) proves the second assertion in (3.9).

Step 2. Case X\ € (0,+00). This is the most difficult case and will be developed
in more details. First, we remark that thanks to (3.3), divu. = 0in Q., and (3.4), we
can apply Lemmas 5.4 and 5.5 to deduce the existence of a function u € L?(w;V?),
which satisfies (5.19) and (5.21), and a function p' € L?(w x @) such that defining u.
and p! by (5.16) and (5.32), respectively, convergences (5.20) and (5.33) hold, up to
a subsequence. R

For ¢' € Cl(w x (=1,1))%, ¢ € C}(w; C'ﬁl(Q))3 such that

D,p(2',2) =0 a.e. in {235 > M} for some constant M > 0,
(6.5) ¢ W.ys) =¢'(y,0) ifys <0,  B(a',2',23) = B(2',2',0) if 23 <0,
,\v\p(z’)@’(y” O) + @3(?/7 Z/v O) =0,

and ¢ € C*(R) satisfying

. 1 ) 2
(6.6) C(s):11f8<§, C(S)=01f8>§,
we define p. € H*(Q:)? by

1. T3 0 x ($3)
/ _ / ! il _E S ! el o
ws(x)—gw(w,g)ﬂL/\graw(w,ra)c =)

0 ~ ( , 333) 2 L, x ' x3
= — —) - — | VU | — —.
#e(@) er. U2 <x ’ r€> ¢ ( € Aer? A\ Te ¢ Te
Thanks to @'(z) and $(2’, z) equaling zero for z’ outside a compact subset of w and
(6.5), the sequence @, satisfies that

we =00n 00 \T:, @er=0o0nT..

Thus, we can take such ¢, in (6.3). The problem is to pass to the limit in the different
terms which appear in (6.3). Before, we remark that since D,p = 0 a.e in {z3 > M}
and (6.6), we have

(67 pel@) == (¢ (+.2),0) 40 mOL,

i

2
1 - ; I3 (55 —~
(6.8) Dpe(z) = = ;8%% (x , ?) e; ®es+ o2 D.p <9€ )

) + he(z) in Q,

€ & Te
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with g. € C%(Q.)3, he € C°(Q.)?*? satisfying (thanks to (2.1) and A € (0,00))

52 g
2 £ £
(6.9) 6/€|gs| da:§0<g+£> _o..
52
(6.10) 52/ |g:*dz < C= = O,
T Te
A - B L |
11 3 € 2 < 3 = = £ — = €
(6.11) s/ﬂe|h|da:_05 <€r§+83r§+82@+8) 0

e First term in (6.3). Thanks to (3.3), (6.8), and (6.11), we easily have

u/ Dug(z) : Do.(z) dz = o Dyl (2)Dy, @ (x', %) dx
Q.
)

5_2 Q+

(6.12 5 :
: D D5 (', L) da +O..
Ner? Jos ue () cp<x,r6 x4+ O.

For the first term on the right-hand side of this equality, we use the change of variables
(3.5) and (3.8), which gives

1 1
= / Oy til ()0, & (xﬁ) do = = / By 110y, @ dy = / By 110y, @ dy + O..
ot € et Ja Q

Analogously, using the change of variables (5.17), the assumptions on the support of
D.p and (5.20), we get

b} b.e2 m
52/ Dug(x):Dz@Gv’,E) dz = 55;/ D, |2 ) . D.gdddz
Aer? Jar Te A2 JwuxQu e3r?

= D.u: D,pdx'dz + O,.

wxQ
Therefore, (6.12) can be written as
(6.13)
u/ Dug(z) : Dpe(x) dw = u/ Dy W' Oy, @' dy + u/ D u:D.pdx'dz+ Oe.
Q. Q wx@

e Second term in (6.3). Thanks to (3.4), (6.7), (6.9), (3.5), and (6.1) we get
(6.14)

1
[ Vertasite) e =2 [ Cua)e (¢, 2) dos0.= [ 9yis)¢ ) dy+O-
Q. € Jaof € Q

e Third term in (6.3). Using (3.4), (6.8), (6.11), the change of variables (5.17),
and (5.33), we obtain

X

1)
1 . . € 1 3 -~ /
/ pe(x) divpe () do = p /+ pe(z)div, @ (a: ,

€

)da:—l—Os

€ rE

(6.15)

1
6€£% e 1\ 4. o~ g o~
= R —pe | div,pda'dz + O, = _pdiv.pda’dz + O,.
WX QM wXQ
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e Fourth term in (6.3). Using (3.3), (4.20), and |[¢c||p~ (.3 < C/e, we get

(6.16) / (ue - V)uep: dz = O..
o Fifth term in (6.3). Thanks to u.(z’,¢) = 0 in w and (3.3), we have that
/ lue|2do < Ca/ | Du,|*dx < Ce*.
r. Q.

