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Abstract

We study a two-player zero-sum stochastic differential game with both play-
ers adopting impulse controls, on a finite time horizon. The Hamilton-Jacobi-
Bellman-Isaacs (HJBI) partial differential equation of the game turns out to
be a double-obstacle quasi-variational inequality, therefore the two obstacles
are implicitly given. We prove that the upper and lower value functions coin-
cide, indeed we show, by means of the dynamic programming principle for the
stochastic differential game, that they are the unique viscosity solution to the
HJBI equation, therefore proving that the game admits a value.

Keywords: Stochastic differential game, Impulse control, Quasi-variational in-
equality, Viscosity solution.

1. INTRODUCTION

The theory of two-player zero-sum differential games was pioneered by Isaacs
[12]. Thanks to the mathematically rigorous definitions of upper and lower value
functions for a differential game, see Elliott and Kalton [6], Evans and Souganidis [7]
began to study differential games by means of the viscosity theory, characterizing the
two value functions as the unique viscosity solutions to the corresponding Hamilton-
Jacobi-Bellman-Isaacs partial differential equations (HJBI PDEs, for short).

Inspired by the results achieved in the deterministic case, Fleming and Sougani-
dis [8], for the first time, studied two-player zero-sum stochastic differential games
using the viscosity theory. Adopting concepts presented in [6], they proved the dy-
namic programming principle for the stochastic differential game and showed that the
upper and lower value functions are the unique viscosity solutions to the second order
HJBI partial differential equations, which coincide under the Isaacs condition. [§] is
now considered a reference work in the field of stochastic differential games. More
recently, the theory of backward stochastic differential equations has been success-
fully applied to the study of stochastic differential games, firstly by Hamadéne and
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Lepeltier [I0] and Hamadeéne et al. [I1]. Subsequently, Buckdahn and Li [2] extended
the findings presented in [10], [I1], and generalized the framework introduced in [§].

The references mentioned above are focused on stochastic differential games with
continuous controls. There exists also a large literature regarding Dynkin games,
which are generalization of optimal stopping problems. Besides, the case with switch-
ing controls has been recently addressed by Tang and Hou [I9]. In the present paper
we study a two-player zero-sum stochastic differential game with both players adopt-
ing impulse controls, on a finite time horizon. In particular, we prove, using the
dynamic programming principle, that the upper and lower value functions are the
unique viscosity solution to the corresponding HJBI equation. To the author’s knowl-
edge, this kind of stochastic differential game has not yet been analyzed by means of
the viscosity theory. As a matter of fact, only Zhang [22] studied, in the viscosity
sense, a stochastic differential game involving impulse controls, but in [22] one player
adopts impulse controls, while the second player uses continuous controls.

Impulse control is a relevant topic in the field of stochastic control and a gen-
eral reference is Bensoussan and Lions [I], where the focus is mainly on functional
analysis methods. Instead, direct probabilistic methods are exploited in, for instance,
Robin [I7] and Stettner [I8]. Finally, concerning the study of impulse control prob-
lems through the viscosity theory see, for example, Lenhart [15], Tang and Yong [20]
and Kharroubi et al. [I3].

During the past few years, the increasing demand for more realistic models in
mathematical finance led to a renewed interest in impulse control. Indeed, impulse
control may be particularly useful when dealing with, for instance, transaction costs
and liquidity risk in financial markets. For more information on this subject see, for
example, Korn [I4], Ly Vath et al. [16] and Bruder and Pham [3].

We give an outline of the problem. Let 7" > 0 be the finite time horizon of the
game, t € [0, 7] the initial time and 2 € R™ the initial state. Then, the evolution of
the state of the game is described by the following stochastic equation:

Xs==x +/ b(XT)dT +/ O’(XT)dWT + Z gm]l['rm,T](s) H l{fm;,gp[}—l—
t t

m>1 =1
+ > el 1y (s),
=1
for all s € [t,T], P-a.s., with X;- = 2. Here W is a d-dimensional Wiener process,
while
u(s) = Z Emyy,, m(5) and v(s) = Zm]l[pr] (s)
m>1 =1

are the impulse controls of player I and player II, respectively. The random variables
&m and 1y take values in two convex cones U and 'V of R™, respectively, called the spaces
of control actions. The infinite product Hl>1 1¢s,.+p,y has the following meaning:
When the two players act together on the system at the same time, then we take into
account only the action of player II. We denote by X%#w? = {Xb#wv ¢ < s < T}
the state trajectory of the game with initial time ¢, initial state z and impulse controls
u and v.

The gain functional for player I (resp., cost functional for player IT) of the stochas-
tic differential game is given by:

T
J(t, z;u,v) = E[/ f(Xz,z;u,v)ds — Z c(Tm,fm)]l{ngT} H Lir#pt
t

m>1 >1



+ Z X(pe,m)]l{pegT} 4 g(X;lZ;u’v) -
>1

Whenever player I performs an action he/she pays a positive cost ¢, which results in a
gain for player II. Analogously, y is the positive cost paid by player II to perform an
impulse, which is a gain for player I. It is reasonable to impose the following condition
on the cost function y:

X(t 21 + 22) < x(t 21) + x(£, 22) = h(t),

for every t € [0,7] and z1,22 € V. The presence of a strictly positive function h is
required in the uniqueness proof for the HJBI equation. To guarantee uniqueness it
is not enough to require the same condition on the other cost function c¢. We need to
impose a stronger constraint that involves both cost functions, which is given by:

C(t7y1 +z+ y?) < C(ta yl) - X(tv Z) + C(ta y2) - h(t)v

for every y1,y2 € U and z € V. As a consequence, we have to require V C U. Finally,
to prove the regularity with respect to time of the upper and lower value functions, we
make the following assumption, introduced by Yong [21] (see also Tang and Yong [20]),
on the cost functions:

~

c(t,y) Zclt,y)  and  x(t,2) = x(f, 2),

for every 0 <t <t < T,y €Uand z € V.

We define the upper and lower value functions using the Elliott-Kalton strategies
as in [8]. We show that they are the unique viscosity solution of a HJBI partial
differential equation, which results to be the same for the two value functions. This is
a consequence of the assumption that the two players can not act simultaneously on
the system. Therefore the uniqueness for the HJBI equation implies that the upper
and lower value functions coincide and the game admits a value.

The HJBI equation turns out to be a double-obstacle quasi-variational inequality,
therefore the two obstacles are implicitly given and depend on the solution. This is
a natural generalization of the result obtained in the context of Dynkin games, in
which the HJBI equation is given by a double-obstacle variational inequality, see, for
instance, Cvitani¢ and Karatzas [5] and Hamadéne and Hassani [9]. Single-obstacle
quasi-variational inequality has been considered recently by Kharroubi et al. [I3], by
means of backward stochastic differential equations with constrained jumps. In the
following paper, instead, we use the dynamic programming principle for the stochastic
differential game to prove that the two value functions are viscosity solutions to the
HJBI equation.

The paper is organized as follows: Section [2] is devoted to fix the notations and
to introduce rigorously the stochastic differential game. In Section [B] we study the
regularity properties of the upper and lower value functions. In particular, we show
that they are continuous on [0,7) x R™ and bounded. In Section Hl we prove the
dynamic programming principle for the stochastic differential game. Furthermore, we
deduce some corollaries and generalizations, which turn out to be useful to prove that
the two value functions are viscosity solutions to the HJBI equation. This latter is
the subject of Section B, where we give also the definition of viscosity solution for the
HJBI equation via test functions and by means of jets, needed later in the proof of
the uniqueness. Finally, in Section [fl we prove the Comparison Theorem for the HJBI
equation, therefore proving that the game admits a value.



2. THE STOCHASTIC DIFFERENTIAL GAME

In the present section we introduce the model associated to a two-player zero-sum
stochastic differential game (SDG, for short) involving impulse controls with finite
horizon.

