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STOCHASTIC HOMOGENIZATION OF MONOTONE SYSTEMS OF VISCOUS
HAMILTON-JACOBI EQUATIONS WITH CONVEX NONLINEARITIES

BENJAMIN J. FEHRMAN

ABSTRACT. We consider the homogenization of monotone systems of viscous Hamilton-Jacobi equa-
tions with convex nonlinearities set in the stationary, ergodic setting. The primary focus of this
paper is on collapsing systems which, as the microscopic scale tends to zero, average to a de-
terministic scalar Hamilton-Jacobi equation. However, our methods also apply to systems which
do not collapse and, as the microscopic scale tends to zero, average to a deterministic system of
Hamilton-Jacobi equations.

1. INTRODUCTION

In this paper we study the limiting behavior, as € — 0, of the solutions
u® = (uf,...,u5,) : R" x [0,00) x @ = R™

of degenerate elliptic, monotone systems of the form

(1.1) uj , — etr(Ag(2,w)D?uf) + Hy(Dus, uf, u’iuj ;Z,w) =0 on R" x (0,00),
u® = ug on R™ x {0},
where to simplify notation we write l Zuj for the vector <u€’iui ey ue’“_eusn) e R 1L,

The Hamiltonians Hy, = Hg(p,,s,y,w) and the diffusion matrices Ay = Ak(y,w) are random
processes depending on an underlying probability space (€2, F,P). The intuition is that w € Q
indexes the collection of all systems like (I.I)). We postpone the precise assumptions until Section
2, but remark here that the Ax’s and Hy’s are stationary ergodic in (y,w) and the Hj’s are convex
and coercive in p and s. Due to the stationarity and ergodicity, the u’s “see” the entirety of the
systems indexed by 2 and, as ¢ — 0, average out to a deterministic limit which, in view of the
coercivity, must be scalar. There is also an initial boundary layer which forces the limiting solution
to satisfy a new initial data.

The result is that, as € — 0, the u®’s converge almost surely to a deterministic scalar function
which solves a deterministic Hamilton-Jacobi equation for an appropriate initial condition. More
precisely, we identify a deterministic Hamiltonian H : R™ x R — R such that, as ¢ — 0, for each
ke {1,...,m} and almost surely in €,

1.2 u§, — u locally uniformly on R”™ x (0, c0),
k

where @ is the solution of the scalar initial value problem

u + H(Du,u) =0 on R" x (0,00),
(1.3) u=1u on R™x {0}
= u, )
with u, : R” — R the point-wise minimum, for up = (u1,0, ..., Um,0),
Uy = 15?%% Uk,0-
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Concrete examples of systems like (L) and (L) below are

x € _ye x
up ; — eAuy + |Duf | + chi(z,w)e(“k uid/e — Vk(;,w),
itk
which arises in the study of neutron transport, e.g., Armstrong and Souganidis [2], as well as
coupled systems like

€ €
uk‘_ui)2 _0
+ — Y

x x x
ui,t - Edk(_7w)Au2 + Hk(Du27uea _7w) + ch,i(_vw)(
€ € 2k € €

and systems of switching games like
x x x
uj, ¢ + min {max {—eAu; + Gr(Duy,, uy,, z,w),uz — M (uf, ?w)} ,uf, — N (uS, ?w)} =0,

with M, (uf, £,w) = min { v — g;(£,w) | j # k } and Ni(u®, 2, w) = max { uf — hy;(2,w) | j #k },
which were studied, for € = 1, by Engler and Lenhart [II] and Lenhart [I7] and Capuzzo-Dolcetta
and Evans [7], Yamada [27], Ishii and Koike [14], Lenhart and Yamada [19] and Lenhart and Belbas
[18] respectively.

The identification of H and proof of homogenization follow the methods of Armstrong and
Souganidis [2, 3], with more references given later in the introduction. We use, for each (p,r) €
R™ x R, w € © and § > 0, the approximate macroscopic system

5v) — tr(Ag(y,w)D?*v) + Hy(p + Dvg, 7, v — v?,y,w) =0 on R"
with # = (r,...,7) € R™, to characterize H(p,7), almost surely, by

H(p,r) = limsup —6v$ (0, w).
6—0

We then use the asymptotic properties of the solution m, = (mi,,...,mMm,,) of the so called
“metric system,”

- tr(Ak(yv w)D2mk,M) + Hk(p + Dmk,/m T Mg — My ps Y, w) =p on R" \ D,
my, =0 on 90D,

for D either a ball or a point (See Section 6 for details), to prove that, almost surely in © and for

each R > 0,

(1.4) lim sup [H(p,r)+ 5o (y,w)| = 0.
6—0 yEBR/6

If there exist estimates, uniform in €, for the |ug ,| and |Dusj|, then (I4) is sufficient to apply the
perturbed test function method and conclude the proof. However, such estimates are not available
in general, unless the initial condition wug satisfies

ujo =ujo foreach i,je€{l,...,m}.

We therefore must use additional tools from the theory of viscosity solutions to identify the correct
initial condition u, and prove the convergence, as € — 0, of the ug’s.
A simple example of the above difficulty is illustrated by the system, for m = 2,

€ __ €
uk u,

2
(1.5) { us, , — eAug, + [Dug | + (TJ>+ =0 on R"x(0,00),
uf =1,u5 =0 on R"™x {0},
with solution
u§(z,t) = (1+t/e3)~t and u(z,t) = 0.

It is immediate that, as e — 0, u{; is unbounded from below and, for k = 1,2,

uj, — 0 locally uniformly on R"™ x (0, 00).
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Notice that @ = 0 is the the unique solution of the limiting problem

T+ |Du>? =0 on R" x (0,00),
u=uy=0 on R" x {0}.

We prove that the analogous behavior is replicated for general such systems in the random setting.
Finally, we remark that our methods are easily adapted to systems of the form

. — (AW @) D) + il D, £,0) = 0 on B x (0, 0),
u€ = ug on R™ x {0},

which, as € — 0, do not collapse and homogenize to a deterministic system, as well as the corre-
sponding time-independent analogues of (ILT]) and (L.Gl).

The homogenization of scalar equations in stationary ergodic random environments has been
studied extensively. The linear case was first analyzed by Papanicolaou and Varadhan [23], 24] and
Kozlov [16], and general variational problems were considered by Del Maso and Modica [9], 10].

More recently, results for Hamilton-Jacobi equations were first obtained by Souganidis [26] and
Rezakhanlou and Tarver [25], for viscous Hamilton-Jacobi equations by Lions and Souganidis [20),
21] and Kosygina, Rezakhanlou and Varadhan [15], and for viscous Hamilton-Jacobi equations in
unbounded environments by Armstrong and Souganidis [3].

The homogenization of systems has been most extensively studied in the periodic setting. The
homogenization of linear elliptic systems has been considered, for example, by Avellaneda and Lin
[4]. Camilli, Ley and Loreti [6] considered the homogenization of a first-order monotone system of
Hamilton-Jacobi equations. And, more recently, Mitake and Tran [22] considered a weakly-coupled,
collapsing system of first-order Hamilton-Jacobi equations.

In the stationary, ergodic setting, Armstrong and Souganidis [2] considered a time-independent,
uniformly-elliptic version of (LI]). In addition to characterizing the limiting behavior, as ¢ — 0, of
the system’s principle eigenvalue, they prove that if (I.2]) is known, a priori, then the limit satisfies
the time-independent version of (L3)). We prove (L2]) in general and obtain a similar result in
Proposition However, beginning with the study of the approximate macroscopic system, our
analysis differs from [2] due to the absence of uniform ellipticity and the existence of an initial
boundary layer for general parabolic problems.

The paper is organized as follows. In Section 2, we introduce the notation, state the precise
hypotheses for the coefficients A, and Hy, and recall two ergodic theorems used throughout the
paper. In Section 3, we study the approximate macroscopic problem. The effective Hamiltonian H
and its properties are the subjects of Sections 4 and 5. We study the metric system in Sections 6
and 7. The effective Hamiltonian is further investigated in Section 8. We identify the initial data
uy and conclude the proof of the main result in Section 9. We present precise results for (LG) and
the time-independent analogues in Section 10.

(1.6)

Acknowledgments. I would like to thank Scott Armstrong and Panagiotis Souganidis for suggest-
ing this problem and for many useful conversations. Furthermore, I would like to thank Panagiotis
Souganidis for his numerous suggestions and advice throughout the process of writing and editing
this paper.

2. PRELIMINARIES

2.1. Notation. Elements of R™ and [0,00) are denoted by x and y and t respectively and, for
reR, 7= (r,...,r) €R™. Forr,s € R, we write r < s if r; <s; for each i € {1,...,1}. We write
Dv and v, for the derivative of the scalar function v with respect to x € R™ and t € [0, 00), while
D?v stands for the Hessian of v. Regarding the Hamiltonians Hj, we write p for the dependence on
Du¢ and r for the dependence on u. The variable s € R™™! is used for the differences e~ (u, — ug).
We use the notation D,H), for the derivative of Hj, with respect to the gradient variable, while
other derivatives are expressed analogously. The spaces of £ x [ and k x k symmetric matrices
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with real entries are respectively written M**! and S(k). If M € M**! then M! is its transpose
and |M| is its norm |M| = tr(MM")'/2. If M is a square matrix, we write tr(M) for the trace
of M. For U c R™, USC(U;R%), LSC(U;R%), BUC(U;R%), Lip(U;R?) and C¥(U;R%) are the
spaces of upper-semicontinuous, lower-semicontinuous, bounded continuous, Lipschitz continuous
and k-continuously differentiable functions on U with values in R?. Moreover, Br and Bg(z) are
respectively the open balls of radius R centered at zero and z € R™. We denote by 2 D 1 D 29 D
Q3 nested subsets of full probability. Finally, throughout the paper we write C for constants that
may change from line to line but are independent of w € 2 unless otherwise indicated.

2.2. The random medium. The random medium is described by the probability space (€2, F,P).
An element w € ) then corresponds to a particular realization of the environment.

It is assumed that 2 is equipped with a group (7) JERT of transformations 7, : 2 — Q which are

(2.1) measure-preserving and ergodic,

where the latter means that, if £ C  satisfies 7,(E) = E for each y € R" then P(E) = 0 or
P(E) = 1.

A process f: R" x Q — R is said to be stationary if the law of f(y,-) is independent of y € R™,
a property which can be reformulated using () yeRn 88

(2.2) fly+z-)=f(y,7) foral y,zecR"

To simplify statements we say that a process is stationary ergodic if it satisfies ([2.2) and (7))
is ergodic.

