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Pre-asymptotic error Analysis of CIP-FEM and FEM
for Helmholtz Equation with high Wave Number.
Part 1I: hp version

Lingxue Zhu* Haijun Wuf

Abstract

In this paper, which is part II in a series of two, the pre-asymptotic error analysis of the continuous
interior penalty finite element method (CIP-FEM) and the FEM for the Helmholtz equation in
two and three dimensions is continued. While part I contained results on the linear CIP-FEM
and FEM, the present part deals with approximation spaces of order p > 1. By using a modified
duality argument, pre-asymptotic error estimates are derived for both methods under the condition of
%h < (o (%) »+1_where k is the wave number, h is the mesh size, and Cy is a constant independent of
k, h,p, and the penalty parameters. It is shown that the pollution errors of both methods in H*-norm

are O(k**T1h?) if p = O(1) and are O(p%(ﬁ—’;)zp) if the exact solution u € H?(Q) which coincide
with existent dispersion analyses for the FEM on Cartesian grids. Here o is a constant independent
of k, h,p, and the penalty parameters. Moreover, it is proved that the CIP-FEM is stable for any
k,h,p > 0 and penalty parameters with positive imaginary parts. Besides the advantage of the
absolute stability of the CIP-FEM compared to the FEM, the penalty parameters may be tuned to

reduce the pollution effects.

Key words. Helmholtz equation, large wave number, pre-asymptotic error estimates, continuous
interior penalty finite element methods, finite element methods
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1 Introduction

This is the second installment in a series (cf. [47]) which is devoted to pre-asymptotic stability and error
estimates of hp versions of some continuous interior penalty finite element method (CIP-FEM) and the
finite element method (FEM) for the following Helmholtz problem:

(1.1) —Au—ku=f in £,
(1.2) % +iku=g on T,

where Q C R%, d = 2,3 is a domain with smooth boundary, I := 99, i = v/—1 denotes the imaginary
unit, and n denotes the unit outward normal to 9€2. The above Helmholtz problem is an approximation
of the following acoustic scattering problem (with time dependence e!*?):

(1.3) —Au—k*u=f in RY,

(1.4) Jr (L‘ —u™)

5 +ik(u — uinc)) =0 asr=|z| > 0,

where 4" is the incident wave and k is known as the wave number. The Robin boundary condition

(C2) is known as the first order approximation of the radiation condition (4] (cf. [24]). We remark
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that the Helmholtz problem (II)-(L2]) also arises in applications as a consequence of frequency domain
treatment of attenuated scalar waves (cf. [23]).

It is well-known that the error bound of the finite element solution to the Helmholtz problem (LI)-
([L2) usually consists of two parts, one is the same order as the error of the best approximation of u from
the finite element space, another one is worse than the convergence order of the best approximation and
dominates the error bound of the finite element solution for large wave number k (relative to h and p)
[, 5] 6] 2T, 25 26} 27, 3T, [34] [35], [45] @7]. The second part is the so-called pollution error in the literature.
We recall that, the term “asymptotic error estimate” refers to the error estimate without pollution error
and the term “pre-asymptotic error estimate” refers to the estimate with non-negligible pollution effect.
The latest asymptotic error analysis was given by Melenk and Sauter [39, 40]. It is shown that, the
hp-FEM is pollution-free in the H'-norm if
(1.5) kh + k(—h)p is small enough,

op
where h is the mesh size, p is the polynomial degree of finite element space, and o is some positive constant
independent of k, h, and p. In particular, the hp-FEM is pollution-free under either of the following two
conditions:

1

(1.6) p = O(1) fixed independent of k and k' *#h is small enough,

kh
(1.7) p > clnk and — is small enough,
p

where c is some positive constant independent of k, h, and p. Although the above results improve greatly
the previous results which require Eh gmall enough (cf. [34, B5]), the pre-asymptotic error estimates are

still worth to be studied based on but not limited to the following considerations:

e For fixed p, the pollution effect can be reduced substantially but cannot be avoided in principle (cf.
16} 5]).

e Implementations of high order FEMs, e.g. p > Ink for large k, are not easy for problems with
complicated geometries or different materials.

e Given a tolerance ¢, one wish to use as small as possible number of degrees of freedom, or in other
words, as large as possible mesh size h, to achieve this tolerance. We denote the maximum mesh
size by h(k,e). Then h(k,e) always locates in the pre-asymptotic range for large k because the
pollution error dominates the error bound. For example, when p = 1, for large k, the pollution
term is O(k®h?) (cf. [34, @7]) and hence h(k,e) = O((¢/k*)!/?) which is not in the asymptotic
range (0, C/k?) implied by the condition (L8]).

e The pre-asymptotic error analysis of FEM is hard for higher dimensional problems. To the best
of the authors’ knowledge, besides the first part of this series [47] for the linear FEM, no work
has been done ever since the pioneer works of Thlenburg and Babuska [34] [35] for one dimensional
problems.

The purpose of this paper and the companion paper [47] is twofold: One is to derive pre-asymptotic
error estimates for the FEM for the Helmholtz equation in two and three dimensions, under the condition
of %h < C’O(%)ﬁ for some positive constant Cy independent of k,h, and p. Clearly, this condition
extends the asymptotic range given by (LI). For example, when p = O(1), the above condition is
satisfied if k'*7¥1h is small enough. This would be the condition obtained for the (p + 1)-th order
FEM by “standard” arguments (cf. (L6])). Another purpose is to analyze some CIP-FEM which is
absolutely stable (that is, stable for any k, h, and p) and capable of achieving much less pollution effect
than the FEM for fixed p. The CIP-FEM, which was first proposed by Douglas and Dupont [22] for
elliptic and parabolic problems in 1970’s and then successfully applied to convection-dominated problems
as a stabilization technique [13], 14} 15| [16] 7], modifies the sesquilinear form of the FEM by adding
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the following least squares term penalizing the jump of the gradient of the discrete solution at mesh
interfaces:

e Sl (2] ().

ec&l

Note that the penalty parameter i7y is chosen as a complex number in this paper and [47] instead of the
real numbers as usual. The paper [47] has considered the linear case p = 1 and this paper will be devoted
to the hp-version. To be precise, we obtain the following results:

(i) There exists a constant Cy > 0 independent of &, h, and 7, such that if £ > 1,0 <~ < 1, and

(1.9) %h < Oo(%)ﬁ,

then the following pre-asymptotic error estimates hold for both the CIP-FEM and the FEM:

h 1 /kh\P k skh\2p '
||u—uhHH1(Q) < CI(E—’—;(U_p) )+C2P(U_p) . ifue H?(Q),

Here o is a constant independent of k, h,p, and the penalty parameters. Note that the pollution
term is O(k?Pt1h2P) if p = O(1) and lull grosr () < kP and is O(i(@)%) if u e H?(Q).

p* \op
(ii) The CIP-FEM attains a unique solution for any k£ > 0, h > 0, p > 0, and v > 0.
(iii) Estimates in the L?-norm are also obtained.

We remark that the numerical tests in [47] for the linear CIP-FEM show that the penalty parameter may
be tuned to greatly reduce the pollution errors.