So, taking into account (6.7), (6.10), and ¢'(y) = ¢'(y’,0) a.e. in y3 < 0, we have

/ 52 /
1/ Uspedo = 12 ul <x’,—55\IJ <$—)> tﬁ’(x’,())\/l + -5 V¥ <a:_)
e Jr. g2 J, Te 72 Te

/
= ul <x’, —6:.U <$—)> ¢'(z',0)dz’ + O.

e? J, Te

2
dz’ + O,

However, integrating in the xg variable, we have
x/

(6.17) / Ue <x', —5.0 (—)) — u.(2',0)
w Te

and so, using that u.(z’,0) = @.(2',0) in w and (3.8), we get

2 gl - ~ . ~
018) 2 [ upudo =2 [ 30,005 0)df +0.= [ 7/ 02, 0)dy'+ O

w

2
dr' < C(SE/ |Du, |2de < CO.€3,
Qe

€

€
e Sixth term in (6.3). Thanks to (6.7), (6.9), and the change of variables (3.5),
we get

_1 Y / E / / ﬁ _/ Y
(6.19) /Q Fo(2)pe () dz = E/ij (x - )@5 (x . ) do+0-= | J'gldy+O-
From (6.13)-(6.19) we then deduce that @, p, 4, and p! satisfy
(6.20)
n [ 20, 0,8 )y | /@Dzaw, )2 D3 ) dede'+ | V() ) dy

- / / (', 2) div.@(a’, z) deda’ + / @ §do = / F )@ () dy
wlJ r Q

for every ¢’ € Cl(w x (-1,1))?, ¢ € Cg(w;Cﬁl(Q))?’ such that (6.5) is satisfied.
By density, this equality holds true for every ¢’ € H'(0,1; L?(w))?, and every § €
L?(w; V)3 such that

P'(2',1) =0, aed’ ew, AVU(Z)G (2/,0)+ p3(2’,2,0) =0, a.e.(z',2) e wx Z'.

Let us now obtain a problem for %’ and p eliminating % and p! in (6.20). For this
purpose, taking ¢’ = 0 in (6.20), we deduce that (@, p') is a solution of

—pA U+ V.pl =0 in R? x RT,

div,i =0 in R? x Rt

(6.21) @7") € V* x I2(0),

a3(2',2,0) = = AV ()@ (2',0) on R? x {0},
d.,u' =0 on R? x {0},
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a.e. 7' in w. Defining (51, q%), i =1,2, by (3.13), we deduce by linearity and unique-
ness that
(6.22)

Dz, 2) = —A (111(33’, 0)D. 4 (2) + @z (a’, O)DZZs?(z)) , ae. in R? x R,
p' (2, z) = A (@ (2,0)7" (2) + Gi2(2',0)3°(2)), ae. in R? x RT,
Now, taking in (6.20), ¢’ € H'(0,1; L?*(w))?, ¢'(2/,1) =0, a.e. 2’ € w, choosing $ as
Bla',2) = ~M&1(2', 000 (2) + Ga(', 008 (2)),

and using (6.22), we get

" / By, By, @ dy + / Y, p @dy + X / Ril (4, 0)@ (4/, 0)dy/
Q Q w

b [wgde = [ Fola,
r Q

with R € R?*?2 defined by (3.14). By the arbitrariness of ¢’ we then deduce that @',
w, and p are a solution of (3.10) and (3.15).

Step 3. Case A = 0. As in the previous step, we consider @' € C}(w x (—1,1))?,
with @'(y) = ¢'(v,0) if y3 < 0. Then, for ( € C*°(R) satisfying (6.6), we define
p- € H'(Q2:)* by

(6.23)

o) =20 (4 2), ) =2 (2) g ove (Z).

ETe e Te

For every € > 0, the function ¢, satisfies . = 0 on 9Q. \T'c, . =0 on . So, we
can choose such ¢, in (6.3). Taking into account that, thanks to A = 0, we have

lim [ &3
e—0 Q.