The following ergodic theorem will be used frequently in this paper. A proof may be found in
Becker [5]. Here Ef denotes the expectation of a random variable f.

yeRn

Proposition 2.1. Assume (2.1]) and suppose that f : R" xQ — R is stationary and E|f(0, -)| < oo.
There exists a subset 2 C Q such that P(2) = 1 and, for every bounded domain V C R"™ and w € Q,

lim ]{v fly,w)dy =Ef.

t—o00

The subadditive ergodic theorem is also used in this paper. A proof may be found in Akcoglu
and Krengel [I]. Its statement requires more terminology. Let Z denote the class of subsets of
[0,00) consisting of finite unions of intervals of the form [a,b) and let (0¢),~, be a semigroup of
measure-preserving transformations oy : Q2 — Q. A map Q : T — L'(Q,P) such that:

(1) QI)(ow) = Q(I +t)w almost surely in €,
(2) E|Q(I)| < C|I], for some C > 0 and every I € Z,
(3) If I1,..., I € T are disjoint then, Q(U;?:l) < Zle Q(1;),

is called a continuous subadditive process with respect to the semigroup (0¢),~-

Proposition 2.2. If Q) is a continuous subadditive process with respect to the semigroup (O‘t)tzo,
there exists a random variable a which is invariant under (o¢),~, such that, almost surely,

o1
Jim Q(0,1)(w) = a(w).
If (0t) > is ergodic, then a is constant.

2.3. The assumptions. We state below a number of assumptions for the A;’s and H’s. Some
are necessary to insure the well-posedness of (I1]), while others are crucial for the homogenization,
collapse and identification of the appropriate initial condition.
Because every assumption must hold for all £ € {1,...,m}, to avoid cumbersome statements,
we do not repeat this quantifier for each of the assertions below. Furthermore, we make the
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convention that, unless otherwise indicated, each statement holds globally for p € R™ r € R™,
scR™ 1 ycR" and w € Q.
For each fixed (p,r, s),

(2.3) (y,w) = Ag(y,w) and (y,w) — Hg(p,r,s,y,w) are stationary.
For each fixed (r,s,y,w),

(2.4) p — Hi(p,7,s,y,w) is convex,

and for each fixed (p,r,y,w),

(2.5) s — Hy(p,r, s,y,w) is convex.

The Hamiltonians Hj are coercive in p and s, i.e., for each R > 0, there exist constants
C1,C5,C5 > 0 and ~; > 1 satisfying, for all r € Bp,

(2.6) Cilp|™ + Cq Ig?lz((si)Jr — C3 < Hi(p,r, s,y,w).
We also assume that the matrix Ay has a Lipschitz continuous square root in the sense that
(2.7) Akly,w) = Ty (y, w) T} (v, w)
with, for C' > 0 and every w € €,
(25) 1Sl rarmecony < C-
Moreover, for each fixed (p,y,w),
(2.9) Hy(p,r,s,y,w) is nondecreasing in 7, and s;
and
(2.10) Hy(p,7,s,y,w) is nonincreasing in r; for i # k.

In addition, the Hamiltonians are bounded for bounded (p,r,s), i.e., for each R > 0 there exists
Cy = C4(R) > 0 such that, for all (p,r,s) € Br x Br X Bg,

(2.11) [Hi(p, 7, s, y,w)| < Ci,

and, locally in p, Lipschitz continuous, i.e., for each R > 0 there exists C5 = C5(R) > 0 such that,
for all (r,s;) € Br X Bg,

(2.12)

|Hy(p1, 71, 51, y1,0) — Hi(p2, 72, 82,92, w)| < Cs[(14p1|+[p2]) ™~ p1—pa|+r1—ral+|s1—s2|+[y1—v2|).

We remark that (2.9) and (2.I0) imply that the Hamiltonian Hj, is monotone in the sense that,
for r,q € R™, if r < ¢ and r; = g then,

(2.13) Hi(p,r,s8,y,w0) > Hi(p, ¢, 8y, w).
The last assumption we need for the Hy’s is that, for r,q € R™, if r;, — g = max; |r; — ¢;| then,
(2.14) Hy(p,r,s,y,w) — H(p,q,5,y,w) = 0.
Finally, we assume that
(2.15) up € BUC(R™; R™).

Among the above, .6), @17), @.8), 9), @I0), @1I), @12), @13), @I4) and @) are
necessary for the well-posedness of (II) (See Ishii and Koike [13]). The rest, i.e., (23), ([2.4]) and

([23]), are necessary for the homogenization and (2.6]) for the collapse of the system.
Throughout the paper we will assume each of the statements (2.1))-(2.15]). To avoid repeating all
of these, we introduce a steady assumption.

(2.16) Assume (210, 22), @3), ..., I4), @I5).
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3. THE MACROSCOPIC SYSTEM

We study here, for each (p,r) € R” xR, w € Q and § > 0, the solutions V0 = (v‘f, e ,v;) of the
approximate macroscopic system

(3.1) 609 — tr(Ax(y,w)D*v) + Hy(p + Dvi, 7,09 — v?,y,w) =0 on R"
where 7 = (r,...,r) € R™.

Proposition 3.1. Assume (2.10]). For each (p,r) € R" xR, § > 0 and w € Q, there erists a unique
solution v of 1)) such that, for C = C(p,7,n) > 0,

(3.2) maX:[SkSmH(SUgHLOO(Rn) <C and maxlgkgmHDngLw(Rn) <C.
Furthermore, for each R > 0, there exists C = C(p,r,n, R) > 0 such that

) )
max — 0| foo(pry < C.
1<j,k<m||vk U]H (Br) ¢

Finally, the process v° : R™ x Q — R™ is stationary in the sense of 23)).

Proof. The existence and uniqueness of a solution for (B.1]), for each (p,r) € R" x R, § > 0 and
w € Q, follow from the standard comparison result and Perron’s method (See [13]). The stationarity
of v% is an immediate consequence of (Z3) and the uniqueness. Finally, the estimates for the 5212’5
and Dv)’s are obtained almost exactly as in [2, 3 20].

The new part of the argument is the inequality on the differences. Choose a function ¢ € C*°(R")
satisfying 0 < ¢ < 1 with ¢» = 1 on By and % = 0 on R™ \ By. Define ¢ = * and observe, for
C >0,

(3.3) ID@|2 < C¢s and |D2¢| < Cps.

Fix R>1,a>1and k € {1,...,m}. Let ¢g(-) = #(5) and observe that ¢p satisfies (3.3 with
the same constant. We multiply the k-th component of (B]) by the test function
1 )a

)

) 1 :
Wy = V. — min v
k ¢R( k 1<i<m

and integrate over R™.
Using (2.0)), we have

Cg(v,‘z — minj<i<m U?) —C3 < Hig(p+ Dv,‘z,f,vg — v?,y,w) on R"

and, hence, using the equivalence of viscosity and distributional solutions for linear inequalities
(See Ishii [12]),

/n(év,‘z)wgdy + /Rn vi,xi(aijwff)xjdy + Cy o qu(vg — 1I£i§nm fuf)aﬂdy < (4 /n wgdy.
In view of (B2]) and ([B.3)), there exists C' > 0 satisfying
[Dupl = [Dér(vf = mini<igm vf)* + dra(v) — mitigicm v7)* ™' D(v); = mini<pm vy)|
< Clagr(vg — mini<icmn v)* ™" + ¢ (1) — mini<i<m v])*).
Therefore, it follows from (2.7) and (2.8]) that, for C = C(R,«) > 0,

3
o . \a+1 1(,.0 . o\ o . o\a—1
vy — min v dy < C vy — min vY)%dy + C vy — min v dy.
R Or(v 1<i<m DTy < Rn Ok 1<i<m 1)y R OV 1<i<m )Ty

We use Holder’s inequality and Cauchy’s inequality to conclude that, for C' = C'(a, R) > 0,

(vf — min v))*Pdy < | ¢r(v) — min o))" dy < C.
Br 1<i<m R 1<i<m
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Fix a = 2n — 1. In view of ([3.2)), Morrey’s inequality yields, for C = C(R,n) > 0,

1 : 1) ) . 5
ok — min villreo(se) < ok — min ol oy, <C.

Since k € {1,...,m} was arbitrary, we conclude using the triangle inequality. O

In the following proposition, we show that the solutions v° depend continuously on (p,r) € R"xR.
Its proof is identical to (5.2), and is therefore omitted. We remark that, because the estimates
appearing in Proposition Bl depend on (p, ), we obtain here only local estimates.

Proposition 3.2. Assume (2.16]). For each R >0 and w € ), there exists C = C(R) > 0 such
that, if v"9 is the solution of ([3.1]) corresponding to (p;,r;) € Br X Br, then

50 — 6020 || Loo(rmy < 1 T p — — ).
max 1160, — 60 || peo(ry < O maxc (14 [pa] + [p2)™ |1 — pal + |1 = 72])

4. THE EFFECTIVE HAMILTONIAN

In this section, we construct the deterministic Hamiltonian H (p,r) and obtain, on a subset of
full probability, a subsolution which grows sublinearly at infinity of the macroscopic system

(4.1) —tr(Ax(y,w)D*wy) + Hi(p + Dwg, 7, w, — w;,y,w) = H(p,7) on R™

Define
H(p,r,w) = limsup —&v{ (0, w)
6—0
for v? the solution of (B:E) corresponding to (p,r), and observe that Propositions B.I] and and
@I) imply H(p,r,w) = H(p,r) is deterministic, satisfying, on a subset full probability,
(4.2) H(p,r) = limsup —6v$ (0, w).
6—0

We remark that the choice —dv{(0,w) in (£2) is arbitrary but, in view of Proposition B.1] it does

not effect the definition of H.
Let

(4.3) w® = (wi,...,wd) with wl(y,w)=v(y,w)—v}(0,w)
for v° the solution of [B.I) corresponding to (p,r), and observe that w’ satisfies the system
(4.4) Sw) — tr(Ag(y, w)D*wl) + Hy(p + Dwj, 7, wd — w?,y,w) = —0w}(0,w) on R™
The following proposition is an immediate consequence of the uniform estimates obtained in Propo-
sition B.11
Proposition 4.1. Assume (2.10). For each (p,r) € R"XR andw € Q, there exists C = C(p,r,n) >
0 satisfying, for each R > 0,
maX1SkSmHDwi”Lw(Rn) <C and maXlgkgm”ngLw(BR) <C(1+R).

We now obtain the desired subsolution of (LIl by passing to the limit, as § — 0, in (4.
More precisely, we use the convexity of the H;’s and the equivalence of viscosity and distributional
solutions for linear inequalities to pass weakly to the limit in (4.4]) and obtain, on a subset of full
probability, a subsolution of (41]) which grows sublinearly at infinity.