Error analysis and dispersion analysis are two main tools to understand numerical behaviors in short
wave computations. The later one, which is usually performed on structured meshes, estimates the error
between the wave number k of the continuous problem and some discrete wave number (denoted by w) of
the numerical scheme [T}, 2, 21, [3T], B4, [35] 45, 46]. In particular, it is shown for the hp-FEM (cf. [I1 [35])
that

O(k*T1p2p) if kh < 1,

b-w= o(k(ekh)zp) if kh>1and 2p+1 >

k (ekh ekh
p\ 4p '

2

By contrast, our pre-asymptotic error analysis, which works also for unstructured meshes, gives error
estimates between the exact solution w and the discrete solution uy. Clearly, our pollution error bounds
in H'-norm coincide with the phase difference |k — w| as above.

Our analysis relies on two novel tricks and the profound stability estimates for the continuous problem
given in [39, 40]. The first one is a modified duality argument (or Aubin-Nitsche trick). The traditional
duality argument is a crucial step in asymptotic error analyses of FEM for scattering problems, which is
usually used to estimate the L2-error of the finite element solution by its H!-error (cf. [4l 23] 35, [39] 40]
42]). Our key idea is to use some special designed elliptic projections in the duality-argument step so that
we can bound the L2-error of the discrete solution by using the errors of the elliptic projections of the
exact solution u and thus obtain the L2-error estimate directly by the modified duality argument. This
helps us to derive pre-asymptotic error estimates for the CIP-FEM and the FEM under the condition
(T3T). The second trick is used to prove the absolute stability of the CIP-FEM. One of the authors and
Feng [26, 27] have developed an approach to analyze the stability of the interior penalty discontinuous
Galerkin methods which makes use of the special test function vy, := Vuy, - (x —zq) (defined element-wise)
and a local version of the Rellich identity (for the Laplacian) and mimics the stability analysis for the
PDE solutions given in [38 20, B2]. Here xq is a point such that the domain  is strictly star-shaped
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with respect to it. But the function vy is not in the approximation space of CIP-FEM which is the same
as that of the FEM, i.e., the space of continuous piecewise (mapped) polynomials, and thus, it can not
server as a test function for the CIP-FEM. We circumvent this difficulty by using the L? projection of
vy, onto the approximation space of CIP-FEM instead. By using the so-called “Oswald interpolation”
[15] [33, 136, 41] we may show that the difference between v;, and its L? projection is estimated by the
jump of vy, at mesh interfaces, and hence, controlled by using the jump term (L8)) in the CIP-FEM. We
remark that the technique for deriving the stability of the linear CIP-FEM developed in the first part of
the series [47] does not work for higher order methods because it relies on the fact of Auj, = 0 on each
element.

The remainder of this paper is organized as follows. The CIP-FEM is introduced in Section 2l Some
preliminary results, including the stability of the continuous solution, the approximation properties of
the hp-finite element space, and estimates of some elliptic projections, are cited or proved in Section Bl
In Section @ by using an improved duality argument, some pre-asymptotic error estimates in H'- and

L?-norms are given for both CIP-FEM and FEM under the condition that (%) 7T % is small enough. In
Section Bl the CIP-FEM is shown to be stable for any kK > 0, h > 0, p > 0, and v > 0. In Section [G]
pre-asymptotic error estimates of the CIP-FEM are proved for £ > 0, h > 0, p > 0, and v > 0 by
utilizing the error estimates for the elliptic projection, the stability results for the CIP-FEM, and the
triangle inequality. The proofs of two preliminary lemmas on hp-approximation properties are given in
Appendix [Al

Throughout the paper, C is used to denote a generic positive constant which is independent of h, p,
k, f, g, and the penalty parameters. We also use the shorthand notation A < B and B 2 A for the
inequality A < CB and B > CA. A ~ B is a shorthand notation for the statement A < B and B < A.
We assume that k 2 1 since we are considering high-frequency problems. For the ease of presentation, we
assume that k is constant on the domain 2. We also assume that € is a strictly star-shaped domain with
an analytic boundary. Here “strictly star-shaped” means that there exist a point zo € 2 and a positive
constant co depending only on 2 such that

(1.10) (x —zq) n>cq, Vred.

Sure the theory of this paper can be extended to the case of polyhedral domains. The extensions to other
types of boundary conditions, such as PML absorbing boundary condition (cf. [II], 10, 18]) and DtN
boundary condition (cf. [39]), will be addressed in future works.

2 Formulation of CIP-FEM

To formulate our CIP-FEM, we first introduce some notation. The standard space, norm and inner
product notation are adopted. Their definitions can be found in [I2, 19]. In particular, (-, )q and (-, )y
for ¥ C 0Q denote the L?-inner product on complex-valued L?(Q) and L?(X) spaces, respectively. Denote
by (1) = (-,-)a and (-,-) :== (, '>6Q'

For the triangulation of Q we adopt the setting of [39, [40]. The triangulation 7y, consists of elements
which are the image of the reference triangle (in two dimensions) or the reference tetrahedron (in three
dimensions). We do not allow hanging nodes and assume—as is standard—that the element maps of
elements sharing an edge or a face induce the same parametrization on that edge or face. Additionally,
the element maps Fi from the reference element K to K € Ty, satisfy the assumption 5.1 in [40]. For
any triangle/tetrahedron K € T, we define hx := diam(K). Similarly, for each edge/face e of K € Ty,
define h. := diam(e). Let h = maxgeT;, hx. We define

EL :=  set of all interior edges/faces of Ty,
EP = set of all boundary edges/faces of Tj, on T.

We also define the jump [v] of v on an interior edge/face e = 0K N 0K’ as

ol = v|lK — vk, if the global label of K is bigger,
U] |e 1= vlg — |k, if the global label of K’ is bigger.
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For every e = 0K NOK' € ], let n. be the unit outward normal to edge/face e of the element K if the
global label of K is bigger and of the element K’ if the other way around. For every e € P, let n, =n
the unit outward normal to 0.

Now we define the “energy” space V and the sesquilinear form ay,(+,-) on V' x V as follows:

Ve=H'(@Qn [] B*K

KeTh
(2.1) ap(u,v) = (Vu, Vo) + J(u,v) Yu,v €V,
where
22 - (ol o)),

6651

and 7., e € & are nonnegative numbers to be specified later.

Remark 2.1. (a) The terms in J(u,v) are so-called penalty terms. The penalty parameter in J(u,v) is
ive. So it is a pure imaginary number with positive imaginary part. It turns out that if it is replaced by
a complex number with positive imaginary part, the ideas of the paper still apply. Here we set their real
parts to be zero partly because the terms from real parts do not help much (and do not cause any problem
either) in our theoretical analysis and partly for the ease of presentation.

(b) Penalizing the jumps of normal derivatives was used early by Douglas and Dupont [22] for second
order PDEs and by Babuska and Zldmal [8] for fourth order PDEs in the context of C° finite element
methods, by Baker [9] for fourth order PDEs and by Arnold [3] for second order parabolic PDFEs in the
context of IPDG methods.

(c) In this paper we consider the scattering problem with time dependence €**, that is, the signs before
i’s in the Sommerfeld radiation condition (L4) and its first order approzimation [(L2) are positive. If we
consider the scattering problem with time dependence e ™!, that is, the signs before i’s in (L4) and (L2)
are negative, then the penalty parameters should be complexr numbers with negative imaginary parts.

It is clear that J(u,v) = 0 if u € H*(Q) and v € V. Therefore, if u € H*(Q) is the solution of
mfmv then

(2.3) an(u,v) — k*(u,v) + ik (u,v) = (f,v) + (g,v), Yo e V.

