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OPTIMIZED SCHWARZ METHODS FOR THE
DIFFUSION-REACTION PROBLEM WITH CYLINDRICAL
INTERFACES *

GIACOMO GIGANTE!, MATTEO POZZOLI¥, AND CHRISTIAN VERGARAS

Abstract. In this work we consider the Optimized Schwarz Method for the three-dimensional
(3D) diffusion-reaction problem. In particular, we treat the case of cylindrical interfaces between the
subdomains, and we provide for such case a convergence analysis of the Schwarz method, both in
the case of Dirichlet interface conditions and in that of general transmission conditions. This allows
to recover, for the latter case, optimal symbols for the interface conditions, which are supposed to
work well for geometries which feature cylindrical interfaces. Moreover, starting from these optimal
symbols, we propose effective and easily computable constant interface parameters, to be used in
the numerical simulations. We finally present several 3D numerical results aiming at validating the
theoretical findings.

Key words. Optimized Schwarz Method, Robin interface conditions, cylindrical coordinates,
Fourier transform.
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1. Introduction. The classical Schwarz method for the numerical solution of a
partial differential equation consists in the splitting of the computational domain in
two (or even more) subdomains, with or without overlap, and in the solution of the
equation at hand in such subdomains in an iterative framework, through the exchange
at the interface of the trace of the solution. It is known that this method features a
slow convergence in general and does not converge without overlap [4,22,24], unless
a non-conforming discretization is employed [2,3,7]. For this reason, Lions intro-
duced different transmission conditions, of Robin type, which allowed to improve the
convergence properties and to reach converge also without overlap [16]. Successively,
this method has been generalized by considering general, more performing interface
conditions, involving non-local transmission operators (generalized Schwarz method,
see, e.g., [5,19]).

The choice of suitable parameters in such operators is crucial to guarantee good
convergence properties. This is usually driven by the minimization of the reduction
factor related to the iterations (Optimized Schwarz Method). To obtain the reduction
factor usually the Fourier transform is applied to some variables leading to ordinary
differential equations [13]. This optimization strategy has been applied to a great
variety of problems. We cite, for example, the advection-reaction-diffusion problem
[8,14], the Helmholtz equation [11,18], the coupling of heterogeneous media [9, 10,
17], the shallow-water equations [21], the Maxwell’s equations [6], the fluid-structure
interaction (FSI) problem [12] and the scattering problem [23].
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been performed at CILEA Consortium through a LISA Initiative (Laboratory for Interdisciplinary
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The convergence and optimization analyses performed in such works have been
obtained mainly for two-dimensional (2D) domains. In [6] a three-dimensional (3D)
optimization procedure has been proposed for the Maxwell’s equations. In any case,
to the best of the authors’ knowledge, all these analyses have been performed for
flat interfaces among subdomains. Although the optimized parameters derived from
such optimization procedures have been shown to be effective in some context also
for numerical simulations with curve interfaces (see for example [20] for FSI), a 3D
optimization procedure which exploits the particular configuration of the computa-
tional domain could allow to compute more efficient parameters, speeding up the
convergence of the numerical scheme.

The goal of this paper is to perform, for the diffusion-reaction problem, new
3D convergence analyses and optimization procedures for parameters involved in the
transmission conditions. We firstly consider the case of the whole space R? divided in
two overlapping subdomains, with the overlapping region delimited by two flat paral-
lel surfaces (used in [6] for the Maxwell’s equations). For this reason, we refer to these
cases as “flat” analysis and “flat” optimization procedure. Then, we move towards
a different case, where the interfaces delimiting the overlapping region are curve and
the problem features a cylindrical symmetry. We perform for this case a convergence
analysis of the classical and of the generalized Schwarz methods ( “cylindrical” analy-
sis), which show that without overlap the classical Schwarz method does not converge,
while the generalized Schwarz method converges. Moreover, such analyses show that
in the case with overlap, the generalized Schwarz method converges faster than the
classical one, provided that the symbols in the transmission conditions are suitably
chosen.

For the generalized Schwarz method, we look also for optimal values of the pa-
rameters involved in the transmission conditions (flat and cylindrical optimizations).
The hope is to find optimal parameters which could be effective for problems solved
in domains characterized by a cylindrical symmetry. The optimization procedures
show that in the “flat” case the same parameters of the 2D analysis are recovered.
Viceversa, for curve interfaces the optimization procedure leads to new optimized
parameters, which are supposed to work better in presence of a cylindrical symme-
try. To prove this, we performed several numerical experiments which confirmed the
theoretical findings.