Consider a complete probability space (2, F,P) and a d-dimensional standard
Wiener process W = (W,);>0 defined on it. Let F = (F;);>0 be the natural filtration
generated by the Wiener process, completed with the P-null sets of F. We are given
two convex cones U and V of R™, with V C U. We call U and V the spaces of control
actions. We begin by introducing the concept of impulse control.

Definition 2.1. An impulse control u = Zm21 Emy,, 1) for player 1 (resp., v =
> i1 el 1 for player 1) on [t,T] C RT = [0, +00), is such that:

(i) (Ton)m (resp., (pe)e), the action times, is a nondecreasing sequence of F-stopping
times, valued in [t, T) U {+o0}.

(i) (&m)m (resp., (ne)e), the actions, is a sequence of U-valued (resp., V-valued)
random wvariables, where each &, (resp., ng) is Fr, -measurable (resp., Fp,-
measurable).

We denote by T > 0 the horizon of the stochastic differential game. Let ¢ € [0, T
be the initial time of the game and € R" the initial state. Then, given the impulse
controls uw and v on [t,T], the state process of the stochastic differential game is
defined as the solution to the following stochastic equation:

Xs=zx +/ b(XT)dT +/ O’(XT)dWT + Z gm]l[‘rm,T](s) H l{Tm;,gp[}—l—
t t

m>1 >1

+ 3 el 1y (s), (1)

>1
for all s € [t, T], P-a.s., with X;- = x.

Remark 2.2. As mentioned before, the infinite product Hz>1 1¢r,.#p,) I equation
(@) means that when the two players act together on the system, then we take into
account only the action of player II.

We make the following assumption on the functions b and o:

(Hp») The functions b: R® — R™ and o: R® — R"*? are Lipschitz continuous and
bounded.

Thanks to assumption (Hp ), there exists a unique solution X%V = { XL#u.v,
t < s < T} to equation (), for every (¢,z) € [0,T] x R, u and v impulse controls on
[t,T].

Definition 2.3. Let u = Zm>1 Em 7, 1) be an impulse control on [t,T] and T < o
two [t, T]-valued F-stopping times. Then we define the restriction uy, ,1 of the impulse
control u by:

u[Ta‘T] (S) - Z gl‘t,r(u)‘f‘m]]'{Tuf,,r(u)ergSgU} (S>5 T g S g a,

m21



where g - (u) is the number of impulses up to time T, i.e.,

Her (@) = 3 1ir, <oy (2)

m21

For every (t,x) € [0,T] x R™, u and v impulse controls on [t, T], we define the gain
functional for player I (resp., cost functional for player IT) as follows:

T
J(t,x;u, ’U) = E[/ f(X;’m;u’U)dS — Z C(Tm,fm)]l{ngT} H ]1{Tm7fp[}+
t

m>1 >1

+ Z X(pe; o) Lyp, <1y + g(X%Z;W)} - (3)

>1

Remark 2.4. As mentioned in the introduction, the function ¢ in (B)) is the cost
function for player I and is a gain function for player II, meaning that when player I
performs an action has to pay a cost, resulting in a gain for player II. Analogously, x
is the cost function for player IT and is a gain function for player I.

To guarantee a well defined gain functional we make the following assumptions on
the functions f, g, ¢, x and we introduce the concept of admissible impulse control.

(Hy4) The running gain f: R™ — R and the payoff g: R™ — R are Lipschitz and
bounded.

(H.,) The cost functions c: [0,T] x U — R and x: [0,T7] x V — R are 1/2-Hoélder

continuous in time, uniformly with respect to the other variable. Furthermore

inf ¢>0, inf x>0
[0,T1xU [0,T]xV

and there exists a function h: [0, 7] — (0, 00) such that for all ¢ € [0, T

c(t,y1 + 2 +y2) <t yn) — x(t: 2) + et y2) — h(t) (4)

and
X(tvzl +22) < X(tazl)+x(t722> 7h(t)7 (5)
for every y1,y2 € U and z, z1, 20 € V. Moreover

~

c(t,y) = c(t,y) and  x(t,2) = x({,2), (6)
for every t,t € [0,T), with t <, y € Wand z € V.

Definition 2.5. An admissible impulse control u for player 1 (resp., v for player II)
on [t,T] C RT, is an impulse control for player 1 (resp., 1) on [t,T] with a finite
average number of impulses, i.e.,

Elpe,r(u)] < oo (resp., Elpe,r(v)] < oo),

where pr(u) is given by equation [3). The set of all admissible impulse controls for
player 1 (resp., II) on [t,T)] is denoted by Uy v (resp., Vi,1). We identify two impulse
controls u = Zm>1 Emy,, 1) and u = Zm>1 Eim]l[;m’T] in U, and we write uw = u
on [t,T], if P({u = @ a.e. on [t,T)}) = 1. Similarly we interpret v = v on [t,T] in
Vir.



Remark 2.6. Under assumptions (Hy ), (Hy,) and (Hc,), the gain functional
J(t,z;u,v), given by equation (@), is well defined, for every (¢t,z) € [0,7] x R™,
uw €U, and v € V.

We may now define the lower value function V~ and the upper value function
V* of the stochastic differential game. Before we need to introduce the concept of
nonanticipative strategy.

Definition 2.7. A nonanticipative strategy for player T on [t,T] C RT is a mapping
(o' Vt,T — Z/lt,T
such that for any stopping time 7: Q& — [t,T] and any vi, va € Vi, with vy = vo
on [t, 7], it holds that a(v1) = a(va) on [¢t,7]. Nonanticipative strategies for player
IT on [t,T], denoted by
B: U — Vi,
are defined similarly. The set of all nonanticipative strategies o (resp., () for player
I (resp., II) on [t,T] is denoted by A.r (resp., Bir).
Hence, the two value functions are given by:

V7 (t,z) = inf sup J(t, z;u,B(u)) (7)

BEBy, T weld;

and
VT(t,x):= sup inf J(t z;a(v),v) (8)

€A, VEVLT

for every (t,z) € [0,T] x R™. If V= = VT we say that the game admits a value and
V =V~ = VT is called the value function of the game.

The Hamilton-Jacobi-Bellman-Isaacs equation associated to the stochastic differ-
ential game, which turns out to be the same for the two value functions, because of
the two players can not act simultaneously on the system, is given by:

maX{min [— aa—‘t/ — LV — f,V—’H‘s:upV},V —’Hi);fV} =0, [0,7)xR",
V(T z) = g(x), Yz € R",
where L is the second-order local operator
LV = (b,V,V) + 3tr[oc’ ViV]

c
sup

MV (t) = sup [Vt 4y) —c(ty)],  HV(62) = nf [Via+2) 4 x(5,2)],
yeU z

for every (t,z) € [0,T] x R™.

and the nonlocal operators HS,, and H . are given by

3. REGULARITY OF THE VALUE FUNCTIONS

We prove that both the lower value function and the upper value function are
Lipschitz with respect to the state variable, uniformly in time. Furthermore, they are
Holder continuous with exponent 1/2 with respect to time on [0,7"), uniformly in the
state variable. Finally we show that the two value functions are bounded.

We begin by proving the following lemma, which is concerned with the continuous
dependence of X%%? with respect to z.



Lemma 3.1. Under assumption (Hy ) there exists a constant C' > 0 such that for
every t € [0,T), ,2 € R", u € Upp and v € V.7 we have:

B[|X07 — X5 < Ol — 3],
forall s € [t,T].
Proof. We denote by X := Xt#% and X := X®w? Then an application of Itd’s
formula gives
X, — X2 = |z — 2>+ 2/ (X7 — X0, b(X,) — b(X,))dr+
t
+2/ (Xr — X, (0(X;) — o(X,))dW,) +/ lo(X,) — o(X,)|%dr.
t t
Therefore, thanks to assumption (H, ), there exists a constant L > 0 such that
E[|X, — X?] < Jo — 2> + L/ E[|IX, — X,|*]dr.
t

From Gronwall’s lemma we deduce the thesis. O

In the following proposition, using Lemma 31l we prove that the lower and upper
value functions are Lipschitz with respect to the state variable, together with the gain
functional.