Let V3 be the hp-CIP approximation space, that is,
Vh::{thHl(Q): vp |k oF g € Pp(K )VKG'E}

where Pp(f( ) denote the set of all polynomials whose degrees do not exceed p on K. Then our CIP-FEMs
are defined as follows: Find uj € V}, such that

(2.4) an(un,vp) — K (up, o) + ik (un, vn) = (fyon) + (g, 0n),  Yop € Vi

We remark that if the parameters v, = 0, then the above CIP-FEM becomes the standard FEM.
The following (semi-)norms on the space V' are useful for the subsequent analysis:

, h, 1/2
(2.5) |v|1h:—(||w||m+ YR H[ ] ) ,
’ @ 8%;; p? || [One L2(e)
2 2 3
(2.6) ol =(lollZ + E lelZae ) ¥

In the next sections, we shall consider the pre-asymptotic stability and error analysis for the above
CIP-FEM and the FEM. For the ease of presentation, we assume that ~y, ~ - for some positive constant
~v and that hg ~ h.
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3 Preliminary lemmas

In this section, we first recall the stability estimates of the continuous problem from Melenk and Sauter
[39, 40]. Then we consider the hp-approximation estimates of the discrete space V},. These estimates
improve slightly the estimates in [40] when u € H?(f). Finally, we analyze some elliptic projections
which are crucial for our pre-asymptotic analysis.

3.1 Stability estimates of the continuous problem

Let V" stand for derivatives of order n; more precisely, for a function u: Q — R%, Q C R?, |[V"u(x)|? =
ZaeNg:\M:n 2| DYu(z)|?. The following lemma (cf. [40, Theorem 4.10]) says that the solution u to the
continuous problem ([LI)—(T2) can be decomposed into the sum of an elliptic part and an analytic part
u = ug + uq where ug is usually non-smooth but the H2-bound of ug is independent of k and w4 is
oscillatory but the H7-bound of u 4 is available for any integer j > 0.

Lemma 3.1. The solution u to the problem (LI)-(2)) can be written as u = ug + u 4, and satisfies

(31) HUgHHz(Q) + k|’u,g|H1(Q) + k2||Ug||L2(Q) < C’Of,g,
(3.2) [ualm (o) + klluallLz) < CCfg,
(3.3) Vp € No, VP 2uullrz2) < CNE™ max{p, k}*T>Cy ;.

Here, A > 1 independent of k and Cy 4 := | fllz2) + 9l g1/2(ry-

Remark 3.1. An direct consequence of the above lemma is that
||UHH2(Q) SkCryg.

This estimate was proved in [20, (32, [3§)].

3.2 Approximation properties

In this subsection we consider to approximate the solution u to the problem (LI)-(T2]) by finite element
functions in V. We give two types of approximation estimates in both L2-norm and the norm |||-|||
defined in (24). The first type of estimates can be applied to smooth solution and gives higher order
convergences both in A and p. The second type of estimates assumes only H? regularity and gives first
order convergences (even for higher order elements), but it uses the decomposition given in Lemma 3]
and is more subtle than the first one. The proofs are a little long and will be given in the appendix.

Lemma 3.2. Let s > 2 and p = min{p+1, s}. Suppose u € H*(Q). Then there exists tp € V3, such that

i h
(3.4) e = anll o) S 55 el ),
i h!
(3.5) e = @nll S Corr=r llull e (01,

1
— kh\3
where Cepy 1= (1—1—7—1— m )2.
The following lemma gives approximation estimates of the solution to the problem (III)-(T.2).

Lemma 3.3. Let u be the solution to the problem ([LI)-(L2). Then there exist 4y € Vi, and a constant
o > 0 independent of k, p, h, and the penalty parameters, such that

55) o=l S (B + 25 (")
(37) = anll 5 Cne (3 + 5 (2)) 1,

1
where Cy g = || fllz2(q) + ||gHH1/2(F) and Ceypy = (1 + v+ %h) 2,
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Remark 3.2. The above estimates are based on the results from [39,[40] and a duality argument. Similar
estimates have been given in [39, [J0] as follows

. kh\ /h kh\P
U:Iel{,h (V@ = on)ll 20y + Fllu = vnll 2y ) S (1 + ?) (5 + (U—p) )Cf,g'

Our estimates in this lemma improve a little the above estimate in terms of p. See also Remark[A 1l

3.3 Elliptic projections

In this subsection, we introduce two kind of elliptic projections and estimate the approximation errors
of them. For any u € V, we define its elliptic projections UZ € Vi and v, €V, by the following two
formulations, respectively.

(3.8) ah(uz, vp) + ik(uz,vw = ap(u,vp) + ik{u, vp) Yoy € Vi,

(3.9) ap(vn,uy ) + ik(vp, vy, ) = an(vp,w) +ik(op,u) Yo, € V.
Let us take a look at the projections from other points of view. Define
af(u,v) := (Vu,Vv) £ Z ive ]% <[§—TZ] , [;—:6]> .
eet} ¢
Then a) = an, a;, (u,v) = ap(v,u) (cf. @), and clearly, uif € Vj, satisfies
(3.10) af(ui,vp) £ ik(uf, o) = aif (u,vp) £ ik{u,v) Yo, € V.

In other words, uf is an CIP finite element approximation to the solution w of the following (complex-
valued) Poisson problem:

—Au=F in Q,
ou

%:l:ikuzw on I,

for some given function F' and v which are determined by wu.
Next, we estimate the errors of uf From (BI0) we have the following Galerkin orthogonality:

(3.11) af(u—uf,vﬂiik(u—uf,vh) =0 Vo eV

We state the following continuity and coercivity properties for the sesquilinear form ay(-,-). Since they
follow easily from (2.I))-(2.35]), so we omit their proofs to save space.

Lemma 3.4. For anyv,w €V,

(3.12) |aiy (v, 0)], |ag; (w, 0)] < Jollinllw]in,

(3.13) Redj (v,v) + Imaj (v,v) = VIl -
Lemma 3.5. Suppose u is any function in H?(Q). Then there hold the following estimates:

:l: .
(3.14) 1w = || S inf e =zl

h
3.15 —uf < Cope— inf — ,
(3.15) w—uj L2 < Ce pz:gvhl\lu znll

where Cepy 1= (1 + v+ %)%.
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Proof. We only prove the estimates for u; since the proof for u, follows almost the same procedure. For
any z, € Vj, let n =u — u;, nh:uz — zp,. From np, +n = u — 2, and BII), we have

(3.16) an(n,n) +ik(n,n) = an(n,u — zn) + ik{n,u — zn).

Applying Lemma B4 and (3I6) we can obtain that

0113 » = Re an(n,n) +Im an(n,n)

= Re(an(n,n) +ik{n,n)) + Im(an(n,n) + ik(n, ) — kn.n)
= Re(an(n,u — z) +ik(n,u — z1))
+ Im(an(n,w — zn) + ik(n,u — 2zn)) — k|l L2(r)

< C(Imlh allw = zalln + Klnll ey lu = 2ullzay ) = Elnllze)-
Therefore,

(3.17) 19015 5 + EllnllZay S lu =20l n + Ellu = 20l 22 r)-

That is, (8.14) holds.

To show (B.15]), we use the Nitsche’s duality argument (cf. [12] [19]). Consider the following auxiliary
problem:
(3.18) —Aw=mn in Q

ow
(3.19) o ikw=0 on T.