The outline of the paper is as follows. In Section 2 we present the 3D “flat”
optimization procedure. In Section 3.1 we show the 3D convergence analysis of the
classical Schwarz method for the case of cylindrical interfaces, while in Section 3.2
we do the same for the generalized Schwarz algorithm. In Section 4 we perform the
optimization procedure based on the minimization of the reduction factor found in
Section 3.2. Finally, in Section 5 we show the numerical results obtained by 3D
numerical experiments.

2. A flat 3D convergence analysis and optimization. In this paper, we
consider the diffusion-reaction model problem

—Au+nu=f reN=R31>0, (2.1)

for a given function f and where the solution u is required to be continuous and to
decay at infinity.
In this section we consider 2 subdivided into the two overlapping subdomains [6]

Q) = (—o0,L) x R?, Qs = (0,00) x R?,
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for L > 0, and we consider the 3D extension of the 2D analyses performed so far in the
context of the Optimized Schwarz Methods [8]. We consider directly the generalized
Schwarz method, where the transmission interface conditions are of type

0 ~ ~ .
<Sj + ax> Uj(.’L'7y7Z) = Pj($7y72), J= 1727

for suitable linear operators S;, j = 1,2, along the interfaces * = 7, with £ = L and
Z = 0, respectively, and suitable right hand sides P;, j = 1,2. Then, the generalized
Gauss-Seidel-Schwarz method at iteration n reads as follows

{(UA)U?—JC iana
(81 + 8%) ut(L,y,z) = (81 + %) ugfl(L,y, 2) (y,2) € R%

{(n—A)US=f in £,
(S2+ 35) u5(0,9.2) = (Sa + ) uf (0,,2)  (y,2) ER?,

and we require the iterates to decay at infinity.

The convergence analysis of the previous algorithm is performed in the homoge-
neous case due to the linearity of the problem. Therefore, we set, here and elsewhere,
f = 0. The analysis is based on the Fourier transform F in the variables y and z,

+oo  ptoo ) )
9(z,8,k)=F(g) := / / g(z,y,2) e Y e dy dz, (2.3)
—oco J—o0

where s,k € R are the coordinates in the frequency domain.
We have the following result.
PROPOSITION 1. The reduction factor p'® related to iterations (2.2) is given by

flat (o 1y — (01— ) (02 +ﬁ)e—25L
R S R ) 24

where = \/(s?> + k?)+n and 0j(s, k), j = 1,2, denote the symbols of S;, j =1,2.
Proof. Applying the Fourier transform (2.3) to iterations (2.2), we obtain

ﬂ?An 9% —~n =0

U — gzl in 4,

(o1 + 2) W (Lys, k) = (o1 + 2) " (L,s, k) (s,k) € R2,

B — Lup" =0

D2 U9 in QQ,

(o2 + 2)w3"(0,5,k) = (02 + Z) 3" (0, 5, k) (s,k) € R2.
The solutions of these ordinary differential equations (ODE’s) in the variable x are of
type
AeP* 4+ Be™P®,

Now, by using the conditions at infinity, the transmission conditions and by proceeding
as in the 2D case (see, e.g., [8]), we obtain precisely (2.4). O

We observe that the expression of the reduction factor (2.4) has exactly the same
expression as in the 2D case, where k2 is replaced by s2 + k2. This means that when
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)

Fic. 3.1. Computational overlapping subdomains 21 and Q3.

the interface is flat, the usual optimized choices of the symbols o1 and o5 derived by
a 2D analysis [8] should work just as well in the 3D case as they do in the 2D case.
In particular, in 3D the optimal values are

flat

la
ol = (s2+ k) +n,  ofle = —\/(s2+k2) +,

which annihilate p/'** independently of the overlap L and of the frequencies s and k.

3. Convergence of the Schwarz algorithm for cylindrical interfaces. Due
to the result of the previous section, it is reasonable to ask whether an optimization
procedure related to different interface configurations could lead to different optimal
values of 0, j =1,2.

With this aim, in this section we discuss the case where the interfaces are con-
centric cylindrical surfaces and we exploit the cylindrical symmetry (see Figure 3.1).
Therefore, we consider again problem (2.1), but € in this case is decomposed into the
two overlapping subdomains

Q:={r<b,¢el0,2n), 2R}, Qy :={r >a, p€l0,2m), z € R},

where 0 < a < b are two given scalars. Due to the cylindrical symmetry of the
subdomains, we have introduced the cylindrical coordinates (r, ¢, z), representing the
distance from the z—axis, the angle and the height, respectively, and such that

T =T7CoSp
Yy =rsing
z =z,

(see Figure 3.1). We then rewrite the Laplacian with respect to these coordinates as
follows

A 10 Ta +182 +82
@t or \or rdp? 022
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In the next subsection, we discuss the case of the classical Schwarz method, while
in subsection 3.2 we discuss the generalized Schwarz method.