The following proposition is used to characterize the behavior at infinity. Its proof is a conse-
quence of the ergodic theorem and may be found in the appendix of [3].
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Proposition 4.2. Let w : R" x @ — R and W : R" x Q — R" satisfy W(-,w) = Dw(-,w) almost
surely in the sense of distributions. Assume that W is stationary satisfying EW(0,-) = 0 and
W(0,-) € L*(Q2) for some o« > n. Then, almost surely,

w(y,w) _

lyl=oe [yl
Proposition 4.3. Assume (2.16l). There exists a subset Q C Q of full probability such that,
for every (p,r) € R" x R, (@1]) admits a subsolution w = (w1, ...,w,,) satisfying, for each k €
{1,...,m} and C = C(p,r,n) > 0,
(4.6) Ty o0 255 = 0, || Dwg||pooey < C and wil| (5 < C(1+ R).
Proof. The proof is nearly identical to the analogous arguments in [2], 3, 2I]. We therefore only
sketch each step. To simplify notation, we write w® = (wd,...,wd) € L (R™")™ and Du’ =
(Dwl,...,Dwl) € L®(R"R")™.

For each § > 0, w® is a distributional solution of @) (See [12]). We now pass weakly to the
limit, as § — 0, to obtain a subsolution of (Z.I]).

Using Proposition @1 and (1)), there exists a deterministic H(p,r) € L>®°(Q) and, for each
R > 0, there exist w = (wy,...,wy) € L®(Brx Q)™ and W = (W1,...,W,,) € L>®(Bgr x Q;R™)™
such that, after passing to a subsequence,

(4.5)

(4.7) —0v(0,w) — H(p,7) in L®(Q) weak-*
and
(4.8) (w®, Dw®) — (w,W) in L>®(Bgr x Q)™ x L™®(Bg x Q;R™)™ weak-*

where, on a subset of full probability and for each k € {1,...,m}, Wiy = Dwy in the sense of
distributions (See [3]). Moreover, (4.8]) implies that, for each R > 0 and any 1 < p < oo, there
exists a sequence of convex combinations of the (w?, Dw?), depending on p, which converges strongly
to (w, Dw) in LP(Bgr x Q)™ x LP(Bgr x Q;R™)™.

The convexity (24) and (2.5) and Proposition @1l (£7) and (48] imply using the Dominated

Convergence Theorem that, on a subset of full probability, w = (wi,...,wy,) is a distributional
solution of the system
(4.9) — tr(Ag(y, w) D*wy) + Hi(p + Dwy, 7, wi — wy, y,w) < H(p,r) < H(p, 7).

The convexity ([2.4) and (2.5) and the equivalence of distributional and viscosity solutions for linear
inequalities imply that w is a viscosity solution of (4.1l (See [12]).

The estimates (4.0 are an immediate consequence of (£8)) and Proposition Bl Furthermore,
since v° is stationary we have, for each 6 > 0 and k € {1,...,m},

E(Dv(0,-)) =0 and, therefore, E(Dwy(0,-)) = 0.
We conclude using Proposition that there exists a subset of full probability on which, for each
ke{l,...,m}, lim‘y|_,oo|y|_1wk(y,w) =0.
Therefore, there exists a subset Q1 (p,r) C Q of full probability such that w is a subsolution of
([BI) corresponding to (p,r) satisfying (£T). To conclude, define Q1 = [, yeqnxg 1 (p,7) and
apply Proposition O

We conclude this section by strengthening our characterization of H(p,r). We will use crucially

that, on a subset of full probability, the constructed subsolution w of (£I]) grows sub-linearly at
infinity.

Proposition 4.4. Assume (216l). For each (p,r) € R" xR and R > 0,

(4.10) lim sup E(H(p,r)+ 00l (y,w)|) = 0.
—0yeBr/s

8



Proof. We first show, using the notation of Proposition B3] that H(p,r) = H(p,r). Fix (p,r) €
R™ x R and let v* denote the solution of (3.I)) corresponding to (p,r). In view of (@1,

(4.11) H(p,r) < H(p,r).
The opposite inequality is obtained by a comparison argument.
Define

ply) = —(1+[y»)'* +1
and introduce, for each w € 2, 6 > 0 and € > 0,

2= (20,...,25) with 2z =wy— 6" (H(p,7)+n)+ep.

rm

In view of (24), 3), 7)), 213), 2I12) and (£9), there exists C' > 0 such that, for every

w € Q, the function 2% is a solution of the inequality

(4.12) 522 — tr(Ak(y,w)Dzzg) + Hy(p + Dz,‘z, 7, zg — z;-s, y,w) < 522 + ﬁ(p, r) + Ce.
For each w € Q1 and k € {1,...,m},
. vf (y,w) . 28 (y,w)
limyy o0 k\TI =0 and lim, k\TI =-1

and, hence, for all § > 0 and w € 4, there exists R(J,w) > 0 such that 20 < % on IBR(5.w)-
Furthermore, for each w € 7 and € > 0, there exists C, = C¢(w) > 0 such that

maxi <g<m Wk(y,w) < ely| +Ce on R™
The righthand side of (4I2]) is therefore bounded by
82 — tr(Ap(y,w)D?2}) + Hy(p + D2p, 7, 24 — 25, y,w) < 6Ce + Ce — 1.

We choose € = 7L to conclude that z° is a global subsolution of () for each 0 < § < 1 and
w € Q.

For all w € Q1 and for all § < 4—&, the comparison principle yields 2z° < v® on Bpsw)- In
particular, for each 7 > 0 and w € Q;,

(4.13) —622(0,w) = H(p,7) +1 > —602(0,w).

In view of (£I1]) and (£I3]), on a subset of full probability,

(4.14) H(p,r) = H(p,r) = limsup —5v3 (0, w).
6—0

We now prove ([I0). Fix (p,r) € R™ x R. In view of (4I4]), a basic measure-theoretic lemma
implies (See [3 21]),

(4.15) lim E(|H (p,r) + 602 (0,w)|) = 0.

It remains to prove that, for each R > 0,

lim sup E(|H(p,r)+ 51)‘15(y,w)|) = 0.
§—0 yGBR/a

Fix R > 0 and ¢ > 0. Using the Vitali covering lemma, choose balls {B(yi,¢€),...,B(yk,€)}
satisfying k < C(£)" and Br C UYL B(yi,¢). In view of Propositions 1] and E3 there exists
C > 0 satisfying, for each § > 0,
SUPyep,,, [H(p,m) + 00} (y,w)| < maX1gigk(\E(p, r) 4 60 (3 /6, w)|) + Ce
= maxi<ick([H(p,7) + 001 (0,w) + dwi (yi/0,w)]) + Ce.
Since P(21) = 1, it follows from (ZI5]) and Proposition 3] that
limsup sup E(|H(p,r)+ 6vd(y,w)|) < limsup E(|H (p,r) + 0v{(0,w)|) + Ce = Ce.
6—0

6—0 yEBR/5
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Because € > 0 was arbitrary, this completes the proof. O

5. PROPERTIES OF H (p,7)

We identify the properties of the effective Hamiltonian H (p,), which yield the well-posedness
of the scalar equation

(5.1) { ug + H(Du,u) =0 on R" x (0,00),

u = ug on R"™x {0}.

The continuity properties of H(p,r) are inherited from (ZI2]). We remark that, because the
estimates contained in Proposition B.Ildepend on (p,r), only local continuity estimates are obtained
for H. Furthermore, the effective Hamiltonian inherits the minimal coercivity occurring for the H}’s
in (Z6). And, H(p,r) is monotone in the variable r and convex in the variable p. The monotonicity
is inherited from (2.I4]) and the convexity from (2.4]).

Proposition 5.1. Assume ([2.16]). For each R > 0 there exists C = C(R) > 0 such that, for all
(pisri) € Br X Br,

(5.2) |H(p1,r1) — H(pa,r2)| < Clgixm((l + p1] + [p2) ™ p1 — pal + 1 — 72).

For each R > 0 and for the same constants occurring in ([2.6]) we have, for all (p,r) € R"™ x Bpg,

; Ve _ H
(5.3) 1£}glélm(cl Ip| C3) < H(p,r).

If r1 < ro then, for each p € R,

(5.4) H(p,r1) < H(p,72).
For each r € R,
(5.5) p— H(p,r) is convex.

Proof. Each property is obtained using a straightforward comparison argument. Therefore, we
prove only (52)). Fix R > 0. Let v* be the solution of (BI]) corresponding to (p;, ;) € Br x Bg.
In view of (2.I2]) and Proposition 3] there exists C' = C'(R) > 0 such that, for each w € Q,

20 =(24,...,20) with zg:vi’é—

rm

§ Cmaxi<i<m ((1+ [pr + [p2])~Hp1 — pal + |r1 —r2])
is a subsolution of (B.1]) corresponding to (p2,72) and, by the comparison principle,
d J .
maxt < (0" — 60p") < Cmaxicigm((L+ [pa] + |p2])*~tpy = pa| + |r1 —72]) on R,

The opposite inequality is obtained by reversing the roles of v and v%9.
We conclude using Proposition 1.4l O

The well-posedness of (5.I]) is now an immediate consequence of (5.2]), (5.3) and (5.4) (See
Crandall, Ishii and Lions [§]).

Proposition 5.2. Assume (2.16). For each T > 0, (51)) admits a unique solution u € BUC(R™ x
0,7)) and, if ug € COY(R™), then there exists C > 0 satisfying ||u|| poernxo,00y < C and
[ Dul| Lo (mr x[0,00)) < C-
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6. THE METRIC SYSTEM

In this section we introduce, for p € R, (p,r) € R" xR and w € €y, the so called “metric system”

(61) { - tr(Ak(yyw)Dzmk,u) + Hk(p + Dmk,ua fa Mg, — Mj 1, y7w) =M on R™ \ D,

mu(-w) =w(,w) — w(z,w) on 0D,

for D a closed bounded subset of R", & € D and w the subsolution constructed in Proposition
[43] corresponding to (p,r). The scalar version of (6.I]) was considered in [3] to prove the homog-
enization of viscous Hamilton-Jacobi equations in unbounded environments, and the first proofs
of homogenization for scalar, first-order Hamilton-Jacobi equations in [20] 26] were based on the
behavior of the first-order, time-dependent version of (G.1).

We first aim to prove that the metric system is well-posed for each p > H(p,7). To obtain this
result, we will use crucially the fact that, for each u > H(p,r), we have by Proposition A3 a strict
subsolution of (G.I) which grows sublinearly at infinity.

Proposition 6.1. Assume (2.16]). Let w € USC(R™;R™) and v € LSC(R™;R™) be respectively a
subsolution and a supersolution of (6.11) for u > H(p,r) and w € Qy satisfying

v (y)
Y]

with u < v on dD. Then u < v on R™\ D.