It can be shown that w satisfies

(3.20) w20 S Inll220)-

As a matter of fact, the PDE theory shows that |w] . q) < C)( AWl 20y + Wl g1 (0 ) (cf. [37]), and
testing (B.I8]) by the conjugate of w and taking the real part and imaginary part imply that ||w]| e S

||77||L2(Q)-
Let 1y, € V}, be defined in Lemma (with u replaced by w). From BT,

an(n, wn) + ik(n, wn) = 0.
Testing the conjugated [BI8)) by n and using the above orthogonality we get
320 = —( = v 2ue) = an s — ) + ik — )
= an(n,w —wn) + ik(n, w — W)
S Inllpllw = @nllvn + Ellnll L2y llw — @nll 2
S il llw = <l
< h
S 1l Cer

which together with (8I4) and B20) gives B.I5). The proof is completed. O

By combining Lemma[3.5] and Lemma [3.3] we have the following lemma which gives the error estimates
between the solution to the problem ([LI)-(T2) and its elliptic projections.

Lemma 3.6. Let u be the solution to the problem ([LIN)-{L2)). Then there hold the following estimates:

(3.21) llw = i 5%(%%(%)?)@@
(3.22) O e e L T

where Cepy 1= (1 + v+ %)%.
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4 Pre-asymptotic error estimates by duality argument

One crucial step in asymptotic error analyses of FEM for scattering problems is performing the duality
argument (or Aubin-Nitsche trick) (cf. [4} 23] 35 [39, 40, [42]). This argument is usually used to estimate
the L2-error of the finite element solution by its H'-error. In this section we use a modified duality
argument to derive pre-asymptotic error estimates under the condition that (E)ﬁﬁ is sufficiently
small. The key idea is to used the elliptic projections from the previous section in the duality-argument
step so that we can bound the L2-error of the discrete solution by using the errors of the elliptic projections

of the exact solution u and thus obtain the L2-error estimate directly by the modified duality argument.

Theorem 4.1. Let u and up, denote the solutions of (LI)-(L2) and [24),respectively. Suppose 0 < v < 1.
Then there exist constants Cy and o > 0 independent of k, h,p, and the penalty parameters, such that if

kh D\ 74T
4.1 — < O (_) )
(1) S <aff
then the following error estimates hold:
k rkh\P\ |
(4.2) lu=wnll S (1+2(22)7) inf =zl
p\op Zn €V},
h 1 /kh\r
: -t £ (4 HE)) g o
( 3) Hu Uh||L2(Q)N p+p ap Z}}I€1Vh”|u Zh|||

Proof. First, we estimate the L?-error by introducing the dual problem and using the elliptic projections of
the solution to the original continuous problem and of the solution to the dual problem. Let ep, := u— uy.
Consider the following dual problem:

(4.4) —Aw—k*w=e, in Q,
ow
(4.5) o ikw=0 on T.

Let u; be the elliptic projection of u defined by ([B.8) and let w, € Vj, be the elliptic projection defined
as (39). From (Z3)) and (Z4) we have the following orthogonality,

(4.6) ah(eh, ’Uh) - kQ(eh,vh) + ik(eh,vh> =0, VYov, € V.
Testing the conjugated ([@4) by ej and using (8] with v, = w, , B8)-B3) we get
(4.7) ||eh|\%2(g) = (Ven, Vw) — k?(ep, w) + ik{ep, w)

= ap(en, w) — E*(en, w) + ik(en, w)
= ap(en, w —wy, ) + ik{en, w —wy ) — k*(ep, w — wy, )
=ap(u—u,w—w; ) +ik{u —u,w—w;, ) —k*(ep,w —wy, ).

Similar to Lemma [B.6] we may show that

h 1 /kh\P
4.8 - > < Cerr(_ _(_) ) 9
(4.8) ([[w —wy ||| < » + »\op lenllpzo)
h? h rkh\P
- 2
(4.9) |w—wy, L2 < Cerr(p_Q + F(U_p) ) llenll 2o -

From (@), Lemma B4 Lemma B.5 and ([@8)—-(@9), we have
lenl|Z 2oy < e = wf [ allw = wy Il + K o= | gy o =g (|2
+ kz ”ehHL2(Q) Hw - w;HLz(Q)

"B lenllyaqey inf, e — 2l
p | plop/) )@ gy, T

+ COfnkQ(z—j + 1%(,;_;),,) llenll72q) -

< CCon(
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Noting that Cerp = 14+v+ % <1+ %h, there exists a constant Cj independent of k, h, p, and the penalty
parameters such that

@10) it <o (2) men ccz (b + (1)) <cen (3 (2)7 + (D)) < 5
and as a consequence,
(.11) lenllay £ (5 + 5 (52)") int =zl

That is, ([@3]) holds.
Next we turn to prove (E2). Let uif € Vj, be the elliptic projections of u defined by (3.8)- (@) and
denote by ¢(* = u — ui. Tt follows from Lemma 34 and (8] that

||eh||ih =Reap(en, en) + Imay(ep, ep)
=Re(an(en,en) — k*(en, en) +iklen, en)) + k*(en, en)
+Im(ay(en, en) — k*(en, en) + iklen, en)) — k||eh||%2(F)
=Re(an(en, () — k*(en, (™) +ik(en, ¢7)) + K [lenl| 720
+Im(an(en, (™) — k2 (en, ) +ik{en, ¢)) — kllenllZ2
=Re(an(¢F,¢7) = K (en, ) +ik(CT, (7)) + B2 [lenll72o
+Im(an (¢, ¢7) = k*(en, C7) + (¢, 7)) = KllenllZary
<20 Nl + BT 2 () + 2K0C 2@y 1€ L2y + 2K [lenllT2 (o) — Kllenl 2.

Therefore, from Lemma [3.5] and noting that %, v <1,
< inf - k .
llenlll' s inf llu—2nll + klenll 2@

which together with (43]) implies (£2]). This completes the proof of the theorem. O

Remark 4.1. (i) Noting that if v = 0 then the CIP-FEM becomes the FEM, the above theorem and the
three corollaries below hold for the standard FEM.
1
(ii) Noting that the wave length is 2, the condition (@) roughly says that about é—g(%)p“ degrees
of freedom are needed in one wave length.

(iii) From [@IQ), clearly, the theorem holds under the following condition which is a little more general
(and a little more complicated as well) than ([@I):

k2h?  k skhypt1
(4.12) >+ — (—)p is sufficiently small.
p b \op
(v) If

kh  k skh\P
(4.13) —+ - (—) is sufficiently small,

p p\op
then CIP-FEM, as well as the FEM, is pollution free in the norm ||-|||, i-e., [|u — up|l| S inf, ev;, |lu — 2]l -

The condition [@I3) improves a little the condition of %h + k(i—};)p small enough given in [39] for the

FEM, because, for example, if we choose k(%)p = ¢ for some fixed constant c so that the latter condition

does not hold, then % + %(i—g)p = (%)% + % may be small enough for an appropriate choice of p and
large k.

(v) The pre-asymptotic error estimates for the linear CIP-FEM and FEM (p = 1) in two and three
dimensions are given in the first part of this series [{7]. For the pre-asymptotic error estimates for the
linear and hp version of the FEM in one dimension, we refer to [3]|] and [35], respectively. To the best
of the authors’ knowledge, there have been no pre-asymptotic error estimates for the higher order FEM
and CIP-FEM (p > 2) in two and three dimensions given in the literature so far.
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From Remark [£1(iv) we have the following corollary which gives practical sufficient conditions for
asymptotic estimates of the CIP-FEM and the FEM.