3.1. The classical Schwarz algorithm. The classical Gauss-Seidel-Schwarz
method for the problem at hand at iteration n is given by

(n_Acyl)uiL:f in Qh
(b 903 ) = u2_1(b @72) (‘P?Z) € [0327() X R,
f_ " |ut(r, ¢, 2)|dpdz bounded  as r — 0F,
uf fO in{z = too,r < b}; (3.1)
(n_ACl/l)ug:f in s,
uz(a, ¢, 2) = ui(a,¢,2)  (p,2) €0,2m) xR,
ul =0 in{r=+4o0}U{z==o00,r >a}.

The analysis is based on the Fourier transform F<¥! in the cylindrical variables ¢ and
z, given by

+oo 2m
ﬁ(r,m, k) ]_-cyl / / ’I" 0,z —imep d(pe izk dZ (32)

where m € Z and k € R are the coordinates in the frequency domain. We observe
that hypothesis (3.1), has been made in order to guarantee that the Fourier transform
1y is bounded for any m and k as r — 07

We have the following result.

ProPOSITION 2. The reduction factor pcla related to iterations (3.1) is given by

I, (aa) Kp,(abd)
I (ab) Kp(aa)’

piia(m, k) =

cla

(3.3)

where

a=+k?+n, (3.4)

and I, and K, are the Bessel functions of imaginary argument (modified Bessel
functions, see the Appendiz).

Proof. Applying the Fourier transform (3.2) to iterations (3.1), we obtain the
following ODE’s

~n 16 a 1 2 ~n 2 ~n .
7 Uj _1"87"( 61" )—&—ﬂmuj +ka;" =0 j=12,

where @; = u; (r,m, k), j = 1,2, are the Fourier transforms of u; (r,¢,2), j = 1,2, in
the variables ¢, z as in (3.2). Therefore, each of the two equations in (3.1) becomes

0 9 2, 212 ~n
W+T5_(m +r?(k* +n)) ) ;" = 0.

These are essentially modified Bessel equations (see (5.1)), whose solutions in (0, +00)
are

AL, (ar) + BK,, (ar),
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for suitable coefficients A and B and where « is given by (3.4).
Our assumptions on the behaviour of uf (r, ¢, z) as r — 07 and of u¥ (r, ¢, 2) as
r — +00, and the monotonicity of the modified Bessel functions (see Figure 5.4), give

ur" (r,m,k) = Ay (m, k) I, (ar)
uz" (rym,k) = By, (m, k) K, (ar),

for suitable functions A,, and B,,, which are determined by the interface conditions

(b, ) =" (b, ),
@"(a, ) ) = an(av ) )

From the first of (3.5) we obtain
Ay (my k) Iy, (ab) = 03" (b, m, k).

(3.5)

Therefore, we have

—~n—1
U b,m, k
A m, ) = e,

and the solution u;" is then given by

L, (ar) 1

T, (ab) us ' (bym, k).

u"(r,m, k) =

Analogously, we obtain

Ky (ar) _—,

us"(r,m, k) = K, (o) 1 (a,m, k).
m

Therefore, by evaluating uy" (r,m, k) for r = a and uz" (r,m, k) for 7 = b, we obtain

_ I, (aa) K, (ab) ol
I, (ab) Ky (a)

Uz (b,m, k) (b,m, k),
which concludes the proof. O

REMARK 1. In the case of a vanishing overlap (a = b), from (3.3) we obtain
2% = 1, that is the classical Schwarz method does not converge. Viceversa, by ex-
ploiting the properties of the modified Bessel functions (see Figure 5.4), for a < b
we obtain I (a) < Ln(b) and Kp(a) > K, (b), Vm, so that p¥ < 1. Therefore,
the classical Schwarz method converges in presence of an overlap, and the conver-
gence is faster for increasing overlaps. These observations confirm qualitatively the
convergence properties of the classical Schwarz algorithm for the “flat” case.

3.2. The generalized Schwarz algorithm. We consider here the generalized
Gauss-Seidel-Schwarz algorithm, given by

(n_Acyl)u? :f L in Ql;

(S1+ ) ulbop,2) = (Si+ &) uz ' (b,0,2)  (p,2) €[0,2m) xR,

25 JT lut(r, @, 2)|dedz bounded asr — 0T,

uf =0 in{z = +oo,r < b};
(U—A%yl)%’ :f 5 in QQ,

(So+ &) us(a.p.2) = (So+ &) uf(apz)  (p,2) €[0,21) X R,

uy =0 in{r =+oo}U{z=+oo,7r >a}.