Proposition 3.2. Under assumptions (Hy ), (Hy4) and (He,), there ezists a
constant C > 0 such that for every t € [0,T], x,& € R", u € Uyr and v € V1 we
have:

|J(t, x;5u,v) — J(t, Zu,0) |+ [V (t2) =V (4,2)] + |V (t,z) = VTt 2)| < COle — 2.

Proof. 1t is enough to show that the conclusion holds true for the gain functional J.
Let us denote by X := X?#%v and X := X% then

7t ai0) = It dxw0)| SB[ [ 1700) = F(R)[ds +1(¥r) — o(Er)]].

Thanks to assumption (Hy ,) there exists a constant L > 0 such that
T A A
|J(t, z;u,v) — J(t, Z;u,v)| < L/ E[|Xs — X,[]ds + LE[| X7 — X7|].
t

From Lemma B.1] we get the thesis. O

Now we prove the regularity condition of the value functions with respect to time
and we need the following lemma.

Lemma 3.3. Under assumptions (Hy ), (Hyfg) and (Hcy) the lower and upper
value functions are given by:

V= (t,x) = inf sup J(t, x;u,B(u))
5€Bt,T uEZ;It,,T



and
V*t(t,z) = sup inf J(t,z;a(v),v),
a€ A, r VEVLT
for every (t,x) € [0,T) x R™, where Uy v and Vi contain all the impulse controls
in Uy and Vi 1, respectively, which have no impulses at time t. Similarly, At,T and
Bt,T are subsets of Ay and By, respectively. In particular, they contain all the
nonanticipative strategies with values in L_{t,T and 1_),57T, respectively.

Proof. Let e >0, u € Ut,T\?/_lt7T and 8 € Bt7T\l§’t7T. We have to prove that there exist
u € Uy 7 and 8 € By such that

| T(t, w5 u, B(u) — I (¢, 236, B(w))] < e

Let v := B(u) € Vyr and B(ﬁ) =70 € f)tyT, for every @ € Uy p. Then, given u €
L{tyT\Z:lt,T and v € V7, we have to prove that there exist u € Z:lt,T and v € f}tyT such
that

|J(t, z;u,v) — J(t,x;u,0)| < e.

We may suppose v € Vt,T\f}tyT, in the other case the proof is simpler and we omit it.

We start by considering the case in which u and v have only a single impulse at
time t. As a consequence, there exist two [t, T]-valued F-stopping times 7 and p, with
P(r =t) > 0 and P(p = ¢) > 0, such that

u = 5]].[.,.7T] + 1 and v = n]-[p,T] + 0,

where 41 = Zm>1 mlir, 1 € Upm), 0 = 2421 ey, € Vie), € is an Fr-
measurable U-valued random variable and 7 is an F,-measurable V-valued random
variable.

For every integer n > 1/(T — t), we introduce the following F-stopping times:

o= (T4 ) U=y +7hirsy and pa = (o4 ) Loy +PLips0)-

Define the admissible impulse controls:

~

Up =&, mp+4  and v, =nlp,, )+ 0.

Note that u,, € Z/_{[t,T] and v, € f}[t,T]- Then we have:

T
J(t,xyu,v) — J(t, 25U, 0,) = IE[/ (f(X;*““’”) — f(Xﬁ’””?“""””))ds
t

= > s &) Ur<ry [ Limnrzoey (Mmnn) = Lirmron))

m>1 0>1

— e, ) Lirery [T Lirstonr Lirsoy + s ) Limuary [T Lirartoe) Lirarton) +
>1 >1

+ X0, MLty = X(Prs M) Ly <y + g(XFTY) — Q(X?z;“"’”")} :

Now we observe that 7,, — 7 and p,, — p, as n tends to infinity, P-a.s.. Moreover,
Vs € (t,T], Xb@wnvn — XLV a5 n tends to infinity, P-a.s.. Therefore, from the
Dominated Convergence Theorem, we deduce the existence of an integer N > 1 such
that

|J(t, z;u,v) — J(t, x; up, v,)| < g, Vn > N.



Finally, we have to consider the case in which u or v or both have multiple impulses
at time ¢. However it is simple to show, using conditions (@) and (&), that we can
reduce this case to the previous one with only a single impulse at time t. O

Proposition 3.4. Under assumptions (Hy ), (Hy4) and (He,), there ezists a
constant C' > 0 such that:

=

|V7(t,$) - V7(£7 .CC)| + |V+(t7$) - V+(£,1'>| g C|t - £| )
for every t,t € 0,T), x € R™.

Remark 3.5. Observe that the restriction of the lower value function to [0,T) x R"
admits an extension to [0,7] x R™, 1/2-Holder continuous in time and Lipschitz
continuous in the state variable, which in general does not coincide with the value
function itself at the horizon time 7. An analogous remark applies to the upper value
function V.

Proof. We make the proof only for the lower value function V'~ , the other case being
analogous. Let ¢ € [t,T], then for every ¢ > 0, thanks to Lemma [33] there exist
u. € Uy r and . € B; p such that

V= (t,x) — V= (E,x) < J(t a5 ue, Be(ue)) — J(F a5 tie, Be (@) + &,

where 4. € U; p and Bg € B;r will be choosen later. In particular, suppose that
Us = Zm>1 & llire 1) € Up 1, then define 4. as follows:

o=y &1+ D &nlpe -
Te, <t T >t

Thus 4. is nothing but the impulse control obtained from u. by moving all the im-
pulses in the time interval [t,] to the instant £. Now define f.(u) = B.(tie) =: v €
Vi1, for every u € U r. Then we have:

Vo (tx) - V() < Ttz ue,ve) — J(E 2500, 0.) + €. (10)
Using conditions (@l and (@) we find
> &) = e(t Y €,
‘rfngf ‘rfngf

if there is at least one impulse in the time interval [t,]. Therefore

T T L
J(t, x5 ue,ve) — J(f,x;ﬂs,vs) < E[/ f(X;*z;“f’vf)ds - f(Xg’I*"E’”E)der
t

i
g — g (X)),
We note that, thanks to assumption (Hp ), there exists a constant C; > 0 such that
E[levz?usavs _ Xﬁvz?ﬂsavs H < Cl|t — ﬂ%’

for all s € [£,T]. Therefore we find, using also the boundedness of f, that there exists
a constant Cy > 0 such that

J(t, x5 ue,ve) — J(f,z;ﬁg,vg) < Cg|t—f|%.



Hence
Vo (t,x) =V (f,x) < Calt — )3,
In a similar way we can prove that there exists a constant C's > 0 such that
V= (t,2) =V~ (Ea) > ~Cslt — 1|7,
from which we deduce the thesis. O

Finally, in the following proposition, we prove that the two value functions are
bounded.

Proposition 3.6. Under assumptions (Hy,), (Hyfg) and (Hey), the lower and
upper value functions are bounded.

Proof. We make the proof for the lower value function, the other case being analogous.
Let € > 0, then, using the definition of lower value function, equation (@), we have,
for (t,x) € [0,T] x R",

T
V= (t,x) = inf sup E / f(Xz’z;u’ﬂ(“))ds +g(X;Z;u’ﬂ(u))+

BEB:, T ueld, v

+ D x(pe(), me (W), yery = Y eTms &m)Ur<ry || ]l{‘fm?épz(u)}} =
>1 m=>=1 >1
/ Jx Lm0 B0))ds 4 (X000 3 (o) 7 (100)) L 2 oy |
>1

T
e B[ [ fOximes s 4 g(xfre )]
t

for some S (ug) = 2421 Uf(uo)ﬂ[p;(ug),T] € Vi1, where ug € Uy 7 is the control with
no impulses. Since f and g are bounded we deduce that V'~ is bounded from below.
In a similar way, we can prove that V'~ is also bounded from above. O

4. DyYNAMIC PROGRAMMING PRINCIPLE
We now present the dynamic programming principle (DPP) for the stochastic
differential game.