Corollary 4.1. Let u and up, denote the solutions of (LIN)-{L2)) and 24),respectively. Suppose 0 < vy <
1. Then the following asymptotic error estimate

lu—wunll < inf [[lu— 2|
2p€Vh

holds under any of the following three conditions:

kN3 kh
(4.14) (—) " 2= is sufficiently small,
p p
kN w1 kh
(4.15) p 2 (In k)% and (—) " s sufficiently small,
p p
kh
(4.16) p 2 Ink and — is sufficiently small.
p

Proof. ([@I4]) implies (£I3)) and the conditions (AIH)-(EI6]) are all sufficient conditions of ([I4). O

Remark 4.2. (i) Our asymptotic estimates hold for both the CIP-FEM and the FEM. Melenk and Sauter
139, [40] proved recently the asymptotic error estimates for the FEM under either of the condition (16l
and the following one:

(4.17) p = 0(1) fized independent of k and k't h s sufficiently small.

The above condition is similar to the condition [@AI4) but we prefer the later one because it does not
require p = O(1).

(ii) The condition (IR says that the theorem [A1l gives actually asymptotic estimates in the norm
-l under the further condition of p > (Ink)z. This condition is not strict from the practical point of

view. For example if we take p ~ (In k)% then p grows slowly as k increases, and so is (%)m ~ fVinE
which is o(k®) for any positive constant e.

(iii) The condition [@I4) is convenient for fized p. The condition [AI6) requires p 2 Ink and is perfect
when implementations of sufficiently high order CIP-FEM or FEM are available. And the condition ([LI5])

which requires merely p 2 (In k)% is suitable when only “medium” order methods can be used.

From Theorem AI] and Lemma B3, we have the following corollary which gives estimates for H?
regular solutions.

Corollary 4.2. Suppose the solution u € H*(2). Under the conditions of Theorem [} there hold the
following estimates:

(118) u=unln S (53 (2) 4 5 (52) )0
(4.19) lu = w2y S (Z_j I Z%(l;_l;)zp)cﬁg.

Remark 4.3. (i) Ifp = o((In k)%) then the condition (A1) is weaker then the condition [I4) for asymp-

totic error estimates, and the estimate [@I8) is a pre-asymptotic one with pollution term O(pﬁz((l;_};)%).

(ii) Pre-asymptotic error analysis and dispersion analysis are two main tools to understand numerical
behaviors in short wave computations. The later one which is usually performed on structured meshes
estimates the error between the wave number k of the continuous problem and some discrete wave number
w [1, 12, 21, (57, [37), (35, [16}, [43]]. In particular, it is shown for the hp-FEM (cf. [1,[35]) that

O(k*T1p2p) if kh < 1,

bow= O(S(%)%) ifkh>1and2p+1> #
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By contrast, our pre-asymptotic error analysis gives the error between the exact solution u and the discrete
solution uy, and works for unstructured meshes. Clearly, our pollution error bounds in H'-norm coincide
with the phase difference |k — w| as above.

(ili) Our pre-asymptotic estimates in Theorem[{.1] and Corollary [{-2H{{-3 hold in particular under the
following condition

(4.20) p = O(1) fized independent of k and KPR R is small enough,

which extends the asymptotic range given by ([EIT).

By combining Theorem [4.1] and Lemma B.2] we have the following corollary which gives estimates for
H?# regular solutions (s > 2).

Corollary 4.3. Suppose the solution u € H*(Q), s > 2. Let p = min{p + 1, s}. Under the conditions of
Theorem [{1], there hold the following estimates:

k rkh -1
421 - < (1 —(—) )
(4.21) Ju—unlly, S (1+ olop) ) l[ull s (),
h 1/kh L
(4.22) v —unlr2) S ’ + o\op) ) llwll s ()

where the invisible constants are independent on p, h,k, and the penalty parameters, but may depend on
s. In particular, if u € HPT1(Q) is an oscillating solution in the sense of [35, Definition 3.2], i.e.

||U||Hp+1(sz) Sk

then the following estimates hold:

(429) o=l s 0@ ((5) +5(5)7),
(4.24) IIu—UhIILZ'(sz)N—((];—) ( )QP)'

Remark 4.4. (i) Corollary [{.3 certainly holds for s = 2. We exclude the the case s = 2 in this
corollary because the estimates in [L2I)-@22) with s = 2 are worse than those in (AI8)-@I9). For
s > 2, Corollary [{-3) gives optimal convergence order in h and p while Corollary [{-3 gives only first order
convergence in h and p.

(i) If p = O(1) and u is an oscillating solution then [E23)) shows clearly that the pollution error in
H'-norm is again bounded by O(k*+1h?P).

By combining LemmaBIland Corollary 2] we have the following stability estimates for the CIP-FEM
(FEM).

Corollary 4.4. Suppose the solution w € H*(Q). Under the conditions of Theorem [[.1], there hold the
following estimates:

||Uh||1,h +k ||uh||L2(Q) S Crge
and hence the CIP-FEM is well-posed.

Remark 4.5. If v = 0, then this corollary gives the following stability estimate for the standard FEM
under the same condition.

IVunll L2y + E llunll 2oy S Crg-
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5 Stability estimates for the CIP-FEM

In the previous section we have shown that the CIP-FEM and the FEM are stable under the condition

that % < CO(%) 7T and 0 < < 1. The goal of this section is to derive stability estimates (or a priori
estimates) for the CIP-FEM (24]) for any k, h,p, and v > 0.

Some stability estimates have been proved for the discontinuous Galerkin methods (cf. [26], 27] 28])
and the spectral-Galerkin methods (cf. [44]). Their analyses mimic the stability analysis for the PDE
solutions given in [20] B2] [38]. The key idea is to use the test functions v = up, and v = (z — zq) - Vuy,
respectively, and use the Rellich identity(for the Laplacian), where xzq is a point such that the domain
Q) is strictly star-shaped with respect to it (see (ILI0)). As for our CIP-FEM (24)), although the test
function v, = wyp, can be still be used, the test function vy, = (x — zq) - Vuy, does not apply since it is
discontinuous and hence not in the test space Vj,. We surround this difficulty by taking the L? projection
of (x — zq) - Vuy to the finite element space V},. To analyze the error of the L? projection, we recall the
so-called Oswald interpolation operator Zps, which has been analyzed in [15] [33] [36] [41]. Let W}, be the
space of (discontinuous) piecewise mapped polynomials:

(5.1) Wi = ] PolF" (K)).

Lemma 5.1. There exist an operator Los : Wy, — V, and a constant Cp, depending only on p, such that,
for all K € Ty, the following estimate holds:

1
(5.2) Vvh S Wh, th — Ios 'UhHLQ(K) S Cph;{ Z ||[Uh]||L2(e)7
eGS,{ﬂK
where C, = p~1 for Cartesian meshes and C), = p% for triangulations (d = 2, 3).

Lemma 5.2. Let Qy, be the L? projection onto Vi, and let C, be the constant in Lemma[5dl Then the
following estimate holds:

1
2
(5.3) Von € W, [lun — Quonll iz scp( 3 he||[vh1||%z<e>) ,
eegé
1
< p2CP 2 2
(5.4) Yo, € W, |IV(vh — Qron)llL2(ry S ” Z;I hell[vnlllz2ce) | -
ee h

Proof. (5.3) follows from |lvy, — Qnon||r2(7,) < lvn — Zosvn| L2(7;,) and Lemma Bl (5.4) follows from
the inverse inequality and (&.3]). O

We cite the following lemma [26] Lemma 4.1], which establishes two integral identities and play a
crucial role in our analysis.