(3.6)
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We have the following result.
PROPOSITION 3. The reduction factor pV' related to iterations (3.6) is given by

pcyl(m7 k) = (3.7)

where
Ty (rym, k) == o1 (m, k) I, (ar) + oI}, (ar),
Iy (r,m, k) == o3 (m, k) I, (ar) + oI, (ar),
K1 (r,m, k) := o1 (m, k) K,, (ar) + oK), (ar),
Ko (r,m, k) := o9 (m, k) K., (ar) + aK], (ar),

and « is given by (3.4).
Proof. By applying the Fourier transform (3.2) to iterations (3.6) we obtain again
solutions of type

ur” (r,m, k)
m’

Ay, (my k) Ly, (ar)
k)=B

n(m, k) K, (ar),

for suitable functions A,, and B,,, which, in this case, are determined by the interface
conditions

(Ul +%) mn (b7'7') = (Ul +%) @"—1 (ba'a')7
(3.8)
(02+%) @n (aa'7'> = (U2+%) ﬂ?n (CL,',').

By observing that

ag; = Aol (ar), Jit = B,aK], (ar),

we obtain from the interface condition (3.8),
o1 A I (ab) + Apall, (ab) = 01B,—1 K (ab) + B,_1aK,, (ab),

and then

01K (ab) + aK! (ab)

A, = n—1-
o1l (ab) + oIl (ab) !

Analogously, from the second of (3.8), we obtain

ool (aa) + oI, (aa)
oo K (aa) + aK! (aa)

B, =

mn»y

so that we find a recursive formula for B,, which reads
Bn = pclen—h

with p¥! given by (3.7). This concludes the proof. O
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We have the following result, which is the counterpart for cylindrical interfaces of
that in Theorem 4.1 in [8] for flat interfaces.

PROPOSITION 4. The generalized Schwarz method (3.6) converges faster than the
classical Schwarz method (3.1), provided that

L, (Inled) | K, (ab)
o1 > =\ ey T Km(ab)) ’ (3.9)
oy < —ta (Lnlea) | Kylae) '
2 2 I, (ca) m(aa) ) *

Proof. The reduction factor (3.7) reads

o1Km(ab) + aK], (ab) ooln(aa) + ol (aa)

cyl — =
PR = @b + alj(ab) 72Kom(aa) + ok (aa)

K/’ b I’ 1
o+ ) oy Sl p b I(aa)

al! (ab) o9 + aK! (aa) . Im(ab) Km(aa) =

o1+ TG o ()

aK! (ab) all, (ca)
_ T Rt 2T T aa) et
- oK' (aa) . pcla (m7 )a

aI':TL(ab) am
o1+ Then %2t Ko

where in the last equality we have exploited the definition of the convergence factor
(3.3) of the classical Schwarz method. We have than to prove that

akK,, (ab) al,, (aa)
Nt Eae 2 Talea | (3.10)
al! (ab) aK! (aa) ’ !

o1+ I, (aub) o2 + Ko (aa)

for any m, k. Condition (3.10) follows for example if the two factors are both less
than 1, that is for

aK! (ab) aly, (aa)
91+ Foalab) %2 + T
—— 5| <1 and < 1.
al! (ab) aK! (aa)
o1+ Tab) o2 + K, (aa)
Since —% <0< 2% ':"((QCZI;), the first inequality follows when condition (3.9),

holds. Analogous arguments hold for the second factor in (3.10), which is less than 1
when condition (3.9), holds. This concludes the proof. O

4. 3D Optimization for cylindrical interfaces. From the expression of the
reduction factor (3.7), we find that the optimal choices of o1 and o9 are those which
annihilate Xy (b, m, k) and Z, (a,m, k), and therefore p°¥', that is

e K, (ab)
Ul,y(fpt (mv k) = 7OZK - (ab) > Oa

cyl I;n (aa) (41)
T20pt (7 K) = T (ca)

Obviously, such symbols satisfy hypotheses (3.9) which guarantee an improvement of
the performance with respect to the classical Schwarz algorithm.

