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LARGE DEVIATIONS FOR A MEAN FIELD MODEL OF SYSTEMIC
RISK

JOSSELIN GARNIER*, GEORGE PAPANICOLAOU?, AND TZU-WEI YANG?

Abstract. We consider a system of diffusion processes that interact through their empirical
mean and have a stabilizing force acting on each of them, corresponding to a bistable potential.
There are three parameters that characterize the system: the strength of the intrinsic stabilization,
the strength of the external random perturbations, and the degree of cooperation or interaction
between them. The latter is the rate of mean reversion of each component to the empirical mean of
the system. We interpret this model in the context of systemic risk and analyze in detail the effect of
cooperation between the components, that is, the rate of mean reversion. We show that in a certain
regime of parameters increasing cooperation tends to increase the stability of the individual agents
but it also increases the overall or systemic risk. We use the theory of large deviations of diffusions
interacting through their mean field.
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1. Introduction. Systemic risk is the risk that in an interconnected system of
agents that can fail individually, a large number of them fails simultaneously or nearly
s0, leading to the overall failure of the system. It is a property of the interconnected
system as a whole, and not only of the individual components, in the sense that
assessment of the risk of individual failure alone cannot provide an assessment of the
systemic risk. The interconnectivity of the agents, its form and evolution, play an
essential role in systemic risk assessment [6].

In this paper we consider a simple model of interacting agents for which systemic
risk can be assessed analytically in some interesting cases. Each agent can be in
one of two states, a normal and a failed one, and it can undergo transitions between
them. We assume that the dynamic evolution of each agent has the following features.
First, there is an intrinsic stabilization mechanism that tends to keep the agents near
the normal state. Second, there are external destabilizing forces that tend to push
away from the normal state and are modeled by stochastic processes. Third, there
is cooperation among the agents that acts as individual stabilizer by diversification.
This means that in such a system we expect that there is a decrease in the risk of
destabilization or ”failure” for each agent because of the cooperation or diversification.
What is less obvious is the effect of cooperation on the overall or system’s risk, which
can be defined in a precise way for the model considered here. We show in this
paper that for the models under consideration and in a certain regime of parameters,
the systemic risk increases with increasing cooperation. The aim of this paper is to
analyze this tradeoff between individual risk and systemic risk for a class of interacting
systems subject to failure.

Perhaps a simple mathematical model of interacting agents having the features we
want is a system of stochastic differential equations with mean-field interaction. Let
x(t) be the state of risk of agent or component j, taking real values. For j =1,..., N,
the z;(t)’s are modeled as continuous-time stochastic processes satisfying the system
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of Ito stochastic differential equations:
d,Tj (t) = —hU(,Tj (t))dt + 9(@(15) — Ty (f))dt + adwj (f), (11)

with given initial conditions. Here —hU(y) = —hV’'(y) is the restoring force, V is
a potential which we assume has two stable states, and {w;(t)}_, are independent,
standard Brownian motions. The parameter h controls the level of intrinsic stabi-
lization and o is the strength of the destabilizing random forces. The interaction
or cooperation is the mean reversion term with rate of mean reversion # and with
Z(t) == & Efil x;(t) denoting the empirical mean of the processes, that is, the em-
pirical mean of the individual risks. For 6 > 0 the individual risk processes tend to
mean-revert to their empirical mean, which is a simple but non-trivial form of co-
operation. We take the empirical mean Z(¢) to be a measure of the systemic risk.
The bi-stable-state structure of V(y) determines the normal and failed states of the
agents. We will assume in this paper that U(y) = y®—y, so that V(y) = 24" — 1¢y°+¢
and we take ¢ = 0 since it is inessential. The two stable states are then +1 and we
let —1 be the normal state and +1 to be the failed state. The potential V (y) ensures
that each risk variable z;(t) stays around —1 (normal) or +1 (failed). The evolution
of the system is characterized by the initial conditions, the three parameters (h, 6, o)
and by the system size N.

We have chosen a mean-field interaction because it is a simple form of cooperative
behavior. More elaborate models are considered in Section [l where some heterogene-
ity is introduced between the components of the system. For mean-field models a
natural measure of systemic risk is the transition probability of the empirical mean
Z(t) from the normal state to the failed state. More precisely, the mathematical prob-
lem we address here is this: For N large we calculate approximately such transition
probabilities and analyze how they depend on h, ¢ and 6, the three parameters of the
system. We are interested in a regime of these parameters for which there are two
collective, that is, large N, equilibria centered around the normal and failed states.
These two equilibria can be identified through the mean-field limit of the system, that
is, the weak limit in probability of the empirical density of the agents risk x;. Mean
field models with multiple stable points, not only bistable ones, could be considered
but their analysis is more involved while the main result about systemic risk, and
dependence on the parameters (h, 6, o) and by the system size N, is clearly seen in
the bistable model that we consider here.

The mathematical analysis of bistable mean field models like (II)) was initiated
by Dawson [9] 18], including the mean field limit, the existence of multiple equilibria,
and a fluctuation theory. Non-equilibrium statistical mechanics and phase transitions
have been studied extensively in the sciences [19]. The large deviation theory that we
use here was developed by Dawson and Gértner [I0,[I1]. In particular, they introduced
and analyzed the rate function for large deviations associated with (II) when N is
large and with more general potentials [I1]. Their theory may be considered as an
infinite dimensional extension of the Freidlin-Wentzell theory of large deviations for
stochastic differential equations with small noise [I6], 14]. The main result in this
paper is the analysis of this rate function for small h. That is, for a shallow two-
well potential, where transitions from one well (quasi-equilibrium) to the other are
exponentially small in N, the ”constant” in the exponent is small when A is small.
Other mean field models have been studied in [33] 18, 27, 2| 28] 30} [15], and large
deviations results for various models can be found in [12] [T}, 29} 13} 22 &, [7]. In [7] a
general large deviations theory is developed for a model with both drift and volatility
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interactions, as well as with degenerate noise, using weak convergence and optimal
control methods.

The main contribution of the paper as far as systemic risk theory is concerned is
the demonstration that, within the range of the bistable mean field model ([I]), while
cooperation between agents decreases the individual risk of each agent, the systemic
or overall risk is increased. This is discussed in detail in Section [6.4] in terms of the
three parameters (h,0,0), with h small. The fact that reducing individual risk by
cooperation or diversification can lead to increased systemic risk has been anticipated
in macroeconomics and elsewhere and it has been extensively discussed, modeled, and
analyzed in [311 [l 20, 17, 26}, 32, 5l B, 21} 24]. However, the dynamic phase transitions
formulation and the large deviations theory exploited in this paper have not been used
in the economics literature, to our knowledge. The use of coupled stochastic equations
for modeling evolution of individual risk and the effects of interactions among agents
is also considered in [4} 23] where there is some discussion regarding the economic
interpretation of the variables {z;(¢)}. They could, for example, represent some form
of equity ratio in a very simple model in insurance or banking.

The paper is organized as follows. In Section 2] we briefly review the classical
mean-field limit in [9], and we discuss the intrinsic stability of equilibria [9] when h
is small. Section [ generalizes (LI by replacing the rate of mean reversion 6 by an
agent-dependent ;. The mean-field limit and the explicit conditions are also studied.
In Section M we carry out numerical simulations of both the homogeneous and the
heterogeneous model in various parameter ranges. Section [l uses the large deviation
principle in [I0] to formulate the dynamic phase transition of interest here, that is,
the system transition from the normal state to the failed state. In Section [6] we
specialize the large deviations theory when h is small so as to obtain a result from
which the systemic risk as a function the basic parameters (h,6,0) can be assessed
and interpreted. In Section [ we introduce a formal expansion of the rate function for
small h and obtain a reduced variational principle for the systemic risk that appears
to come from a large deviations principle for an one-dimensional dynamical system.
It gives, of course, the same results about systemic risk as described in Section
In Section [Bl we discuss the case where there is diversity in mean reversion and it is
shown that under some natural conditions the heterogeneous model is systemically
more unstable than the homogeneous one. The technical details of the proofs are in
the appendices.

2. The Mean-Field Limit. We briefly review the mean field limit in [9] [I8]
and carry out a small i analysis of results since they will be used in calculating large
deviation probabilities. We want to analyze the systemic behavior of the interacting
diffusion processes (II]), through their empirical mean Z(t), but this is not possible
in a direct way since (L)) is nonlinear. We consider instead the empirical density of
x(t), which is a measure valued process that has a limit as N — oco. Let M;(R) be
the space of probability measures endowed with the weak (Prohorov) topology and let
C(]0,T], M1 (R)) be the space of continuous M; (R)-valued processes on [0, T'] endowed
with the corresponding weak topology. Define the empirical probability measure pro-
cess Xy (t,dy) = & Zjvzl d2,(t)(dy) and note that X € C([0,T], M1(R)). The mean
field limit theorem for Xy, proved in [9] 18], is as follows:

THEOREM 2.1. (Dawson, 1983) Assume that the force is U(y) = y*> —y and
that Xn(0) converges weakly to a probability measure vo. Then the measure valued
process Xn converges weakly in law as N — 0o to a deterministic process with density
u(t,y)dy € C([0,T], M1(R)), which is the unique weak solution of the Fokker-Planck



equation:

%u = h(%[U(y)u] —~ 96% { U yu(t,y)dy — y] u} + %ﬁg—;u, (2.1)

with initial condition vy.