. 2 .
511_1)1% (6/95 |oe3(2)] dx) =0,

and (3.8), (6.1), it is simple to pass to the limit in (6.3) to deduce that @', p satisfy

2

2
Do.(z) — Za%cﬁi (x’, %) e;®es| dr | =0,
=1

(6.24) i /Q By, Dy, @y + /Q V5 @y + / W do — /Q F'ldy
N

for every ¢’ as above, which implies that @', @, p satisfy (3.10) and (3.16).

Step 4. Case A = +o00. We now consider ¢’ € C°(w x (—1,1))?, with ¢'(y) =
@' (y',0) if y3 < 0 and satisfying the boundary condition ¢’ € W+ on T, i.e.,
(6.25) &'y, 00V¥ (") =0, ae. (v,2)ewxZ.

Observe that this choice of ¢’ implies that . defined by

1 - I3
gols(x) = g@l (xlv ?) ) @6,3('1:) = 07
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satisfies . = 0 on 990 \ T'c, pev = 0 on I'.. Taking such ¢, in (6.3) and reasoning
as above, we can pass to the limit to deduce that (6.24) holds for such ¢’. When
the dimension of the space W defined by (3.11) is zero or two, it is clear, reasoning
by density, that this implies that @', @, p are a solution of (3.10) and (3.12). When
the dimension of W is one, we can reason as follows. We consider a unitary vector
¢' € R? generating W. Then, for every ¢' € C°(w x (—1,1))?, with &'(y) = &'(y/,0)
if y3 < 0, the function ¢’ € C°(w x (—1,1))? defined by

¢'(y) =¢'(y) — (P, 08¢ Vyewx (-11)

satisfies ¢/ (y) = ¢/ (3, 0) if y3 < 0 and the boundary condition ¢’ € VVf on I'. By the
above proved results, this shows that (6.24) holds for ¢’ replaced by ¢, which taking
into account the definition of ¢’ gives

p [ w0yt [ V5@ - (& W 000
(6.26) “ @

+1 /F 7§ — (F€)¢)do = /Q F(& — (@ 0)6))dy.

By density, this equality holds true for every @' € H'(Q)?2, with @’ = 0 on 9Q \ T
In the particular case where @’ € W+ on I, we have that $(y’,0)¢é = 0 in w, and
then (6.26) proves that (6.24) holds for such ¢'; i.e., @, @, p are a solution of (3.10)
and (3.12). O

Proof of Theorem 3.4. To simplify the exposition let us consider only the case
A € (0,+00). The other cases are obtained by proceeding similarly.

Integrating once with respect to y3 the homogenized system (3.10), taking into
account that both p and f’ do not depend on the variable y3, and using the boundary
condition (3.15) on I', we get

(6.27)  —udy, @' (y) = (f'(y) = Vyd(y))ys — (v] + NR) @ (y,0), ae. ye

Integrating again (6.27) with respect to y3, we have

—~

- 1 = . -
—pit'(y) = 5(F'0) = Vy b))y — (v + N R) @' (y',0) ys + C,
a.e. y € Q, which for y3 = 0 gives that u(y’,0) = —%, and so we have
V) = ZEF ) — B R — X
(6.28) w'(y) = o (F'(y) = Vyb(y))ys . I+ uI +2 R)ys)C.

Now, using that @'(y’,1) = 0, a.e. in w, we get

c=-t((1+2)r+2r h (f'(y") = Vyb(y)
2 [ [ Y '
Substituting this expression into (6.28), we then get

@'(y) = — (f' (') — Vyb(y)) 3

. (z N (%z ; %R) y> ((1 ' g) I+ %R) (&) - Vi)

~ o) <y31 ; (<1 i %) I+ %R>> (Vb)) - F' ),
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a.e. y € {1, which agrees with (3.21).

Substituting (3.21) into the second equation in (3.10) and integrating in (0,1)
with respect to y3, we deduce that p satisfies the Reynolds equation which appears in
(3.20). The boundary condition for p in (3.20) just follows using in (see (3.10))

1
/ @' (y)dysy =0 on dw
0

the expression of @ given by (3.21). Finally, expression (3.19) of & is a simple conse-
quence of the second equation in (3.10) and w(y’,0) =0 in w. O

It remains to prove Theorem 3.8; we will use the following lemma.