Lemma 5.3. Let a(z) :=x —xq,v € [[ H*(K), K €T, and e € E}. Then there hold

KeTy,
(5.5) dl[v]| 2y + 2Re(v, o - Vo) e = /BKOé'nK|U|27
(5.6) (d = 2)[IVll72(x) + 2Re(Vo, V(- Vo)) = /axa ng |Vl

Here xq is a point such that the domain § is strictly star-shaped with respect to it (see (LI0)).

Remark 5.1. The identity (B.0) can be viewed as a local version of the Rellich identity for the Laplacian
A (cf. [20)).
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Lemma 5.4. Let uy, € Vi, solve 2.4). Then

2 1, 2
(5.7) |IVUh||L2 @ — R lunlliz@) < 20 fll2 g llunll 20y + 7 l9llz2ery 5
3uh 2
(5.8) > % o + kllunlZary < 21 Fll g2 lunllpzo) + = ||g||Lz
egI L

Proof. Taking vy, = up, in (Z4) yields
(5.9) an(un, un) = k2|lunl2(q) + ikllunllZ2ry = (f, un) + (g, un).

Therefore, taking real part and imaginary part of the above equation, we get

(5.10) ||Vuh||i2 ~llonla < ) + G0
ou
(5.11) >l [—} T bl < 1(Frum) + (g, un).
ec&l L2(e)
From (G.11),
8uh 2 2
> % + kllunllz2ry < [(f,un) + (g, un)|
cee! L2(e)

1 2 k
< ||f||L2(Q) ||Uh||L2(Q) + 2% ||9||L2(F) + §||“h||%2(r)
which implies (5.8)). From (5.I0) and (5.8,
2
||vuh||L2(Q k2||uh||L2(Q < ||f||L2 Q) ||uh||L2 Q) + ||9||L2 ™ts ||uh||L2
<2 ||f||L2(Q ||Uh||L2 @ 1tz ||9||L2

That is, (57) holds. This completes the proof of the lemma. O

From (5.7) and (5.8) we can bound [[Vup||p2) and the jumps of g%: across e € &l In order to get
the desired a priori estimates, we need to derive a reverse inequality whose coefficients can be controlled.
Such a reverse inequality, which is often difficult to get under practical mesh constraints, and stability
estimates for uj, will be derived next.

Theorem 5.1. Let up, € V3, solve 24)) and suppose ve ~ 7, hi,he ~ h. Then

(5.12) Ellunl L2y + llunllin S CsaM(f, 9),

where

(5.13) M(f,g) = llfllz2) + llgllL2r),
- 1 ’7}7 602

(5.14) Cun =1+ k( Wt )

Proof. We divide the proof into three steps.

Step 1: Derivation of a representation identity for ||up| r2(q). Define v, by vp|x = a - Vuy|k for
every K € Ty, denote by wy, = Qpop, hence wy, € V3. Using this wy, as a test function in (24]) and taking
the real part of resulted equation we get

(5.15) — k* Re(up, wn) = Re((f,wp) + (g, wr) — an(un, wp) — ik{up, wp)).
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It follows from (&.3), (59), and (BIH) that

616) Wl = Y [ ol = (= 2Rl
KeTn oK

— 2k* Re(up, wp) — 2k Re(up, v, — wy,)

= k? K;Th /BK o nglunl® + (d = 2) Re((f,un) + (g9, un) — an(un, up))
+ 2Re((f, wn) + (g, wn) — ap(up, wp) — ik{up, wp))
e K;h /a il + (d = 2 Rel(Fun) + (g 0.)

+2Re((f,wn) + (g:wn) = Y ((d=2)[|Vun|F2(x) + 2Re(Vup, Von) k)
KeTy,

— 2Re J(up, wn) + 2k Im(up, wp,).
Since uy, is continuous, we have
(5.17) > [ o mulun =2 3 Refar- nefunfun) + (o o fun )
KeT;, oK eesl
= (o ng, |uh|2>.

Using the identity |a|? — |b|> = Re(a + b)(@ — b) followed by the Rellich identity (5.6) we get

(5.18) Z ((d = 2)|Vunl72(x) + 2 Re(Vun, Vwn) i)
K€7-h
= Y (@~ 2 Ve gy + 2Re(Vr, Vo))
KeTy

+2 Z Re(Vup, V(wn —vn)) K
K€7-h/

= Z / - ng|Vug|? +2 Z Re(Vup, V(wn, — o))k
KeT;, 7K KeT,
=2 Rela-ne{Vun}, [Vunl)e + (@ - ng, [Vua|?)

e€5£

+2 Z Re(Vup, V(wn, — o)) k-
K€7-h

Plugging (5.17) and (I8) into (G.16) gives
(5.19) 2k?|unZ2() = (d = 2) Re((f,un) + (g, un)) + 2Re((f,vn) + (g, vn))

+ E*a - ng, |un|?) + 2k Im(up, vy) — (o - ng, |[Vup|?)

—2) " Re(a - ne{Vun}, [Vun])e — 2Re J (up, vn)

ec&f
—2Re J(up,wp, —vp) — 2 Z Re(Vup, V(wp, — vp)) K
K€7-h
+ 2k Im(up, wp, — vp) + 2Re((f, wn, — vp) + (g, wp, — vp)).

Step 2: Derivation of a reverse inequality. We bound each term on the right-hand side of (5.19). We
have

1
(5.20) 2Re((f,vn) + (g,vn)) <C||f[1 720 + 3 IV unll2 0
cQ
+Cllgl7am) + T Z IVun|Zz )

6655



Pre-asymptotic Analysis of CIP-FEM and FEM

It is clear that

(5.21)

K (a - ng, [unl®) < CE?|lun||72 ).

It follows from the star-shaped assumption on €2 that

(5.22)

2k Im{(up, vp) —

(a - nq, |Vuh|2>

<Ck Y Nunllro@llVunllzae — ca Y [IVunllfz

eEEf

< Ck?[lunlZ2

eEEf

€

B
€&}

&)
Ny Z ||Vuh|\%2(e)-

For an edge/face e € 5,{ , let K, and K/ denote the two elements in 7, that share e. We have

(5.23)

—2> " Rela-ne{Vup}, [Vun])e < C Y ( ) IVunll L2 s U )

665{

ecEf

3uh
||VUhHL2 Q) + C h2 ZI p_ H |:ane

eeg;,

From (2.2), the trace and inverse inequalities (cf. Lemma [A]), we have

(5.24)

——2I{etf(uh,vh

*—2Rez

ec&l

I

ec&l

h
SZ%p—g

eefé

SZ%h—;

eegé 4

1 2
< g IVunlzag) +

e[t

3uh_

Oun
[ One |||,

Oun
L One ] ||,

'Yp
h?

LOne [l 12(e)

.
ol

ec}

|

P’

h

h

3vh
One

3vh
one

)
)

1
2

).

L2(e)

Oun
one

|Uh|H1(K)

K= KG,K/

1
2

K= I( K.

Oun
one

h

L3(e)

I..