Theorem 4.1. Under assumptions (Hy ), (Hyy) and (Hcy), given 0 <t <s<T
and x € R™, we have:

V= (t,z) ;= inf IE (XLmwAWydr 4 1
(t,) S s /f r ;x pe(u)s me(u))Lip, (uy<s)

_ Z c(Tm,fm)]l{ngs} H l{Tm;ép[(u)} + Vi(S,X‘:-,z;u,ﬂ(u)) (11)

m>1 >1
and
V+ f,;C = sup inf E / f tha('u), d?“—i— X 00,0 1 . 19
() €A, VEVLT ; ) {pe<s} (12)
o Z Tm ))l{rm (v)<s} H l{rm(v Yo} + iV ( ,X;f,z;a(v),v)]
m>1 >1

10



Proof. We prove the dynamic programming principle only for V'~ the other case
being analogous. Let u € U;r and € > 0, then there exists a strategy ple e Bi
such that

inf  sup IE / f(xtmwf)qy — Z (Tms Em) Lirn<s} H Lirpeuy+ (13)
t

PEBLT uelly, v m=1 >1

+ZX pe(w), ne(u) L, uy<sy + V7 (5 Xmu’ﬂ(u) >E / FXEmwP @) gy

>1
= D elm &) Lm<sy [T ey + D2 X000 ()1 " ()11 oy
m>1 >1 >1

+ V7~ (s, X‘:’z;“’ﬂlyg(“))} —e.

Now, from the regularity of V™~ and J with respect to the state variable, see Propo-
sition B2 we deduce the existence of a strategy 3% € B 1 such that

B[V~ (s, X058 Y] > B[ (s, X058 0y gy, 82 (ugery))] —,  (14)

where u[, 1) is introduced in Definition Indeed, let (A;);>1 be a partition of R”
such that, thanks to the regularity of V'~ and J, given x; € A;, then for all y € A;
we have

J(Saxi;u[s T]av) 2 J(Say;u[s T]av) - %5 and Vﬁ(say) 2 Vi(S,.’L'i) - %57

for every v € Vé 7. Moreover, thanks to Lemma B3] for every A; there exists a
strategy 84 € Bs 7 such that

V7 (s, i) = J(s, 25 ups1, B (ugsmy)) — 3e.
As a consequence, for every y € A; the following inequality holds:

Vﬁ(say) > J(Sa y;u[s,T]aBAi (U[S,T])) —&.

Therefore, in our case, we have

E{V (s, X Db’ EW)} {ZV s, XtowBU Wy , (X taiuws f(u)ﬂ

1>1
SE[Y J(s, Xbrws W, A 14 (x5mwB e (s r) —
= S, Ag 7U[S,T]’ﬁ (U[S,T])) Ai( s ) —E&=
i>1
t,xiu, tmu [s,
:IE[J(S,XS Ca ULs, T Z]lA B ey )BA (U[ST]))} €.

We introduce the strategy 8% € By r given by

525 Z]]'A Xtmuﬁlsu)>ﬂA( )
i=1

This means that if 34 (ugs, 1 Ze>1 774 (ups,r) 1 (o2 (uge.77),T)’ then % (u) = Ze>1
ng’s(u)]l[p?,s(u)j] is given by
—+o0
pre () = YA (X0 (g )
i=1
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and
+oo

et (u) == Z Tas (X550 N (g ).

i=1

Finally, we define a new strategy 3° € B r, equal to 8% up to time s and to 3¢
from time s to T. More precisely, the definition of 3¢ is as follows: Let 8¢ (u) =

D1 U;’E(U)l[p;,f(u)ﬂa B2E(u) = Yy U?’E(U)l[pjf(u)ﬂ and B%(u) = 324515 (u)
L{o (w.1), then

1l,e

2,
pe () = Py (W) Lepe . (812 )} F P, (50 (w)) W L5 e (815 ()}

and
n7 () == 1" (W) L (812 @)} + M7y (51 () (W L5 e (81 ()

where j1; 5(3¢(u)) is given by equation (). Therefore, from (I3]) and (Id) we get

° z:u, B0 (u
E[/t f(X;f’ B ( ))dr— Z C(Tm,fm)]l{,,-mgs}H]l{_rm#p;,s(u)}-i-

m>1 >1

— zu,8¢ (u
+ZX(P;’E(U%W;7E(U))1{p§’f(u)gs} + V7 (s, X ))} -z

>1
> E{/ FXETB" ) gy — Z (Tims &m) L, <5} H Lot ay
t m>1 0>1
+ Z X(py* (w), Ué’a(u))l{p;’a(u)gs} + I (s, X “[syT]aﬁls(U))}
>1

—2e = J(t,x;u, f°(u)) — 2e.

We can now easily deduce that the following inequality holds:

V7(t,z) < inf su E/ X}f’”“’ﬂ(“) dr + w), ne(u)) Ly, (w<s
( ) ﬁEBt,TuEU?T |: t f( ) ;X(p‘e( )TM( )) {pe(u)<s}

_ Z c(Tm,fm)]l{ngs} H ]l{Tm#pg(u)} +V (s, X;Zz;u,ﬂ(u)) .

m>1 =1
In a similar way we can prove the reverse inequality, hence deducing the thesis. O

Now we prove the following corollary of the dynamic programming principle, which
is concerned with the DPP for s = ¢. In particular, we prove that we can neglect
multiple impulses, thanks to conditions (@) and (@). Corollary will be useful to
prove that the two value functions are viscosity solutions to the HJBI equation.

Corollary 4.2. Under assumptions (Hyo), (Hy4) and (He,), given (t,x) € [0,T)x

R"™, we have:

V= (t,z) = inf su E| —c(t,O)l—nliptoor+
(t,z) peTt,mmepreTHwI)’&Eﬁ (t, ) 11—y L pmtoo}

+ X(t, n)l{p:t} + V—(t, Xttvmf]l[f,T%nl[PyT]) ,

where Ty oo is the set of F-stopping times with values in {t,+o0}. An analogous
statement holds for the upper value function V.
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Proof. We make the proof only for V| the other case being analogous. Consider the
dynamic programming principle for V'~ with s = ¢:

V= (t,l‘) = inf sup E|: — Z C(tagm)]l{rm:t} H l{Tm;,gp[(u)}—l—

PEBLT uetty, v m>1 >1
=

+ Z X(ta W(“))]l{p[(u):t} LTV (t, Xtt.,z;u,ﬂ(u))} .

>1

Let p € Ti oo and 1 € F,, then consider the strategy B(u) = nlj, 1), for every
u € Upr. Now fix u = 37 - &l 7y € Uy and define the impulse control
@ = &1, 1), where § and 7 are given by:

§= Z Emlir, =t} T= t(l - H ]l{'rm>t}) + (+00) H L7, >t}

m21 m2=1 m2=1

Then 7 € Ty 400 and € € F,. Moreover Xf’m;u’ﬂ(u) = XI’I;EH[T’T]’M[”’T], P-a.s.. There-
fore, using condition (), we find

_ t,xyu,nl '
E[ = 3 et &m)rmty Lipmtoe) + X(EM)Tpmy + V7 (X770 <
m2=1

_ t,z; 60 7ML,
< E|: - C(t, g)l{T:t}l{p:*i'OO} + X(ta n)]l{p:t} +V (ta Xt e )] :
As a consequence we have

V7 (t,x) < inf su E|l —c(t,O)lmpnly,— +
( )\p€7—t,+00177€fp7'€7—t,+oop1£€]:7— (t:¢) {r=ttHe=too}

+ X(t, n)l{p:t} + V_(t, Xttvmf]l[f,T%nl[PyT]) .

In a similar way we can prove the reverse inequality, therefore deducing the thesis. [

To prove that the value functions are viscosity solutions to the HJBI equation,
we need the dynamic programming principle also for stopping times which assume
a countable number of values. This result is a simple extension of the dynamic
programming principle for deterministic times and it is presented in the following
lemma.