By Theorem [ZI] we can analyze u and view Xy as a perturbation of u for N
large. We may consider Z(¢) in the same way because Z(t) = [yXn (¢, dy). However,
the limit problem is infinitely dimensional, as is expected.

Explicit solutions of ([2.1I) are not available in general, but we can find equilibrium
solutions. Assuming that £ = lim;_,o [ yu(t,y)dy, then an equilibrium solution ug

satisfies
d 3 . d . 1 ) d2 .

and has the form

. 1 y—£°> 2
ug(y) = —F—= exp{—( 02) h 2V(y)} : (2.2)
Zg\/ 27Tg—0 2@ o
with Z¢ the normalization constant:
1 y — &)2 2
Zg:/ 2€Xp{—( 20__2) —hﬁ‘/(y)}dy
27T@ 26
Now ¢ must satisfy the compatibility or consistency condition:
§=m(©) = [yuglwdy. (23)

Finding equilibrium solutions has thus been reduced to finding solutions of this equa-
tion.

For U(y) = y* — y, £ = 0 is a solution for [Z3)). With the same U(y), it can be
shown (see also [9, Theorem 3.3.1 and 3.3.2]) that there are two additional non-zero
solutions +¢;, if and only if d%m(O) > 1, and for given h and 6, there exists a critical
oc(h,0) > 0 such that d%m(O) > 1 if and only if o < g.(h, ).

An explanation for this bifurcation at equilibrium is that when o > o, ran-
domness dominates the interaction among the components, i.e., 8(Z(t) — x;(t))dt is
negligible. In this case, the system behaves like N independent diffusions and hence,
by the symmetry of V(y), at any given time roughly half of them stay around —1
and half around +1 so the average is 0. When, however, ¢ < o., then the interac-
tive force is significantly larger (now odw;(t) is less important). Therefore all agents
stay around the same place (either —&, or +¢&,) and the zero average equilibrium is
unstable. Since we want to model systemic risk phenomena, we assume that o < o,
throughout this paper, and we regard —¢&, as the normal state of the system and
+&, as the failed state. The calculation of transitions probabilities between these two
states is our objective.

For small h we can approximate the solution of ([Z3]) to order O(h) as follows.

PROPOSITION 2.2. For small h, the critical value o. can be expanded as

oo = \/Z; +O(h). (2.4)



In addition, the non-zero solutions £&, are
[ o2 6 (o2\’1—2(c2/20)
+&H=F1-3=|1+h= | = | ——= O(h?). 2.5
& 20 ( thoz (29) 1-3(c2/20) ) © (") (25)

Proof. See Appendix [Al O

From Proposition 2.2] we see the relation between the existence of the bi-stable
states and the ratio 02 /26: For a given 6, and for small h, ([2.3)) has non-zero solutions
if and only if 302/26 < 1. Moreover, these non-zero solutions 4§, are generally not
+1 since the magnitude || is less than 1. Note that the coefficient of order & in the
expansion (2.5) depends significantly on # and o. Thus, when 3062/26 tends to 1, &,
in ([Z3) will not go to +oo while, in fact, & goes to 0. From the O(1) term in (23,
we also see that &, is roughly decreasing as 02/26 is increasing.

3. Diversity of Sensitivities. We can generalize (IT]) by allowing for agent
dependent coefficients. We consider a particular case in which each agent can have a

different rate of mean reversion to the empirical mean, that is, for j =1,... N,
0 _
dej = —h%V(xj)dt + odw; + 0;(% — x;)dt, (3.1)
J

and as before V(y) = y* — 1y®. We consider the case where 6y,...,0y take K

distinct positive numbers, ©1,...,0k. We define Z; = {j : ; = ©,}, pr = |Z;|/N and
Xﬁv = ﬁ ZjGIz 0y, Assuming that limy o p; exists and is positive for all [, the
limit of (X3,..., X&) as N — oo are the weak solutions (uy,...,ux) of the set of K
coupled Fokker-Planck equations.

THEOREM 3.1. Assume that U(y) = y> —y and that (X}(0),..., XX(0)) con-
verge weakly in probability to the probability measures (v1, ..., v ). Then the measure
valued vector process (X4, ..., X&) converges weakly as N — oo to the weak solution
(u1,...,ur) of the system of the Fokker-Planck equations:

0 1, 02 0 K 0
Eul = 50 3_y2u1 - Gla_y /y;plul(t,y)dy —y|lup+ ha_y[U(y)Ul] (3'2)

0 1, 0° 0 X 0
&UK = 50 (9—yQUK_®K8_y /ygpluz(t,y)dy—y UK +h6_y[U(y)UK]a

with initial condition (v, ... vE).
Proof. See Appendix [B] for the outline of the proof following [18]. O

The equilibrium solutions {ufg}{il have the form

uje(y) = S exp {— =9 _ hiV(y)} (3.3)




and £ must satisfy the compatibility condition

sz/yulg )dy. (3.4)

For U(y) = v —y, £ = 0 is the trivial solution of (3.4, and a simple extension of
Theorem 3.3.1 in [9], shows that there are two sets of non-trivial solutions {uf, }/*,

and {ui—ﬁb}{il if and only if dim(O) > 1. The numerical simulations presented in
the next section show that diversity in the rate of mean reversion can have significant
impact on the stability of the mean-field model.

As in the homogeneous case, we can get an approximate condition for equilibrium
bifurcation for small h.

PROPOSITION 3.2. The compatibility condition (3.4]) has non-zero solutions if
and only if o < @, For small h, ¢ has the expansion

. 3
o = Z /Z 2(512

Proof. See Appendix [B.2l O

We note that diversity does affect the threshold condition and makes the analysis
more difficult. The non-zero solutions +¢&, can be computed approximately when A is
small:

K

2 K
tg ==+ Zel (1—32—@) ;g— O(h). (3.5)

Higher order terms in the expansion of (3] can also be obtained but we will omit
them in this paper. In the following Proposition we show that ¢V < ghome where
ohomo — 5 the critical value (24)) of the homogeneous case.

ProprosSITION 3.3. With 6 = Z{il p1©;, we have aé“’mo > ag“’ for small h.

Proof. See Appendix [B.3l O

This result shows that when there is diversity the parameter region of existence
of equilibria +¢;, is smaller than in the homogeneous case . From this observation we
can anticipate that these equilibria are less stable in the presence of diversity, and
this is confirmed next by numerical simulations and analytically.

By noting that £°m° = /1 — (62 /ohomo)2 4 O(h) and 1Y = /1 — (02 /0diV)2 +
O(h), we have the following corollary:

COROLLARY 3.4. With 6 = Zfil pO1, we have 1 > £omo > ¢4 for small h.

4. Numerical Simulations. Before going into a detailed analysis of the models,
we carry out numerical simulations of (IT]) and (B so as to get a quick impression
of their behavior. We discretize with a uniform time grid, and let X7 denote the
simulated X; at time nAt.

4.1. Homogeneous Model. We simulate (LI using the Euler scheme

N
n n n n 1 n n
XM = X7 — hU(X])At + o AW + 0( > OXp - XA (4.1)
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Fic. 4.1.  Simulations for different o. The system has two (statistically) stable equilibria when
o is below the critical value or otherwise has single stable state 0. For small h, 30%/20 < 1 is the
approximate criterion.

N=100, h=0.1, 0=1, 8=5 N=100, h=0.1, 0=1, 6=1.5 N=100, h=0.1, 0=1, 6=0.5
dm(0)/dg=1.0141, 36%/26=0.3 dm(0)/d&=1.0024, 36%/26=1 dm(0)/d&=0.81904, 30%/26=3
f 1
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Fic. 4.2.  Simulations for different 0. The system has two stable equilibria if 0 is above the
critical value or otherwise has single stable state 0. For small h, 302/29 < 1 is the approxzimate
criterion.

We take U(y) = y® —y, = 1, Xj = =1, At = 0.02, and let {AW};,, be independent
Gaussian random variables with mean zero and variance At. In the figures presented,
the dashed lines show the numerical solutions of the compatibility equation (23],
& =m(&). As noted earlier, if d%m(O) < 1, then 0 = m(0) is the unique solution and 0
is a stable state. Therefore we should observe that the systemic risk fluctuates around
0. If d%m(()) > 1, there are two additional non-zero solutions £&, = m(=£&,) and £&,
are stable while 0 is unstable. We also know that when h is small, the condition
d%m(O) > 1 can be simplified to be 30%/260 < 1.

Figure [1] and Figure illustrate the behavior of the empirical mean as the
system transitions from having two equilibria to having a single one, which is con-
trolled by the value of d%m(()). This is an instance of a bifurcation of equilibria.
From Proposition 2.2] we know that when h is small, the existence condition of two
equilibria, d%m(O) > 1, can be approximated by the condition 302/20 < 1. In the
simulations, we let A = 0.1 so the approximate condition 36%/20 < 1 can be applied.
In Figure 41l we change o but fix the other parameters, and consider the three cases
&m(0) < 1(30%/20 > 1), £m(0) ~ 1 (30%/20 = 1) and 4£m(0) > 1 (30?/26 < 1).
In Figure we change §. We can see that even though the parameters varied in the
numerical simulations are not the same, the bifurcation behavior is similar.

FigureL3lshows the effect of increasing h on the system stability. By stability we
mean resistance to the transition of the empirical mean of the system from one state
to the other (because the model is symmetric). The parameter h is proportional to
the height of the potential barrier of each agent. Thus we increase the overall system
stability if we increase the component’s stability. This observation is analogous to
comments in [31], 25, 26]. It is clear that h influences system stability substantially.