Symbols (4.1) give operators S7 and Sy that are difficult to use numerically. Thus,
we assume, in this first analysis, that the frequencies of the solution are concentrated
close to k = kg and m = my, so that we can take symbols close to the above optimal
choice, but easier to handle.
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4.1. Constant approximations for localized frequencies. From the opti-
mal symbols (4.1), we easily obtain that suitable constant approximation values are
given by evaluating them for k = kg and m = my, obtaining

. K k2+nb
‘71?%0(7”0’]@0) = \/k‘2 I(E\/ﬁzbg

Im k I

(4.2)

It is reasonable to think that this choice of symbols gives a faster convergence for
initial data of the form g (¢,2) = y(z) "%, where y has frequencies close to ko.
Indeed, notice that

—~ _ 0 if m # mg
NWM—{zﬁw) if m — mo.

The corresponding Optimized Schwarz Method has the following convergence factor

—VkE + ?C)E\/:Q%naglm(aa) +all (aa)

VR EP gfwaa) + K, (aa)

P (m, k,mo, ko) = X (4.3)

ETEs g (VEEE1Y)
(gi%
\/kzi o (\/kzin )

REMARK 2. The constant optimal values (4.2) are different from those derived
by the “flat” analysis, that is

ol to(s0, ko) = \/(s3+ k3) +m, 0350 (s0, ko) = —\/(s3 + k3) +m, (4.4)

for suitable sg and ko. Then, the hope is that the new constant optimized values (4.2)
improve the convergence in those cases characterized by curve interfaces and by a
cylindrical symmetry.

We observe that, as for the flat case, after discretization the maximum frequency
k is w/h, where h is the space discretization parameter [8]. Assume that the overlap
in the classical Schwarz method is b — a = O(h). We have then the following result.

PROPOSITION 5. Suppose that the solution is independent of ¢, so that its only
non-vanishing frequencies are those with m = 0. Then the reduction factor (3.3) of
the classical Schwarz method, as h goes to zero, has the following asymptotic behaviour

(ab) + a K/, (ab)
X

I, (ab) + a Il (ab) .

Ki(\/na) Il(\/ﬁa)>
cyl cyl 1 2
max 0,k)| = 0,0)]=1- + h+O(h*). (4.5
e 00 = 0.0 = 1 - v ( T+ R o). @
As for the Optimized Schwarz Method with constant approzimations of the symbols in
the transmission conditions and without overlap, the reduction factor (4.3) computed
for kg =mg =0, as h goes to zero, behaves as

cyl cyl _ _2\/ﬁ Kl(fa) (f) 2
|1€|I2ar):az ‘pTO(O k 0 O)‘ - ‘p ( kmawaovo)l =1 T (KO(\/»G) (\/»a)> h+0(h )
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Proof. As for the first result, we start from (3.3) and we evaluate it for m = 0,
obtaining

~

o(aa) Ko(ab)
Ip(ad) Ko(aa

(0, k) = : (4.6)

~—

We consider the first factor and we study when it is a decreasing function of £ > 0.
This happens when its derivative with respect to « is less than zero (remember that

a = +/k? +n), that is when

al’(aa)I,(ab) —bl,(aa) I (ab)

Ig(ozb) < 0.

This leads to condition

alj(aa)  bIj(ab)
To(aa) = To(ab)

(remember that Iy(z) > 0 for any x > 0). The latter condition happens if and only if
the function ¢(z) := 21{)(z)/Io(z) is increasing. Taking the derivative of ¢ we obtain
condition

(16(2) + 215 ()) To(2) = 2(I§(2))*
IZ(2)

> 0. (4.7)
Recalling that Iy satisfies the modified Bessel equation (5.1)

v —u=0,

u//_’_l
z

we have

21o(2)" + I}(2) = 2 Io(2),

which, substituted in condition (4.7), gives

y 2
z|1— (IO(Z>> > 0.
Io(z)

Since 0 < I)(z) = I1(z) < Iy(z), we have that the last inequality is always satisfied,
and we conclude that the first factor in (4.6) is a decreasing function of a (and then
of k). A similar argument holds for the second factor, so that we obtain that the
reduction factor (4.6) is a decreasing function of k& > 0. Therefore, it attains its
maximum for £ = 0. Then, by evaluating (4.6) for £ = 0 and for b = a + h and by
using (5.3), the Taylor expansion for h small leads to (4.5).