Lemma 4.3. Under assumptions (Hy ), (Hyg) and (Hey), given 0 <t <s< T,
x € R™ and a [t, s]-valued F-stopping time T, which assumes a countable number of
values, we have:

Sl e "yt )
V= (t,z): ﬂelréfj UEE?TE[/t F(X! )dr+;x(pg(u),ng(u))]l{p[(u)@}

= > el ) Lircry [ Vmstoeuy + V7 (7, X057 (“))}-

m>1 1
An analogous statement holds for the upper value function V.

Proof. Let 7 = 3.5, t;1p,;, with t; € [t,s] and B; € F;. The proof is completely
similar to the proof of the dynamic programming principle for deterministic times

13



(Theorem FT). Therefore we focus only on the main point, that corresponds to
inequality (I4)), which now becomes:

IE[V_ (r, Xi,w;u”@I’E(U))] = [ Z V= (r, Xﬁ’m;u’ﬂl’a(u))]lBj} Z
jz1

B[ 0 Vg S

Jjz1

= E[J(T, XEo AWy g 3 BQ’S’j(U)ﬂBj)} —¢,

jz1

where %9 € By, 1, for every j > 1. We define the strategy 5% := dis1 p2eilp,
and we conclude as in the proof of Theorem [£11 O

We end this section with a technical lemma, which will be useful to prove that the
two value functions satisfy, in the viscosity sense, the terminal condition to the HJBI
equation.

Lemma 4.4. Suppose that assumptions (Hy ), (Hyg) and (Hey) hold true, then
for every (t,x) € [0,T) x R™ we have

V7 (t,z) = inf su E[(—ct, | 15
(t:) peﬂ,+x,n6fpre7;,+mp,geff () Lr=tp=toc) (15)

_ t,xs €L 7ML,
+ X(tan)]l{p:t} +V (t,Xt [r.7)>ML] T])) (1 — 1{T:+m1p:+m})+
T
([ s b g (X)) L g
t

where ug and vy are the controls with no impulses. An analogous statement holds true
for the upper value function V.

Proof. We make the proof only for V', the other case being analogous. Let 7 € T; 4o,
¢ € Fr and € > 0, then there exist p»° € T; 1o and n'° € F, .-, such that the right
hand side of equation (3] is greater than or equal to the following expression:

(EHITEY 7771'51[,)1,53]

IEK — ()L g promsony + V(1 X, )+ (16)
T
+ X(tanl’a)ﬂ{Pl’E:t}) (1= Lrmtooptiemtoo}) + (/ FXpmmer)dr
t
+ g(X%,z;uo,vg)) ]]'{T:+007p1’€:+00}:| —E.

Now fix @ € Z;lt,T, then, proceeding as in the proof of the dynamic programming
principle (Theorem ET]), thanks to the regularity of V'~ and J with respect to the
state variable, we deduce the existence of a strategy 3¢ € B, r such that

[FHITE) 7771'51[p1,E,T]

E[V_(t, Xt )] > E[J(t, X?I;f]l[r,T]ﬂn ’ ]]'[pl’E,T] : ﬁ, 52,8(,&)” — e
Finally, we define the control u € U; v and the strategy 5° € B 1 as follows:

u= [(€h{r=r) + 0l {r=to0}) Tt + 8] (1 = Lir—too pte=too}) + U0 {r=rto0,p1o =100}
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and

ﬁa(’&) = [(nl’a]l{pl,s:t} + Uo]l{pl,E:+OO})1t + ﬁ2’6(’c~t)] (1 — ]1{72+007p1,s:+00})+
+ UO]]‘{T:J’-OO,pl’E:JrOO})

for every @ € Uy p. Therefore, from (I6) we find

in su E[(—ct, Ty ) +
PETe o EF s re T o e P O r=tpmtoc)

_ t,x;€Llr, ,ml
=+ X(t777>]]-{p:t} +V (tht S [pr])) (1 - ]]-{‘r:-l-oo,p:-l-oo})+
T
+( / FOXET800 ) dr 4 g(XF" ) VL gy | 2 T (s, B () = 22,
t
from which we deduce that the following inequality holds:

in su E[(—ct, Ty p— +
967—’5,+°°777€]:PTE7},+OOI),£€.7-} ( 5) {r=t,p=+o0}

_ t,z; €1 1ML p,
+ X(tan)l{p:t} +V (ta Xt e T])) (1 - ]1{Tz+oo,p:+oo})+
T
+ (/t f(Xﬁ’z;uo’vo)dT 4 g(X%,z;uo,voD ]]'{T:+Oo,p:+oo}:| 2 Vi(t, 1,)

In a similar way we can prove the reverse inequality and thus we get the thesis. O

5. HAMILTON-JACOBI-BELLMAN-ISAACS EQUATION

In the present section we give the definition of viscosity solution to the HJBI
equation (@) and we prove that the two value functions are viscosity solutions to this
equation.

Definition 5.1. A lower (resp., upper) semicontinuous function V : [0,T] x R® — R
is called a viscosity supersolution (resp., subsolution) to the HJBI equation (9) if

(i) for every (t,x) € [0,T) x R™ and ¢ € C**([0,T) x R™), such that (t,z) is a local
minimum (resp., maximum) of V — ¢, we have

max { min [ — aa—f(t, x) — Lo(t,z) — f(2), V(t,2) — He,V (¢, z)} , (17)
V(t,z) — ’Hi’;fV(t,:E)} >0 (resp., <0).

(ii) for every x € R™ we have

max { min [V(T, z) — g(2), V(T,2) — H, V (T, x)} , (18)

V(T,z) — HXV(T, z)} >0 (resp., <0).

A locally bounded function V: [0,T) x R™ — R is a viscosity solution to the HJBI
equation (@) if its lower semicontinuous envelope Vi is a viscosity supersolution and
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its upper semicontinuous envelope V* is a viscosity subsolution. V, and V* are given
by:

Vilt,z) == liminf  V(s,y), V*(t,z) .= limsup  V(s,y),
(s,y)—(t,x),s<T (s,y)—(t,x),s<T

for every (t,x) € [0,T] x R".

Remark 5.2. The lower and upper semicontinuous envelopes of the restriction of V'~
to [0,7) x R™ coincide on [0,7T] x R™ and are equal to the (1/2-Hélder continuous in
time and Lipschitz continuous in the state variable) extension of V', see Remark B3]
An analogous remark applies to the upper value function V.

To prove that the two value functions are viscosity solution to the HJBI equa-
tion (@), we begin with the following lemma.

Lemma 5.3. Under assumptions (Hy ), (Hyg) and (Hey), the lower and upper
value functions satisfy the following equation:

max { min [0, V(t,z) — Hewp V(L x)} Vit ) — HE VI, :c)} =0,

forallt €[0,T) and x € R™.