Figure 4] illustrates the effect of system size on its stability. Clearly a larger
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FiG. 4.3. The effect of changing h. Increasing it stabilizes the system.

N=40, h=0.1, 0=1, 6=10 N=80, h=0.1, 0=1, 6=10 N=120, h=0.1, 0=1, 6=10
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Fic. 4.4. Influence of the system size N. A larger system tends to have a more stable behavior.

system is more stable. These stability phenomena will be quantified with the large
deviations analysis of Section

4.2. Heterogeneous Model. For the heterogeneous model, § is replaced by 6;,
and the discretization is

2

n n n n 1 n n
X = X1 — hU (XAt + AW + 0:(% > OXp - XA, (4.2)
k=1

with the same parameter settings. The different values of §; are controlled by the
parameters ©; and p;. In the simulation, we take K = 3 and {0}, = {01,0,,04}
for a system a low, medium and high rates of mean reversion to the empirical mean,
that is, the systemic risk. We also take {p;}X, = {pL, pa, pu } for the corresponding
fractions. We use the normalized standard deviation of the distribution of 6; values
in order to quantify diversity. We find that the heterogeneous model behaves like
the homogeneous one when h, ¢ and N change. But, diversity on the rates of mean
reversion has significant impact on system stability.

As in the homogeneous case, in Figure we consider cases with ¢ below, close
to and above the critical value. The results are similar to the homogeneous case
as expected. For o below the critical value we have two equlibria and for o above
the critical value one equilibrium. The condition d%m(O) > 1 is still necessary and

sufficient for the existence two equlibria. The condition Zfil (p1/©1)(302/20,—1) < 1
is also a good approximation to the exact one when h is small.

The parameter h and the system size N are closely associated with system sta-
bility. We note that in Figure and Figure 7] when h or N are increased, the
system becomes visibly more stable. Another observation is that with h, o and N
fixed, and with the mean of 8; of (£.2) equal to 8 of (1)), the heterogeneous system
is consistently more unstable than the corresponding homogeneous model (see Figure
A3 and Figure @4). Clearly diversity tends to destabilize the system.
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Fi1c. 4.5.  Effect of changes in . The system has two stable equllibria when o is below the
critical value and has single one otherwise. For small h, ZlK:l(Pl/el)(302/2®l —1) < 1 is the
approximate criterion.

N=100, h=0.02, 0=1, ©=[5;10;15] N=100, h=0.1, 0=1, ©=[5;10;15] N=100, h=0.5, 0=1, ©=[5;10;15]
p=[0.33;0.34;0.33], s\dev(e)c:yean(e =0.40825 p=[0.33;0.34;0.33], s\dev(e)épean(e =0.40825 p=[0.33;0.34;0.33], sldev(e)/rgean(e) =0.40825
dm(0)/d=1.0019, 3 (p/0©)(30°/20~1)=-0.0949 dm(O)/dE 1.0096, 3(p/0)(30°/20-1)=-0.0949 dm(O)/dE 1.0494, 3 (p/0)(30°/20-1)=-0.0949
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Fic. 4.6. Effect of changing h. Increasing it stabilizes the system.

We also change the diversity of §; by changing ©; and p;. To compare with the
homogeneous case, in Figure and Figure we change the standard deviation of
0; while the mean of 6; is fixed. In this most interesting part of the simulations we
see that when we increase the standard deviation of diversity values, the number of
transitions is notably larger than that in the homogeneous case.

5. Large Deviations. In the previous two sections we saw both analytically
and numerically that for large N, the empirical density Xy (¢, dy) is close (weakly, in
probability) to the solution of the Fokker-Planck equation ([2.1]), and so the mean z(t)
in (7)) stays around the first order moment of the deterministic limit, f yu(t,y)dy.
If the condition of existence of two equilibria is satisfied, then Z(¢) will remain close
to either —&, or +¢;, for relatively long time intervals, depending in particular on
the parameter h. However, as long as N < oo, as we have seen in the simulations
the random forcing by the Brownian motions {w;(t)}; N, will cause transitions with
non-zero probability. A systemic transition is the event that Z(t) is displaced from
+&, to F&, within a finite time horizon. Thus, systemic transition means that a
large number of agents transition in a finite time. In this paper, we are interested
in computing the probability of such a systemic transition. Mathematically, given a
finite time horizon [0, 7] and the conditions for existence of two equilibria, we want
to compute the probability

P(z(0) = =&, %(T) = &) (5.1)
when N is large and as a function of the parameters (h,6,0) in (LI)).

5.1. Large Deviations of Mean-fields. According to [I0], we can calculate
this probability asymptotically for large N using large deviations. To state the large
deviations theory that we will use, we will review briefly some notation and terminol-

ogy from [10].
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N=80, h=0.1, 0=1, ©=[5;10;15] N=120, h=0.1, 0=1, ©=[5;10;15] N=160, h=0.1, 0=1, ©=[5;10;15]

0=[0.33;0.34;0.33], stdev(ﬂ) ulpean(e )=0.41059 0=[0.33;0.34;0.33], stdev(ﬂ) ulpean(e )=0.40907 p=[0.33,0.34:0.33], stdev(8)/mean(§)=0.40758
dm(O)/dE 1.0096, 2 (p/0)(3

120 ~1)=-0.0949 dm(O)/dE 1.0096, (p/0)(30°720~1)=-0.0949 dm(O)/d{ 1.0096, 2 (p/©)(30°/20~1)=-0.0949

Systemic Risk

Systemic Risk
Systemic Risk

o

2000 4000 6000 8000 10000 o0 2000 4000 6000 8000 10000
t t

Fic. 4.7. Effect of changing the system size N. Larger system have a more stable behavior.

N=100, h=0.1, 0=1, ©=[10;10;10] N=100, h=0.1, 0=1, ©=[6;10;14] N=100, h=0.1, 0=1, ©=[2;10;18]
p=[0.33;0.34;0.33], stdev(g)/mean(6)=0 p=[0.33;0.34;0.33], sldev(Bymean(e) =0.3266 p=[0.33;0.34;0.33], stdev(6)/mean(6)=0.6532
dm(0)/d&=1.0086, %,(p/©)(30°/20,-1)=-0.085 dm(0)/d€=1.0092, 7 (p/©)(30°/20-1)=-0.091196 dm(0)/d§=1.0089, > (p/©)(30°/20-1)=-0.086956

Systemic Risk

Systemic Risk
Systemic Risk

Fic. 4.8. The effect of changes in ©;. The median of the diversity values is fixed but the low

and high sensitivities are changed to adjust the level of diversity of 0; while p; and the mean of 0;
are the same. Increasing diversity tends to destabilize the system.

e M;(R) is the space of probability measures on R with the Prohorov metric

p, associated with weak convergence.

e C([0,T], M;(R)) is the space of continuous functions from [0,7] to M;(R)

with the metric sup0<t<T p(d1(t), P2(t)).

e Mgr(R) = {p € M(R), [ p(y)u(dy) < R}, where p € Cz( ) is a nonnegative

function with lim ;| ¢(z) = co. From [10], if U(y) = y* —y, we can choose
py) =1+y*+w" 0 <y < h/2.

o My (R) = UrsoMg(R) = {p € M1(R), [ ¢(y)u(dy) < oo} endowed with the

inductive topology: p, — p in My (R ) if and only if g, — pin M;(R) and
sup,, [ ¢(y)pn(dy) < oc.

C(]0,T), Mo (R)) is the space of continuous functions from [0, 7] to M (R)
endowed with the topology: ¢,(-) = ¢(-) in C([0,T], M (R)) if and only if
dn(-) = o(+) in C([0,T], M1(R)) and sup0<t<T sup,, [ ¢(y)on(t, dy) < co.
Given v € M (R), we let &Y = {¢ € C([0,T], Mx(R)) : ¢(0) = v}, endowed
with the relative topology.

To simplify the notation, we rewrite [2.1)) as u; = L u + hM*u, where

0 0
cyo=30%0n + 05 { [u= [wieni] o). mro= Lwwa.

THEOREM 5.1. (Dawson and Gartner, 1987) Given a finite horizon [0,T], v €
M (R) and A C &Y, if Xn(0) = + Zjvzl 0z;(0) = V in Moo(R) as N — oo, then the
law of Xn(t) = + Zjvzl 0z,(t) satisfies the large deviation principle with the good rate
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N=100, h=0.1, 0=1, ©=[5;10;15] N=100, h=0.1, 0=1, ©=[5;10;15] N=100, h=0.1, =1, ©=[5;10;15]

p=[0.1,0.8,0.1], stdev(8)/mean(6)=0.22473 p=[0.3,0.4;0.3], stdev(8)/mean(6)=0.38925 p=[0.45,0.1,0.45], stdev(8)/mean(6)=0.47673
dm(0)/dé=1.0089,  (p/0)(30°/20~1)=-0.088 dm(0)/dé=1.0095,  (p/©)(30°/20 ~1)=-0.094 dm(0)/d€=1.0099, 3 (p/©)(30°/20 ~1)=-0.0985

Systemic Risk
Systemic Risk
Systemic Risk

o 2000 4000 6000 8000 10000 o 2000 4000 6000 8000 10000 ) 2000 4000 6000 8000 10000
t t

F1G. 4.9. The effect of changes in p;, with ©; and the mean of 0; fized. Increasing diversity
tends to destabilize the system.

function Ip:

—inf I(¢) < liminfilogP(XN € A)
beA N—oo N

1
< limsup —logP(Xy € A) < — inf I;(¢),
N—o0 N PEA

where A and A are the interior and closure of A in E¥, respectively, and

1 T
WO =g [ o 2)

T(6.) = (60— L36 = WMo 1P 012 (00) = [ " Hw)éldy),

if ¢(t) is absolutely continuous in t € [0,T] and Iy (¢) = oo otherwise.