As for the second result, we start from (4.3) with @ = b and we compute it for
ko = mgo = 0. By evaluating this function for m = 0, we obtain thanks to (5.3)

—o9lg(aa) + ali(aa) —o1Ko(aa) + a K (aq)
o1lp(ac) + ali(ae) T2Ko(aa) + a Kq(aa)

p(0,k,0,0) = : (4.8)
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~ c KO a
where o1 = 01%0(0,0) n E \‘;g > 0 and o3 = —0oy TO( 0)=n I Eafg >0

see (4.2)). It is possible to see that function eyl 0,%,0,0) is increasing in k. Indeed,
Pro
observe that the derivative with respect to a of the first factor

d (—52[0(aoz) +a[1(aa)> _ (@1 4 02)(Jo(a))®  d (ah(aa))
da \ o01lp(ac) + aly (ac) (o11o(a) + ali(aa))? d Iy(ac)

is positive, since the function a[f]l(gfg) = alff’(gf;) is increasing in «, as proved above.
A similar argument shows that the second factor in (4.8) is increasing in « too. It
follows that the maximum of p%l (0,%,0,0) is reached for k = kyqe = 7/h. When h is
small, then apmar = /1 + k2,0, = /1 + 72/h% = w/h + O(h) is large and, from the
asymptotic behaviour near infinity of the modified Bessel functions [1,15]

e’ 4m? — 1 1
I, = 1-— I ,
(@) V2ra < s 1O (»"UQ))
i 4m? — 1 1
K,m(l') = %6 <1 + ST + 0 (x2>> 5

as x — +o0o, it follows that

maxiy|<p,... [P (0,k,0,0)] = \p;%g(o Emag, 0,0)] =
—02(1+ +O( L )+oé,,m<1—égllai”rm+O(a21 ))

2
Saa az e

1 2(01 + 02) O( : _
Omaz amaz
) :_
12O o 32) ash— 0
m

and the thesis follows. O

The previous result shows that the asymptotic performance of the classical Schwarz
method with overlap of the order of the space discretization parameter is the same
of the generalized Schwarz method with optimized constant parameters in the trans-
mission conditions without overlap. This result could be seen as the counterpart for
cylindrical interfaces of that obtained for the flat case (see Theorem 4.2 in [8]).

4.2. Second order approximations. We look here for optimal second order
approximations of type

l 1
ep =P1L @K, 05 = —p2 — @2k,

91,app
for p1, p2, q1, g2 € RT. Such approximations come out for example from the Taylor

expansion with respect to k of aff’olpt (mo, k) and 05" Opt (mo, k) in (4.1) to the second
order and centered in k = ky. For simplicity reasons, let us take kg = mg = 0. We
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obtain the following values (see the Appendix for the calculations)
£ () K (vm)
cyl o 1V b 1V 2
- bt () )
(o) n(vie) -
cyl 1 na a 1 na
ooy (k) = —\/ﬁfo(ﬁa) -3 (1 - (Io( na)) ) k2.

In Figures 4.1 we report the values of different reduction factors as a function of
the frequency k, for n = 1, a = 0.495 and b = 0.5. In particular, we have considered
the reduction factor (3.3) for the classical Schwarz method and the reduction factor
(4.3) for the generalized Schwarz method obtained with optimal constant choices of
the interface symbols. We observe that quantity (4.3) depends on the frequencies
ko and mg chosen to compute the constant optimal interface symbols. To highlight
the dependence of such quantity on this choice, we considered three cases, namely
mo = 0 (figures at top), mo = 1 (figure at middle), and mg = 10 (figure at bottom).
Since we did not experience significant qualitative differences among different choices
of kg, in all the depicted figures we considered only the case kg = 0. For the upper
case (mp = 0) we considered also the reduction factor (3.7) with symbols given by
(4.9), corresponding to the optimal second order interface approximations. Moreover,
we observe that the reduction factors (3.3) and (4.3) are functions of the discrete
frequency m. For this reason, we considered, for each case, three values of m, namely
m = 0 (figures at the left), m = 1 (figure at the middle), and m = 10 (figures at the
right).

From these figures we observe that in all the cases the classical Schwarz method
is slower than the Optimized Schwarz Method, for any frequency k and m. Figures at
top highlighted also that the second order approximations (4.9) reduce significantly
the reduction factor with respect to the constant approximations.

REMARK 3. In this work we considered second order optimized terms with respect
to the variable k solely. The investigation of second order approzimations with respect
to the variable m too is under study, so that we do not consider this case here.

5. Numerical results. In this section we present some numerical results ob-
tained by two 3D numerical experiments, aiming at validating the theoretical results
of previous sections.

In all the simulations we have considered no overlap, we have denoted the common
interface by ¥ and, if not otherwise specified, we have set n = 1. As stopping criterion
we considered

oup _ous
or or

<g,
L2(3)

g — sy + ‘

where ¢ = 107° is the given tolerance and where the regularity of the forcing terms
guarantees that the exact solution u € H?(Q), so that all the norms in the criterion
make sense.