>0 and maxj<p<pylim SUP|y| 00 “T—(y) < 00

(62) minlgkgm hmlnf‘y|_>oo m

Proof. Fix (p,r) € R™ x R. In view of the known comparison principles, it suffices to show that
(See [8, [13]),
min liminf OlY) — UklY) () — u(y)

> (.
1<k<m |y|—o0 [y -

For each k € {1,...,m}, consider the set

Ak:{Og)\ngiminfMZO}.

ly|—o0 Y
The goal is to show that, for each k € {1,...,m},
(6.3) A =[0,1].
Fix k € {1,...,m}. By assumption 0 € A;. A basic argument proves that Ay = [0, \x] for some
0 < Ap <1 (See [3]). If limsupyy o uk(y)/[y] < 0 then Ay = 1. We may therefore assume that, for

some j € {1,...,m}, we have lim supjy| o0 uj(y)/|y| > 0.
To prove (6.3]) we argue by contradiction. Assume that

A= min M\, <1,
1<k<m

where we include the possibility A = 0.
For each R > 0, let
er(y) = R— (R* + |y|*)"/2.
It is immediate that there exists C' > 0 such that ||Dygl|pec®ny < C and ||D2ng||Loo(Rn) <C
uniformly for R > 1 and, furthermore, as R — oo

(6.4) ©r — 0 locally uniformly on R™.

Let w denote the subsolution constructed in Proposition 3 corresponding to (p,r). By sub-
tracting a constant we may assume w < 0 on D.
Let
= (1-XNw+
11



and observe that, in view of (2.4]) and (2.3]), @ satisfies

—tI'(Ak(y,W)D2Z~Lk) + Hk(p + D, 7, ug — ﬂjvva) < (1 _X)F(pﬂa) +XM on R" \ D,
u<wv on OD.

Notice that, because p > H(p,), this implies 7 is a strict subsolution of (G.1]).

For 0 < e <1 and a > max;<g<m limsupy, UTT(‘y) >0, let

up(y) = (1 =€)+ €(u + apr).
It follows from (2.4) and (2.5) that, for some C > 0 independent of R > 1, tp satisfies the system
- tr(Ak(yv w)Dzak,R) + Hk(p + Dﬂk,Ra T ZNL]C,R - aj,R) Y, UJ) on R" \ D,

<(1-e)(A=NH(p,r)+ (1 —e)Au+ e+ aCe
up < v+ maxyep(aepr(y)) on dD.

Observe that, because A < 1 and pu > H(p,r), iig is a strict subsolution of (6.1]) for all € sufficiently
small.

In view of the choice of a > 0, for each k € {1,...,m},
Y —(1 =N
i inf PR @) — R (Y) > lim inf ve(y) = A —duly) oo uk(y) + apr(y) >0.
|yl o0 lyl lyl oo [yl lyl—oo [yl

The comparison principle implies, for each R > 1,

max sup (U g —vg) < sup (eapr)
1<k<m yern\ D yeID

and, after letting R — oo, we have by (6.4]) that

— -\ — e _ < 0.
fgr}%me;ﬁ@RD((l )1 = Nwk + (1 = )X+ eJu, — vg) <0

The strict sub-linearity of w at infinity yields

min liminf vr(y) = (A — A + ur(y)
1<k<m |y|—o0 Y|

> 0.

Therefore, for each k € {1,...,m} and each ¢ > 0 sufficiently small, 0 < A < ((1 — €)X +¢€) € Ay,
contradicting the definition of . O

Proposition B.1] yields that, for u > H(p,r), a solution to (6.I)) is unique provided it satisfies
the required growth conditions at infinity. The existence of such a solution follows from Perron’s
method. For this, it is necessary to build an appropriate supersolution of (6.1]).

The supersolutions available depend on the minimal coercivity of the Hamiltonians Hj, and are
constructed in a manner similar to the analogous fact in [3]. We therefore only sketch the argument.
Let

= min
Y 1§k§m7’

define, for each x € R",
Di(z) = {r} Ay =0 foreach ke {l,...,m} or v>2,
YT Be(z) Ap #0 for some k€ {l,...,m} and v <2,
and consider the metric system
(6 5) { — tr(Ak(yaw)D2mk”u) + Hk(p + Dmk,u, 7A’, M — My y,w) =p on R™ \ Dl (x)7
' mu(y) = wi(y,w) — wi(z,w) on 0D;(x).
12



Proposition 6.2. Assume [2.186]). For each (p,r) € R" xR, w € Qy and p > H(p,r), (6.5) admits
a unique solution my, = (Mq 4, ..., M) subject to the growth conditions

(6.6) 0 < min liminfw < max limsupw

< < < 0.
1<k<m |y|—o0 |y Isksm |yl oo [yl

Furthermore, there exists C = C(p,r) > 0 such that

max [|Dmy koo @Dy @) < C

Proof. The uniqueness follows by Proposition (6.1]). The regularity follows by Bernstein’s method
and is nothing more than a repetition of the argument presented in Proposition 3.1l

The existence of a solution follows by Perron’s method. Basic properties of viscosity solutions
imply that it suffices to consider w = (w1, ..., w,,) satisfying, for each k € {1,...,m}, wy € Lip(R"™)
and Dwy, € Lip(R™;R"™).

Proposition yields that w(-,w) = w(-,w) — w(x,w) is a global subsolution of (G.I]) satisfying
w(-,w) =w(,w) —w(z,w) on dD1(z). It remains to construct an appropriate supersolution.

In view of the definition of +, there exists a > 0 such that

w(y) + aly — z| if Ap =0 forall ke {1,...,m},
2(y) =3 w(y) +a(ly —z|O0D/0=D 4|y —z|) if A #0 for some k and v > 2,
w(y) +a(ly —z[—1) if Ay #0 for some k and v <2,

is a supersolution of (6.5 satisfying z = @ on 0D (z).
Perron’s method yields a solution m,, = (m1,..., My, ) of ([6.0) satisfying

w<m, <z on R"™\ Di(x)
with m,, = @ on 0D (x), which implies (6.6]). O
For each (p,r) € R" xR, we write m,,(y, z,w) for the solution of (6.5) corresponding to R™\ D (z)

and w € Q. In the case Ay # 0 for some k£ € {1,...,m} and v < 2, we extend m,(y,z,w) to
R™ x R™ x Q; by

(6.7) mu(y, z,w) = w(y,w) —w(zr,w) forall [z—y|<1.

Proposition 6.3. Assume 2186]). For each > H(p,r) and w € ), there exists C = C(p,r) > 0
such that

1<mkaéXmHDmk7“”Loo(Rn xR™) < C.

Proof. In view of Proposition [6.2] it suffices to prove that there exists C' = C(p,r) > 0 satisfying,
for each y € R™ and w € 4,

1g}€a§XmHDmk7M(y’ 'vw)HL"O(R”) =C.

Fix y € R", w € Qy and p > H(p,r) and let 21,75 € R™. The comparison principle implies

max (sup m ,T1,Ww) —m ,To,w)) = max max m ,T1,Ww) —m , T, w)).
1§k§m(yg£ k(Y 1, W) k(Y T2, W) 1§k§m(yeD1(x1)uD1(m2) k(Y 1, W) e (Y5 T2, w))
If Ay =0 for each k € {1,...,m} or v > 2, we conclude in view of Proposition that there
exists C' = C(p,r) > 0 satisfying, for each u > H(p,r) and w € 4,
max (sup my ,(y, x1,w) — my ,(y, 22, w)) < Clzy — 2.
1<k<m yeRn
13



If Ay # 0 for some k € {1,...,m} and v < 2, Propositions and 4.3 yield that, for every
y € Dy(x1), there exists C = C(p,r) > 0 satisfying, for each k € {1,...,m},
mk,u(yyxlyw) - mw(y,xg,w) = (wi(y,w) — wr(r1,w)) — mw(y,xg,w)

< wg(r2,w) — wi(r1,w) < Clrg — x3|.
If y € Do(x) \ D1(x1), we have

(68)  max (i (ys21,) = My 2,0)) = MAX (M3 0,00) — (wi(y, ) = i (2,)

= max (m(y, 21,0) = (Wk(y,w) = w1, w)) + (wr(@2, ) = wi(21,0))) -

In view of Propositions [£3]and [6.2] there exists C' = C'(p,r) > 0 satisfying, for each k € {1,...,m},
MY, 1, w) — (W (Y, w) — wi(z1,w)) < C(ly — 21 = 1) < Cloy — a1
and
|wi (22, w) — wi(z1,w)| < Clrg — x1].
Therefore, using (6.8]),

max (mk,u(y7$17w) - mk,u(y7$27w)) < C|$2 - $1|'
1<k<m

We obtain the opposite inequality by reversing the roles of 1 and xs. O

We show next that the processes m,(z,y,w) are jointly stationary and subadditive up to a
modification in the case Ay # 0 for some k € {1,...,m} and 7 < 2. These facts, together with the
subadditive ergodic theorem, will be used in the next section to prove the homogenization of (G.5l).

Proposition 6.4. Assume [@216). If Ay = 0 for each k € {1,...,m} or v > 2, then for all
(p,r) e R*" xR, u> H(p,r) and w € Q, the processes my, are jointly stationary in the sense that,
for all x,y,z € R,

(6.9) mu(y, @, 7ow) = mu(y + 2,2 + z,w),
and subadditive in the sense that, for all x,y,z € R",
(610) m,u(y7$7w) é mu(y7 Z7w)+mu(’z7$7w)‘

If Ax # 0 for some k € {1,...,m} and v < 2, then there exists C = C(p,r) > 0 such that, for
each (p,7) ER" x R, p > H(p,r) and w € Q, the process

mu(y, z, O.)) = mu(yv xz, w) + C
is stationary and subadditive in the sense of ([6.9]) and (6.10)).

Proof. We omit for both cases the proof of (6.9]), which is identical to the proof of Proposition [3.]
and follows immediately from Proposition [6.2] and (2.3]). To prove (6.10]), we first consider the case
that either Ay = 0 for each k € {1,...,m} or v > 2 and fix z,y,z € R" and w € Q. It follows
from Proposition [6.] that, for all y € R™,

w(y,w) — w(z,w) < m(y, z,w).
After reversing the roles of z and y, we conclude that
(6.11) 0 <mu(y,z,w) +my(z,y,w).
In view of Proposition with D = {xz, z}, we have
mu(y, ¢, w) <my(y, z,w) +my(z,z,w) forall yeR"?

provided the inequality holds on D = {z, z}. But, we have equality at y = z and the inequality at

y =z is (CII).