Remark. Here for ¢ € &Y and t € [0,T], ¢(¢) is viewed as a real Schwartz
distribution on R, L and M*¢ are differential operators in the distribution sense,
and f in (B.2)) is a real Schwartz test function. The definition of absolute continuity
for the path of measures (¢(t))¢cjo,7] is in the sense of Definition 4.1 in [10], that is to
say: for each compact set K C R there exists a neighborhood Uy of the null function
in the set of test functions with compact support in K and an absolutely continuous
function Hg from [0,7] to R such that [(¢(t), f) — (¢(s), f)| < |Hk(t) — Hi(s)| for
all s,t € [0,7] and f € Ugk. Note that by Lemma 4.2 in [I0], if ¢(¢) is absolutely
continuous in t € [0,T], ¢.(¢) exists in the distribution sense almost everywhere on
te€0,T].

In order to use Theorem [B.1] we let v = u® . in ([2.2) and define the rare event A
of systemic transition by

A={pec& :¢(T)=ug}. (5.3)

However, since A is an empty set, Theorem [E.1] give a trivial lower bound for the
probability in question. Therefore we consider instead the closed rare event As:

As = {gb €& p(d(T),ug,) < 6}.
Then Theorem [5.1] implies that

1
— inf Ip(¢) <liminf —log P(Xn € As)
¢Ex‘ia N—ooo N

1
< limsupﬁlogP(XN € A5) < —¢ié1£6 In(9).

N—o00
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In addition, we show that infyca, I5(¢) can be bounded from below by infsea I (¢)
as § — 0.

LEMMA 5.2. By definition infye a, In(¢) is decreasing with § > 0 and bounded
from above by infyeca I (¢). In addition,

o -
lig inf 1.(¢) = inf In(¢).

Proof. See Appendix [Cl O
Combining Lemma and the fact that inf,_; In(¢) < infyea In(¢), for any
€ > 0, we have for sufficiently small § > 0

1
. < Timinf L
(;reni In(¢) < l}ﬁgof N logP(Xn € As)

1
< limsupﬁlogP(XN € As5) < —(;Telglh@) te.

N —o0

Therefore for large N and sufficiently small 9,

P(Xn € As) = exp (—N (;reni Ih(¢)) . (5.4)

This tells us that a larger system has a more stable empirical mean trajectory, which
is consistent with what we have seen in the numerical simulation. Now the main step
is finding infye 4 I5 (), which is a min-max variational problem

1 T

. I - _px _ * 2 2
inf Ih(qﬁ)—(;lelg 57 |, f:<§}1f§>#0<¢t Lig —hM* ¢, £)°/(, f,)dt, (5.5)

where the f in the sup is a real Schwartz test function.

5.2. An Alternative Expression for the Rate Function. The representa-
tion of the rate function (5.2 is somewhat complicated, but we can simplify it if ¢
has the density with some additional properties. If ¢ is a density function such that
o(t,y) is smooth, rapidly decreasing in y € R for each ¢t € [0,7] and is absolutely
continuous in ¢ € [0, 7] for each y € R, then let g(¢,y) satisfy

¢t — Ly¢p — hM™ ¢ = (¢g)y- (5.6)

Note that because of the properties of ¢, the left hand side of (B.0]) is well-defined in
y € R and almost everywhere in ¢ € [0, T]. In addition, because ¢ is positive valued,
¢ exists and is unique except on a measure zero set in [0, T].

Note that for the pair (¢, g) satisfying (5.6))

sup — Ju(o(t). f) = sup  ((t), f,9)*/{6(t), fy) = (d(t). 4°),
F(6(0),£2)0 F(6(0),£2)0

and therefore we have the following proposition.

PROPOSITION 5.3. If ¢ is a density function such that ¢(t) is a Schwartz function
for each t € [0,T] and is absolutely continuous in t € [0,T] for each y € R, and g(t,y)
satisfies [2.0)), the rate function In($) in (Z2) can be written in the form

T
In(¢) = 2%2/0 (¢, g*)dt. (5.7)
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We interpret (5.0) and (B.7) as follows. The function g is regarded as the driving
force making ¢ deviate from the solution of the Fokker-Planck equation (21I), and
I1,(¢) is the L?(¢) norm of g, which measures how difficult it is to have this deviation

6. Small h Analysis. The goal of this section is to analyze the min-max problem
(E3) which controls the asymptotic systemic transition probability. This problem is
nonlinear and infinitely dimensional and is difficult to analyze. To get some useful
information about it we will assume that A is small and analyze it in this regime.
We will first solve (5.5]) when h is exactly 0, and then we will get rigorous upper and
lower bounds for (5.5) when h is nonzero but small. We will then compare the large
deviations result with the local fluctuation theory of a single agent so as to explain
why interconnectedness destabilizes the system.

6.1. The h = 0 and the Small A Analysis. We note that when h = 0,
ufe, = uSg,, where

_ 2 o2
ue, () = 1 = exp{—(y;%fo))}, §0=1/1-3 (6.1)
26

27T%

In this case, (B.3)) is solvable and the optimal path is a Gaussian, starting from u® .
and ending in uf .
THEOREM 6.1. Let h =0 and define

pe(t,y) = ! = exXp {—(y_;#} , a®(t) = %t —&. (6.2)
2#‘;—9 20

Then p¢ € A is the unique minimizer for (2.3) and

inf Io(0) = o(p") = 20
1m = = —.
HEA 0 olp 2T

Proof. See Appendix [D.1l O
We show next that (B3] is continuous at h = 0.
THEOREM 6.2. There exists y(h) such that v(h) — 0 as h — 0 and

inf 10(6) — 2| < () (63)
$EA o?T| — ' '

We recall here that

B ) ] o2 6 (02\°1—2(02/20)

Proof. See Appendix [D.21 and [D.3l O

As it is stated we could replace &, by & in Theorem [6.2] since & = & + o(1) as
h — 0. We will see in the next section (in Proposition [75) that v(h) = O(h?). In fact
we show this rigorously for the upper bound but only formally for the lower bound.
Since & = &+ h&1 +O(h?) we see that the term 2¢2 /(0%T) contains the leading-order
term and the first-order correction in the h-expansion of inf,e 4 I (¢).
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6.2. Large Deviations for the First Exit Time. In this subsection, we con-
sider the rare event B of systemic transition at some time before 7

Bs ={¢€&”:3te(0,T],p(e(t),ug,) <6}
In other words, Bs = Uy (o,11A45(t), where

As(t) ={p €& : p(o(t), ug,) < 6}

We let B := By. We then have that
LEMMA 6.3. By definition infyecp, In(¢) is decreasing with 6 > 0 and bounded
from above by infycp In(¢). In addition,

lim inf Ip(¢) = inf I (¢) = inf I, (),
i Jnf Tn(@) = Ly (@) = jnf Tn(6)

where A(t) := Ag(t).

Proof. See Appendix [D.4l O

From Theorem [6.2] we see that in the sense of large deviations the probability of
system failure at some time before time 7T is essentially the same as the probability
of system failure at time 7.

COROLLARY 6.4. For any t1 < ta, there exists a sufficiently small h such that
infyeacey) In(@) > infyeac,) In(9). Consequently, infyep In(¢) ~ infyea(ry In(p) for
small h.

6.3. Comparison with the Fluctuation Theory of a Single Agent. To get
a better understanding of the large deviations results we need to carry out a standard
fluctuation theory for a single agent. We assume that z;(0) = —1 for all j and that
the x;(t)’s are in the vicinity of —1 so that we can linearize (L.I)):

50 = 1450, 7(0) = —1+30), 20 = 3 D)

For V(y) = 1y* — 142, 2;(t) and z(t) satisfy the linear stochastic differential equations

N
— _ _ g
dzj = —(0 + 2h)zjdt + 0zdt + odwy,  dz = —2hzdt + - > dw;,

J=1

with 2;(0) = 2(0) = 0. The processes z;(t) and z(t) are Gaussian and the mean and
variance functions are easily calculated. We are especially interested in their behavior
for large N.

LEMMA 6.5. For all t >0, Ezj(t) = Ez(t) = 0 and Varz(t) = % (1 — e~ *"*). In
addition, Varz;(t) — 2(#2%)(1 — e 20420ty 45 N — o0, uniformly in t > 0.

From Lemma[6.5] we see that 02 /N and o2 /2(6 + 2h) should be sufficiently small
so that linearization is consistent with the results it produces.

6.4. Increased Probability of Large Deviations for Increased 6 and Its
Systemic Risk Interpretation. We have now the analytical results with which
we may conclude that individual risk diversification may increase the systemic risk.
Assume that 02/N and 02/2(6 + 2h) are sufficiently small and N is large. From
Lemmal[6.0] the risk x;(t) of the agent j is approximately a Gaussian process with the
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stationary distribution N'(—1,02/2(8 + 2h)). If the external risk, o is high, then in
order to keep the risk z;(¢) at an acceptable level, the agent may increase the intrinsic
stability, h, or share the risk with other agents, that is, increase 6. Increasing h is in
general more costly (cuts into profits) than increasing 6, and at the individual agent
level there is no difference in risk assessment between increasing h and increasing 6.
Therefore the agents are likely to increase 6 and reduce individual risk by diversifying
it. Note that 02/2(0 + 2h) < 02/20 when o2 and 6 are significantly larger than h.
Thus, individual agents can maintain low locally assessed risk by diversification, even
in a very uncertain environment.