Proof. We prove the lemma only for V —, since the proof for V' is analogous. When
s = t in the dynamic programming principle for V~, we have, thanks to Corollary
4.2

V= (t,z) = inf su E|l —c(t,O)l—nlip—toor+
(t) p67_t,+001776]:137'€7—t,+oop1£€]:¢ ®,€) {r=t} Hp=too}

- ZERI AT S RIEAP
+X(ta77)]l{p:t} +V (ﬁ,Xt [r.T1:M2 ] T]) )

Note that XZ’Z;ﬂ[T’T]’nl[”‘T] =2+ &l Lfp—tooy + Nl{p=s}, P-a.s.. It is simple to
show that to attain the optimum we need to consider only deterministic quadruples:
(p,z,7,y) € {t,+00} x V x {t,+00} x U. Consequently we have:

Vo(t,x) = inf sup {*Ct,y]lT: Lipmroort
(&) pe{t,+00},2€V reft too},yell ( >{ t} H{p=+o0}

Xty 2) Ly + V7 (8, X, T T )}.
Therefore, rearranging the terms, the above equation can be written as follows:

su inf {{Vft,zf V=it x+y) —clt, }]lT: ool
oS e e (t,x) — (V( y) — c(t, ) | L=t o= +o00}

+ [V_(t, x) — (V_(t,x + 2) + x(¢, z))} ]l{p:t}} =0.
We can write this as

sup { min {V7 t,x) — He, V™ (6 2)) Ly p= oo}+
pe{t,+oo},zeV ¢ TE{t, 400} ( (t,2) sup ( )) {r=t.p=+oo}

+ [V—(t, 2)— (V- (tz +2) + x(t, z))} n{p:t}} —0,
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which becomes
i 0’ - t’ s V= tv :| 1 =
pe{t,aJrXoo}{ m{ (t,2) = Haup V™ (6 2) | Lipmroor +

+ [V‘ () — HEV (¢, x)} n{p:t}} —0.
Now we can easily derive the thesis. |

Remark 5.4. From Lemma 53] we deduce that V=~ < HX .V~ on [0,7) x R™. More-
over, when V= < HX V™, then HS .V~ <V~ and HS,,V~ < H{ V™. Therefore,
we can interpret Hg, V™ as a lower obstacle and MV~ as an upper obstacle. They

are implicit obstacles, in the sense that they depend on V' ~. Clearly the same remark
applies to V.

Now we prove that the two value functions satisfy, in the viscosity sense, the
terminal condition.

Lemma 5.5. Under assumptions (Hy ), (Hyfg) and (Hcy), the lower and upper
value functions are viscosity solutions to (I8).

Proof. We make the proof only for V'~ the other case being analogous. Firstly, we
prove the supersolution property. We have to prove that, for every x € R"™, the
following inequality holds:

max { min [V; (T,z) — g(z), Vi (T, z) — He, Vi (T, x)}, (19)

V., (T, z) — HE V. (T, :I:)} > 0.

Thanks to Lemma 4 and the fact that V'~ and V= coincide on [0,T) x R™, we have
for every t € [0,T):

V. (t,z) = inf su E[(—ct, S D d (2%/) L NP
( ) pEﬂerOCv”efP‘rGTt,erp,gEFT ( 5) {r=t,p=+00} X( 77) {p=t}

V(XTI ) (1 T gy )+

T
(g g ) |
t

Thanks to the boundedness of f we find (in the sequel the letter C' stands for a
positive constant, independent of ¢, whose value may change from line to line):

T
E| / FXLwiuom0) gy
t

} <O(T —1).

Furthermore, using the Lipschitzianity of g and the fact that ug and vy are the control
with no impulses, we deduce the following standard result:

E[|g(XE5m0w0) — g(x)|] < CQ + |2])|T — ]2

As a consequence we get:

V. (t,x) > inf su E[(—ct, [ d(Z%/) )
(t, ) ver e, er P (t, )L r=t,p=+o00} + X (&, M) Lip=ry
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V(XTI ) (12 )+
+ 9(@) L {r= o0 p= o0} | — C(L+ [2)IT = 1]
Now, proceeding as in the proof of Lemmal[5.3] we end up with the following inequality:
max { min [V.” (t,2) - g(2), Vi (t,2) = HEp Vi (),
V() = MV (62) ) > —C L+ [)T - .

Using the 1/2-Holder continuity in time of V.7, ¢ and x, uniformly in the other

variable, we deduce that also the left-hand side is 1/2-Hoélder continuous in time,
uniformly with respect to x. Therefore we have:

max { min [V; (T,2) — g(x), Vi (T, x) — H, Vi (T, x)} V(T x) — M,V (T, :c)}+
+OIT — ]} > max { min [V; (t,x) — g(x), Vi (t,2) — HE Vi (8, x)} :
V() = MV (6 2) -
Hence we see that (I9) holds. In an analogous manner we can prove the subsolution
property. O
Now we are ready to state one of our main results.

Theorem 5.6. Under assumptions (Hy ), (Hyy) and (Hc,), the lower and upper
value functions are viscosity solutions to the HJBI equation (9).

Proof. We give the proof for the lower value function V', the other case being anal-
ogous. Thanks to Lemma we have that V'~ satisfies in the viscosity sense the
terminal condition. As a consequence, we only have to address (7).

We know from Proposition and Proposition [34] that V'~ is continuous on
[0,T) x R™, therefore V™ is equal to its lower semicontinuous envelope and to its
upper semicontinuous envelope on [0,7) x R™. We begin by proving that V— is
a viscosity supersolution. Thanks to Lemma B3] it is enough to show that given
(to, zo) € [0,T) x R™ such that

Vi(to,xo) — ngpvi(to,xo) >0 and Vi(to,xo) — %iﬁfvi(to, 1'0) < 0,

then for every ¢ € C12(]0,T) x R™), such that (tg, 7o) is a local minimum of V= — ¢,

we have

0
5o (to, w0) — Lelto, w0) — f(w0) > 0.

We may assume, without loss of generality, that
V™= (to, z0) = ¢(to, o).
Let A > 0 be such that

A+ V7 (to, z0) = H eV ™ (to, 20) = 1161% (V™ (to, zo + 2) + x(to, 2)).

From the regularity of V= we have (in the sequel the letter C' stands for a positive
constant, whose value may change from line to line)

E[|V (s, X£7) = V™ (to, 20)|] < Cls — to]?,

18



with Xlo-o = Xlo-woiuo.vo for all s € [tg, T, P-a.s., where ug and v are the controls
with no impulses. Analogously, thanks to the 1/2-Holder continuity of x with respect
to time, uniformly with respect to the other variable, we have that |x(s, z)—x(to, 2)| <
C|s — to|'/2. Therefore, for every random variable 7, F,-measurable and assuming
values in V, we find:

E[V ™ (s, X20%0)] S B[V (s, XL +1) + x(s,m)] + Cls —to| =X (20)

Now, for every ¢ > 0, using the dynamic programming principle for V'~ , Lemma [£3]
with s € [tg,T) and 7 a [to, s]-valued F-stopping time, which assumes a countable
number of values, we have

o(to,x9) =V~ (to,x0) = inf  sup E / f(XtomoiwBW))qp 4 V= (, Xtowoiufu)
BEByy, T wEUyy, T

= 3 &)L rer [T Lirmtontun) + D X(pe(w), () Loy ]
m=>=1 >1 >1
/ fXgomoeve)dr 4 ZX P ) Vps <y £V (T, Xto’lo’uo’vg)} — &
21

for some S € By, 1, with B:(uo) =: ve = D5 15 Lips 7] € Vio, 7. Our goal is to show
that the following inequality holds true: '

plto,z0) 2 E| [ f(X[r0)ar + V= (r, Xt0m)| — ¢, (21)
to

if we take s sufficiently small. We exploit ([20) to derive (2TI).
Remember that the following identity holds:

:U'to,T(UE)
S X)) ey = Y. x(pi,m),
>1 =1

where p is given by equation (2). Now, using the boundedness of b and o, we get

Hto,ﬂ'(vs)

e

| < Cls = to*EIL 4y, L rony)

Furthermore, using (&), (@) and 20) we find

#tg,ﬂ-(”a) Mg, (ve) ;U'tg,ﬂ'('ua)
E[ > xlefmi) + VT ( X0 4 Z m)}/ [X(T, n?)ll{mo,<v5>>1}+
/=1 /=1
Mg, T('UE)
FV (XT3 ) VIR 4V (X)) SB[V (n X

+(A=Cls— to|5>]1{mo,T(v5>>1}]

Hence

Pltoz0) S E[ [ X000 )dr 4V (7, X10) 4 (A= Cls ~tol )Ly 051} ] —

to
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Using the boundedness of f we deduce
plto,m0) 2 B[ [ F(X[270)dr + V7 (r, X1070) + (A = Cls — to}
to
—Cls — tol)]l{mo,f(vs)gu} -
Therefore there exists § € (t9,T") such that for s € [to, 5] we have
A—Cls—to|2 = Cls—to| > 0

Consequently, for every [to, 5]-valued F-stopping time 7, which assumes a countable
number of values, we deduce that inequality (21I) holds.
Since (o, xo) is a local minimum of V'~ — ¢, there exists § > 0 such that

Vﬁ(taz) 2()0(@1'), |t7t0| 5 |1‘7$0|
Moreover there exists a positive constant C' such that, for every ¢ € [tg, T), we have
E[| X[ — 2] < CJt — to|=.