14



We now consider the case that Ay # 0 for some k € {1,...,m} and v < 2. We fix z,y,z € R"
and w € ; and choose C' > 0 satisfying

C>2 1g}€aéxm||Dmk7M||Loo(RnXRn).

In view of Proposition 6.1l with D = Dy (x) U D1(z), we have
mu(y, ¢, w) < myu(y, z,w) + my(z,z,w) forall yeR"?

provided the inequality holds on D;(x) U D1(%).
If y € Dy(z), then

mk,,u(y7x7w) = U)k(y) - wk(‘r) +C = (wk(y,w) - 'wk(Z,CU)) + ('wk(Z,OJ) - wk(az,w)) +C
< mk7“(y,z,w) + mk,,u(zaxaw) +C < Thk,,u(ya Z,OJ) + ﬁlk,u(z,x,w),

where Proposition [6.1] is used to obtain the second to last inequality.
If y € D1(z), then |myu(y, 2, w)| = [wk(y, w) — wi(z,w)| < C/2 and

mk,u(%wi) < mk,u(27x7w) + 30/2
<myu(z,2,w) + wp(y, w) — wi(z,w) + 2C = My 4 (y, 2,w) + Mg (2, 2, w).
O

We conclude this section with a continuous dependence estimate, similar to Proposition B.2] for
the m,, with respect to (p,r). As before, we only obtain local continuity estimates.

Proposition 6.5. Assume (2.16)). Fiz > H(p,7), R > 0 and write mL for the solution of (6.5
corresponding to (p;,r;) € Bg X Bpg.

If Ay, =0 for each k € {1,...,m} or v > 2 then, for each w € €, there exists C = C(R) > 0
satisfying, for all (p;,r;) € Br X BR,

e
/"L_H(p7r)

If Ay, # 0 for some k € {1,...,m} and v < 2 then, for each w € Q, there exists C = C(R) > 0
satisfying, for all (p;,r;) € Br X BR,

maxlgkgm]m,lf’u(y,x,w) - m%“(y,a:,w)] < (Ip1 —p2| +|r1 —r2))ly — x| on R™ x R™

<
M—H(p,?”)
Proof. Fix w € Q1 and z € R™. Let'w" be the subsolution of (@Il constructed in Proposition [4.3]
corresponding to (p;, ;). And, let @'(:) = w'(-) — w'(x).

We first consider the case that Ax = 0 for each k € {1,...,m} or v > 2. In view of Proposition

6.3 and (2I2), there exists C' = C(R) > 0 such that m), is a solution of the inequality

(6.12) —tr(Ag(y,w)D’my ) + Hy(p2 + Dmy, . fa,my, , —my . y,w) < e+ C(lpy — pa| + |1 — 72])

maxy <p<m|my, , (v, ,w) —mi (y,z,w)] < C + (Ipr = p2| + [r1 = r2l)ly — x| on R™ x R™

on R™\ {x} satisfying m/,(x) = 0.
Define 0 < A <1 by
)\ — lu’ _ H(p7 T) __
Clpr = p2| + [r1 = r2|) + (u = H(p, 7))
In view of (Z4) and (Z3), the function A/, + (1 — A)w? is a subsolution of (65) corresponding to
(p2,72).
Proposition implies
1 2 1 1 =2\ _ 1 _ =2 n
m,, —mg <my, — (Am, + (1 = \)w?) = (1 - A)(m, —@°) on R™
In view of Propositions .3l and [6.2] there exists C' = C(R) > 0 satisfying, for every y € R",

1 ~2
[max (my,(y,,w) — B (y,w)) < Cly — 2.
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Therefore, by the definition of A, we conclude that there exists C' = C'(R) > 0 such that, for each
y € R",

C
1 2
- < e ——— - - - .
@;%SXm(mk,u(y,w,w) my, (Y, T,w)) < T (Ip1 = p2| + |r1 —r2)|y — 2
We obtain the opposite inequality by reversing the roles of mL and mi
We now consider the case that Ay # 0 for some k € {1,...,m} and v < 2. In view of Proposition

B:{L for C = Cl(R) > 0,

=1 =2 -1 ~2
lg}%xm|’wk = Wil Lo (D4 (2)) < lg}%xm(“Dwk|’Lw(R7l) + || Dwi || oo gry) < Ch.
And, therefore, m/, — C) is a subsolution of EIZ) on R\ Dy () satisfying my, — C,<a*=m
on Di(z).
For 0 < X\ < 1 as above, the function )\(mL—C’l)+(1—)\)u~)2 is a subsolution of (6.5]) corresponding
to (p2,72). This, in view of Proposition [6.1], implies

ml —m2 <ml — (A(m), — C1) + (1 — N@?) = ACy + (1 — \)(m), — ©%) on R™.

It follows from Propositions [£.3] and [6.2] that there exists Cy = C2(R) > 0 satisfying

2
"

1 —w? < —zl.
max [mi, (5,2,0) = G (y.w)| < Cy+ Caly —

Therefore, by definition of A, there exists C' = C'(R) > 0 satisfying, for each y € R,

C
max (miw(y,x,w) — miw(y,a:,w)) <CH+———(Ip1 —p2| +|r1 — 72|y — |-

1<k<m p— H(p,r)
We obtain the opposite inequality be reversing the roles of m}L and mi O

7. THE HOMOGENIZATION AND COLLAPSE OF THE METRIC SYSTEM

We introduce, for each (p,7) € R* x R, u > H(p,7), w € Q1 and € > 0, the rescaled metric
system

(71) _Etr(Ak(%7w)D2m2,u) + Hk(p + Dmi,‘wf’ %7 %7(“)) = on R™ \ D€(0)7
m;() = ew(z) — ew(0) on 0D.(0),

which, in view of Proposition [6.2 has the unique solution mj(y, 0,w) = em,(¥,0,w), for m, the
solution of (G.5]) corresponding to (p, 7).

The main result of this section is the homogenization and collapse of (7)) to a deterministic
scalar equation. More precisely, we prove that, as e — 0, for each k € {1,...,m},

my, , — My, locally uniformly on R”,
for m,, : R" — R satisfying

(7.2) { Z}% D) =p on B\ {0},

We first make use of the subadditive ergodic theorem to identify the limit, as ¢ — 0, of the
solutions my, almost surely. We then show that this limit is deterministic and coincides with my,,
the solution of (7.2)).

Proposition 7.1. Assume (2.I6]). There exists a subset Qo C Oy of full probability such that,
for each (p,r) € R™ x R, there exists M, € Lip(R") satisfying, for each y € R", w € Qy and
ke{l,...,m},

1
tllglo ka"“(ty, 0,w) = Mu(y)’
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Proof. Fix (p,r) € R"xR. We first show that there exists a subset Qa(p, r) satisfying the conclusion
of Proposition [l for this (p, 7).
Define for each y € R" the semigroup (0),~, of measure-preserving transformations of € by

o (w) = Ty (w).
In view of Proposition [6.4] in the case Ay = 0 for each k € {1,...,m} or v > 2, we have, for each
ke{l,...,m},
mk,u((tl + t2)y7 07 w) S mk,u(t1y7 07 Utzw) + mk,/.l(t2y7 07 w)a
and, in the case Ay # 0 for some k € {1,...,m} and v < 2, with the notation of Proposition [6.4]
we have, for each k € {1,...,m},
mk,u((tl + t2)y7 07 w) S mk,u(t1y7 07 Utzw) + mk,u(t2y7 07 w)
The subadditive ergodic theorem (See Proposition 2.2)) implies that for each y € R™ there exists
a subset Q,, C Q of full probability and a random variable M,,(y,w) = (M1 ,(y,w), ..., My . (y,w))
such that
limy 00 %mu(ty,o,w) = M,(y,w) foreach w €.
Let Qa(p, ) = Q1N (Nyeqnily). Then, in view of Proposition 6.3}, we define, for every w € Qa(p, )
and y € R™,

1
(73) MM (y7 O.)) = tlig.lo ;m(tya 0, w)'
We now show that M), is deterministic. In view of the assumed ergodicity, it suffices to show
that, for each z,y € R™ and w € Qa(p, 1),
My (y, Taw) = My(y, w).
This again follows from Proposition Indeed, for each z,y € R"™ and w € Qa(p, r),

1 1
Mu(yawa) = tlig.lo Zmu(ty7077—xw) = tlig.lo Zmu(ty + a:,a:,w) = Mu(yaw)

In view of Proposition and (Z3)), it is immediate that M, € Lip(R™;R™). Therefore, it
remains only to show that M, is scalar. By repeating the argument presented in Proposition [3.1]
with el_l(mz’u —m§,,) playing the role of (v — fu?), for each R > 0 there exists C = C(R) > 0
satisfying

(e mi =5l (Bg) < €C
and, hence, for each y € R", w € Qy(p,r) and 4,5 € {1,...,m},
1 1
. ¢ T o Lo s ¢
ll_lg%mw(y,O,w) = tllglo tmz,u(ty,O,w) tllglo tm]#(ty,O,w) l%m]7u(y,0,w).

In view of (Z.3]), we conclude that M;, = M;, for each 4,5 € {1,...,m} and, henceforth, we will

write M, for the scalar function Mj, , for each k € {1,...,m}.
We conclude by defining o = n(p,r)EQ"XQ Qy(p,r) and applying Proposition O
In view of Proposition 3] as ¢ — 0, the expected limiting equation for (7)) is
ﬁ(p—kmu,r) =pup on R™\ {0},
(7.4) —
mu(0) =0,
subject, in view of (6.6)), to the condition
(7.5) 0 < liminf uly) < lim sup () < 0.

Proposition 7.2. Assume (210)). For each ju > H(p,r), M, is the unique solution of (T4) subject

to (CH).
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Proof. We begin with (ZH). In view of (6.6), M, > 0 and, furthermore, it follows by definition
that M, (y) is positively one-homogenous in the sense that, for each ¢ > 0 and y € R", we have
M, (ty) = tM,(y). Therefore, M, satisfies (Z.5) because

M, M,
0 < min M, (y) = liminf wlY) < lim sup wlY)
ly|=1 ] yl—oe 1Yl ly|=1

Next we prove M, is a subsolution of (Z.4]). Arguing by contradiction, we assume that M, — ¢
has a strict local maximum at zo € R™\ {0} for ¢ € C?(R") satisfying

(7.6) H(p+ D¢(xo),r) —p=0>0.

We follow now the classical perturbed test function method. For each & > 0, let w® be the
solution of (44]) corresponding to (p + D¢(xzg),r). We define the perturbed test function

¢ = (¢1,..-.d) with ¢4(y) = d(y) + ewp (¢, w).
In view of Proposition 4] for almost every w € (9, there exists a sequence €¢; = €j(w) — 0
satisfying

(7.7) lim |e;07 (0,w) + H(p + Dé(x0),7)| = 0.