What is not perceived by the individual agents, however, is that risk diversification
may increases the systemic risk while it reduces their individual risk. Because o2 and
0 are significantly larger than h, the small h analysis can be applied and from (54))
and Theorem [6.2] the systemic risk (the probability of the system failure) is

22
2T

[ o2 6 (02\°1—2(c2/20) )
& = 1_3%<1+h§(%> m)—l—()(h)

We see that there are additional systemic-level o2 terms in the exponent and &,, which
can not be observed by the agents, increasing the systemic risk, even if the individual
risk 02/26 is fixed. In other words, the individual agents may believe that they are
able to withstand larger external fluctuations as long as their risk can be diversified,
but a higher o tends to destabilize the system.

P(Xy € Bs) =~ exp (—N ) , for small ¢ and h,

7. A Reduced Large Deviations Principle for Small h. In Section [6.1] we
show that the large deviation problem inf,e 4 I1(¢) is continuous in h so that we have
the upper and lower bounds for infgea I, (¢) when h is small. In this section, we
analyze with a formal expansion the optimal path for infsec 4 I, (¢) by assuming that
it is of the form p®+ O(h), motivated by the fact that the optimal path is p¢ for h = 0.
In this way, we can obtain a reduced large deviations principle (a reduced Freidlin-
Wentzell theory) for the systemic risk. That is, we obtain a reduced rate function
corresponding to a finite dimensional system after ignoring higher order terms. The
reduced rate function has all relevant information up to O(h?) terms, and we also
need to expand ¢ to O(h?).

We assume that the optimal ¢ = p + hq(®) + h2¢® + ..., where

exp{_W}, alt) = (6.).

0-2
259

p(t, y) =

In other words, we let the first moment of ¢ be determined by a(t), and from the zero
h case we know that a(t) = a®(t) + O(h). From the form of p and (&.8]), a natural
parameterization for ¢(*) and ¢(®) is the Hermite expansion

> a" > o"
Mty =) bu(t) Pt 9); @@ty =Y ent) gp(t:y).
n=2 n=2

Note that by the properties of p and a(t), (¢, y™) = (¢, y™) = 0 for n = 0,1 so we
can start the Hermite expansion from n = 2.
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The formal expansion result of this section is that if the optimal ¢ = p + hq(®) +
h2¢® | then

inf In(¢) ~  inf  — /T 4 s h@ +3%a—a)) dt (7.1)
1. ~ mn —_— —a —a — .
sea a(®):0<t<T 202 [, \ dt @ 20 @ ’

a(0)=—&

a(T)=&

for small h. Note that a(t) = (¢,y) = Z(t). The right hand side of () is an one-
dimensional variational problem that has the form of a rate function of the Freidlin-
Wentzell theory. In fact, the right side of (ZI)) is the large deviations variational
problem for the rate function of the small-noise stochastic differential equation

dz(t) = —h [ﬁ(t) - (1 — %) x(t)} dt + eadw(t) (7.2)

where here e = 1/v/N is small. Note that 36%/20 < 1, as assumed above, and therefore
([T2) also represents a bi-stable structure. In the remainder of this section we describe
how this result is obtained by formal expansions and then in Section we show how
we recover from (1) the main result of the paper stated in the previous section.

An important remark about the expansion is that the Hermite functions are a
basis of the L? space and thus p+hq") +h2q?) is generally a signed measure. However,
if ¢V and ¢(® can be expressed as the linear combinations of finite Hermite functions,
then we can see that for any € > 0, there exists a sufficiently small h such that the
negative part of p + hg™") + h2¢™? is less than e.

7.1. Optimization over g. The first step in finding the optimal ¢ = p+hqg™ +
h?q® is determining the optimal g by using (5.6) for ¢. Once we obtain g, we can
compute I, (¢) by using (5.7). It is also natural to assume that g = g(©) +hg(H) +h2g(2)
along with the Hermite expansion:

0) — -1 t) —— (1) — -1 t) —— (2) — -1 t) ——np.
g9 =p Z;Jozn( Vg 9 =p nz:;)ﬂn( Vgt 97 =p nz:;)%( ) 3g?
In addition, since (¢, y) = (¢®,y) = 0, we can see that ¢ = p + hq(® + h2¢®

satisfies
L= Lyp+ hﬁ;q(l) + hQE;q(Q), M*p = M*p + hM*qD + h2M*¢P).

The force U(y) = y> — y can also be expanded in Hermite polynomials:
3 on
Uy)=p 1Y 6,(t)=—p.
) =7 S5

Now everything is expanded in the orthogonal basis and we can find the optimal ¢(©)
and ¢! by putting everything into (5.6) and comparing coefficients.

LEMMA 7.1. With the expansions mentioned above, the optimal g\® is —%a, and
the optimal 8, for ¢*) are

=60 = —(p,U(y)), n=0,
B = bat1 +0(n+Dbpyr —bp, 1<n <3, (7.3)
%bn-{-l + 9(n + 1)bn+17 n > 4.
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Proof. See Appendix [EJl O

It remains to determine ¢(). From (E7) we see that the only contribution of g
to I, up to O(h?) is (p, 29(0)9(2)> = —2v %a. Thus it suffices to determine -y, which
can also be obtained from (5.6)).

LEMMA 7.2. With the expansions mentioned above, the optimal 7y is

Yo = —(q,U(y) + gV).

Proof. See Appendix [E2l O

7.2. Optimization over ¢. We are now ready to find the optimal ¢. For given
¢ =p+ hg™ + h%¢? and the corresponding optimal g = ¢(® 4+ hg™") + h2¢?) | [G1)
gives

1
202
1 T

h T
L Oy2y g 4 1 9240 ;DY gt
= 5,2 <p, (9"7)")d +202/0 (p,29"g"")d

T
10) = 5z [ 0+ 10 122, 60 + g+ 29
0

h2 T
f o / (10, (6)2 + 20 + (g, 299 ) ) die + OG).
From Lemma [Z2 (p,2¢®¢®) = —2¢©) (¢ U(y) + gV}, and therefore

3
(p,290g?) + (¢, 290 gW) = =20, U(y)) = =297 " H,5bn,
n=2

where H,(t) := (p~1,(9"p/dy™)?). We note that

(p,2g0gM) = 2905, (p,(g")?) =% + Z HoB2, (p,(99)%) = (9%

Then Ij,(¢) can be written as

1 7 h?
1n(0) = 55 / (0 hait + 55 | L2 — 2H2g O bt (7.4)
= Jo
2 [T
+ —2/ (Hy 82 — 2H39©63b3) dt + o Z/ H,B2dt + O(h%).
20 0

We see that a and b, are coupled at the O(h?) level of (74)). However, from the
results of the zero h case, a = a® + O(h) and p = p® + O(h) so we can decouple a and
b, and express the expanded Ij,(¢) up to O(h?) as the sum of independent terms.

PROPOSITION 7.3. To order O(h?), the rate function Ij,(¢) can be written as the
sum of independent terms:

L[ o S o S
Ih(gf)) = —= (g — h50) dt + ﬁ (Hlﬂl + 2d—a H252b2)dt (75)
0

202
2 T

O d  ~ -~
2 e 22 3
+ 207 J, (H2f5 + 2 a®H3dsbs) dt+ — E / H,[2dt + O(h%),
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where (1) = (), (09 /0y™)2), Uly) = (0°) ™ S5 6a(t) e, and

B _80 = _<p87 U(y»a ~ n =0,
B =13 Lbyir +0(n+Dbpy1 — 8, 1<n<3, (7.6)
%bn-{-l + 9(n + 1)bn+17 n > 4.

We can see from (Z5) that ¢(® does not appear in terms up to O(h?). From
the h expansion of ug, in ([Z2)), and the fact that V(y) is a polynomial of degree
four, we have b,+1(0) = b,+1(T) = 0 for n > 4. The variational problem for b,11
is to minimize fOT fInBZdt where 3, is given in terms of bp+1 by [CH). The obvious
solution of this problem is b,4+; = 0 and Bn = 0 for n > 4. Consequently, in order to
find the optimal ¢ for I, (¢) in (ZH), we may solve separately the variational problems
for a, by, by and bs.