Consequently there exists a sequence t,, | to such that X, fo:r0 s 20, P-a.s., as n tends
to infinity. We may assume that ¢, < s, for every n > 1. Now define the following
sets B, C

B, = {|Xt“’gc0 zo| <6, Vm = n}.
Then B,, 1T B := Up>1 By, with P(B) = 1. Furthermore, for every m > 1, let introduce
the stopping time

Tm = Z tn—i-m]l{Bn\Bn,l}a
n=1

where By is the empty set. Then 7, | to, P-a.s., moreover 7,, < t,,. Inserting 7, in

1)), we find

Tm

(p(to,zo) > E|: f(X:o,zo)dr + V*(vaXf_ngo)} —e>
to
o[ s x]
to

An application of Ito’s formula yields
Tm a
> to,To to,To to,zo — .
O/E{/to (ot Xfom0) o Liplr, X[ow0) 4 f(X[0w0) )] ¢

Taking & = &(t,, — to) with € > 0, and dividing both sides by t,, — to, we get
= 1 a(p to,T to,T to,x
F>E[—— ( (r, X270 + Lo, XE0070) + f(X[22) )1 e,y dr |
tm — to ot ST
Sending m to oo, we end up with

0
£ > L(to, x0) + Lo(to, o) + f(@o).

ot (
Therefore we find

~ (to,wo) Lp(to, v0) — f(zo) =0,

which is the supersolution property. The subsolution property is proved analogously.
O
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We end this section providing another definition of viscosity solution to the HJBI
equation by means of jets, needed later in the proof of the Comparison Theorem
(Theorem [63). In the following definition we denote by S(n) the set of symmetric
matrices of dimension n.

Definition 5.7. Let V : [0,T] x R™ — R be a lower semicontinuous function, then
we denote by J>~V (t,x) the parabolic subjet of V at (t,x) € [0,T) x R™ as the set of
triples (p,q, M) € R x R"™ x S(n) such that

Vis,y) 2V (t,z) +p(s—t) + (qy—x) + $(M(y —z),y — x)+
+o(ls —t]+ |y — 2/*),

as s =t (s = tT, when t = 0) and y — x. We also introduce the parabolic limiting
subjet of V at (t,x) € [0,T) x R™:

T2V (tz) ={(p,q, M) € R x R™ x S(n) : I(tn, T, P G, M) € [0,T) %
X R™ X R x R™ x S(n) such that (pp, qn, Mp) € J> "V (tn, zn)
and (tnaznvv(tn7$n>apnaQn7Mn> - (t,:L', V(t,l‘),p,q,M)}.

When V' is an upper semicontinuous function on [0,T] x R", we define the parabolic
superjet J>TV (t,x) and the parabolic limiting superjet J>+V (t,z) of V at (t,x) €
[0,T) x R™ by

T2V (tx) = —J*(=V)(t, ) and T2V (tx) = =T (=V)(¢t, ).
Then we have the following result, whose standard proof is omitted.

Lemma 5.8. Let V : [0,T] x R® — R be a lower (resp., upper) semicontinuous
function. Then 'V is a viscosity supersolution (resp., subsolution) to the HJBI equation

() if and only if

(i) for every (t,x) € [0,T) x R™ and (p,q, M) € J>~V(t,z) (resp., J>TV(t,x)) we
have

max { min [p — (b(x), q) — Ltr[(00)(@)M] — f(x), V(tx) (22)

— HS V(t,:c)} Vit x) —HE V(L z)} >0 (resp., <0).

sup
(ii) for every x € R™ we have
max { min [V(T, x) —g(x), V(T,2) — He,, V(T, x)} , (23)

V(T z) — Hif]fV(Tax)} >0 (resp., <0).

6. UNIQUENESS

We prove that the HIBI equation (@) admits a unique viscosity solution. As
a consequence, the lower and upper value functions coincide, since they are both
viscosity solutions to ([@). Hence the stochastic differential game has a value.

Before proving the Comparison Theorem, we need the following two technical
lemmas.
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Lemma 6.1. Let V,U: [0,T] x R" — R be a viscosily subsolution and a viscosity
supersolution to the HJBI equation (4), respectively, and suppose that assumption
(H.,) holds true. Let (f,z0) € [0,T] x R™ be such that

V (i, x0) < HE,WV (E 20), Ul(t,z0) < HYU(E, 20) (24)
or
U(t mo) Hme(t .To)
Then for every e > 0 there exists & € R™ such that
V(t,xo) —U(t,z0) <V(,2) —U(t,2) +¢
and
V( ) > %:up (tﬂ i')ﬂ U(fﬂ i') < ,Hﬁ]fU(tAﬂ i')

Proof. Fix ¢ > 0. We divide the proof into two steps.

Step 1. Without loss of generality, we can suppose that (Z4) holds at (£,z0). As a
matter of fact, suppose that U (£, z¢) = HXU(f, o). Let a € (0,1) to be chosen later,
then there exists zg € V for which

HY U 20) = U, 20 + 20) + x(E, 20) — ae.
Since V is a subsolution, it satisfies V (£, 29) < HXV (£, 70), therefore
V(t,z0) — U(t,z0) < V(E,20 + 20) — U(E, 20 + 20) + ac.

Using condition (), taking o sufficiently small, we can show that at (, 70 + 2) we
have

U(t, w0 + 20) < HXU(E, 20 + 20).
If V(20 + 20) > HEWV (E, 20 + 20), we take (1, ) = (t,20 + 20). Otherwise at
(t, 20 + 20) condition (24)) holds true.
Step 2. Suppose that ([24) holds at (,z0). Let 8 € (0,1) to be chosen later, then
there exists yp € U such that

HeupV (t,x0) < V(£ 20 + yo) — c(f, yo) + Be.
Since U is a supersolution, it satisfies U (t, z9) > ngpU(f, x0), therefore
V(tA, SC()) - U(t 1'0) V(t To + yo) U(l?, xo + yo) + ﬂE.

Using condition (@), taking 3 sufficiently small, we can show that at (£, zo + yo) we
have
V(t, o + yo) > ngpV(ﬁ, o + Yo)-

If U(t, 0 + yo) < HYU(E, 20 + yo), we take (£,%) := (£,29 + yo). Otherwise we can
proceed as in Step 1 and we find zy € V for which

HX U (w0 + yo) = U(E, o + yo + 20) + x(T, 20) — Be,
V(t,z0) — U(t,z0) < V(£ mo+yo + 20) — U(t, 0 + yo + 20) + 2¢
and
Ut xo + o + 20) < Hip U (t, @0 + yo + 20)-
Then, using condition (@), we find (possibly reducing ()
V(E,x0 + yo + 20) > Hy,V (E, 20 + yo + 20)-
Therefore we define (£, %) := (£, 20 + yo + 20). O
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Lemma 6.2. Let V,U: [0,T] x R™® = R be uniformly continuous on [0,T) x R"™ and
suppose that assumption (He ) holds true. If (£,2) € [0,T) x R™ is such that

V(t, &) > M,V (EE) and  U(E2) < HEU(E2),

inf
then there exists § > 0 for which
V(t,z) > He,,V (L, 7) and  U(t,z) < HXU(t, ),

when (t,x) € [(t—8) V0,t+ 0] x Bs(2), witht+6 < T.