All the numerical simulations have been performed by implementing the classical
and the generalized Schwarz methods in the parallel Finite Element library LIFEV
(www.lifev.org), developed at MOX, Politecnico di Milano, at CMCS, EPF de Lau-
sanne, at INRIA in Paris, at Emory University.
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Fic. 4.1. Different reduction factors p as a function of the frequency k. In all the cases ko =0
has been considered. The reduction factor (4.3) has been computed for mgo = 0, up, mo = 1, middle,
and mo = 10, bottom. For the discrete frequency we considered m = 0 (left), m = 1 (middle), and
m = 10 (right).

5.1. A test with flat interface. In the first numerical experiment, we want to
investigate the convergence behaviour of the optimal values obtained in the analysis
with cylindrical interfaces when applied to a case with a flat interface. To this aim, we
considered as computational subdomains the two cubes ©; = [—0.5,0.5] x [—0.5, 0.5] x
[0,1] and Q5 = [—0.5,0.5] x [—0.5,0.5] x [1, 2], with interface given by ¥ = QyN{z = 1},
see Figure 5.1, and we investigated the effectiveness of the constant optimal interface
parameters (4.2) by varying the value of a. We set f = 0, so that the exact solution
is u = 0, and then we evaluated the constant parameters (4.2) for kg = mg = 0. As
initial guess, we set

ud = ((1—42*)(1 - 4y2))3 on X,
on

In Table 5.1 we report the values of the constant parameters used in the numerical
simulations for different values of a, and the related number of iterations needed to
reach convergence. From these results, we observe that the best performance has been
obtained for a = +o0o. This is not surprising, since in this test we are considering a
flat interface, so that the best optimal constant interface parameters are supposed to
be those obtained from the flat analysis. This is exactly the case a = b = 400, for
which the optimal constant interface parameters (4.2) coincide with (4.4) for sg = 0.

=0 on X.

5.2. A test with curve interface and cylindrical symmetry. In the second
numerical test, we aimed at investigating the performance of the optimized parameters
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971

%

Fic. 5.1. Computational subdomains for the test with flat interface.

ofa | 0.1 1 10 +o0
0% | 406 143 1.05 1.00
oS, 1-0.05 -045 -0.95 -1.00
#iter | 203 91 86 81

TABLE 5.1
Values of the constant interface parameters for different values of a. n = 1.

derived by the cylindrical analysis for a case characterized by a cylindrical symmetry
and without overlap. In particular, the computational subdomains are given by ; =
(ryp,z) = [0,a] x [0,2m) x [0, L] and Q2 = (r,,2) = [a, R] x [0,27) x [0, L], with
a=0.5, L =5and R =1, see Figure 5.2. The values of the transmission conditions
are the constant optimized values given by (4.4) and (4.2).

5.2.1. Varying 7. In the first simulation, we set again f = u = 0, and we
investigated the performance of (4.4) and (4.2) with kg = so = mo = 0 for different
values of 7.

In Table 5.2 we reported the constant optimized values used in the numerical
simulations, while in Table 5.3 we reported the number of iterations needed to reach
convergence. In Figure 5.3 we plotted the discrepancy at the interface between the
traces and between the normal derivatives of u.

In this case, we observe a clear improvement in the convergence rate by choos-
ing the parameters coming from the cylindrical analysis. In particular, the perfor-
mance seems to improve for decreasing values of 7. This shows the effectiveness of
the optimization values obtained by the new analysis when a cylindrical symmetry
characterizes the computational domain.
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by

Fic. 5.2. Computational subdomains for the test with curve interface.

o/p | 01 | 1 | 10

/%0 ] 032 [ 1.00 | 3.16

40 | 032 | -1.00 | -3.16

oo | 0.98 | 179 | 4.06

054 | 0.02 | -0.24 | -1.95
TABLE 5.2

Values of the constant optimized parameters used in the numerical experiments.

cylindrical interface.

o/n |01 ] 1 ]10

flat
UTol

cy
910

Number of iterations for different values of n. Test with cylindrical interface.

160 | 92
28 | 35
TABLE 5.3

99
39

15

Test with

5.2.2. Varying a. In the second experiment of this test, we want to study the
sensitivity of the convergence on the ratio between R, the external radius, and a the
internal radius. This is due to the fact that we expect that the convergence improves
by using the optimized parameters derived by the cylindrical analysis when this ratio

goes to infinity, since such analysis has been performed for R = co.

In Table 5.4 we reported the number of iterations needed to reach convergence
for three different values of the internal radius ¢ and using the constant optimized

parameters (4.2) with kg = mg = 0.