7.3. Probability of Systemic Transitions for Small h. We consider the
small probability of systemic transitions for large N and small i through the large
deviation infyse 4 In(¢). Here we consider the solution up to O(h) terms. That is,
using (T3], we solve the variational problem for a(¢):

T T 2

d o
inf © — héo)*dt = inf / —a+h(a® +3——a—a))*dt. (7.7
a(t):l(?gtST/o (6 2 a(t):lglgtsT 0 (dta (a 20" @) (7.7)

a(0)=—& a(0)=—&
a(T)=¢& a(T)=¢&

By simple calculus of variations methods we find the optimal a.
LEMMA 7.4. The optimal a(t) for (77) satisfies the second order ordinary dif-
ferential equation
d2

—a=h*a®+ (3”—2 —1)a)(3a* + (3(’—2 —-1))
dt? 20 26

with a(0) = =& and a(T) = &. Consequently, the optimal path is

alt) = %&’t _ &+ 0. (7.8)

By inserting (Z.8]) into (7)) we obtain infgea I (¢) up to O(h).
PROPOSITION 7.5. For small h, the large deviations problem, infgse 4 I, (4), up to
O(h), is

. 2o
£ In(e) = =22
ct%relA n(9) o?T

(€0 + 2h&1) + O(h?), (7.9)
where & = & + héy + O(h?) from (2.3). Note that &, is positive because 20 > 302.
Proof. See Appendix [E3] O
The asymptotic probability of systemic transition for large N and sufficiently
small § and h has the form

P(Xy € As) = exp <_Nqiblelf4[h(¢)) = exp <—N {%(50 +2h&1) + O(hz)}) .
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8. Effect of Diversity of Sensitivities on the Transition Probability. We
consider the situation introduced in Section [} and analyze it when h = 0. We aim
at computing the transition probability in this situation. The K partial empirical
averages

=1,...,K (8.1)

a:kt = |Ik|z

JELy

then satisfy a closed system of stochastic differential equations

ATy = dwy, (t) — 0y (fk — f)dt (8.2)

o
VN
where W, are independent Brownian motions and the empirical mean Z(t) can be
expressed in terms of the partial averages as

K
B(t) =Y pri(t)
k=1

PROPOSITION 8.1. If 2,(0) = =&, for all k =1,. , then Z(T) is a Gaussian
random variable with mean —&, and variance o3 = Var( ( )) given by

0% = N/ TeMsR=1 (M T ods (8.3)

where ¢ is the K-dimensional column vector (py)i=1,..x, M and R are the K x K
matrices defined by

Ml]:_el(éz]_p])u Rij:piéij7 iujzlu"'uKa

and T stands for the transpose.
Proof. See Appendix [F1l O
We can then deduce that the transition probability is

PT = €xp ( ij) (8.4)

Our next goal is to study the impact of the diversity on the transition probability.
PROPOSITION 8.2. Let us assume that the diversity is small:

0, = é(l + 50ék), iK1

where Y, pray = 0 so that 0 is the mean value of the 0y, ’s. The equilibrium position
&, the variance o2 and the transition probability pr can be ezpanded as powers of &
as

8= (- 5) (L) <o
k
2

="+ 52(%jpkai) (7 /OT(l — e )ds) + 0(%)],
e e { = S [(1-57) ~ (St (547 [ 4= Pra)]}
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Proof. See Appendix [[£2] O

This proposition shows that the diversity reduces the gap between the two equi-
librium states and enhances the fluctuations of the empirical mean. Both effects
contribute to the increase of the systemic transition probability.

9. Summary and Conclusions. The aim of this paper is to introduce and
analyze a mathematical model for the evolution of risk in a system of interacting
agents where cooperation between them can reduce their individual risk of failure but
increase the systemic or overall risk. The model we use is a system of bistable diffusion
processes that interact through their empirical mean, a mean field model. We take the
rate of mean reversion to the empirical mean 6 as a measure of cooperation, the depth
of the bistable potential h as a measure of intrinsic stability of each agent, and the
strength of the external random perturbations o as the level of uncertainty in which
the agents function. Using the theory of large deviations we calculate the probability
that the system will transition from one of the two bistable states to the other during
a time interval of length T', when the number of agents [V is large and when h is small.
In this regime of parameters we find that systemic risk increases with cooperation.
The formula from which we draw this conclusion is given is Section 4l We also
show that when the rate of mean reversion to the empirical mean varies among the
different agents, that is, when there is diversity in the cooperative behavior then the
probability of transitions increases, which means that the systemic risk increases.

Acknowledgement. This work is partly supported by the Department of En-
ergy [National Nuclear Security Administration] under Award Number NA28614, and
partly by AFOSR grant FA9550-11-1-0266.

Appendix A. Proof of Proposition
For small h, we view ug as a perturbed Gaussian density function. Let pe(y) be the

Gaussian density function with mean & and variance 02/26, Y be the Gaussian random
variable with the density pe, and n = 2/02. By using the expansion exp(—hnV) =
1 —hnV + h2n?V?2/2 4+ O(h?), we have
1
Ze=1—hnEV(Y) + §h2n2EV2(Y) +O(h?)
_ 1
Z: =1+ mEV(Y) - §h2n2EV2(Y) + W22 (EV(Y))? + O(h?).
Then we calculate m(§) as follows:
1
m() = Z; ! /y <1 —hnV + ShVE 4 0(h3)> pe(y)dy
=2z MEYV(Y)] + SRPEYVA(Y)] + O(h®
=Zg (- mEYVY)]|+ S5 E[YVE(Y)] + O(h7)
1
= {+ {EBV(Y) — E[Y V(Y)]} + W2 { = 5€BVA(Y) + {(BV(Y))?

—EV(Y)E[YV(Y)] + %E[YVQ(Y)]} +O(h?)

= &~ s BY,(Y) + W0’ 2 {BV(Y)V, (V)] - BV (Y)EV,(Y)} + O(K°)
=¢— hnU—QEVy(Y) + h2n20—200v(Vy(Y), V(Y)) + O(h?).

26 20
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The compatibility condition & = m(&,) gives
EV,(Y) — hnCov(V,(Y),V(Y)) + O(h*) = 0. (A1)
Assuming that & = & + h&y + O(h?), the O(1) terms in (A give

0'2 02
& +3E§O — & = & (& +3% -1)=0.

Then & = 0,4+/1 — 302/20 if 302 < 26, or otherwise & = 0. In order to obtain the

nontrivial result, we suppose that 302 < 260 and &y takes 4+1/1 — 302/26 in the later
calculations. Note that EV, (Y) = & + (302/20 — 1)¢ = 2h&3& + O(h?), and

Cov(V, (¥), V(¥) = B[V (Y)V, (¥)] + O(h) = BI(;Y* ~ 5¥*)(* = ¥)] + O(h)

_pilyr 3y, 1y
=E[Y7 - 1Y+ Y7+ O(h).

Along with the identity &3 + 302/20 = 1, we have

5 s o2 o2 2
EY° =¢+0O(h), EY°= <1+4%—6(%> )&H—O(h),

EY' = 1—1—120—24—6 s 2—48 s 3 & +O(h)
B 20 20 20 0 '

Then Cov(V,(Y),V(Y)) = 6(0%/20)?(1 —202/20)&y+ O(h). The O(h) terms in (A
imply € = 3n(0/20)2(1 — 20%/26) /€.

Appendix B. Proofs in Section [3]

B.1. Proof of Theorem [3.1l The proof contains three steps.

B.1.1. Existence and Uniqueness of the Weak Solution of the McKean-
Vlasov Equation. The existence and uniqueness of a probability measure valued

process (ui(t),...,ux(t)) that is a weak solution of the McKean-Vlasov equation
B2) is guaranteed by [18, Theorem 2.11].

B.1.2. Weak Compactness of the Empirical Process. By Prohorov’s the-
orem, it suffices to prove that the sequence {(X4,..., X&)}_, is weakly compact
by showing that

sup sup sup E[(X(t,dy),[y])] < oo,
N 1<k<K 0<t<T

which can be done by using the calculations similar to (B1) and (B2) in [9].

B.1.3. Identification of the Limit. For a test function f € S(R), we define
XL = (F ), X§(t.y) = ez, f(;()/|Ti]. By Tto’s formula,

» 1 1
axf' = i > [hU(x;)dt + odw; + O1(T — a;)dt] f, (z;) + 5anyy(a:j)dt
JET

K 2
g ag
= (=hU fy + ©:({y, E X)) =) fy + 7fyanle>dt + (fy, 7] E Oz, dwy).
=1 JjEL;
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Then by the integration by parts, we write

K
X}y = {(WUX})y = [Ou({y, DX N) = 9) XNy + 5 (XN)yy}dt |I| 2 (Ge, )y
1=1 Jeh

For simplicity, we prove the case that K = 2 and the general case is similar. We let
X3 x X57™ denote the product measure on R?":

XN ) X5 My, yen) = XNy - XN Yn) X (G Yngr) - XRe(t, y2n)-
For a test function f € S(R*"), we have
Alf, X" x X35 = d(f, X" x X" ™D 4 d(f, X" x X7 ™M@,

where (1) and (2) denote the first and the second order terms of d(f, X y*" x X 3"™),
respectively:

<f7 1 Xn 2 xXn (1 Z f,dXN t yg XXI ,X(n—1),j XX]2\f><n>
j=1

+ Z {f, dXN (t,y;) x X1 X1 ><X]2V’X("—1),j>
j=n+1

n

n n 1 o .
d(f XN XS = 23T (L dX R (1) < dX N (1) x X3 <O X )
i k=1
g
1 2n ‘
3 ST (FdXR (L) % dXF (yr) x X7 x X100
Jrk=n+1
J#k
1 n 2n
1,x(n—1),j 2,x(n—1),k
+§Z Z <f’dX]1V(tayj)><dX]2v(t,yk)XXNX( )]XXNX( ) ).
j=1k=n+1

Note that for j # k, dX4(t,y;) x dX§(t,yr) = \ILP > ier, (02, (Y5)); (0x, (yx) ) pdt =
pg—jv(é(yk — yj)va(t,yj))jkdt, and dX N (t,y;) x dX%(t,yx) = 0. If we analogously

represent the generator G y1.xn y2.xn f of (f, X}V’X" X XZQV’X"> as
N "EN
G yixn gz f =G f+G? f
(XN, 7XN’ ) (XJIVYX”»X]QV’X” Xl Xn X2 ><n bl

then G igl Xn X2 ><'n.

ator of (f, " xuy™), where (u1,us) satisfying (B]I) Then the limit of (X5, X%)isa
solution of the martingale problem associated to ([B:2)). In addition, by [I8, Corollary
2.10], the solution is unique and therefore (X3, X%) — (u1, us) weakly as N — oo.

f—0as N — oo and el Xl xn x2,xm) f= G(ufn’u;n)f, the gener-
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B.2. Proof of Proposition B.21 All we need to show is that for small h,

d%m(()) > 1 if and only if ¢ < o3V, where m(¢) is defined by ([B.4). We obtain

d%m by calculate -2 7e J yui ¢(y)dy. Note that d%Zl,f =(20,/0?)([ yufygdy —&)Z)¢ and

d? 20, d e 20, e

20, d . 20, ) ’
= ?Zl,ﬁ <%/yu17§dy — 1) + (?) Ze /yulﬁgdy -£& .