Proof. Since V (t,2) > HS, V(L,2), there exists A > 0 such that

sup
V(t,2) >Vt s +y) —clt,y)+X,  Vyel

Let € > 0 to be fixed later, then from the uniform continuity of V' there exists
dv € (0,¢) such that
|V(t7$) - V(t/a :E/)| < g,

when [t — /| < dy and |z — 2’| < Sy. Let (t,2) € [(f—0v) VO, (E+dy)AT) x Bs, (#)
and y € U, then

—C

V(2= V(tz)+ V() >V(EE+y) -V, +y)+ Vt,r +y)
fay) + C(tay) - C(tay) + A

Using the 1/2-Holder continuity of ¢ with respect to time, we find that there exists a
constant C' > 0 such that

V(t,x) > V(t,x +y) —c(t,y) —2e — Ce + A
Therefore, taking e sufficiently small, we have
V(t,x) > HG,,V(t ), (t,z) € [(F—6v) VO, (E+v)AT) x Bs, (2).
Analogously, we can prove that there exists 6y > 0 such that
Ult,z) < HY Ut 2), (t,z) € [(f — 6u) VO, (f+6u) AT) x By, (2).
Taking § = min{dy, 6y, (T — £)/2} we deduce the thesis. O

We are now in a position to prove the Comparison Theorem.

Theorem 6.3 (Comparison Theorem). Let V' and U be a viscosity subsolution and
a viscosity supersolution to the HJBI equation (), respectively. Suppose that as-
sumptions (Hp ), (Hyy) and (Hc,) hold true and that the functions V and U are
uniformly continuous on [0,T) x R™. Then V < U on [0,T] x R™.

Proof. We argue by contradiction, assuming that

sup (V-U)>0.
[0,T] xR

Step 1. Let p > 0 and introduce the functions

V(t,x) = e”V(t, x) and Ult,z) = e U(t,z),
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for all (¢,z) € [0,T] x R™. Then V (resp., U) is a viscosity subsolution (resp., super-
solution) to the following equation:

max{min [pr aa—vjf/ — LW — f W — %Sup }
W - Hmf } =0, on0,7)xR"™, (25)

W(T,z) = g(z), Vo e R”,
where, for every (t,z) € [0,T] x R”, f(t,z) = e’ f(z), §(z) = e’ g(z),

Hp W (t2) = sup{W (t,x +y) — e”’c(t,y)}
yel

and

inf

HX W (t,x) = in%{W(t,:c +2) + e (t, 2)}.
z€E

Step 2. Suppose that there exists 2o € R” such that V(T zo) — U(T, ) > 0. Using
Lemma (we apply this lemma to V and U, expressing the results in terms of V
and U), we derive the existence of & € R™ such that

V(T,2) —U(T, &) >0 (26)

and
V( z) > ”H,supV(T z), ( 2 < ’Hme(T Z).

From the subsolution property of v, we find V(T,2) < g(&). Analogously, using the
supersolution property of U, we have U(T, %) > §(&). Therefore V(T,2)—U(T, %) < 0,
a contradiction with (20]).

Step 3. Suppose now that there exists (£, Z) € [0,T) x R” such that V (,z) - U(,Z) >
0. Then, from Lemma B and Lemma 62 we deduce the existence of (£, #) € [0,T) x

R™ and § > 0 such that

sup (V—0) = V(i,2) - U(,

IxBs (&)

) >0

Hp

and 5 ~
V(t,z) > ngp (t, ), Ut,x) < HXU(t, x),

for all (t,z) € I x Bs(z), where I := [f — 6,1 + 6] C [0,T). We can also assume,
without loss of generality, that

V(t,z) —U(t,z) <0,  ¥(t,z) € I x dB;(&).
Indeed, if this is not the case, define

M (16|x — 3|

V(tv'r) = V(t,l‘) - 15 T]]-{|z—i\>6/2}(x) - 1)5 V(tv'r) € [OvT) X an

where

M:= sup (V-U).

IXBg(i)
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Since AJ27+‘A/(t,z) = J2TV(t,x), for all (t,x) € [0,T) x R™, we simply replace V
with V.
Step 4. Let (to,z0) € I x Bs(&) be such that

sup (V —U) = (V —U)(to, x0) > 0. (27)

Ix Bg (i)
For every integer n > 1, consider the following function

On(t,z,y) = V(t,x) = U(t,y) — onlt, z,),

with
on(t,x,y) =nle —y|* + [z — zo|* + |t — to|?,

for every (t,z,y) € [0,T] x R™ x R™. For all n there exists (tn, Zn,yn) € I X Bs(&) x
Bj () attaining the maximum of ©,, on I x B;(#) x Bs(#). Then we have, up to a
subsequence, (t,, Tn,yn) € I X Bs(Z) x Bs(2) and, when n — oo,

(1) (tnaznayn> — (tOerv'rO);

(ii) n|$n - yn|2 — 0;

(111) V(tn,:cn) — U(tn,yn> — V(to, 1'0) — U(to,x()).

Indeed, up to a subsequence, (tn,Zn,yn) — (£,Z,9) € I x Bs(#) x Bs(&). Observe
that, for all n, the following holds true:

V(th :L'0> - U(tovfco) = Gn(t07x0a :L'0> < ®n(tna T, yn)
Then we find

V(th :L'0> - U(t0,$0> < hHl}iIlf @n(tnvxnvyn) < limsup ®n(tn7xn; yn) < (28)

n— oo

<V(t,z) — U(t,9) — liminf n|z, — yn|*> — |Z — x0|* — |t — to|%

n—oo
As a consequence, up to a subsequence, lim,, o n|x, — yn|2 < oo, from which we
deduce T = y. Again from (28], using the optimality of (to, z¢), we derive (i) and (ii).
Consequently we get also (iii). Finally, since zy € Bs(Z), up to a subsequence, we
deduce that (t,,zn,yn) € I x Bs(Z) x Bs(&).
Step 5. We may apply Ishii’s lemma (see Theorem 8.3 in [4]) to the sequence
{(tn, T, yn)}n: there exist (p?/,qg,Mn) € J>HV(ty, x,) and (pg,qg,Nn) € J> " U(tn,yn)
such that

0
p% _pg = %(tnawnayn) = Q(tn - tO)a
n J—

q3 = Dm@n(tnawnayn)a dg = Dy(p"(t""r"’y")

M, 0 1,
< J—
(o ) <A gt

and

where A,, = Diygon(tn, Zn, Yn). From the viscosity subsolution property of V we find

pV (tns xp) —py — (b(xn),q‘% - %tr[(oa’)(mn)Mn] — f(zn) <0.
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Analogously, from the viscosity supersolution property of U we have

pU (tns yn) = vy — (b(yn), a3) — 5t8[(00") (yn)Nu] = f(yn) = 0.

By subtracting the two previous inequalities, we obtain

PV (s n) = U (b, ) <P — iy + (b(n) s} — by, 45+ (29)
+ 3tr{(00") (@) Ma] — 3tx{(00") (yn) Nul
T Flaa) — Flum).

When n — oo,
Py —pp = 2(tn — to) — 0,
Moreover, from the Lipschitzianity of b and (ii),

lim ((b(zn), q7) = (byn), a5)) =0

n— o0
Finally, from the Lipschitzianity of o, (i) and (ii), we get

limsup (3tr[(00") () M,.] — Ltr](00")(y)Nal) < 0.

n—oo

Since, thanks to (iii), the left-hand side of inequality [@9) goes to p(V(to, z0) —
Ulto,yo)), we find V(to,20) — Ul(to,y0) < 0, a contradiction with (21). O

Thanks to the Comparison Theorem we deduce that the stochastic differential
game admits a value, as stated in the following corollary.

Corollary 6.4. Under assumptions (Hy ), (Hy4) and (He,y) the lower and upper
value functions coincide and the value function of the stochastic differential game is
given by V(t,z) := V= (t,x) = VT (t,x), for every (t,x) € [0,T) x R™.

Proof. We know from Proposition and Proposition [3.4] that the two value func-
tions are uniformly continuous on [0,7") x R™. Furthermore, thanks to Theorem [5.6]
both V= and V* are viscosity solutions to the HIBI equation (@)). Hence, from the
Comparison Theorem, we deduce the thesis. O
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