LEMMA 6.1. For . € HY(Q.)3, p.v =0 on ., . = 0 on 00 \ T, and such
that there exists C' > 0 satisfying

(6.29) ][ |Dpc|?dx < Ce?, ][ |div p.|?dr < Ce* Ve >0,
QE Qs

we define ¢, € Hl(QE)3 by @=(y) = ¢ (v’ ey3) a.e. y € Q. Assuming that there exist
¢’ € HY(0,1; L*(w))?, p € H(0,1; H Y(w)), and £ € L*(Q) satisfying

#'(1) =0 in L*(w), p(0)=p(1) =0 in H™(w),

(6.30) A
divy @ +0,,p = € in L*(0,1; H*(w)),
such that
% — 0 in HY(Q)?, % —(,0) in HY(0,1; L2(w))?,
6.31 P23 L i HY(0,1; H-!
(6:31) =S i HY(0, 1 (),

| 1 - - _
gdlvy/g@; + 53%@5,3 — ¢ in L*(0,1; H Y(w)),
we then have that, defining @' € H*(0,1; L*(w))?, p € HY(Q) by Theorem 3.3, the

solution (ue,pe) of (3.1) satisfies the following:
(i) If A= 0,400,

. 1 1 . Y
il—{% <5_3/Q DuE:DgoEd;zc—E—g/Q padlwpgdac—i—5—4/F uagoada)
:u/ 3y3ﬂ’8y3cﬁ'dy—/ﬁ div, ¢ dy—l—'y/ﬁ'@' do.
Q Q r

(ii) If A € (0, +00),

1
lim (%/ Du, : Do, dz — —3/ pe div e dz + 14/ Ue Pe dcr)
e—=0 \ € Q. & Q € Iy

€ €

=1 / Dy 0y @' dy — / p divy @ dy + N\ / Ri/'¢' do + / '@ do.
Q Q r r

(6.32)

(6.33)

Proof. Taking ¢. /€3 as a test function in (3.1), we have

1
%/ DuE:Dcpsdx——B/ De div ¢ dx
g Q. g Q.

1
£

(6.34) .
(ue - V)ue o dx + 14 / Uepe do = — / fepe da.
€ Jre € Ja.

€
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The third term of this equality can be estimated by (3.3), (6.29), and (4.20) applied
to u. and ., which proves

1

= (ue - V)ue pe dx = O,

€

while the last term can be estimated by using the change of variables (3.5), (6.29),
and (6.31), which easily gives

1 =P -
—/ fsgosdx:/ f*"—dy=/f’ea’dy+os.
€3 Q. Q. g2 Q

So, (6.34) can be written as
o . 1 . Y _ 71

(6.35) = Due : D dr— — pe divpe do+ — Uepe do = | '@ dy+O..
€ QE € Qs € FE Q

Using now ¢ as a test function in (3.10) and (3.12), (3.15), (3.16) depending on the
value of A (for A = +o0, note that (6.29) and Lemma 5.4 imply ¢ € W= on I'), we
then deduce (6.32) and (6.33) from (6.35). 0

Proof of Theorem 3.8. We divide the proof into four steps.

Step 1. We assume A = 0, +00; let us prove (3.29).

Thanks to Theorem 3.3 we can take . = u. in Lemma 6.1. Using that divu, =0
in Q. and problem (3.10) plus (3.12) or (3.16) depending on the value of A, we deduce

. 1Y Y ~ ~
61% (g /QE |Du€|2dx + 5—4 AE |u€|2d0'> = M/Q |ay3u/|2dy—|—"/‘/r‘ |ul|2d0',
which, using on the left-hand side the change of variables (3.5), can be written as
P\ |2 i\ |2 AL
. € € £
= (% ( o (E)] + o (5) ) e f d“)
|

= [ 10y Py [ [iPdo
Q T

Thanks to (3.8), this proves (3.29).
Step 2. We assume X € (0, +00); let us prove that

B. = %/ | Du. [2da
[ Q-

wl=| ol
T
I
=
)
ISg
<)
/N
%\
o8
~——
s
%\

2 :
1% - T3 9
+ = Du, — ¢ E Dy, (2, =) e; @ e3 — —
+
€ Jaf i=1 € re

A
4

+ lu. — e*(@'(2',0),0)*do

e

tends to zero, which in particular will imply (3.31). Developing the expression of E.,
we have
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(6.36)

Es:8 /Q |Du.| da:—l——/ luc|?do + = / ’8% ’(’,%)’de

+ ﬁ ][ D.u <s', £) ds'| dx — / Dpgul Oy, 1’ ( S xB) x
Q+ e (z!) TE
2 ~
- 3/1 / ][ :D,u <s’, £> ds'dz
gzrg < (') Te
2 ~
+ / Oy, ' (a:’, @)][ 9,0 <s’, £> ds'dx
5%7155 QE € 07‘5(m’) TE
SO @ 0do+ [ i, 0)2de
82 c B . B .