]—)OO
We will show that, for each w € Q satisfying (7)) and for all ¢; sufficiently small, ¢% is a
supersolution of (TI]) near xg.

We fix w € Q9 satisfying (7)) and suppress the dependence on w in what follows to simplify
notation. Suppose that, for some k € {1,...,m} and ¥ € C?(R"), the function qﬁzj — 1) has a local
minimum at gy € R™. Then, the rescaled function

, 1

y = wy (y) — — (lejy) — dley))
J
achieves a local minimum at 2—3. Because w is a solution of (4.4]), after returning to the original
scaling and evaluated at o,
: Yo o) — ¢ wo :
ejwy — €; tr(Ak(;)(D2¢ — D?¢)) 4+ Hy(p+ Dp(z0) + Dy — Do, 7, %, ?) > —e;vy (0,w).
J

In view of (7.6) and (7.7)) and because w € Qg C €, there exists jo = jo(w) such that, for all
J > Jo,

(7.8) ]ejwef(g—?,w)\ <% and —ef (0,w) > 3 + 4.

Using (2.12)), Proposition 1] and because ¢ € C?(R™), there exists 7 > 0 such that if |z — yo| < 7
then, for all j sufficiently large,

0

1

e — (A, w)D20) + Hlp + D, B ) > 9 (0,0)
j
We conclude by (T.8) that if |xg — yo| < r then, for all j > jy sufficiently large,
e (A (L) D) + By Dy B O
j
and, therefore, that ¢% is a strict supersolution of (.4]) on B, (z).
The comparison principle implies, for all j > jg sufficiently large,
s, e (i = 0) = x| o (i, = o)

Since, as j — oo, for each w € Qg and k € {1,...,m},

. — ¢ locally uniformly on R"
18



and
ij“(-, 0,w) = M,(-) locally uniformly on R",
standard optimization results yield a contradiction to the assumption that M, — ¢ has a strict local

maximum at x.
The proof that M, is a supersolution of (Z.4)) is analogous. O

The deterministic limit M), constructed in Proposition [Z1] is therefore the solution 7, of (Z.2)
corresponding to (p,r) and p > H(p,r). We conclude this section by presenting some properties of
the solution 7, which will be used in the sequel. Because the arguments are scalar and identical
to the analogous facts in [3] we omit the proofs.

Proposition 7.3. Assume ([2.16]). For each (p,r) € R" xR and each p > H(p,r), M, is positively
one-homogenous satisfying m,, > 0 on R™ \ {0}.

We now obtain a formula for the solution 7, in terms of the effective Hamiltonian.

Proposition 7.4. Assume ([2.16]). For each (p,r) € R" x R and u > H(p,r), M, is conver and
given by the formula

(7.9) mu(y) = sup{ q-y|q€R" satisfies H(p+q) < p }
We conclude this section with a characterization of ™, to be used in the sequel.

Proposition 7.5. Assume @2I16l). Fiz (p,r) € R® x R and u > H(p,r). Suppose that qg € R"
satisfies H(p + qo,7) = pu. Then, there exists xog € R™ such that |xo| =1 and M, (xo) = o - qo-

8. A FURTHER IDENTIFICATION OF H(p,r)
We prove here that, almost surely in Q, for each (p,r7) € R” x R and R > 0,

(8.1) lim sup |H(p,r)+ dvi(y,w)| = 0.
—YyeBpr/s

This convergence is necessary to apply the perturbed test function method in the following section.

In the following proposition, we provide a characterization of the minimum, for each r € R, of
the function

p— H(p,r) on R™

To this end, we consider the collection of v € Lip(R™, R™) satisfying, for fixed w € Q and p € R,
the system

(8.2) —tr(Ag(y, w)D?vy) + H(p + Dug, 7, v, — vj,y,w) < p on R™.

Proposition 8.1. Assume @2.I6]). Fizr € R. If p € R" satisfies H(p,r) = mingegrn H(q,7) then,
on a subset of full probability,

(8.3) H(p,r) =inf { pu | There exists v € Lip(R";R™) satisfying (82) } .
Proof. Let H(p,r,w) denote the righthand side of (83). The stationarity of the coefficients imply

that, for each z € R", ﬁ(p,r, Tpw) = ﬁ(p,r,w). It follows from (2] that ﬁ(p,r,w) = ﬁ(p,r) is
deterministic.

For every w € €1, the subsolution w constructed in Proposition [£.3]is Lipschitz continuous and
a subsolution of [82) corresponding to u = H(p,r). Therefore H(p,r) < H(p,r). We now obtain
the opposite inequality.

Let u > H(p,r) and w € 4. By definition there exists v = (v1,...,v,,) € Lip(R™; R™) satisfying
([B2]) where, by standard properties of viscosity solutions, we may assume that, for each k €
{1,...,m}, Dy € Lip(R™;R™).
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We follow the proof of Proposition Define 9(y) = v(y) — v(0) and observe that there exists
a > 0 such that

0+ aly| if Ay =0 forall 1 <k<m,
2(y) = v+ a(jy|2D/0=D 4 y|) if A, #0 for some k and v > 2,
v+a(lyl —1) if Ay #0 for some k and v < 2,
is a supersolution of ([8.2) on R™\ D;(0) satisfying z = v on dD;(0).
Perron’s method yields a solution s = (s1,...,Sy,) of the system
—tr(Ax(y,w)D?sy) + Hi(p + Dsy, 7, s, — 8j,y,w) = on R™\ Dy(0),
(8.4) s
§=10 on 0D;(0),

satisfying © < s < z on R™\ D1(0). Moreover, by repeating the proof of Proposition 3], we have
s € Lip(R™; R™).
Observe that s°(-) = es(:) satisfies the rescaled system
—etr(Ap(L,w)Ds5) + Hy(p + Dsg, 20 2 w) = i on R™\ D(0),
s€=10° on 0D.(0),

with ¢(-) = ed(%). And, by repeating the proof of Proposition Bl with e~!(s{ — s§) playing the
role of (v) — fu?), for each R > 0 there exists C' = C'(R) > 0 satisfying

1§I§{g>§<m\|82 — 85|l Lo () < €C.

Define
S(z) =limsup ma S5 —z| <
(z) HOplgkgxm{ kW) [y — =) <e}
and observe that S € Lip(R"). We remark that the condition x4 > H(p,r) in Proposition is
only used to ensure the existence of the mj,’s. Therefore, since we have the s“’s a priori and since
w € 4, by repeating the proof of Proposition and using standard optimization results (See [8]),
we conclude that S satisfies the effective equation

{H(erDS,?“)SM on R™\ {0},
S(0) = 0,

and, therefore, that H(p,r) = mingern H(q,r) < p for each pu > H(p,r). O

The homogenization of the metric problem, Proposition[7.2}, and the characterization of min, H (p r)
are now used to prove (81I). We follow closely the methods of [3] and use Proposition [Z.5] and 77,
to construct, in the proof’s final step, a supersolution of (Z.I]) corresponding to H(p,r).

Proposition 8.2. Assume (216]). There exists a subset Q3 C Qo of full probability such that, for
each R >0, (p,r) € R" xR, and w € Q3,

lim sup \5’0(15(%0}) + H(p,r)| = 0.
5—>0yEBR/6

Proof. Fix (p,r) € R™ x R. It is necessary to show that there exists 3(p,r) C Q of full probability
satisfying, for each w € Q3(p,r) and R > 0,

limsup( sup —o6vd(y,w)) = H(p,r) = liminf( inf —ovd(y,w)).
6—0 yGBR/5 6—0 yEBR/(S

Let Q4(p,7) C Q be the subset of full probability satisfying, for every w € Q5(p,r),

H(p,r) == liminfs_,o(—0v{(0,w)) and H(p,r) = limsup;_,o(—5vS(0,w)).
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We first prove that there exists Q3(p,7) C Q of full probability satisfying, for every w € Qs(p,r)
and R > 0,

(8.5) limsup( sup —d&v9(y,w)) = limsup(—dv(0,w)) = H(p,r)
6—0 yEBR/5 6—0

and,
. . . _ 5 — 1 . o F) _ A~

(8.6) hgr:glf(yggi/é 0] (y,w)) h]gr;l(])ﬂf( 0v7(0,w)) = H(p,r).

Using Egoroff’s theorem and Proposition 4], for each p > 0 there exists §(p) > 0 and a subset
E, satisfying P(E,) > 1 — p with

(8.7) SUP,e, (=0v8(0,w) — H(p,1r)) <p forall 0<6<5(p),

and using the ergodic theorem (See Proposition 2.1]), for each p > 0 there exists F, C Q of full
probability satisfying, for each w € F),

(8.8) lim 1g,(ryw)dy =P(E,) > (1 - p).

R—o00 BR

Define Fy = ﬂ]oil F,—; and fix w € Fy, R > 0 and p = 277 for some j € N. Using (88), there
exists 0 = 0(R, p,w) > 0 such that, for all 0 < § < 6,

(8.9) [{ v € Brys | yw € By }| > (1 —2p)|Brysl-
This implies that for each z € Bp/s there exists y € Bp/; satisfying |z — y| < C/)%Ré_1 and
Tyw € Ej.
Therefore, using Proposition B.1land (8.1), for each 2 € By s, for y € Bg/s5 as above,
— 60 (z,w) = H(p,r) <[00} (y,w) — 60} (z,w)| — 601 (y,w) — H(p,7)
< C,o%R — 603 (0, Tyw) — H(p,r) < C,o%R + p.
Since p > 0 was arbitrary, for each w € Fy and R > 0,

limsup( sup —6vd(y,w)) < H(p,r).
§—0 yE€BpRys

We conclude that, for each w € Fy N Q5(p,r) and R > 0,

limsup( sup —6vd(y,w)) = limsup —6v?(0,w) = H(p, 7).
6—0 yGBR/5 §—0
An analogous argument proves that there exists a subset Fy of full probability such that, for each
we FynQs(p,r)and R > 0,
liminf( inf —dvd = lim inf —§v{ = H(p,7).
imin (yelgm dvi(y,w)) = liminf —dvy (0,w) = H(p,7)
Define Q3(p,r) = FoNFyN Q% (p,r) to conclude that (85]) and (8.0]) hold for every w € Qs(p,r) and
R > 0.
To conclude, we show that there exists a subset Qs(p,r) C Qg(p,r) N Qg of full probability
satisfying, for every w € Qs(p, ),
H(p,r) = liminf(—6v(0,w)) = limsup(—vd(0,w)) = H(p,r)
6—0 6—0
by considering two cases: the case H(p, ) = mingegn H (g, 7) and the case H (p,r) > mingern H(q, 7).
In the first case, suppose that H(p,7) = mingern H(g,7). Let Q4(p,r) denote the subset of full

probability satisfying (83) and define Q3(p,r) = Q4(p,r) N Q3(p, ) N Qa.
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Fix w € Q3(p,r) and choose a sequence 0; = d;(w) — 0 satisfying

lim —5jvfj(0,w) = H(p,r).