On the other hand, we can also compute %Zl@ by directly taking the twice deriva-
tives of Z; ¢:

d2 20; 20,\° 2. ¢
d_ﬁzl’g = —?Zl,g + (?) Z¢ /(y — &) ujedy. (B.2)

By comparing (BJ)) and (B2),

< o= fiewr]

Note that [ yuf,dy = 0, so d%m(O) = Zfil p1(201/0?) [ y?uf ody. By using the same
trick in the proof of Proposition 2.2 let p;(y) be the Gaussian density function with

mean 0 and variance o2 /20y, Y, be the Gaussian random variable with the density
pi, and ) = 2/0%. Then for small h, ZZT01 =1+ hnEV(Y}) + O(h?), and

[vutody =23 [ 2wy + 002y
= 2, (BY)” = MB[YV (V)] + O(h?))
— EY? + hy(EY2EV (V) - E[2V(Y)]) + O(h?).
Therefore d%m(O) > 1 if and only if Z{il p1(20,/0?)(EYEV (Y;) —E[Y*V (V})]) > 0.

Note that EY? = 02/20;, EV(Y;) = (3/4)(EY?)? — (1/2)EY?, and E[Y2V (Y})] =
(15/4)(EY}?)? — (3/2)(EY}?)%. Then the sufficient and necessary condition becomes

& Pl 2
21-32 ) >0
;@l( 2®l)>

B.3. Proof of Proposition [3.3l It is equivalent to show that Z{il p/©; <
Zz}; 010 E{il p1/©7%. First note that by the Cauchy-Schwarz inequality,

Then it suffices to show that 1 < Zfil P19y E{il p1/©;. Again by the Cauchy-
Schwarz inequality,

K K
ZPZG Zgl Z P10 ﬂ:Zplzl-

=1 Lt
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Appendix C. Proof of Lemma

It suffices to show the case that § = 1/n. For each n, let ¢, € Ay, such that
infgea,,, In(®) < In(pn) < infyea,,, In(®) +1/n; {In(én)} are bounded from above
by infyea In(¢)+1 < co. Because Ij, is a good rate function, and by Proposition B.13
of [18], compactness is equivalent to sequentially compactness in C([0,T], M (R)),
{¢n} has a convergent subsequence {¢,,} whose limit ¢* is in A. As I is lower
semicontinuous, then

liﬁn ¢€izr41f/n In(¢) = lilgnlh(gbnk) = limkinf In(¢n,) > In(¢%) > érelg I, ().

Appendix D. Proofs in Section [6l

D.1. Proof of Theorem [6.I1 We prove it in three steps. The first step is to
show that there exists a uniform lower bound of I(¢), for all ¢ € A.

LEMMA D.1. If h =0, then infsea Io(¢) > 262/ (0°T).

Proof. For any ¢ € A, a(t) denotes [ y¢(t,dy). We observe that

f=
Tn(@) = sup (& — L6 26, 12> (60— Li6,u)2,
Fi(6,12)7#0

because (¢, 1) = 1. Note that (¢¢,y) = %(qﬁ, y) = %a(t), and

0

(Lo, y) = <%U2¢yy + 9a—y [(y —alt))d], y) = =0((y — a(t))$, 1) = 0.

Then after taking the infimum over ¢ € A, we have

1 (Trd \° 1 (Trd \? 262
inf I > inf — — dt = inf — — dt = =29
e o(®) 2 ped 202 0 (dta> a(t):lOngth 202 /0 (dta> o?T

a(0)=—%o
a(T)=¢&o

The last equality is obtained by a simple calculus of variation with the optimal path
a(t) = 2&t/T — &. O

The second step is to show that Io(p®) = 2£3/(0?T). Then infgea Io(¢) =
2¢2/(0*T) and therefore p° is a minimizer for (E3).

LemMMA D.2. If h =0, and

1 (y —a*(t)? 280
P(ty) = ——— exp{—i}, a“(t) = 20— g,
\/ 2735

o2
22 T
then p® € A and Io(p®) = 2£2/(c*T).
Proof. By reading (5.6) with ¢ = p® and h = 0, we have p; = L;.p®+ (p°g),. One

ed e

can easily check that L£i.p® = 0 and pf = —p; 7a°(t). Then we have g = 4 qe(t)

T dt
and by (5.7),
1 (7 1 (Trd \? 2€2
Ii(p®) = — ¢ g2)dt = — —a® ) dt =22,
o(p") 202/0 v, g7) 202/0 (dta ) o?T

Finally we prove that for A = 0, the minimizer p¢ is unique.
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LEMMA D.3. For h =0, p¢ is the unique minimizer for (2.3]).
Proof. From the previous 1emmas we find that if ¢ is a minimizer then a(t) =
J yo(t,dy) must be a ( ), and f = —%a°(t)y is a global maximizer of Jy(¢,-). Then

for any test function f, o L Jo(d, — dt ( Yy +ef) =0 at e = 0. By a simple calculus of
variations, ¢ satisfies the linear parabolic PDE:

1 0
61 = 507y + 05 [y~ a*(0)6] — Za®(1)dy,

with the initial condition ¢(0) = u® ¢, and that implies the uniqueness of the mini-
mizer, which is p®. O

D.2. Proof of Theorem (Upper Bounds). Define the test function:

21 oo {_(y —a(1))? } =2

—t = &b
02
259

p(t,y) =

We recall that from (Z3]) and (Z3)), & depends on h and & — & as h — 0.
PROPOSITION D.4. For any € > 0, then for all sufficiently small h,

T
B 00) < 5z [ 0t (et = — )P+ (D.1)

It is not difficult to see that the first term of the right hand side of (D.1)) is equal to
262 /(o*T) up to a term of order h as h — 0.
Proof. We construct the test function ¢* € A as follows:

(1— g)us e, + 50p"(1), t € (0,07,
¢"(t) = < p“(t), te (0T, T —oT),
(T—8T)\ w T—6T
(1— ST () + LD ye |t e [T — 0T, T,

where 6T will be determined later. Note that inf e 4 15 (¢) < I, (") so we just need to
compute I (¢™). Let g* satisfy (5.6) for ¢ = ¢“. For ¢t € (6T, T — 6T), ¢“(t) = p*(t),
and it is easy to see that p}' = —%a”pg and Ly.p* = 0. Therefore for t € (0T, T —dT),

g" = —ga" = h(y® —y) by (E0). From (51), we have

() = </6T /T 5T /T 5T> 5 u) \dt

oT
§2(1,2 ; <p,(—%a —h(y* —y))? dt+—</ /T5T> (6", ()2 dt

The rest is to show that for any € > 0, there exists a sufficiently small h such that
the last term in the last equation is bounded by e. It suffices to show that for any
8T > 0, we can choose a sufficiently small h such that {(¢“, (g*)?) is bounded by a 67-
independent constant c¢* > 0 for ¢t € [0, 6T| U [T — 8T, T]. If so, then let §T < eo?/c*

and
1 oT T N 1
592 (/0 +/T5T> (9", ) Yyt < F(Q(ST)C < €,
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for sufficiently small h.

For ¢ € [0,0T], because ¢* is simply the convex combination of ul,, and p*, ¢
can be bounded by a dT-independent constant. To compute g* from (B.6), it is also
easy to see that £3.¢" and M*¢" can be bounded by é7-independent constants. The
only term we need to worry is (p*(t) —u¢, )/0T from computing ¢y (t). However, p*(t)
is differentiable at ¢ = 0 and p*(0) — u®,, as h — 0 so we can bound (p*(t)—u®,)/dT
by a éT-independent constant with suitable h. Thus ¢g* is bounded independently of
8T and so we can find a §T-independent constant ¢* > 0 such that (¢%, (g%)?) < c*.

The same argument works for ¢ € [T'— 07, T] and we have the desired result. O

D.3. Proof of Theorem (Lower Bounds). From (D), there exists some
constant C' such that infyea In(¢) < C for all h < hg. Then we can assume that
In(¢) < C for all ¢ € A and all h < hg without loss of generality. The following
lemma shows that the first and second moments of all ¢ € A are uniformly bounded.

LEMMA D.5. Given C > 0, there exists R > 0 such that for any ¢ € A with
In(¢) < C for some h > 0, then

sup ((t),y)? < sup (o(t),y*) < R.
te[0,T) t€[0,T]

Proof. Recall that Mp(R) = {¢ € Mi(R), [¢(y)¢(dy) < R} and M (R) =
Urs>oMg(R) with the inductive topology. Here we focus on the case that ¢ = 1+ y?
in order to obtain the uniform result, and let M3(R) and M2 (R) denote the spaces
with the quadratic Lyapunov function ¢.