Let us pass to the limit in the different terms of this expression.
o First and second terms. They can be estimated taking ¢, = u. in (6.33), which

gives
E—/g /QE |Du.|*dz + 614 /FE lu.|*do
= “/Q |0y, [2dy +/F (v|@'|* + N*R'@’) do + O..
e Third term. We use the change of variables (3.5), which gives

17 - I3 2 ~712
o O [y N

e Fourth term. Using the change of variables (5.17), (6.22) and definition (3.14)
of R, we get
dzdz’

2 2
ﬂ/ D.u (s', £) ds'| dx = u/ / D.u(s',z)ds
Te Jof Vo, . Te w @TL Ce(z")

:ﬂ/ [|Dza|2dzdx’+os :)\Z/Rﬂ’ﬂ’dcr+05.
wJQ r

o Fifth term. The change of variables (3.5) together with (3.8) proves

2,U ~ X3 I ~ )
-3 /Q+ Oryug Oy, U (x’, ?) dr = —2,u/98y3 <6—§) Byl dy = _QH/Q |3y3ul|2dy—|—05.

o Sizth term. We use the change of variables (5.17), statements (5.20), (6.22),
and definition (3.14) of R, which gives

827‘ / ][ re(z’)

= —2M/[|Dza|2dzds’+os = —2)\2/Rﬂ’a’da+05.
wJQ r

. D.G <s’, 3) ds'de — —2u/ DI : D.iidzds'
Te wJQ e
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o Seventh term. We consider s, > 0 such that

(6.37) lim — =0, lim — = +o0.

Then we remark that the change of variables (3.5) gives

1 2
(6.38) g/ ‘ayga’ (;v', ﬁ)‘ dz :/ 10y, dy = O,
{0<m3<s.} € {o<ys< =}

while the change of variables (5.17) and the Cauchy—Schwarz inequality prove
2
][ 0., (8/, E) ds'
Crea) Te
(6.39) =r? Z / /TE ][k 0.,0' (s, z)ds
(R L
< / / / 0,0 (s', 2)|2dz3dz'ds’ = O..

k' €z2
From (6.38) and (6.39), we get

2 N T3 N T
1,ul Dy, ' (x’, —) 0,0 | s, — ) ds'dx = O..
ezr2 Je € Cr_(ar Te

o Eighth term. Using

1

Te {se<z3}

dx

2
dzsdz’

lue — ue(2',0)|?dz = O,
I'e

and (3.8), we have

~/
—= | uli/'(2',0)do = —2v % ' do+ O, = —2’7/ @' |*do + O..
r r

e

e Ninth term. We have
5 |11’(x’,0)|2da:~y/ i’ [2do + O...
I I

The estimates obtained for the different terms on the right-hand side of (6.36)
prove that E. tends to zero and then (3.31).

Step 3. Let us now prove that (3.28) holds.

By Corollary 4.3 and (3.3), for every £ > 0 there exists ¢. € H}(Q.)? satisfying

. . C
(6.40) divg, = p. in Q, HQSEHH(%(QE)L% < % Ve > 0.

Applying Lemma 5.1 to the sequence . = £%¢, and taking into account (3.9) and that
¢ = 0 on I, we deduce that, up to a subsequence, there exist ¢/ € H'(0,1; L*(w))?
and ¢ € H(0,1; H (w)) satisfying

¢'(0)=¢'(1) = 0in L*(w), $(0)=4(1)=0in H ' (w),

(6.41) 3
divy ¢’ + 9y, = p in H*(0,1; H (w)),
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such that defining ¢. € H}(Q.)? by

be(y) = (¥ cy3), ae. y€ Qe

we have

ep. = 0in HY(Q)3, ¢ — (¢/,0) in H'(0,1; L*(w))?,
(6.42) be s R ~ 1 .
77 — 4 in HY(0,1; H ' (w)), divy oL + gaygeﬁa,g — pin L*(Q).

Applying (6.32), (6.33) to the sequence . = 2¢. and using ¢ =0onT and (6.40),

we have
1
lim (ﬁ/ Du, : D¢, da — —/ Ipslzdx)
e=0\ € Jo, € Ja.