j—o00
In view of Proposition [4.J]and standard properties of viscosity solutions, after passing to a further
subsequence 0;, = d;, (w) = 0, as k — o0,
w¥ — w locally uniformly on R”,
for w € Lip(R™; R™) satisfying
— tr(Ag(y,w)D?*wy) + Hy(p + Dwy, 7, wy, — wj, y,w) = H(p,7) on R™
Using Proposition 8] this implies that ]fl(p, r) > H(p,r) and, hence, by definition that ]fl(p, r) =

H(p,7).
In the second case, suppose that H(p,7) > mingern H(q, 7). Define Q3(p,r) = Q3(p,7) Ny and
fix w € Q3(p, r). Using (5.3]), we assume without loss of generality that

H(0,7) = min H(q,r).
qgeR™

We proceed by contradiction. Assume

p:=H(p,r)-H(p,r) >0
and choose a sequence 0; = 6;(w) — 0 satisfying

lim —6v{(0,w) = H(p,r) = H(p,7) — p.
j—o0

Let m¢, be the solution of (Z.I)) corresponding to (0,7) and u = H(p, ). Since H(p,r) > H(0,7),
Proposition [Z.5] implies that there exists |zo| = 1 satisfying
my (o) = o - p-

Define for 7 > 0, v the solution of (1] corresponding to (p,r) and zg as above,

. : . 6

2 =(z,...,20) with zl(z) =z -p+ @v,j(%,w) — ]z — 20|
Since w € Q3(p,7), for every 0 < r < 1 and 1 > 0 sufficiently small and j sufficiently large, 27 is a
subsolution of the system

, A _
—9; tr(Ak(%,w)Dzzi) + H(Dz], T, %, %,w) < H(p,7) — 5 on B.(x).

The comparison principle implies, for each j sufficiently large,

I (Y — 99 _ I () — %9
(8.10) lg}%xmme%?éo)(zk(x) my,(z,0,w)) lg}gxmme%ajm)(zk(w) my (2, 0,w)).

We write, for each j € Nand k € {1,...,m},
] 4§ ;i L __ __ 0;
(B11) 24(e) =i (0.0.) = (50 (50) =l —a0f2)+ (-7, o)+ () = (.0,
Using Proposition [7], since w € Q3(p,7), as j — oo, for each k € {1,...,m},

(8.12) my(x) — mi{u(az, 0,w) — 0 locally uniformly on B, (),
using formula (7.9)),
(8.13) p-x—m,(x) <0 and vanishes at = = .

And, since w € Q3(p,r) C Q1 and by our choice of §; — 0, for each k € {1,...,m},

lim ( sup 5jvgj(£,w)) = lim ( sup 5jw2j(£,w) + 5jvfj (0,w)) = —ﬁ(p,r)
I 2B, (x0) 0; I 1B R(x0) 0;
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and

. T . T . N
Jim 8y (5%.0) = Jim gy (32.0) + 8,07 (0.0) = ~H(p.r).
J J
Therefore,
. 1m sup sup e i,w —n|x—x9|") = — | p,T)—nr° < — g p,r) = lim 0,v ‘ :E—,w.
8.14) 1i 5jv) %)= —H | lim 50} (22
J=00  x€dBr(w0) 0j jsoo 5

It follows from (R.IT]), (R12)), (8I3) and (BI4]) that (8I0) is impossible for large j and, therefore,
that H(p,r) = H(p,r).
We conclude by defining Q3 = n(p,r)EQ"XQ Q3(p,r) and applying Proposition and (0.2). O

9. THE PROOF OF HOMOGENIZATION AND COLLAPSE

We recall the system

€ ’e?

9.1) uj,  — etr(Ag(Z,w)D?u) + Hi(Dug, uf, £—2, £ w) =0 on R" x (0,00),
u€ = ug on R" x {0},

for ug = (u1,0,...,umo) € BUC(R";R™). The aim of this section is to prove the homogenization
and collapse of ([O.I]) to the deterministic scalar equation

; + H(Du,w) =0 on R"x (0,00),
U = ug on R" x {0},

with u, the point-wise minimum

(9.2)

Uy = min ugg.
07 1<k<m &

The following contraction properties of (0.1 and (9:2]) will be used frequently throughout this
section. The proofs follow from elementary methods in the theory of viscosity solutions and are
therefore omitted (See [8 [13]).

Proposition 9.1. Assume (2I6). Fiz e > 0. If u® and v¢ are solutions of (Q.1l) with initial
conditions ug and vy respectively, then

(9.3) é}?m”u; — V|l Loo Rr x[0,00)) < lg}%xmlluk,o — Vg0l oo (mn)-

If u and v are solutions of [@.21) with initial conditions ug and vy respectively, then
(9.4) [ — vl oo (rn x[0,00)) < 110 — V0| Loo ().
We begin by characterizing the solutions of ([@1). The proof of the following proposition follows

from standard properties of viscosity solutions and is therefore omitted.

Proposition 9.2. Assume (2.10). System (OQ.1l) admits, for each € > 0 and T > 0, a unique
solution u¢ € BUC(R™ x [0,T); R™) such that, for each T > 0, there exists C = C(||ug||pe,T) >0
satisfying

12}%Xm||u2||Loo(Rnx[o,T]) <C.

In order to obtain Lipschitz estimates in what follows, we consider
(9.5) ug € CHHR™;R™).
We account for this in the section’s final proposition, where our main result is proven for arbitrary
initial data ugp € BUC(R™; R™).

Estimates are first obtained for the [ug ,[. As demonstrated by (L), these estimates cannot be
obtained uniformly, as e — 0, for general initial conditions. However, if ug satisfies

(9.6) u;0 = ujo foreach 1<4,5 <m,

then estimates may be obtained uniformly in e.
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Proposition 9.3. Assume [216l) and (@35l). There exist constants C' > 0 and ¢, > 0 satisfying,
for each k € {1,...,m},
—ce <uj, <C on R"x[0,00).

If ug satisfies (Q.6l) then c. > 0 may be chosen independently of €.

Proof. The dependence on w € ) is suppressed as it plays no role. Let

u — U,
M, = max |20

| Jnax - | Loo (n-

In view of (2.6) and (2.9), for each k € {1,...,m},

-3 < Hk;(D'LLk’(),'LL(], w, ) < ||Hk(Duk,o,’LL0,Me, %)HLOO(]RTL) < oo on R™

€ €

Moreover, (2.7) and (2.8]) yield that there exists M > 0 satisfying

tr(A.D? ooy < M.
12}%me r(AgD g 0)|| Loo (rr) <

Let C = C3+ M and ¢, = max1§k§m||Hk(Duk70,u0,]\Z, Iz mny + M. It follows that the
functions

—

Z1 :uo—l—é\t and z_ = ug— ¢t
are respectively a supersolution and a subsolution of (O.1]).
The comparison principle implies
z- <u <z on R"x|[0,00),
which, in view of (@.3]), implies
—c <up, <C on R"x|[0,00).
If ug satisfies ([@.6]), then M, = 0 for each € > 0. Therefore, ¢, > 0 may be chosen uniformly as
e — 0. O

We now establish a gradient estimate by Bernstein’s method. The proof is essentially a repetition
of the argument appearing in Proposition B.I] and, because this fact is not needed in what follows,
we omit it. Notice that in this case, however, the bounds for the |Duj,| depend on the previous
estimates for the ]uit\ We therefore obtain these bounds uniformly, as e — 0, only in the case
that ug satisfies (O.6]).

Proposition 9.4. Assume [2.16)) and (Q.5]). There exists C. > 0 such that

max
1<k<m

[ Dug || oo (R x[0,00)) < Ce

If ug satisfies (@.0)), then C. may be chosen uniformly as e — 0.

We now obtain more precise control of the uj,’s from above. This estimate will play an important
role in the proof of the collapse of (O.).

Proposition 9.5. Assume (2.I6]) and @.35)). There exist C; = C;(T) > 0, for i = 1,2, satisfying,
for each e >0 and k € {1,...,m},
uj, —ug < Ci(e+t+ e_%) on R™ x [0,T].

Proof. The role of w € Q is suppressed as it plays no role. We consider, for each ¢ > 0, with C' > 0
as in Proposition 03]

1

€ _ € _ e ]2

M (t)—1g}3gxm(m7y)s€%gw(uk(w,t) Up(y) — ol —yl” = C1).
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We will show that, in the viscosity sense, there exists C' > 0 satisfying, for each € > 0,

M€ (t) < C(1 — M;(t)).

€

Fix € > 0. Suppose that M€ — ¢ has a strict local maximum at tq € (0,T) for ¢ € C2(0,T). We
may assume, without loss of generality, that tg is a strict global maximum.
Define, for each n > 0,

¢ 1 n
(z,y,t, k) = up(z,t) —uo(y) — ilfv —y* —o(t) — §|yl2-

For all n sufficiently small, by Proposition and because u, € C%1(R"), the function ® achieves
a global maximum at (x,,yy,t,, ky). Therefore, with the notation of [§],

(¢'(ty), 5_1(3377 — ), 5_11) € j2’+u2n (@, ty),

and, because u¢ is a solution of (0.1]), we have

x _ . U27 —u§ g
<Z5/(tn) - tr(Akn(?nvw)) +Hkn(€ 1(x77 - yn)vu 7%7 ?nvw) <0.

It follows from (Z6), (Z7) and (2.8) that there exists C' > 0 independent of € > 0 satisfying

Ui:n (x7]7 tn) — minlgigm ug (xn’ tn)
c .
Proposition yields, for the same constant C' > 0 independent of € > 0,

¢ (ty) < C(1—

~ uS (g, ty) — ug(zy) — Ct
(97) ¢/(tn) SC(l— k( n 77) EO( 77) 77)'
Since u, € C»(R"), we have |z — ynl < €l|Dygl|Loo(rn). Therefore, for a perhaps larger constant
C > 0 independent of € > 0,
(9.8)

uin(xnatn) — ugy(yy) — Ctn) < é’(l B uin(xmtn) — ug(yy) — i@n - yn|2 - Ctn)‘
€ o €

¢(ty) <C(1 -
Since tq is a strict global maximum of M€ — ¢ we have, as n — 0,
by = to and M (o) = limy o (uf, (2:t,) — () — & |y — 2 — Ct,).
Therefore, by passing to the limit as n — 0 in (0.8]),
M<(to)
€

¢'(to) < C(1 — )-

This implies that, in the viscosity sense,
MY <C(1 -2 on (0,T) and, therefore, M€(t) < e+ (M(0) — e)e_% on [0,7].