As expected, the convergence properties of the generalized Schwarz method with
constant parameters derived by the cylindrical analysis improved for decreasing values

of a.
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0 20 40 60 80 20 40 60 80
Number of iterations Number of iterations

F1G. 5.3. Discrepancy at the interface between the traces (left) and between the normal deriva-
tives (right) of u. Test with cylindrical interface.

a [[01]05]09
# iter H 30 ‘ ‘ 66
TABLE 5.4

Number of iterations for different value of a. Test with cylindrical interface.

5.2.3. A case with a non-null localized angular frequency. In the third
simulation of this test, we aimed at investigating the efficiency of the optimal constant
interface parameters (4.2) when the solution features a dominant localized angular
frequency mg # 0, In particular, we considered as exact solution ue, = (2% — y?)z,
which is given by taking as right hand side f = nwu,,. This solution is characterized
by a single angular frequency, namely mg = 2. As initial guess we took

uy = 5(z% — y?)sin(rz/5) on %,
o 0
% =0 on X.

In Table 5.5 we reported the values of the optimized parameters used in the

numerical simulations (left, with o(j) we meant that (4.2) has been computed for
mo = j), and the number of iterations needed to reach convergence (right).

H o1 ‘ o9 H num iter

ope® | 100 [ -1.00 [ 284
oS (0) || 1.80 | -0.24 283

l
o¥(2) || 4.22 | -4.08 60
TABLE 5.5
Values of the constant parameters used in the numerical simulations (left) and number of iter-
ations to reach convergence (right). Test with cylindrical interface with localized angular frequency
mo = 2.

These results highlighted that the knowledge a priori of the dominant angular fre-
quency featured by the solution is fundamental to obtain efficient constant parameters
in the transmission conditions. In particular, the convergence has been improved of



OPTIMIZED SCHWARZ METHODS FOR CURVE INTERFACES 17

F1c. 5.4. Modified Bessel functions of first (left) and second (right) kind, m = 0,1,2,3.

a factor 4 with respect both to the value coming from the flat analysis and to that
obtained by the cylindrical analysis evaluated in mg = 0.

Appendix.

Notes on the modified Bessel functions. We give here some details regarding
the modified Bessel’s functions. For further details the interested readers could see
[1,15].

The modified Bessel’s functions of first I,,,(z) and of second K,,(z) kind are
solutions to the modified Bessel’s equation

2 d2y dy

2 2

Their expressions for m € N, are given by

(a) =3 G

= 3G +m)
1 2 [0 2
Kn(@) =3 (5) A e=t= /At —1-m gy

As shown by Figure 5.4, we observe that both I, and K,, are non-negative
functions. Moreover, I,,, are increasing functions of x, going to infinity for x — oo,
while K, are decreasing functions of x, going to infinity for x — 0 and going to zero
for £ — oo. We have the following property for a fixed « > 0: I,,(z) > I,(z) and
K (z) < Kp(x), for m > p. We also recall the following identities

Iw/n(iw = % (Im-&-l(x) + Ln—l(‘r)) >0,
(5.2)

which lead in particular to

Ip(x) = L(x), Ko(z) = —Ki(z). (5-3)
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From (5.2), ,, it follows also that I}, (z) < I,,(y) and K;,(z) < K}, (y), for z <y and
for any m.
Another useful formula is the following [15]

d
%(:H”Km(x)) =—2" K1 (x). (5.4)
Computation of second order approximations in Section 4.2. Let us

begin with Jf%Q. We have

7 0.8) = a5
Thus
00 9 ( Ki(ab)\
ok (03 k) = % <aK0 (Oéb)) «Q (k) )
320%0[1),5 0? K (abd) ' 2 0 K (ab) 1
orz Ok =55 <aK0 (ab)> (@ (k)" + 55 (O‘Kj (ab)) o (k).

Notice that a (0) = /7, @ (0) = 0 and o’ (0) = 1/,/7, and therefore

cyl

g
Lo (0, 0) = 0

Ok
cyl
Part, . 0,0) = 1 0 ozKl (ab)
Ok? 1 0o\ Ko(ab) /|, s
1 | Ky (abd) K (ab) Ko (ab) — K (ab) K| (ad)

= + ab

Ko (ab (Ko (ab))? L‘—\/ﬁ

where in the last equality we have used relation (5.4) with m = 0 and the first of
(5.3). Thus, set

o oK) b [(E(y)) )
017%2(k)_\/ﬁfﬂ)(\/771))+2(<[(()(\/ﬁl))> —1)k‘.

Similarly, from

we obtain
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