2
p—HvuhHm(K)

L2(e)

6
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Next we estimate the terms containing vy, — wp = vp — Qpvp. From Lemma and the definition of vy,

(5.25)

(5.26)

llon, — whHm(Th) ~

|vn, — wh|H1(Th) ~

665;

1
2
v h 665,{

pClp he
< £ E ¢
7% ( Wep2

3

p°C he
< p(E ez

[8uh

one

|

3uh

one

|
|

2

L2(e)

2

L2(e)

)
’



Pre-asymptotic Analysis of CIP-FEM and FEM

From (5.26) and the trace inequality in Lemma [A]

ou
(5.27) —2Re J (un, wp—vy) < Y ve [a h} IV Cwn = on)lllz2e)
eGSI e L2(e)
oup, p2 3
ok B 3 (e
e L2(e _ ’
ceel (e) K=K.,K!
he ||[Oun]|? 2
SCW;( s [—] ) [on = wnl 7,
e POl h’
3
p°Cp he || [ Qun
<P e
<l s[5
eegi
And we have,
(5.28) -2 Z Re(Vup, V(wn—vn)) k. <2 Z IVunl L2 IV (wh = vn)l 2 (x)
KeTy KeTn
< 3 ||vuh||2L2(Q) +Clon = whﬁfl(n)
1 2 r°C; oun] |’
< S Vunlzz) + C—7 on. ‘
8 () ,YhQ by on, L2(e)
From (5.28) and Lemma [A]]
(5.29) 2k Im(up, wp, —vp) < Ck Z lunllpzce) llwn = vnllpz(e
665}?
2.1
p 2
< Ck |lunl g2y (g) lwn = vnll 27,
1
Cp h ounl|” 2
< Ck e e
pliac (%) 25 (6625,7 # o] m(e))

< CpQCp(Wk ) (k ||Uh||L2 s Z %pz

ecé}

8uh
8ne

L2(e) > .

From (5.28), (5.26), and Lemma [AT]
(5.30) 2Re((f, wp — vr) + (g, wp — vp))

2, 1
p 2
S 11 gy len = ol gy + 19l ey (5) ™ aem = ol o

2 2 3
p°C, he || [ Oup, 2
S (Wl + ol o (2 s | 3]
ec&f K

1
(’Yh)z ecEf
4C2 |:auh:| 2
e ] || p2(e) ’
Plugging (5:20)-(E24) and (E27)-(E30) into (E.19]) we obtain
262 [unllZ2(q) <1(f un) + (g, un)| + C(||f||2L2(Q +llglZary)

he
Sz + ol ey + =52 D e

1 >
+ 5 1 VunllZaay - = anhnm)w(mﬁc( ))knuhn%zm

eEEB

4 4 3 602
p yp* | p’Cp | PG
e e e A ));I%

8uh
8ne

L3(e)

17
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From (B8] and the facts

p3C, p°C2 20 (ﬁ)% < p°C2  kh

we have

co
2k Jun |20y + T > IVl

8655

1 2 2
< —5 IVunll ey + 1Vunlzaa + O 12y + lgllEaqry)

yp Cg kh
vo(br1+ 2212 2+ 23) (Il lonlla + sl )

Step 3: Finishing up. It follows from (5.7), (5.13), (514), and the above inequality that

2k ||Uh||L2 Q) + Z ”vuh”L2(e

eEEB
1 2
< K unl|72 o) — 3 [Vur||z2@) + C(||f||2L2(Q +ll9l72)

+ Ckcsta( ||f||L2(Q ”uh”L2 @ 7 ||g||L2 F))

3k2
< _||uh||L2(Q ||Vuh||L2 )+C sta (fv ) 5

which together with (5.8)) implies (&12]). The proof is completed. O

Since scheme (24]) is a linear complex-valued system, an immediate consequence of the stability
estimates is the following well-posedness theorem for (24)).

Theorem 5.2. The CIP-FEM 24) has a unique solution for k >0, h >0, p>1 and v > 0.

Remark 5.2. (i) For the general case when the meshes may be nonuniform, Theorem[5 1l and Theorem[52
still hold with h replaced by h = ming e, hx. The proof is similar and is omitted.

(il) When p =1, a better stability estimate is derived in [{7] by another approach taking advantage of
Aup, =0 on each element.

(iii) The stability may be enhanced by an over-penalized technique, just like what is done for the hp-
IPDG method (cf. [27]). More precisely, if we replace ap(up,vp) in the CIP-FEM (24) by the following

sesquilinear

2j—1 4 ,
aj (up,vp) = (Vup, Vop) + Z Z i (_) <[8Juh] 7 [aﬂwﬂ> 7
: onl onll/.

Jj=1eecgl

with vje ~7v; > 0,7 =1,2,---,q, 2 < q < p, then, after some tedious but similar derivations, we may
show that (BI2) holds with Cy. replaced by the following stability constant:

Lp'Cy POy PP~ E P voNEL L P
e —1+—( P4 P+ ”( —J) + = max ( J) + —).
e kX yih o (y192)3h h j;% h 1<j<q=1 \yj41 T2

4q9—4
) 4 2q—1
G=1) C
We omit the details here. Clearly, if we choose v; ~ (Cf)h) E= 1 <5 <gq, then CL, < %,

Zq—1

where Cp, 15 deﬁned in Lemmal5dl Recall that the best stability constant obtained so far for the hp-IPDG
method is O( v ) (cf. |27, Theroem 3.3]).
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6 Pre-asymptotic error estimates for the CIP-FEM by using the
stability

In this subsection we shall derive error estimates for scheme (24). This will be done by exploiting the
linearity of the Helmholtz equation and making use of the stability estimates derived in Theorem [5.1] and
the projection error estimates established in Lemma

Let u and wuy, denote the solutions of (ILI))-(2)) and (2.4I), respectively. Recall that ep, = u — up,. Let
uz be the elliptic projection of u as defined in (BF). Write ej, = n — £ with n:= u — uZ,{ = up — uz
From the Galerkin orthogonality (6] and B8] we get

(6.1) an(&vn) — k2(& vp) + k(& vp)r = an(n, v) — k*(n,vn) + ik{n, vp)r
= —k2(77,’0h) Yo € Vj,.

The above equation implies that £ € Vj, is the solution of scheme (2.4]) with sources terms f = —k?n and
g = 0. Then an application of Theorem [5.1] and Lemma immediately gives the following lemma.

Lemma 6.1. £ = up — uZ satisfies the following estimate:

k2h .
(6.2) kll€ll2@) + [€lln S CstaCerr—— inf llu— 2|,
P zn€Vh

We are ready to state our error estimate results for scheme (2.4]), which follows from Lemma [3.5]
Lemma and an application of the triangle inequality.

Theorem 6.1. Let u and up, denote the solution of ([LI)-(C2) and 24, respectively. Suppose u €
H4(Q),s > 2. Then

k2h
(6.3) o= unlln £ (14 ConCura =) it = 2
p 2 €V
h .
(6.4) o= 2@ % Cone (14 KCna) = int = 2

1
where Cepy := (1 + v+ %) 2 and Csta is defined in Theorem [51

Remark 6.1. (i) For the linear CIP-FEM, we have shown that [[7], if v ~ 1, then the following pre-
asymptotic error estimate hold for any k,h > 0:

lu = unllin < (Crkh + Comin {k*h? 1} ) Cp.