The proof is an application of Theorem 5.1(c), Theorem 5.3 and Lemma 5.5 of
[10]. By Theorem 5.1(c), if ¢ € C([0,T], M3, (R)) with ¢(0) = u®,, and In(¢) < C
for some h > 0, then ¢ is in an h-dependent compact set K. By Theorem 5.3 the
compact set K is contained in C([0,7], M3(R)) for an h-dependent R > 0. Finally,
by Lemma 5.5 and Theorem 5.1(c), it suffices to let R > e*”(C + r), where r and A
satisty

1
r> 2/w(y)uigb (y)dy, A> sup (u,L.p+hMp+ 5s0§>/<u, ©),
HEM; (R)

with ¢(y) = 1+ y2. Obviously we can find the uniform r and A for all h > 0 and
also the uniform R. Then any ¢ of interest are in C([0,T], MA(R)) and thus have the
uniform bounded first and second order moments. O

Now we derive that lower bound. The key idea is that because we have the
universal upper bound for the first and second moments of all ¢ € A and for all
h < hg, Chebyshev’s inequality implies the uniform convergence.

PROPOSITION D.6. For any € > 0, then for all sufficiently small h,

I d
0 1(0) > 5z [t (et = — )P~ (D.2)

Proof. Define fM =, x f M where f M is a piecewise linear function and ¢ is the
standard mollifier:

Y, y € (—M,M)
M) = —y+2M, ye[M,2M)] ) = Zexp(p=), P <1
—y—2M, ye[-2M,—M)] 0, otherwise.

0, otherwise
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Then fM is a smooth function with the compact support [-2M — 1,2M + 1]. In
addition, fM(y) =y on (=M +1,M — 1), |fM| <1, and |f2] is uniformly bounded
for all M and is nonzero only on U2 _,(iM — 1,iM + 1).

Because for all ¢ € A, (¢(t), (f)?) <1, we can estimate the rate function:

1
202

T
In(¢) 2 /0 (¢ — L3 — hM* ¢, fM)2adt

1 T 2
> 57 (/O (pr — L3¢ — hM™ ¢, fM>dt> :

Then we estimate the integrand term by term. By Lemma [D.5] the following conver-
gences are all uniform in ¢ € A and h < hy.
First we have

T
/0 (G M)t = (G, ) — (S, £,

uf ¢, are exponentially decaying functions so <u§t§b= M) converges to +&, rapidly as
M — .

We note that (L}¢, MYy =02(e, fon) /2 —0(p, (y — a) f)'). By reading the prop-
erties of f% and Chebyshev’s inequality, we have (¢, f% ) — 0 as M — co. We write

(¢, (y —a) f)7) as
(@, (y —a) ") = a(l = (¢, £3") + (6, yf)") — a).

Since a is bounded and (¢, f) — 1 as M — oo, a(1 — (¢, f)1)) = 0 as M — co. We
see that

2
ooy fM) —af? < (2 / |y|¢<dy>>
(= M+1,M+1)e

<4 / y2d(dy) / o(dy).
(= M+1,M+1)e (= M+1,M+1)e

Again by Chebyshev’s inequality, the right hand side vanishes as M — oo.
Finally we estimate (M*®, fM). Since fM is compactly supported,

(Mo, F)] = (0, (v° =) )] < (2M +1)° + (2M +1).

For a fixed M, we can choose a sufficiently small h such that h|(M*¢, fM)| is small.

Consequently, for any € > 0, we can first choose a sufficiently large M and then
there exists a sufficiently small & such that

. 265
Iof 1n(9) 2 5F —«
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D.4. Proof of Lemma It suffices to show the case that 6 = 1/n. For each
n, let ¢n € By, and t, € (0,7] such that p(¢n(tn), uf,) < 6 and infgep, , In(d) <
In(¢n) < infyep, ,, In(®) +1/n; {In(¢n)} are bounded from above by infyecp In(4) +
1 < co. Let {t,,} be a convergent subsequence of {¢,}. Because I}, is a good rate
function, and by Proposition B.13 of [I8], compactness is equivalent to sequentially
compactness in C([0,T], Mo (R)), {¢n,} has a convergent subsequence {¢,,, } whose
limit ¢* is in A(t*) where t* = limt,,. As I}, is lower semicontinuous, then

. e s - _
lim Suf In(@) =liminf [n(én,) 2 1n(97) 2 inf Tn(@) = inf In(¢)

Appendix E. Proofs in Section [7l
E.1. Proof of Lemma [T.1l We note that p; = —py%a and therefore
d —~d, o d ~—~, ot
=—p,—a+h —by=—p—h—
Ov=—pygat .t aynp dtan:2 oyt
an—i—l

o0
22_0718 np_ ch n+1p

After collecting O(1) terms in (5.6]) and integrating over y, we have

(©) — pg(®),

d 1
—pge= 502py +0(y —a)p+pyg

Then ¢(© = —%a.
Now we collect O(h) terms in (5:6) and integrating over y. We get

0 an—i—l

— d o d o, o 1
;Ebrﬁla—ynl)—aazbna—ynl)zg 22

=2

y—a Zb 8np—|—z p+g(0 Zb p+ZBna 2

Using the fact that

ayn—i-l 5. 1P

1 671—1— 1 an an— 1

20 aynﬂp =—0(y — a)a—y" newp,

we have
< d, o - o S R
_bn —p=—0 1 bn —_— 577,— nga U
;dt H15,P ;(TH ) Hay”p+; 8y"p+7;3ﬁ ayn?
and the optimal (3,, are obtained by comparing the coefficients.

E.2. Proof of Lemma Let ¢ denote the anti-derivative of ¢(®) that
vanishes at —oo. After collecting O(h?) terms in (5.6) and integrating over y. We
have

1
@ = 5%+ 0y — a)g® + U()a" + @ g + Vg0 4 pg®. (B1)

Note that pg? = 3> 7, %p, S0 7o is obtained by integrating (E.]) from y = —occ
to y = oo. Then we have yo = — (¢, U(y) + g™).
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E.3. Proof of Proposition We write a(t) = ao(t) + hai(t) + O(h?) with
ap(t) = 26t/ T — &y and a;(t) = 2£1t/T — &1. Then we put a(t) into [Z.7) and we have

T 2
int 10) = 51 | {(jt )+ 2h( S a0)(a} + (3~ Dyao + o >}dt+0<h2>.

We note that ao is a constant, and ag(t) and a}(t) are odd functions with respect
tot=1T/2. Then

1 (Tfra \° d d )
o=t [ () ot arcowe

T
:% i {<%) 2h2§02§1}dt+0(h2) 50 (§0+2h§1)+0(h2)

Appendix F. Proofs in Section [8
F.1. Proof of Proposition[8l The system of SDEs (8.1 for the vector X (t) =
(Zr(t))k=1,... k has the form

_ . _ L 71/2 _
aX(t) = MX(t) + =R/ (1)

x is a column vector. This system can be solved:

t
_ o _
X(t) = MX(0) + —L / M(E=3) R=1/2 7 (5)
VN Jo

If 24 (0) = —&, then, using the fact that the uniform vector is in the null space of M,
we have e X (0) = X(0). As a corollary we get the explicit representation of the
empirical mean:

T(t) = =& + —= / M(t=s) =12 (s)

This shows the desired result.

F.2. Proof of Proposition The expansion of &2 follows from the explicit
expression (3.5). The expansion of o follows from the expansion of (B3) and uses
the properties of the matrix M. We have M = —0M — §6 N, with

M =T —upT, whereu=(1,...,1) is the K-dimensional column vector,
Nij = ai(6i5 — pj), 4,5=1,..., K.
The matrix M satisfies M™ = M for all n > 1 and therefore

—OMt = —0t)" =
. -3 ( nt) _ Z

n

I+ (e " —1)M.

We have
Mt __ EOO (_ét)n \ 7 n

n=0
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Using the fact that MTp = 0 (and again that M" = M for n > 1), we can expand

oTeMt = 0T + 50T {(—0)N + (7% — 1+ Gt)N M}
" 520T{ (9;) N? 4+ [eiét 148 (9;)

— t[e " — 1+ 01] (NM)QQ} +0(8%).

|[N?M — 3(NM)> + NMN]

Using the fact that MTNTo = NTpand MT(NT)29 = (NT)?p, this can be simplified
into

"Mt = 0T + 50T (e — 1)N + 620" [(61)* — (1 + 0t) (e % — 1+ O] N? + O(5°).

Consequently
oM R (Mo = T (T + (e — 1)M)R™M(I + (7" = 1)M ™)
+250%(e % —1)NR! I+( — )M o

(
#2627 [(00)° = (1400 — 14+ O] NR (I + (7" — )Mo
+620T(e " — )NR (e = 1)NTo + O(5°).

Using the fact that MTpo =0 and NR 1o = Nu = 0, we obtain
QTeMtRfl(eMt)TQ — QTR710+ 52(1 _ efét)QQTNRleTQ_F 0(53)

We have pTR™1p =1 and o"NR™!NTp =", prai which gives the expansion of the

variance o2..

Finally the expansion of the transition probability can be obtained by substituting
the expansions of ¢ and ¢ into (B.4).
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