Let My = sup,~oM(0) < oo and conclude, using the definition of M€, that the proposition holds
for C; = max{1,C, My} and Cy = C. O

We now obtain more precise control of the uj’s from below. This estimate and Proposition
combine to identify the appropriate initial data wuy.

Proposition 9.6. Assume (2.16]) and (@.35l). For each § > 0 there exists Cs > 0 satisfying, for each
weQ, ke{l,...,m} and € > 0,

uj, > uy— 90— Cst on R™ x [0,00).
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Proof. The role of w €  is suppressed as it plays no role. Fix § > 0. Since u, € Co’l(}Rn), define
by convolution uf € C!(R™) which, after subtracting a constant, satisfies

ug— 6 <u) <uy on R™

Let u® = (ui"g, e ,uﬁ,’f) denote the solution of (@) corresponding to the initial condition ug.

Since gg satisfies ([0.6]) with gg < uyg, the comparison principle and Proposition [@.3]imply that there
exists Cs > 0 independent of € > 0 satisfying, for each k € {1,...,m},

uj, > uZ’é >ug— 90— Cst on R" x[0,00).
O

Having characterized the solutions u¢ we begin the proof of the main result. In order to overcome
the absence of estimates, uniform in ¢, for the |uj ,| and [Dug|, we introduce the half-relaxed limits

(9.9) ut(z,t,w) = 1imS(1]lplr<r;§<Xm{ up(y,s,w) | ly—z[+|s—t[ < e}
€E—r v >

and

e . ) B e
ez, t,w) = liminf min {uh(y,s,0) [y -2/ +]s—t[ <€},

where it is understood that, for each € > 0, the respective maximum and minimum are taken for
max(t —¢€,0) <s <t-+e.

Following standard methods in the theory of viscosity solutions, we wish to prove that v* and u,
are respectively a subsolution and a supersolution of ([©.2]) on a subset of full probability. However,
as demonstrated by (LH) and due to the initial boundary layer, definition (@9) does not yield a
relationship between u* and u, at ¢ = 0. Indeed, if ug does not satisfy (9.6), Proposition yields

¥ = Maxj<p<m Uk, > Milj<p<m Upo =¥y on R™ x {0}.
To obtain the desired relationship at ¢ = 0, we use that, in view of Proposition [I.5] there exists
C > 0 satisfying, for each w € ),
(9.10) u* <wuy+ Ct on R" x (0,1],
and define

- u* on R" x (0,00),
U = n
ug on R™x{0}.
Observe that, in view of (@.10), @* is continuous at ¢ = 0 and therefore @* € USC(R™ x [0, 00)).
We now present, in the final two propositions, the proof of our main result.

Proposition 9.7. Assume (2.16]) and (@Q35]). For each w € s, 4* and u. are respectively a
subsolution and a supersolution of

us + H(Du,u) =0 on R x (0,00),

U= U on R™ x {0}.
Proof. Propositions and yield that, for each w € Q and § > 0,

uy— 0 <u, <u*=wu, on R™x {0}

and, therefore, u, = 4* = uy on R™ x {0}.

The remainder of the proof follows by the standard perturbed test function method. Fix w € Q3.
We argue by contradiction and assume that a* — ¢ has a strict local maximum at (xg,tp) for
¢ € C?(R" x (0,00)) satisfying

(9.11) ¢(w0,t0) = ﬁ*(xo,t()) and ¢t($0,t0) +F(D¢(x0,t0),¢(xo,to)) =6>0.
Define

¢f = (¢%,-- ., ¢) with ¢ (z,1) = ¢(,t) + ewp (g, w),
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where w€ is the solution of (4.4]) corresponding to the pair (D¢(zo, ), ¢(xo,t0)). Notice that, by
Proposition [4.3] since w € Q23 C 1, as € — 0,

(9.12) ¢¢ — ¢ locally uniformly on R"™ x (0, 00).

We now prove that there exists r > 0 such that, for all e sufficiently small, ¢ is a supersolution of

@) on B (xg) x (tg — ryto + 7).
Fix € > 0. Suppose that, for some k € {1,...,m} and € C*(R"™ x (0, 00)), @5, — 1 has a strict
local minimum at (yg, sg). Then, the rescaled function

Wi, ) — ~(nfe,€5) — dley €5))

has a strict local minimum at (£, 20) with

(9.13) ¢t (Y0, 50) = 1 (y0, 50)-
Since w€ is a solution of (A4]) we have, after rescaling and evaluated at (yo, so),

— -

ewy, — Etr(Ak(y—:,w)(Dzn — D?¢)) + Hy(Dn — D¢ + D¢(z0, to), ¢(x0, to),

) %,w) > —ev((0).

It follows from Proposition B2 (O.II) and because w € 3 C Q that, for all € > 0 sufficiently
small,

lewy, (£, w)] < % and ¢y (xo,to) — evs(0) > %,

and, hence, in view of Proposition &1} (0.13), (Z7), 238), (ZI2) and because ¢ € CZ(R" x (0, 00)),

there exists r > 0 independent of 7 such that, for all € > 0 sufficiently small, whenever |xg—yo| < T,

5 — ¢S
me — ctr(Ax(2,0) D) + Hi( Dy, 6(o, o), =—, %) > 0.

We conclude that, for all € > 0 sufficiently small, ¢¢ is a supersolution of ([@.1)) on B, (xo) x (to —
r,to + 7). The comparison principle yields, for all e sufficiently small,

max _ max (up, — ¢z) = max max (ug, — ¢%.) -
1<k<m B,.(x0) x [to—r,to+7] 1<kE<m §(B,(z0)x[to—rto+7])

By ([@.12)) and standard optimization results (See [§]), this contradicts the assumption that a* — ¢
has a strict local maximum at (xo, to).
The proof that u, is a supersolution is analogous. O

We now present our main result. In the proof, we first deduce the result for initial conditions
ug € CHYH(R™;R™) and then prove the result for general ug € BUC(R™; R™) by approximation.

Proposition 9.8. Assume (2.10]). For each w € Qg, the solutions u¢ of (O.1l) satisfy, as € — 0, for
each k € {1,...,m},

(9.14) uj, — 0 locally uniformly on R™ x (0, 00),
for w the solution of the scalar equation

{ U+ H(Du,w) =0 on R"x (0,00),

(9.15) U = 1, on R™x {0}.

Proof. Suppose that ug € CHY(R™;R™). Then, in view of Proposition and the comparison
principle, * € USC(R"™ x [0,00)) and u, € LSC(R™ x [0, 00)) satisfy, for each w € Qg,

u* <wu, on R"™x[0,00).
Since the opposite inequality follows by definition, we conclude that, for each w € Qg3, 4" = u, is

the unique solution of (@.I5)) which, by standard properties of viscosity solutions, implies (9.14]).
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We now consider ug € BUC(R";R™). Define by convolution functions ul = (u‘io, . ,ufmo) €

CHL(R™; R™) satisfying

5 fe—
jmax [l — g ol| oo gy < 9.

Let u¢ be the solution of (O.I)) with initial condition ug and let u“® be the solution with initial
condition ug. Similarly, let @ be the solution of (@) with initial condition u, and let @° be the

solution with initial condition ug.

Fix a compact set K C R" x (0,00), n > 0 and w € Q3. We have

_ ) S5 5 Y
e [ = W goeaey < e (Juf — 0 goegaey + " = @ goe oo + 7 = )

which, in view of (Q.3) and (@.4), yields, for § = 3,
max [Juf, — Ul fo(xy < n+ max Hueg — ﬂgHLw(K)-
1<k<m 1<k<m' ®

Since, for each § > 0, ug € CHL(R™; R™), the above implies

n
lim¢_yg maxlgkgmHuZ’Z — w3 llLoo(k) =0 and, hence, limsup,_,omaxi<p<ml||uf, — UL k) < -

Because K C R™ x (0,00), n > 0 and w € 3 were arbitrary this completes the proof. O

10. VARIATIONS

We conclude the paper with a summary of the results for related systems. Because the proofs
are either simpler or identical to those presented above we omit them. The system

{ ui’t — etr(Ak(%,w)D%i) + Hyp(Dug,uf, 2,w) =0 on R" x (0,00),

(10.1) u€ = ug on R"™ x {0},

where the coefficients satisfy assumptions identical to those presented in Section 2, differs from
(@) in that the Hamiltonians are no longer coercive in the differences e~!(ug — u5). The result is
therefore the homogenization of (I0LI)) to a deterministic system.

Proposition 10.1. Assume (Z16]). There exist deterministic Hamiltonians Hy(p,r) and Q' C Q
of full probability such that, for each w € Q', the solutions u¢ of {I01l) satisfy, as € — 0, for each
ke{l,...,m},

uj, = Ty, locally uniformly on R™ x [0, 00),

forw = (@y,...,uy,) the solution of the system
Uk + Hi(Dug,w) =0 on R"™ x (0, 00),
T = ug on R™ x {0}.

Our methods also apply to the analogous time-independent systems,

(10.2) —etr(Ag (%, w)D?*uS) + Hy(Dus, uf, uz_u;, Z w)=0 on R",
€ k k € €

and,

(10.3) —etr(Ag(2,w)D*uf) + Hi(Dug,u, 2,w) =0 on R",

where the coefficients satisfy assumptions identical to those presented in Section 2. Furthermore,
we assume that there exists A > 0 such that, for r,q¢ € R™ if 7, — qx = maxj<;<m|r; — ¢;| then, for
eaCh (p7 87 y? w)?

(104) Hk(p7r737y7w) - Hk(p7q737y7w) 2 )\(Tk - Qk)

The following two propositions summarize, respectively, the main results for (I0.2]) and (I0.3]).
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Proposition 10.2. Assume [@2.I6]) and [IQ.4). There exists a deterministic Hamiltonian H(p,r)
and ' C Q of full probability such that, for each w € ', the solutions u® of (I0.2]) satisfy, as e — 0,
for each k € {1,...,m},

uj, = u locally uniformly on R",

for w the solution of the scalar equation

H(Du,uw)=0 on R™

Proposition 10.3. Assume @2.I6]) and ({[0.4]). There exist deterministic Hamiltonians Hy(p,r)
and ' C Q of full probability such that, for each w € ', the solutions u® of (I0.3]) satisfy, as e — 0,
for each k € {1,...,m},

uj, — Uy locally uniformly on R™,

forw = (@y,...,up,) the solution of the system

Hy(Dug,u) =0 on R™
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