(ii) The theorem can also be extended to the over-penalized CIP-FEM. In particular (c¢f. Remark[52
(it1)), if p > q > 2, and v; ~ (C’Qh) e ,1 < j < q, then the following pre-asymptotic error estimate

holds for any k,h,p > 0:
. kh\3 o dot 1
lu=unllin < €1 _inf flu =zl + Co(1+ =) kG T nf lu— 2]
zh€Vh p zn€Vh
The details will be reported in o separate work.
A Approximation by hp-finite element

In this appendix, we prove Lemma and Lemma [3.3]

A.1 Proof of Lemma

We need the following trace and inverse inequalities (cf. [43], [15]).
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Lemma A.1. For any K € Tj, and z € Pp(F*(K)),
Il 20r0) S PR %12l 120y
V2|l L2y S P°R Izl L2
We recall the following well-known hp approximation properties (cf. [7, 29] 30} [39]):

Lemma A.2. Let pp = min{p+ 1, s}. Suppose u € H*(Q2).
e There exists iy, € Wy, such that,

3 hed
2 .
(A1) lu =l = (D llu=tnldeu)” S —lullme@, §=0,12
KeTn p

e There exists iy € Vi, such that

—j ||u||HS(Q)7 32071

R h
(A.2) v —tnllmio) S —

Here the invisible constants in the two inequalities above depend on s but are independent of k, h, and p.

Clearly, (3.4) holds (cf. ([(A2)). It remains to prove [33). It follows from the (A2) and the trace
inequality that

1

. . o1 h*~ 2
(A.3) l[u— uh”m(r) S llu— uh”zz(g) l[u— Uh”?{l(g) S T%H'UJHHS(Q)
From the local trace inequality
(A4) ||U||%2(6K) N hz_<1||v||2L2(K) + ||U||L2(K)||VU||L2(K)

we have

S bl =l oy + lv = @l mr o llv = @nll 22 (7s)-

KeTh ecOK H Me L2(e)

On the other hand, from Lemma [AT]
lw—anllmz2m) < llw—anllmzm) + G — anllm2(n,)

2
. P N
S = anllm2cry + 3 llan = anllm )

Therefore, from (AJ]) and (A.2)),
>y [T

KeTy ecOK

Then it follows from (A2]) and ([Z3) that

2h2 pn—2

L2(e)

{3(u - ah)] 2

One Iz

h
~ ~ 2
o= 2 n S IV 0= ) Pay + S e
p
ee&;,

h2u—2 9
S+ 7)F||u||Hs(Sl)'

By combining the above estimate, (A3)), and ([Z.6) we conclude that (3.5) holds. This completes the
proof of Lemma
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A.2 Proof of Lemma [3.3

Lemma can also be used to approximate the elliptic part of the solution u. The following lemma
gives an approximation to the analytic part of the solution wu.

Lemma A.3. Suppose u is analytic and satisfies (3.2)-B.3).
o There exists Uan € Wy, such that

N[

(A.5) lua = aanllis i = (D lua—tanle)

K€7-h

h2=3 h'=3 rkh\P

<[ TR i =0,1,2.
{ka*J P (O’p) } oo J T
o There exists Ua,n € Vi, such that
. h2=3 h'=7 rkh\P )

(A.6) lua = tanllmi) S {W + (U—p) }Cm, j=0,1

Here 0 > 0 is some constant independent of k, h, and p.

Remark A.1. The following estimate is proved in [39, Theorem 5.5] (see also [0, Proposition 5.3]):

w}relf (HV(UA—U;I)HLQ(Q +k|lua —vpll 2 Q)) (1—1—@) (g"" (%)p)

Clearly, a combination of our H'-estimate and L*-estimate in (A.G) gives better upper bound than the
above estimate. This is because our L2-estimate improves that implied in the proof of [39, Theorem 5.5].

Proof. Following the proof of [39, Theorem 5.5], we start by defining for each element K € T}, the constant
Ck by
IVPuAllf2 )
A7 C% = —_—
(A7) K Z (2A max{p, k})?

pENp

and we note

(A.8) IVPuallL2x) < 2Amax{p, k})’Cx  Vp € N,
1
(A.9) Y Ck S =Ch
K€7-h

Then, [39, Lemma C.2] and a scaling argument provides an approximant @45, € W) which satisfies for

j=0.12,
h p+1 khypt+1
lua = danlman shc{ (=) + (%) }

h+o op

Summation over all elements K € 7T, gives

ua = tanl iy = (3 lwa = wanlrio)
KeTh

() ()] 5 ek

KeTn

The combination of the above inequality and (AX9) yields

(A10) o= wanlmm 5 (507 (res) 4 2 (52 er
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Furthermore, we estimate using h < diam Q and ¢ > 0 (independent of h)
. h p+1 h2—J hP—1 . h2—J h p—1 p2
A o (Y LI e Wyt
( ) h+o p>=i (h—i—o)p‘Hp ~p*i\h+o
h2_j( diam Q )P*1£ < W
~ p?~J \o + diam Q 02 ~ p2=i’

we therefore arrive at

y 1h*= b9 rkhyP
lua = danllm () S [Epz_j T( ) }

That is, (A5]) holds.

22

Similarly, [39, Lemma C.3] and a scaling argument provides an approximant u 4, € Vj, which satisfies

for j =1,

fua=wanlimao S5 0{ (5)" + (50"

Summation over all elements K € T, gives

h \2p+2 k% (khy2p
sl 2 [ (52) T R (5) ] Xk
lua = wanlfe < (07255 7 \op) | 2 Gk

The combination of the above inequality and (A9), (A1) yields

h 1 /kh\P
lua —vuanllmio) S [k_p + ];(—) }nyg-

op
We introduce the sesquilinear form a(-, -) := (Vu, Vv) 4 (u, v) and define the elliptic projection @4, € Vj,
of uy by
(A.l?) a(ﬁ.A,hy'Uh) = a(uA,vh) Yop € Vi
Then,
lua = danlng) = a(ua —dan us —dan) = alus —an, us—uan)
S llua — dan| g llua —vanlm o).
Therefore,
h 1 /kh\P
A.13 uA — Uanl| < UA — UAR| H S{——i——(—) }C}.
(A13) H sy S | o £ 15+ 1 (2] er

To show ([AL6]), we use the Nitsche’s duality argument and consider the following auxiliary problem:

(A.14) —Aw+w=us—1Ua, in Q
(A.15) & o on T.

It can be shown that w satisfies
(A.16) lwll 2 0) S llua — tanlr2(o)-
Let wy, € V, be defined in Lemma[A2l Testing the conjugated (A14) by ua — tia,n we get

|ua —tdanllLz@) = (va —tan —Dw +w)
= (V(ua = tan), Vw) + (ua — dan, w)
=a(ua — g n,w) = alus —dgn,w—wp)
S lwa = dan |l g ) llw — nll g o)

. h
S llua— uA,hHHl(Q);HWHH?(Q),

which together with (AI6) and (A13) gives (A.G). The proof is completed.
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Next we prove Lemma B3] We consider to approximate ug and uy, respectively. First, from
Lemma [A.2] there are two functions ig j, € V), and g p € W), such that

N h?~
(A.17) lug — tig nllmi) S Wcj o J=01,
. h?~i .
(A.18) lue =t nllmim) S 555 Crer 7 =012

On the other hand, from Lemma [A:3] there exist @4y € Vi, and G4, € W), satisfying (A6]) and (AF)
respectively. Let 4y, = Qg p + UAp, Un = e n + Uap. It follows from the triangle inequality that

R h2=i  Rl7I khNP .
(Alg) ||u_uhHH7(Q) 5 (pg_j + F(U_p) )Ofvg’ J :Oalv
. h2=3  h17I skhNP .
(A.20) Hu—uhHHj(Th) < (p27j » (0_1)) )Cf)g, 7=0,1,2.

Therefore, ([B.6]) holds.

(B0 can be proved by following the same procedure as that for deriving (B.5). We omit the details.
This completes the proof of Lemma 3.3

Acknowledgments. The author would like to thank Professor J.M. Melenk for helpful communica-
tions.
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