(6.43)
=u / Dy W Dyy @ dy — / pdivyd' dy VA € [0, +o0).
Q Q

Since p does not depend on ys, we deduce from (6.41) that
/ ﬁaye,i; dy =0,
Q
and then by (6.41), the last term in (6.43) can be written as
(6.44) [ pivydray = [ 1 dy.
Q w

Now, we reason depending on the value of A.
If A =0 or +o00, we use that (3.29), (6.40), and (6.42) imply

1
lim —
e—0 ¢

/ Du. : D¢, da = / By, W' By, ¢ dy,
Q. Q
and thus, by (6.43), (6.44), we have

1
(6.45) i > [ o dy = [ (5’
Q. w

e—0 ¢

Using the change of variables (3.5) and that p. converges weakly to p in L?(2), this
easily proves (3.28).
If A € (0,+00), we apply Lemma 5.4 to £2¢. at the place of u., which combined

with d;’ = 0 on I" proves, up to a subsequence, the existence of QAS € L?(Q;V3), with

o~ ~

(6.46) d3(x',2',0) = =AVI ()¢ (2/,0) =0, a.e. (2,2') ewxZ,

such that the sequence ¢, € L (w; HY (w x 25))3 defined by

/
b (2, 2) = ¢ (rsn(x—) + 7’525/,7‘523) , ae. (2/,2) ewx Z,

Te

satisfies

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/23/16 to 150.214.182.169. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

1672 J. CASADO-DIAZ, M. LUNA-LAYNEZ, AND F. J. SUAREZ-GRAU

1
(6.47) S D.d. — D.pin LAw x Qu)® VM > 0.

e

Using (3.31), (6.40), the changes of variables (3.5), (5.17), and the convergences
(6.42), (6.47), we deduce

N[

g

1 - ~
- / Du, : Do, dx = / Oy, 0 Dy, O dy + / D.u: D,¢. dx’'dz + O,
e Q. O wxé

£
r

<
RIS

:/ayga’ & dy + D.i: D,ddx'dz + O..
Q wX@

Therefore, (6.43), (6.44) give
e—0¢

1 ~
(6.48) lim — Ipe|?dx = / |p|*dx’ + u/ _D.u:D.pdx'dz.
Q. w wXQ

On the other hand, using the change of variables (5.17), and taking into account
(6.40), (3.3), we have

L.

and thus by (6.47) we deduce

2
1

ez ..~ .

—div.¢.| dzda’ = / |dive. [2de < Ce?,
r€2 Qe

(6.49) div.dg =0 inwx Q.

By (6.46) and (6.49), we can take ¢ as a test function in (6.21) to obtain
/ D.u: D.¢dx'dz = 0.
wx@

Therefore (6.48) proves that (6.45) also holds in the case A € (0, +00), which allows
us to conclude (3.28) as above.
Step 4. In order to finish the proof of Theorem 3.8, it remains to show (3.27).
We consider a sequence s. > 0 satisfying (6.37). Using that u. and @’ vanish on
w x {e} and w x {1}, respectively, and taking into account (3.3), (3.29), (3.31) and,
in the case A € (0,400), (6.39), we easily get
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1 1 2
—5/ |u€|2dx + —5/ (|u€)3|2 + u'E — 2y (x/7 E)‘ ) dz
g o g Q;F g
2 2 2
<= |u€|2dx+—/ @ (x',ﬁ)’ dx
€ Q.N{z3<sc} € QN{z3<sc} €
1 2
+ = (|u€,3|2 + |ul — %’ (x’, E)‘ ) dx
g {$3>Ss} g
2 Se 5
< —5/ / / Opgue (', t)dt
€ JuJ o) [ as
2 Se € t
— Oyst' (', = ) dt
5L ()
1 € g
+ = / / / Dpyue z(x’ t)dt
€ w Jse x3
€ t
/ (awsuls(x',t) — &0y, U’ (x', —>) dt
xr3 ) €

2 0, 2
< M/ |8w3u€|2dx+ﬁ/ 10,10 |2dy
Q. 0

g €

2
dxsdy’

2
dxsdy’

2

2

+ dxsdx’

1
+ =3 <|3z3u5,3|2 +
€% Jaz>s:}

_ z3\ |2
Opgul — €0y, U’ (a:', ?)‘ > dz = Oe.

This proves (3.27). O
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